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Normalizers of maximal tori
and real forms of Lie groups

A.A. Gerasimov, D.R. Lebedev and S.V. Oblezin

Abstract. For a complex reductive Lie group G Tits defined an extension Wg of the
corresponding Weyl group Wg. The extended group is supplied with an embedding
into the normalizer Ng(H) of the maximal torus H C G such that WJ together with
H generate Ng(H). We give an interpretation of the Tits classical construction in
terms of the maximal split real form G(R) C G(C), leading to a simple topological
description of Wg . We also propose a different extension Wg of the Weyl group Wg
associated with the compact real form U C G(C). This results in a presentation of the
normalizer of maximal torus of the group extension U x Gal(C/R) by the Galois group
Gal(C/R). We also describe explicitly the adjoint action of Wg and Wg on the Lie
algebra of G.

1 Introduction

In the standard approach to classification of complex semisimple Lie groups the problem is
reduced to an equivalent problem of classification of root data. In other words the root data,
i.e. the system of roots and coroots describing maximal tori H C G and the induced adjoint
action of hh = Lie(H) on g = Lie(G), defines the corresponding semisimple Lie group up to
isomorphism. Curtis, Wiederhold and Williams [CWW] demonstrate that for classification
of compact connected semisimple Lie groups G it is enough to classify the normalizers Ng(H)
of maximal tori H C G. The normalizer provides information on the action of the Weyl
group Wg = Ng(H)/H on H but this is not enough for classification as one needs the
precise structure of the extension of W by H. Thus for the classification problem one
might replace an involved non-commutative object, semisimple Lie group by a finite group
extended by an abelian Lie group. The deep reason for this equivalence is not clear. One
perspective is to look at Ng(H) as a kind of degeneration of G [CWW]. An apparently
related but more conceptual approach is based on attempts to look at Ng(H) as the Lie
group G defined over some non-standard number field (closely akin to mysterious field Iy
“with one element” introduced by Tits [T3] probably with regard to this subject). In this
way the equivalence of the classification problems for compact semisimple Lie groups and
normalizers looks like a manifestation of a general principle (due to C. Chevalley [C]) that



classification of semisimple algebraic groups should not essentially depend on the nature of
the base local algebraically closed field.

The above reasoning suggests a more detailed study of group extension structure on
Ng(H). The important fact is that this extension does not split in general [D], [T1], [T2],
[CWW], [AH] so to have a universal description of Ng(H) one should look for a section of
the projection Ng(H) — W realized by a minimal extension of W¢. Such construction was

proposed by Demazure [D] and Tits [T1], [T2] and may be naturally formulated in terms

of the Tits extension W2 of the Weyl group Wg by 75" This construction allows an

explicit presentation of Ng(H) by generators and relations.

Although the Tits construction is known for a long time there seems no simple natural
explanation for its precise form even in the case of the complex reductive group (for recent
discussions Tits groups see e.g. [N], [DW], [AH]). This paper is an attempt to understand the
Tits construction better. After reminding the general results on normalizers of maximal tori
in Section 2 we reconsider the Tits construction in Section 3. We stress that the Tits group
construction is defined for maximally split form G(R) C G(C) of complex semisimple group
G(C). This allows us to present in Proposition 3.1 a simple purely topological description
of the Tits extension of the Weyl group W (our considerations appear to be very close to
the final section of [BT]). Taking into account the relevance of the real structure for Tits
description of maximal tori normalizers, we consider the opposite case of the real structure
on G(C) leading to maximal compact subgroup U C G(C). It turns out that in this case
there exists an analog of the Tits construction that takes into account the action of the Galois
group Gal(C/R). The main result of this paper is Theorem 4.1 in Section 4 describing the
structure of the maximal tori normalizers of compact connected semi-simple Lie groups. In
Section 5 we calculate explicitly the adjoint action of the Tits group and of its unitary analog
on the Lie algebra g = Lie(G). This action, in contrast with the adjoint action on h C g,
depends on the lift of W into G. Finally in Section 6 we provide details of the proof of
Theorem 4.1.
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by RSF grant 16-11-10075. The work of the third author was partially supported by the

