L..-interpretation of a classification of deformations of
Poisson structures

Anne Pichereau

ABSTRACT. We give an Loo-interpretation of the classification, obtained in
[10], of the formal deformations of a family of exact Poisson structures in
dimension three. We indeed obtain again the explicit formulas for all the
formal deformations of these Poisson structures, together with a classification
in the generic case, by constructing a suitable quasi-isomorphism between two
L -algebras, which are associated to these Poisson structures.
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1. Introduction

In [10], we have exhibited a classification of the formal deformations of the
Poisson structures defined on F[z,y,z] (F is an arbitrary field of characteristic
zero), of the form:

(1) {’}v’_axay 8z+8y82 8x+828x oy’
where ¢ is a weight-homogeneous polynomial of F[z,y, 2], admitting an isolated
singularity, in the generic case. In the present paper, following an idea of B. Fresse,
we give an L-interpretation of this result, that is to say, we obtain this result
again by methods, which are different and which use the theory of L..-algebras.
The Poisson structures appear in classical mechanics, where physical systems
are described by commutative algebras which are algebras of smooth functions on
Poisson manifolds. They generalize the symplectic structures, as for example the
natural symplectic structure on R?", which was introduced by D. Poisson in 1809.
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On the contrary, in quantum mechanics, physical systems are described by non-
commutative algebras, which are algebras of observables on Hilbert spaces, and P.
Dirac has observed that, up to a factor depending on the Planck’s constant, the com-
mutator of observables appearing in the work of W. Heisenberg is the analogue of
the Poisson bracket of classical mechanics. The Poisson structures and their defor-
mations also appear in the theory of deformation quantization (see for instance [1])
with, in particular, the very important result obtained by M. Kontsevich in 1997:
given a Poisson manifold (M, ) and the associative algebra (A = C*° (M), -), there
is a one-to-one correspondence between the equivalence classes of star products of A,
for which the first term is 7, and the equivalence classes of the formal deformations
of 7.

In a more general context, a Poisson structure on an associative commutative
algebra A is a Lie algebra structure on A, 7 : A x A — A, which is a biderivation
of A (see paragraph 2.2.1). In the case where A = C°°(M) is the algebra of smooth
functions over a manifold M, one says that (M, ) is a Poisson manifold. Formally
deforming a Poisson structure 7w defined on an associative commutative algebra A
means considering the Poisson structures m, defined on the ring A[[v]] of all the
formal power series with coefficients in A and in one parameter v, which extend
the initial Poisson structure (i.e., which are 7, modulo v). In this paper and in
[10], we study a classification of formal deformations of Poisson structures modulo
equivalence, two formal deformations 7, and 7, of 7™ being equivalent if there exists
a morphism @ : (A[[v]], 7«) — (A[[V]], 7.) of Poisson algebras over F[[v]] which is
the identity modulo v. There is a similar definition for the formal deformations of
an associative product, the x-products being formal deformations of an associative
product, for which each coefficient is a bidifferential operator. We refer to [10] for
an introduction to the study of formal deformations of Poisson structures and the
role played by the Poisson cohomology in this study.

M. Kontsevich proved the one-to-one correspondence mentioned above by using
the theory of L..-algebras and Maurer-Cartan equations. In fact, he obtained this
result by proving his conjecture of formality for a certain differential graded Lie
algebra. A differential graded Lie algebra (dg Lie algebra, in short) is a graded
Lie algebra (g, [, ],), endowed with a differential dg, which is a graded derivation
with respect to [-, -]g. The differential dy is a degree 1 map satisfying dq 0 93 = 0,
giving rise to a cohomology H (g, dy). A dg Lie algebra is a particular example of an
Loo-algebra, which is a graded vector space L, equipped with a collection of skew-
symmetric multilinear maps (¢, )nen~, satisfying different conditions, which can be
viewed as generalized Jacobi identities. A quasi-isomorphism between two dg Lie
algebras (or between two Loo-algebras) is an Lo.-morphism between them (that is
to say a collection of multilinear maps (fy,)nen+ from one to the other, satisfying a
collection of compatibility conditions), which induces an isomorphism between their
cohomologies. These notions will be recalled in the paragraph 2.1. A dg Lie algebra
is said to be formal if there exists a quasi-isomorphism between it and the dg Lie
algebra given by its cohomology H(g,dy) (equipped with the trivial differential
and the graded Lie bracket induced by [-,] ). To a dg Lie algebra (g, 0y, [, ],) is
associated an equation, called the Maurer-Cartan equation and given by:

g

1

05(7) + 5 1,7y = 0,
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whose solutions v € g! are degree one homogeneous elements of g, which can also
be considered as depending on a formal parameter v, v € vg![[v]]. The set of all
these formal solutions is denoted by MC¥(g). Notice that there is a also a no-
tion of generalized Maurer-Cartan equation associated to an L..-algebra, which is
more complicated (because it takes into account the whole Loo-structure). Given
a Poisson manifold (M, ) (respectively, a Poisson algebra (A, 7)), the Poisson co-
homology complex H (M, ) associated to (M, ) (respectively, H (A, ) associated
to (A, 7)) is defined as follows: the cochains are the polyvector fields (respectively,
the skew-symmetric multiderivations of A) and the Poisson coboundary operator is
given by d := —[-, 7|4, where [-, |4 is the Schouten bracket (which is a graded Lie
bracket, extending the commutator of vector fields and which is a graded bideriva-
tion with respect to the wedge product). One can then associate to 7 the dg Lie
algebra g, given by the graded vector space of the Poisson cochains (with a shift
of degree), equipped with the Poisson coboundary operator associated to m as dif-
ferential (up to a sign) and the Schouten bracket as graded Lie bracket. Because
a degree one element v € gL or v € vgl[[v]] satisfies the Jacobi identity (hence,
is a Poisson structure) if and only if [y,7]g = 0, an element vy € vgk[[¥]] is then
a formal solution of the Maurer-Cartan equation associated to g, if and only if
7w + 7y is a formal deformation of 7. Similarly, the star products also correspond to
the formal solutions of the Maurer-Cartan equation associated to a dg Lie algebra
gu, constructed from the Hochschild cohomology complex of the associative alge-
bra (C*°(M),-). M. Kontsevich showed that the dg Lie algebra g is formal, by
showing that it is quasi-isomorphic to the particular dg Lie algebra g, associated
to the trivial Poisson bracket m = 0. This result, together with the fact that a
quasi-isomorphism between two dg Lie algebras induces a bijection between the
sets of all the formal solutions of the Maurer-Cartan equations modulo a gauge
equivalence, leads to the desired one-to-one correponsdence.

In this paper, we follow an idea of B. Fresse to obtain again, but with L .-
methods, the explicit formulas for all the formal deformations (modulo equiva-
lence) of {-,-}, (defined in (1) and sometimes called exact Poisson structures),
which were obtained in [10], when ¢ € A := F[z,y, 2] is a weight homogeneous
polynomial with an isolated singularity, and in particular, the classification of the
formal deformations of these Poisson structures, when ¢ is generic (i.e., when its
weighted degree is different from the sum of the weights of the three variables z, y
and z, or, equivalently, when H'(A, {-, ~}¢) is zero). To do this, we show that this
classification is not a consequence of the formality of a certain dg Lie algebra, but
still of the existence of a suitable quasi-isomorphism between two Lso-algebras. In
order to explain this, let us consider ¢ a polynomial as before and (g, 0y, [, ]g),
the dg Lie algebra associated to the Poisson algebra (A := F[z,y,2],{-, -} ) and
H, its cohomology. As said before, there is a shift of degree implying that Hf;, the
homogeneous part of H, of degree ¢, is in fact the (¢ + 1)-st Poisson cohomology
space HF1 (A, {-, },), associated to (A, {-,},).