EPSRC grant EP/L000865/1. The third author is thankful to the Max Planck Institute for
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2 Normalizers of maximal tori and Weyl groups

We start with recalling the standard facts on normalizers of maximal tori and the associated
Weyl groups. Let G(C) be a complex semisimple Lie group, H C G(C) be a maximal torus
and Ng(H) be its normalizer in G(C). Then there is the following exact sequence

1 — H — Ng(H) 25 Wg — 1, (2.1)

where p is the projection on the finite group Wg := Ng(H)/H, the Weyl group of G(C). The
Weyl group Wg does not actually depend on the choice of H and thus produce an invariant
of G(C). Let g := Lie(G) and let I be the set of vertexes of the Dynkin diagram associated to



G(C), where |I| = rank(g). Let (A, AY) be the root-coroot system corresponding to G(C),
{ai, i € I} be a set of positive simple roots and {«;, i € I} be the corresponding set of
positive simple coroots. Let A = ||a;||, a;; = (), ;) be the Cartan matrix of (A, AY). The
Weyl group Wg has the simple description in terms of generators and relations. Precisely,
W is generated by simple root reflections {s;, i € I'} subjected to

S§iSjSi = S5j8i85 -, Z#]E[,
—— ~—— (23)

where m;; = 2,3,4,6 for a;;a;; = 0,1, 2,3, respectively. Equivalently these relations may be
written in the Coxeter form:
s? =1, (sis))™ =1, i#jel. (2.4)

The exact sequence (2.1) defines the canonical action of W on H. The corresponding action
on the Lie algebra h = Lie(H) and on its dual is as follows

Si(hj) = hj — (ai,a}/>hi = hj - ajihia (2 5)

si(ay) = o — oy, 0 oy = o — azjo.

Unfortunately the exact sequence (2.1) does not split in general, i.e. Ng(H) is not necessary
isomorphic to a semi-direct product of Wy and H. A peculiar situation in this regard is

described by the following result due to [CWW], [AH].

Theorem 2.1 Assume G is a simple complex Lie group and let Z(G) be the center of G.
Then modulo low rank isomorphisms of classical groups, the exact sequence (2.1) splits in
the following cases, and not otherwise:

o Type A; such that |Z(G)| is odd;
o Type By for the adjoint form;
e Type Dy, for all forms except Spin(2();

o Type Gs.

Thus to have an explicit description of the normalizer Ng(H) one should look for a
minimal section of the projection map p in (2.1). In the following Section we provide the
construction of the resulting extension of the Weyl group by a finite group. Let us note that
for a normal finite subgroup G° C G one has: if (2.1) splits for G then it splits for G/G°. In
the following for simplicity we consider only the case of simply-connected complex groups.



3 Tits extension of Weyl group

To describe the extension (2.1) in terms of generators and relations Tits proposed the fol-
lowing extension W2 of the Weyl group Wg by a discrete group [T1], [T2] (closely related
results were obtained by Demazure [D]).

Definition 3.1 Let A = ||a;;|| be the Cartan matriz corresponding to a semi-simple Lie
algebra g = Lie(G) and let m;; = 2,3,4,6 for a;;a;; = 0,1,2,3, respectively. The Tits group
W2 is an extension of the Weyl group Wg by an abelian group ZLI‘ generated by {;, 0;, 1 € I}
subjected to the following relations:

(1;)? = 0;, 0;0; = 0,0;, 07 =1, (3.1)

ity = 0,707, (3.2)
TTTi = T, AF ],

NAE RN A A (3.3)

where the abelian subgroup is generated by {6;, i € I}.

Let {h;, e;, fi i € I} be the Chevalley-Serre generators of the Lie algebra g = Lie(G(C)),
satisfying the standard relations

[hi, ej] = aije;, iy fi] = —aif;, lei, fi] = dijhy, (3.4)
adl “i(e;) =0,  ad; “(f;) =0, (3.5)
where A = ||a;;|| is the Cartan matrix i.e. a;; = (¢, ;).

According to [BT] (see also [T1]) there exists a subset {(;, i« € I} C H of canonical
elements of order two satisfying the following relations

si(G) =66, el (3.6)

where s;, i € I are generators of the Weyl group W (2.2), (2.3).

Theorem 3.1 (Demazure-Tits) Let Wk be the Tits group associated with the complex
semi-simple Lie groups G(C), then the map

T & = efie % efi, 0, — ¢, iel, (3.7)

defines a section of p in (2.1) by embedding the Tits group W2 into No(H). In particular,
the normalizer group Ng(H) is generated by H and by the image of the Tits group under
(3.7), so that the following relations hold:

$;hs7t = si(h), Vh € b = Lie(H), i€l (3.8)
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Example 3.1 In the standard faithful two-dimensional representation ¢ : SLo(C) — End(C?)
given by (6.3) we have

0 —1 ~1 0
¢(s) = ( ) .98 =0(¢) = ( ) : (3.9)
10 0 -1

The appearance of the Tits extension WZ as a minimal section seems unmotivated.
However the construction of W/Z may be elucidated by considering the maximally split real
form G(R) C G(C) of G(C). For the maximal split real form G(R) C G(C) there is an
analog of (2.1)

1 — H(R) — Nog)(H(R)) 2 We — 1, (3.10)
with the real form maximal torus given by the intersection
H(R) = HNG(R), (3.11)

of the complex maximal torus with maximally split real subgroup. Thus a section of (3.10)
provides a section of (2.1). The group H(R) allows the product decomposition

HR)=MA, M:=HR)NK, (3.12)

where K C G(R) is a maximal compact subgroup of G(R), M is isomorphic to the group

Z';' and A is an abelian connected exponential group A = exp(a). Therefore H(R) is not
connected and consists of 2/l components. Hence the group M may be identified with the
discrete group of connected components of H(R)

M = mo(H(R)). (3.13)

Considering the groups of connected components of the topological groups entering (3.10)
we obtain the induced exact sequence

I — mo(HR)) — mo(Ngwy(H(R))) — We — 1. (3.14)

Explicitly the groups of connected components may be identified with the quotients by the
connected normal subgroup A

1 — M — Nemw(H(R))/A -2 We — 1, (3.15)
and we have the exact sequence

Lemma 3.1 The ezact sequence (3.16) splits and thus mo(New)(H(R))) allows an embed-
ding into New)(H(R)).



Proof. The extension (3.16) is an instance of extensions of mo(Ngw)(H(R))) by A. Such
extensions are classified by the group H?(mo(Ngw)(H(R))), A). The triviality of this group
follows from the fact that A is an exponential group and the second cohomology of any finite
group with coefficients in a free module is trivial. Thus the extension (3.16) is necessarily
trivial and therefor there exists the required embedding. O

Proposition 3.1 The following isomorphism holds

To(Nom) (H(R))) ~ W (3.17)

Proof. Let us take into account that the images s;, (;, @ € I of Tits generators belong to the
maximally split real subgroup G(R) C G(C). Then by Theorem 3.1 the normalizer group
Ner)(H(R)) is generated by H(R) and the image of W/ under the homomorphism (3.7) is
given by the semidirect product H(R) x W2 over M. Considering the connected components
we arrive at (3.17). O

Example 3.2 For mazimal split form SLy(R) C SLy(C) we have

H(R) = { (2 ;L) A€ R*} . H(R)=MA, (3.18)

A0
P S S -

Elements g € Ngr,m)(H(R)) are defined by the condition that for each A € R* there exists a
A € R* such that

A0 A0 a b
g = 5 g g= , ad — bc = 1. (3.20)
0 ! 0 X! c d

It is easy to check directly that the normalizer group Ngr,m)(H (R)) is a union of two com-
ponents

Nsr,(H(R)) = N, U N,, (3.21)

where Ny is a set of diagonal elements (¢ = b = 0,ad = 1 # 0) and N; is the set of
anti-diagonal (a = d = 0,¢b = —1) elements. FEach of these groups splits further into two
connected components

N, = N UNy, N,=NUN_, (3.22)

depending on the sign of the non-zero elements in the last row.