In fact, the classification of the formal deformations of the Poisson bracket
{-,-}, obtained in [10] was indexed by elements of H*(A,{-,-} ) ® vF[[v]] and
B. Fresse pointed out to me that it could come from the formality of the dg Lie
algebra g, or at least from the existence of a suitable quasi-isomorphism between
H, and the dg Lie algebra g,, where H, would be equipped with a suitable L .-
algebra structure, meaning that the set of all the formal solutions of the generalized
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Maurer-Cartan equation associated to it would be exactly H) @ vF[[v]]. Indeed,
as in the case of dg Lie algebras, a quasi-isomorphism between two L.-algebras
induces an isomorphism between the sets of formal solutions of the corresponding
generalized Maurer-Cartan equations, modulo a gauge equivalence, and in our case,
the formal solutions of the Maurer-Cartan equation associated to g, modulo the
gauge equivalence, correspond exactly to the equivalence classes of the formal de-
formations of the Poisson structure {-,-} . Using the explicit bases exhibited for
the Poisson cohomology associated to (A, {-,-}) in [9] and the idea of B. Fresse,
we indeed obtained the following result (see the proposition 4.3):

PROPOSITION 1.1. Let ¢ € A= F[x,y, 2] be a weight homogeneous polynomial
with an isolated singularity. Consider (gy, 0y, [-,|g) the dg Lie algebra associated
to the Poisson algebra (A, {-,-},), as explained above, where {-, -} is given by (1),
and H,, the cohomology associated to the cochain complex (gy,,0,).

There exist

(1) an Loo-algebra structure on Hy,, such that the generalized Maurer-Cartan
equation associated to Hy is trivial (i.e., every element v € vHL[[V]] is
solution,);

(2) a quasi-isomorphism f& from the Lo -algebra H, to the dg Lie algebra
(80,04, [-,]g), such that the isomorphism, induced by f& between the for-
mal solutions of the Maurer-Cartan equations, sends MC"(H,) to the
representatives, exhibited in [10], for all the formal deformations of the
Poisson bracket {-, '}90’ modulo equivalence.

This proposition 1.1 permits us to recover the results obtained in [10], concern-
ing the formal deformations of the Poisson structures {-,-} - 1t also permits us to
better understand different phenomena about this result. In particular, we used in
[10] that, in the generic case, H' (A, {-, ‘},,) is zero and we now know that this fact
implies that the gauge equivalence in MC"(H,) is trivial. Moreover, in the special
case (when the weighted degree of ¢ is the sum of the weights of the three variables
x, y and 2z or, equivalently, when H'(A, {-, -}@) is not zero), we can now better
understand the equivalence classes of the formal deformations, as the equivalence
relation for the formal deformations of {-,-} ., can be obtained by transporting the
gauge equivalence in MC"(H,) to MC"(g,).

Finally, notice that, given a dg Lie algebra (g, 0y, [-,];) and a choice of bases
for the cohomology spaces H*(g, d,) associated to the cochain complex (g, 9y ), and
using a theorem of transfer structure (see for instance the “move” (M1) of [8]), we
know that there always exist an L.c-algebra structure on H (g, dy), together with
a quasi-isomorphism between this Loc-algebra and the dg Lie algebra (g, dg, [, ],)-
The problem to use this result in our context where g = g, is that we do not need
only the existence of this Leo-structure and this quasi-isomorphism, but we also
need to be able to control these data, in order:

(1) for the formal solutions of the generalized Maurer-Cartan equation asso-
ciated to H, to be simple (given by H} @ vF[[v]]),

(2) for the image of the isomorphism, induced by fJ between the sets of formal
solutions of the Maurer-Cartan equations, to give exactly the representa-
tives of the formal deformations of the Poisson bracket {-,-}, modulo
equivalence which were exhibited in [10].
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To be able to do this, we have proved, in the section 3, a proposition which permits
one, given a dg Lie algebra (g,0q,[-,];) and a choice of basis for its associated
cohomology H (g, dy), to construct, step by step, both an L.-algebra structure {4 =
(¢n)nen+ on H(g,0y), with ¢; = 0, and a quasi-isomorphism fe = (fn)nen+ from
H(g,0q) to g, such that, at each step, whatever the choices made at the previous
steps for the maps #s, ..., 4n—1 and f1,..., fm—1, satisfying the conditions required
at this step, the collections of maps (£,)1<n<m—1 and (fn)i1<n<m—1 extend to an
L-algebra structure ¢, on H(g,dy) and a quasi-isomorphism f, from H(g,dy) to
g. This result is given in the proposition 3.1 and permits us, together with the
explicit bases exhibited for the Poisson cohomology associated to (A, {-,-},) in [9],
to prove the desired proposition 1.1.