The group mo(Nsr,m)(H(R))) consists of four elements corresponding to the classes of
N, NE and is isomorphic to the quotient of Nsp,w)(H(R)) by A ~R.. It is useful to pick
the following parameterization of the connected components

N = A, NI =34, Ny =0A, N, =05A, (3.23)
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where

0 —1 -1 0 0 1
s‘=< ) 9=§2=< ) 95:( ) (3.24)
1 0 0 -1 -1 0

It is easy to check directly that the group mo(Nsr,m)(H(R))) generated by classes Nfs coin-
cides with the finite group generated by $ in accordance with (3.17).

4 Weyl group extensions for compact real forms

As we have demonstrated in the previous Section the Tits group extension W} appears
quite naturally if we consider the totally split real subgroup G(R) C G(C). This motivates
to look for analogs of the Tits construction associated with other real forms of G(C). Here
we consider the connected compact real form U C G(C) of the Lie group G(C)

U={geG(C)lglg=1}, (4.1)

where g — ¢ is the composition of the Cartan involution and complex conjugation. Let us
extend U by considering the semidirect product

U= (UxT) c G' :=G(C)xT. (4.2)

Here I' := Gal(C/R) = Z, is the Galois group of R generated by 7, v = 1 so that v acts by
complex conjugation:

YAy =, VA e C. (4.3)

In the following we chose the generators e;, fi, h;, © € I to be real and thus commuting with
.

Definition 4.1 Let W& be a group generated by {o;, 7;, n;; i € I} subjected to

02-2:5_7;2:1, aiffi:(f,-a,-:m, ?:E[,
s s o (4.4)
oim; = nn; o, oy = 11 i i#Fjel, a;#0,
Jiaj-u:@-&i---, Z#]E[,
mij mij
where in (4.5) m;; = 2,3,4,6 for a;;a;; =0,1,2,3.
The group WY has outer automorphism:
YO, — 5}, (46)

which we will consider below as an extension of complex conjugation v onto W5. Now the
group W& x T' can be presented via generators {o;, i € I'} and v and relations (4.4), (4.5)
with ; :== vo,7.



Lemma 4.1 (i) The elements n; = 0,;0; are real of order two and pairwise commute:
n =1, ning = N , i,j€I. (4.7)
(11) For a;; = 0 the following relations hold:
0i0;0; = 0;0,0;, 0i0;0; = 0j0,0;, (4.8)
completing the set of relations (4.4) for all allowed values of a;;.
Proof. (i) For the first relation in (4.7) we have
(0:6:)* = 0,0,0:6; = 0,6:6;0; = 1. (4.9)
The second relation in (4.7) follows from the set of identities:
0,0,0;0; = 0;,0;04(0;0;) “5; = Ujﬁj(ai(?i)_M”ai&i = 0,0,0;0;. (4.10)
(i) For (4.8) we have
0,00, = 00,0, = 0,00, (4.11)
where have used the basic relation (4.5) twice
0i0; = 0,0;, 0i0; = 0,0;, a;j = a;; = 0. (4.12)

This completes our proof. O

Lemma 4.2 For any i,j € I such that a;; = —1, =3 the following holds:

O'iO'j"'O'l' = 5'1'5']'"‘0'1',
N N

N g (4.13)
mij mij
and thus
O'ZO'j"'O'Ji:O'jO'i"'O'];. (414>
mij mij

Proof. Note that for a;; = —1, —3 we have

0,0;0:010,0; = §:0;1; 0,0, = 5;(T;05)min; 07 = 0 nm; " o (4.15)
= giom; L = =1, |
which entails
0,0j0; = 0,005 . (4.16)