Acknowledgments. 1 am grateful to B. Fresse for having introduced me to the
theory of L..,-algebras anf for pointing out to me a possible L.-interpretation of
my results. I also would like to thank H. Abbaspour, M. Marcolli and T. Tradler
for giving me the opportunity of participating to this volume. Finally, this work
has been done when I was a visitor at the CRM (Centre de Recerca Matematica)
and at the MPIM (Max-Planck-Institut fiir Mathematik), whose hospitality are
also greatly acknowledged.

2. Preliminaries: L.,-algebras and Poisson algebras

In this first section we recall some definitions in the theory of L,-algebras. We
indeed need to fix our sign conventions and the notations. The notions of Poisson
structures, cohomology and the deformations of Poisson structures are also recalled.

2.1. L,-algebras and morphisms, Maurer-Cartan equations. We first
recall the notions of L..-algebras, L..-morphisms, Maurer-Cartan equations, mainly
in order to fix the sign conventions. For these notions and the conventions we
choose, we refer to (the appendix A of) [7] (see also [5] and [2]).

In this paper, F is an arbitrary field of characteristic zero and every algebra, dg
Lie algebra, L.o-algebra, etc, is considered over F. If V is a graded! vector space,
we denote by |z| € Z the degree of a homogeneous element 2 of V. Let us denote
by A°®V, the graded commutative associative algebra (rather denoted by (O° V in
[7]), obtained by dividing the tensor algebra T*V = @, . VE* of V by the ideal
generated by the elements of the form z ® y — (—1)1*II¥ly @ 2. Denoting by A the
product in A® V, one then has:

z Ay = (=1)=¥ly Az,
where x and y are homogeneous elements of V. Then, if x1,...,x; € V are elements
of V and o € G}, is a permutation of {1,...,k}, one defines the so-called Koszul
sign (o321, ..., 2E), associated to z1, ...,z and o, by the equality:
Ty A Axp = (0321, Tk) Toy A ATy,
valid in the algebra A°®V. Then, one also defines the number x(o;1,...,7%) €
{_17 1}7 by:
x(o;21,...,2) = sign(o) e(o; 21, ..., Tk),

e here consider graded vector spaces as being graded over Z, but for the specific cases
which we study in the section 4, the considered graded vector spaces are graded only on NU{—1}
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where sign(o) denotes the sign of the permutation . When no confusion can arise,
we write x(o) for x(o;21,...,2). For i,j € N, a (i, j)-shuffle is a permutation
0 € G4 such that (1) < --- <o(i) and o(i+ 1) < --- < o(i + j), and the set of
all (i, j)-shufles is denoted by S; ;.

2.1.1. Leo-algebras. An Lo-algebra L is graded vector space L = €D L»
equipped with a collection of linear maps

é.—<£k:®kL—>L> :

keN*

)

nez

such that:
a. each map ¢ is a graded map of degree deg(¢)) = 2 — k,
b. each map ¢ is a skew-symmetric map, which means that

Ce(€o(1)s -5 Eo)) = X(0) (&1, - -+, k),

for all &,...,&; € L and all permutation o € Gy;
c. the maps £, k € N* satisfy the following “generalized Jacobi identity”:

(Jn) Z Z X(@) (1) 05 (6 (Eoys -1 &o(i))s Eotin1)s - - -+ Eo(my) = 0,
i+j=n+1 0€Sin—i
ig>1

for all n € N* and all &,...,&, € L.