The assertion then follows from (4.16). O

Let us note that there exists a slightly different but equivalent definition of the extended
Weyl group WF which directly follows from Definition 4.1, Lemma 4.1 and Lemma 4.2.
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Corollary 4.1 The group WF is defined by the following set {o;, 5;; i € I} of generators
subjected to

2 —2 — — .
o, =0, =1, 0i0; = 0;0;, 1€ 1
0,05 = 5']‘5'1', 1,) € [, Q5 = Aj; = 07 (417)
O'jO'iO'j:5'3'5'@'5']':0'2'0']'0'1':5'15']‘5'2', i,jEI, aij:aji:—l,
0,00;05 = Jﬁjai&j = 5']'5'1'5'3'5'1 = ajﬁiajﬁi, Z,j S I, (]in == —2, (418)
0,00;0;0,0; = 6-i5-j6-i0-j0-i0-j = 5i6j5i5j5i6j =
(4.19)
= 040,0;0;0;0; = 0;0;,0;0;0;0; = 0;0;0;0;0;0;, 1,) € I, Qj; = —3.
Proposition 4.1 The group WY is an extension

Il —R— WS —We—1, (4.20)

of Wa by the commutative group R = Z‘Qll identified with the subgroup of W& generated by
elements

N i= 0i0;, iel. (4.21)

Proof. Due to the following relations

o; =100, oing = o, (4.22)
each element of WY may be represented as a product of some 7’s times the product of some
o’s. Taking the quotient over the relations 7; = 1 we recover the defining relations (2.2),

(23) of Wg. O

The Zgl‘—extension (4.20) basically arises due to the following simple fact. Given a com-
plex invertable operator a with real square satisfying the relation aa = 1 it defines an element
a® of order two

(a®)? = (a*)* = id. (4.23)

In the considered case we have o; = a;v and the required properties of a; follows from the
first line in (4.4).

The following analog of Theorem 3.1 is the main result of this Note (the proof is given
in Section 6).

Theorem 4.1 Let U C G(C) be a mazximal compact subgroup of the complex semi-simple
Lie group. Let (A, Wg) be a root system for the corresponding Lie algebra g = Lie(G) with



the Cartan matriv A = ||a;;||. Let v be the generator of the Galois group I' = Gal(C/R) of
the field R of real numbers. Then the following map

o, —> G = 6“7(61""]01')/2 v, 6—1 — @ — e_”r(ei'f‘fi)/Q v,

(4.24)
ni'—>§i::em—hi7 ZEI)

defines a homomorphim WY — UY where U is defined by (4.2). The elements g, i € 1

and vy together with the mazimal torus H generate Ng(H) x T.

Let us stress that there is a clear analogy between the two cases. On the one hand we
have ¢; € Uy C G(C)v, U being a maximal compact subgroup of G(C) and on the other
hand we have s; € K C G(R), K being the maximal compact subgroup of G(R). The last
statement follows form the relation

s, =1, iel, (4.25)

where index 7" denotes the standard Cartan involution interchanging e; and f; for each i € I.
The elements n; = 0;0; are real

and pairwise commute. Moreover ¢; and §; are in U~ and thus their products are in U. From
this we may infer that the images of 6; and 7;, ¢ € I in (3.7) and (4.24) both belong to the
same triple intersection

M=HNUNG(R) = HR)NGR). (4.27)

In a sense W} looks like a complex analog of the real discrete group W where the relation
72 = 0, is replaced by 0;5; = n;.

5 Adjoint action of the extended Weyl groups

While the action of W on the maximal commutative subalgebra h = Lie(H) is defined
canonically (2.5) and does not depend on a lift of W into Ng(H) its action on the whole
Lie algebra g = Lie(G) does depend on the lift. Above we have considered two extensions of
the Weyl group Wy together with their homomorphisms into the corresponding Lie group.
Here we describe their induced adjoint actions on g.

Proposition 5.1 The adjoint action of the Tits group WE on the Lie algebra g = Lie(GQ)
via homomorphism (3.7) is given by
Sieis; = —f; $ifis = —e;, (5.1)
1 _ . -1 _ _
= €j> S; j Si = fj> Clij = O, (52)

$i€j$

)

10



Szej i — I [62‘, ... €64, ej
| ZJ| S———
. ! (5.3)
Sif 87t = ol Uil [ £3)- -], i,
171" N———
@]

Proof. Relations (5.1) are actually relations for sly Lie subalgebras generated by (e;, h;, f;)
and may easily be checked using for example the standard faithful representation (6.3).
Relations (5.2) trivially follow from the Lie algebra relations (3.4). Thus we need to prove
(5.3). Let us define §;(a) := §;a$;". For the conjugated generators we have

[, 8i(e)] = 8i([h,r)s €5]) = (si(ay), ay) $iles) = (ar; — aniaiz)$i(e;) (5.4)

[, 8 ()] = 8i[hs, ), £31) = —(silay)), ag) 5i(f;) = —(ar; — ariay)$i(f;) - (5.5)

These relations fix the r.h.s. of (5.3) up to coefficients. Let us calculate the coefficients by
taking into account only the terms of the right weights. We have

—1) el s
5i(e;) = elie=¢ipli ¢ e figtip—fi — (|—)|' (ad‘fl_]‘_ s (ej)) 4o (5.6)
aij ! elie;e™ i
where we have used the Serre relations (3.5) and denote by --- the terms of the “wrong”
weight. Taking into account
efieie ™ =e; + -+ | (5.7)

we obtain the first relation in (5.3). The second relation is obtained quite similarly using
the isomorphism (for a proof see Lemme 6.1)

elie™¢ieli = eciglie, (5.8)

In this case we have

: S 1 i
$i(f;) = e “elie™ fiefiefiet = ol (ad'e,ilfieei (fj)) +-- (5.9)
iy |*
Taking into account
e—eifieei — fz —+ .. , (510)

we obtain the second relation in (5.3). O

Let us stress that there is a simple way to get rid of sign factors in (5.1) and (5.3). Define

a new set of generators ¢; = —e;, f; = f;. Then we have
[ a— | r [ - | ~
Si €S, = Ji, 5i fi S, = €, (5-11>
P — | ~ P - | 3
S; €j Si = €5, S; fj Si = Jj, Clij =0 N (512)



(5.13)

shat = o Rl U B0 itd

Now we describe the action on g of the Weyl group extension WY introduced in Section
4. Tt is convenient to express it in terms of purely imaginary generators ze;, vf;, i € I.

Proposition 5.2 The elements of the group WY act on the Lie algebra g = Lie(G) via
homomorphism (4.24) as follows

G et =—1fi,  Gf)g " =—e, (5.14)
and
Gi (1€) = —1e;, Gi (vf5) Gt = —uf;, a; =0, (5.15)
1 1
Gi (1) st = — Tl [eei, [ .- [ees, e5] .. ],
a”|. \q',l_/
' (5.16)
Si <2fj)gi_1 — —m [Zfza[[zfza Zf]] ]j|, 1 7éj
i —~—
|ais]
Proof. Taking into account (3.4) we have
6z7rt adhl. (ej) =¢j emrtaij 7 ezwtadhi (f]) — fj e—zwtaij ) (517>
Using the representation
G = $;e"™i/?y, (5.18)

and Proposition 3.1 we obtain (5.16) and (5.14). O

6 Proof of Theorem 4.1

We start the proof by establishing a precise relation of the generators (4.24) to the Tits
generators.

Lemma 6.1 The following identities hold

éi = efi e—ei efi — e—ei efi e—ei — €Z7Thi/4 627I’(8i+fi)/2 6—Z7Thi/4’

(6.1)
822 — 67,7Th2'7
and thus the generators defined by (4.24) may be represented as follows
G = 6—z7rhi/4 Sz 617rh¢/4/y. (62)

12



Proof. The identities (6.1) follow from the corresponding relations for SLy C G. Thus to
prove (6.1) we might use the standard two-dimensional faithful representation ¢ : SLy —

End(C?)
01 0 0 1 0
¢(e) = o) = o) = : (6.3)
0 0 10 0 -1

Direct calculations show that

0 -1
plefecel)=¢ (e ele) = (1 0 ) , (6.4)

-1 0
) (e’e el e ce el e’e) = ( 0 _1> =9 (e”h) , (6.5)

0
¢ (e—zﬂ'h/4ef e e efezﬂ'h/4) _ ¢ (elﬂ(e+f)/2) — ( 0) . (66)
7

Then (6.1) follows from the faithfulness of ¢. O

The proof of Theorem 4.1 is provided by a series of Lemmas below.

Lemma 6.2 The following relations hold

F =1, iel. (6.7)
Proof. Direct calculation gives
gi2 _ efzwh¢/4siez7rhi/4 ,yefzﬂhi/4éiez7rhi/4 v = efwrhi/4$iemhi/4 e'mhi/llsiefmhi/ll — (68)

e—wrhi/4$iez7rhi/2 Sie—fwrhi/4 — e—mhi/46—27rhi/2 e—lﬂ'hi/4 312 — e—mhi . em‘hi —1. (69)

|

Lemma 6.3 For any i,j € I such that a;; = aj; = 0 the following relations hold
(isj) =7 (556i)7 - (6.10)

Proof. We have

GiSj = e—mhi/4éi€z7rhi/4 v G_th/4éj€mhj/4 v = e—mhi/4éiez7r(hi+hj)/4 éje_”rth (611)

_ e—zwhi/4ez7r(—hi+hj)/4 éiemh]-/4 éj _ e—mhi/llewr(—hi—l—h]-)/él ezwhj/4 SZS] _ emr(h]-—hi)/2 éiéjy
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On the other hand

Gjsi = ezw(hi—hj)/Q SJSZ _ em’(hi—hj)/Q SZS] _ em(hi—hj)/Z e—m’(hj—hi)/2

and thus

Gigj = T g = gyq ettt

where we have used the fact that in U the following identity holds
e¥mthi — 1 icl.

It is easy to check that

hi ’l’ﬂ'(hi‘f‘hj)gigj‘

vsiy = e, VSiS; Y = €

Now (6.10) follows from (6.12) and (6.14). O

Lemma 6.4 For any i,j € I such that a;; = aj; = —1 the following relations hold
GiS;S = VS5%i557Y-

Proof. We have

GiSisi = e*ﬁrhi/4éiezwhi/4 ,yefmhj/45j€z7rhj/4 ,yefmhi/45i€mhi/4 ~y

_ €7mhi/4$i€mhi/4 ewrhj/4(éjefmhj/4 efmhi/4siez7rhi/4 5.

Using explicit form of the Weyl group action
si(hj) = hj +hi = s;(hi),  ayy = aj = —1,
we obtain

§iSjSi = B_ZWhi/4$i€Z7r(hi+hj)/4 Sj€_”r(hj+hi)/4 Siewrhi/4 N =

— e—’Lﬂ'hi/4€Z7r(—hi+hj+hi)/4éi Sje—’LTr(hj-i-th)/ll SZ,Y —

— elTr(hj7hi)/46727r(7(hj+hi)+2(7h¢+hj+h¢))/4sisjSi,y — 515]87,'7

Gig; = e himhi) go

(6.12)

(6.13)

(6.14)

(6.15)

(6.16)

(6.17)

(6.18)

(6.19)

(6.20)

(6.21)

The required identity follows from the identity $;5;8, = §;$;5; (consequence of (3.3) and

(3.7) for a;; = aj; = —1) and the relation

VSiSiSiY = VSi8iS = 8i8iSiY = GSiSs-

14
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Lemma 6.5 For any i,j € I such that a;; = —2 the following relations hold
(si5)” = (s56)%y - (6.23)

Proof. We have

_Zﬂ-hi/4$ielﬂ—hi/4’ye —’Lﬂ'hl/48167,7r(hl+h])/4

—amh;/4 e amhi/4 .
i155;e™Iy = e

Sisj =€ g0 mhilt (6.24)

—27rhi/467,7r(—hi+(hj+2hi))/4 éiewrhj/4

=e §; = emhithd/2 55 (6.25)

where we take into account

Si(hj) = h]’ — <Oéi, CY;/>hl = hj -+ th,

(6.26)
Sj(h,L') = hl — <C(j, Oél\-/>hj = hz + hj .
Thus we have
§z§j§z§3 — elﬂ'(hj+hi)/2 Siéjelﬂ(h]‘+hi)/2 SZS] — ezﬁ(thrhi)/Z 31 elﬂ(*hj+(h¢+h]‘))/2 SJSZSJ —
— e’m'(hi-i-hj)/Q S'L €Z7Thi/2 SJSZS] _ €Z7T(h]'+hi)/2 e—Zﬂ'hi/Q S'LSJS'LS_] — eZﬂ'hj/Q stjSzS] (627)
Similarly we have
§jSi = G_Whj/4éj€mhj/4’}/6_”rhi/4$i6mhi/4’7 _ e—mhj/4s-j67,7r(hj+hi)/4 Sie_”h"M (628)
_ e—wrhj/46wr(—hj+(hi+hj)) éjemhi/4 § = emhi/Z 5’]’51‘, (629)
where we use the Weyl group relations (6.26). Thus we have
§jSiSjSi = 6wrhi/2 Sjéiemhi/Q 3]31 _ emhi/2 Sj e_mhi/Q 518]31 _ (630)
= emhif2 omm(hithi)/2 g g 5,60 = e T2 50658 = €™ 56,515, (6.31)
Thus we prove the relation using ($;$;)* = ($;$;) O
Lemma 6.6 For anyi,j € I such that aj; = —3 the following relations hold
(6i57)* = v(556)*7 - (6.32)
Proof. We have
GiSj = efzﬂhi/4éiez7rhi/4 v efmhj/4sj€mhj/4 v = e*lﬂhi/4éielﬂ(hi+h]‘)/4 Sjefmhj/4 (633)
_ 6—Z7Thi/4627r(—hi+(hj+3]’Li))/4 S-iefwrhj/4 S-j _ 67/71'(h»j+2hi)/2 $i$j7 (634)
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where we take into account the following relations

Sl‘(hj> = hj — <Oéi, Oé;/>hl == hj + 3hl,

(6.35)
si(hi) = hi — {aj, &/ Yhj = hi + h;.
Thus we have
(ig)? = ovr(hy+2hi) /2 sisjezw(hj+2hi)/2 éiéjezw(hj+2hi)/2 45
— om(hi+2ha)/2 jimsisj(hy+2hi) /2 (éiéj>2em(hj+2hi)/2 ey (6.36)
— er(hy+2hi)/2 gimsisj(hj+2hi) /2 gim (5i55)2(hj+2h;)/2 (Siéj)g,
which due to
$isj(2h; + hj) = h; + hy, (5:5)*(2h; + hy) = —h;, (6.37)
results into
(ig)? = o (hi+2hi) /2 gim(hithy) /2 —rhi /2 (3:8;)° = o (hithy) (3:8;)° .
Similarly, we find out
SjSi = e_”th/Qéjv e ™2y = e"”hﬂﬂsj emhil2g, = gmihi/? 555, (6.38)
where we applied (6.35). Then we derive
(s56)° = €™M/ 3;8,e™M/% 5;5,e™M/% 58,
= emhi/2 gmsisi(hi)/2 (%&)%mhi/z 878 = e™hi/2 gmisjsi(hi) /2 gm(s;si)?(hi)/2 (855, (6.39)
which due to
s;si(hi) = —h; — h; (sj8i)°(hi) = —2h; — h;, (6.40)
results into
(gja)? = omhi/2 p=mi(hith;) /2 =ma(2hith) /2 (3;8)° = o~ muhithy) (3;5)° (6.41)
and therefore
Y(i6)Py = emhithi) (5.4,)3 . (6.42)

This completes the proof. O

Combining the previous Lemmas we obtain the proof of Theorem 4.1.
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