The map £; (which satisfies £2 = 0, by (J1)) is sometimes called the differen-
tial of L and denoted by 0, while the map ¢5 is sometimes denoted by a bracket
[,]. A differential graded Lie algebra (dg Lie algebra in short) is an L.o-algebra
(L,€1,€2€3, .. .), with fk = 0, for all k& > 3.

Notice that if ¢; = 0, then the equation (J,) reads as follows:

In(Ln-1;81,--,6n) =0,
where J,,(Lp—1;&1,-..,&,) depends only on L, 1 := (f2,...,¢,—1) (and not on ¢,)
and is defined by:
In(Ln-1;&1,...,8&) :i=
(2) Z Z X(@) (1) 05 (8 (Eoays- - -1 &o(i)) s Eolit1)s -+ > Eo(n)) -

i+j=n+1 0E€Sin—i
1,522

When no confusion can arise, we rather write J,, (&1, - .., &) for Jn(Ln—1:&1, ..., &)-

2.1.2. Loo-morphisms, quasi-isomorphisms. There is a notion of (weak) mor-
phism of L..-algebras, which we do not need here. We only need the particular
case when the considered morphism goes from an L..-algebra to a dg Lie algebra.
(For the general definition of L.,-morphisms between L..-algebras, see [3].) Let
L =(L,t1,0s,...) be an Loc-algebra and let g = (g, Jg, [, |,) be a dg Lie algebra.
A (weak) Loo-morphism from L to g is a collection of linear maps

fo=(F @ L—g)

such that:
a. each map f,, is a graded map of degree deg(f,) =1 — n;
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b. each map f, is skew-symmetric;
c. the following identities hold, for all n € N* and all (homogeneous) ele-
ments &;,...,&, € L:

3)
(9 (fn(&a cee 7€n))

S DR DY R0 f (O (o), Eotty) s Eothan)s -+ Eotm)
j+k=n+1 0€Sk n—k
Jk>1

+ Z Yo X esa() [Fo (6ray - ) s e (Ergornyse - &) ], =0,
s+t= TESS

s, t>1 T(l)<7’(s+1)

<H><i \a(p)\)
where e, (1) := (=1)*71 - (=1) p=t .

We point out that, for 1 < s < n and for an (s,n — s)-shuffle 7 € S ,_s, the
condition 7(1) < 7(s+1) is equivalent to 7(1) = 1. One says that the L.,-morphism
fo from L to g is a quasi-isomorphism (or a (weak) Lo -equivalence) if the chain map
fi:(L,4) — (g,0q) induces an isomorphism between the cohomologies associated
to the cochain complexes (L,¢;) and (g, dg).

Notice that if the Loo-algebra (L, ¢1,¢s,...) satisfies 1 = 0, then we write the
equation (3) rather in the following form:
(En) ag (fn(gla---afn))_fl(gn(fla---afn)): (FnaLn 17§1a---7§n)
where T, (Fn, Ln—1;&1,...,&,) depends on the elements F,, := (fi,..., fn—1) and
Ly—1:=(la,...,0,_1), and is defined by:
(4)

Tn(FnaLnfl;glv s 7671) =

Z Z RO (e (€o1)s -2 o)) s Eotbi)s - - > Eo(m))
j+k=n+1 0€Skn—k
7,k>2

- Z Z Yest () [fs (§rrys - &ris)) s St (Ergsts - - - ,fr(n))]g

s+t=n TESS n—s

s,t>1 (1) 1
for all n € N* and all (homogeneous) elements &1, ...,&, € L. When no confusion
can arise, we simply write T},(&1,...,&,) for T (Fn, L1581, ..., &n)-

2.1.3. Maurer-Cartan equation. To an L,-algebra is associated the so-called
generalized Maurer-Cartan equation (or homotopy Maurer-Cartan equation). In
our context, we only need a particular case of it, where the solutions depend formally
on a parameter v. Let L = (L,¢1,02,...) be an L.-algebra. The generalized
Maurer-Cartan equation associated to L is written as follows:

1 (_1)n(n+1)/2
(5) =6(7) = 5la(y,7) + 3,f s )+ () e = 0,
for v € L' ® vF[[v]] = vL'[[v]], where v is a formal parameter. Notice that the
maps £,, n € N* are extended by bilinearity with respect to the parameter v (and
are still denoted by ¢,,) and that this infinite sum (5) is well-defined because there
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is no constant term in v (i.e., v is zero modulo v), so that the coefficient of each v/*,

i € N is given by a finite sum. The same will hold for the equations (6) and (10).
The set of all the solutions of the generalized Maurer-Cartan equation associ-

ated to L and depending formally on a parameter v is denoted by MC"(L). One

introduces the gauge equivalence on this set, which is denoted by ~ and generated

by infinitesimal transformations of the form:

(_l)n(nfl)/Z

Wgn(gvva’% te 77)7

(6) Yo Ey=y— Y

nelN*

where ¢ € L° @ vF[[v]].

REMARK 2.1. Let us consider the particular case where the L..-algebra L is
a dg Lie algebra (g, 9y, [, ],) whose differential is given by 9y = [x, ], for some
degree one element y € g! satisfying [x, Xlg = 0. Then, we have:
- Mc*(g) = {ves' @vF]| [l + 3 baly = 0}
= {vea o vFll| [x+7.x+1), =0}

Moreover the infinitesimal transformation (6) becomes in this case:
(8) Y&y =+ ],
for ¢ € g° @ vF|[[V]].

We denote by Def”(L) the set of all the gauge equivalence classes of the solu-
tions of the generalized Maurer-Cartan equation associated to L,

Def(L) := MC"(L)/ ~ .

For v € MC¥(L), we denote by cl(y) € Def”(L) its equivalence class modulo the
gauge equivalence. In the following we will use the theorem (see for instance [4]
or [2]):

THEOREM 2.2. Let L and L’ be two Lso-algebras and let us suppose that fo =
(fn: Q"L —L"),cn- is a quasi-isomorphism from L to L'. Then f, induces an
isomorphism Def" (fo) from Def” (L) to Def"(L'). This isomorphism is given, for
v € MCY(L), by:

o) D (f2) (€l(7) 1= el (MC* (£)()
where
— n(n+1)/
(10) mer(rm = S .
n>1

Notice that we will only use this theorem in the case L’ is a dg Lie algebra.

2.2. Poisson algebras, cohomology and deformations. In this paper,
our goal is to apply the theory of L..-algebras to the problem of deformations of
Poisson structures. We here recall the notions of Poisson algebras, cohomology
and deformations, and explain how one can associate a dg Lie algebra to a Poisson
algebra.
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2.2.1. Poisson algebra and cohomology. We recall that a Poisson structure
{-,-} (also denoted by my) on an associative commutative algebra (A, -) is a skew-
symmetric biderivation of A, i.e., a map {-,-} : /\2 A — A satisfying the derivation
property:

(11) {FG,H}=F{G,H}+G{F,H}, forall F;G,H € A,
(where F'G stands for F'-G), which is also a Lie structure on A, i.e., which satisfies
the Jacobi identity

12)  {{F.GY,H)+{{G, H},F}+{{H F\,G} =0, forall F,G,H € A.

The couple (A, {-,-} = mp) is then called a Poisson algebra.

The Poisson cohomology complex, associated to a Poisson algebra (A, mg), is
defined as follows. The space of all Poisson cochains is X°(A) 1= @ X*(A),
where X°(A) is A and, for all k € N*, X¥(A) denotes the space of all skew-
symmetric k-derivations of A, i.e., the skew-symmetric k-linear maps A*¥ — A
that satisfy the derivation property (12) in each of their arguments. The Poisson
coboundary operator 6% : X*(A) — X*T1(A) is given by the formula

5fr0 == ['a 770]5‘ 5
where [-,-]g : XP(A) x X9(A) — XPT771(A) is the so-called Schouten bracket.
The Schouten bracket is a graded Lie bracket that generalizes the commutator of
derivations and that is a graded biderivation with respect to the wedge product
of multiderivations (see [6]). It is defined, for P € XP(A), Q € X%(A) and for
Fi,.. ., Fpiq-1 € A, by:

[PaQ]S[Flv'-'vFZH*qfl]

(13) = Z sign(o)P [Q[Fg(l), ey Fg(q)], Fg(qul), ey Fg(qup,l)}
0ESq,p—1
—(—1)(p_1)(q_1) Z sign(U)Q [P[Fg(l), e ,Fg(p)], Fg(erl), ceey Fg(erq,l)} .
0ESp g1

It is easy and useful to verify that, given a skew-symmetric biderivation 7 € X2(A),
the Jacobi identity for 7 is equivalent to [r,7]g = 0, in other words, if m € X?(A)
is a skew-symmetric biderivation of A, then 7 is a Poisson structure on A if and
only if 7, 7]g = 0.

2.2.2. The dg Lie algebra associated to the Poisson compler. The Poisson coho-
mology complex associated to a Poisson algebra (A, mg) together with the Schouten
bracket give rise to a dg Lie algebra, (g, dg, [, ~]g), defined as follows.

(1) For all n € N*, the degree n homogeneous part of g is given by
g = X"TH(A),

so that the degree of P € XP(A) = gP~!, viewed as an element of g, is
|P| =P 15
(2) for all P € XP(A) =gl 1,

0y(P) := (~1)/Plé% (P) = (~1)"~"6% (P),
the graded Lie bracket on g is given by the Schouten bracket:
3) th ded Lie brack is gi by the Sch brack

g =10 s



10 ANNE PICHEREAU

Notice that, using the skew-symmetry of the Schouten bracket, and the definition
of 02 , we can write dy = [mo,]g. As [mo,mo)]g = 0 (see last paragraph 2.2.1), the

dg Lie algebra (g,dg, [, ],) associated to a Poisson algebra (A, mo) satisfied the
conditions of the remark 2.1.

2.2.3. Formal deformations of Poisson structures. In this paragraph, we define
the notion of formal deformations of Poisson structures. For more details about
this, see [10]. Let (A,-) be an associative commutative algebra over F and let
7o be a Poisson structure on (A, -). We consider the F[[v]]-vector space A[[v]] of
all formal power series in v, with coefficients in A. The associative commutative
product “”, defined on A, is naturally extended to an associative commutative
product on A[[v]], still denoted by “”. A formal deformation of my is a Poisson
structure on the associative F[[v]]-algebra A[[v]], that extends the initial Poisson
structure. In other words, it is given by a map 7, : A[[v]] X A[[v]] — A[[v]] satisfying
the Jacobi identity and of the form:

Mo =Tg+mV -+ +m" +-0

where the 7; are skew-symmetric biderivations of A (extended by bilinearity with
respect to v). Notice that given a map m, = mg + mv + - - + w0 + - - : A[[v]] ¥
A[[v]] — A[v]] where for all i € N, m; € X?(A) is a skew-symmetric biderivation
of A, we have that 7, is a formal deformation of g if and only if [r,, m.]¢ = 0.

There is a natural notion of equivalence for deformations of a Poisson structure
. Two formal deformations 7, and 7, of 7 are said to be equivalent if there exists
an F[[v]]-linear map @ : (A[[v]], m«) — (A[[v]],7}), which is equal to the identity
modulo v and is a Poisson morphism, i.e., it is a morphism of associative algebras
O (A[[v]],-) — (A[[V]],-), which satisfies:

(14) m[R(F), ®(G)] = @(m.[F, G]),

*

for all F, G € A (and therefore, for all F, G € A[[v]]). It is also possible to write such
a morphism @ as the exponential of an element ¢ € vX1(A)[[v]] = X1 (A) @ vF|[[v]],
so that (see for example the lemma 2.1 of [10]) the map 7, given by (14) can also
be written as:

a 1
(15) mo=e(m) =mo Y GleE . lemls . Isls
kEN*
k brackets
Let us now consider the dg Lie algebra (g, dq, [+, -]g) associated to the Poisson

algebra (A, 7o), as explained in the previous paragraph 2.2.2. According to the
remark 2.1, we have:

MC¥(g) = {v =Y mrt € X*(A) @ vF[[v]] |

i>1
e i= 7 + Y. mvt is a formal deformation of wo} ,
i>1
so that, there is a natural one-to-one correspondence between MC"(g) and the

space of all formal deformations of my:

MC¥(g) — {formal deformations of 7}
Yo Tty
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Moreover, the infinitesimal transformation (8) on elements of MC"(g) can be trans-
posed to an infinitesimal transformation on formal deformations 7, of my. It then
becomes:

T > €= T 6Tl

for ¢ € X1(A) ® vF[[V]]. We conclude that Def"(g) is exactly the set of all the
equivalence classes of the formal deformations of 7.

3. Choice in a transfer of L.,-algebra structure

For g = (g, 04, [, ],) a dg Lie algebra, we denote by H(g, Jg), the graded vector
space given by the cohomology of the cochain complex (g, ;). Equipped with the
trivial differential, it is a cochain complex (H(g, 0y),0). Moreover, Z(g, 9y) denotes
the graded vector space of all the cocycles of the cochain complex (g, dy):

Z(g,0y) =kerdy C g,
and B(g, dy), the graded vector space of all its coboundaries:
B(gv 69) = Imag - g,

so that H(g,0y) = Z(g,04)/B(9,0y). (The grading of Z(g,0y), B(g,dy) and
H (g, 0q) is naturally induced by the grading of g.) We denote by p the natural pro-
jection from Z(g, 0y) to the cohomology of g, and for every cocycle x € Z(g,9y) C g,
the notations p(z) and Z both stand for the cohomological class of z,

(16) p Z(gz;;ag) : Z;g;iﬂ‘;

We now define a graded linear map fi, of degree 0, from H(g,d,) to g. This
definition depends on a choice of a basis b?, for each cohomology space H*(g, 0q),
and on a choice of representatives (ﬂi) ., of the elements of the basis bt:

b = (19_;;)1@

(We do not need here to specify the set by which the basis b is indexed.) Then
the map f1 : H(g,0y) — g is defined by

fi + H%g,0,) — Z%g,0) Cg"
§:Zk)‘£ﬁi = Zk/\éﬁé’

for all £ € Z, and where £ = Y, A% ﬁ_f; is the unique decomposition of £ € H*(g, d;)
in the fixed basis b’ (the \{ are constants). We deduce from the definition of fi
that we have:

(17)

(18) Z(gaag) 2Irnfl ®B(gvag)7
and
(19) z— fiop(z) € B(g,0y), forallz e Z(g,0).

Also the map fi is a chain map between the two cochain complexes (H(g, dq),0) and
(g, 0g), which induces an isomorphism between their cohomologies. This implies in
particular that if one extends f1 to a (weak) Loo-morphism

fo= (Fu: Q" Hlg,05) — 0)

neN*
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(where H (g, 0y) is equipped with an L-algebra structure), then f, is automatically
a quasi-isomorphism.

We indeed want to construct an L.-algebra structure on H(g,d,) together
with a quasi-isomorphism from it to the dg Lie algebra g. We know that, by using
a theorem of L..-algebra structure transfer, (see for instance the “move” (M1)
of [8]), there exists such a Lo-algebra structure on H(g,dy) and such a quasi-
isomorphism from it to the dg Lie algebra g, which extends fi, but, as explained in
the introduction, the point here is that we need to construct a specific Lo.-algebra
structure on H (g, dy) and a specific quasi-isomorphism. In order to have as much
control in this contruction as possible, we show the following:

PROPOSITION 3.1. Let g = (9,0, [ ,°];) be a dg Lie algebra, let H(g,dg) de-
note the graded space given by the cohomology associated to the cochain complex
(9,04). We fix fr : H(g,0q) — @ as being the map defined in (17), associated
to a choice of bases (b%), for the cohomology spaces (H'(g,0q))e. We also fix
¢y : H(g,04) — H(g,0q) as being trivial ({1 = 0) so that the equations (£1) and
(31) are automatically satisfied.

(a) There exist skew-symmetric graded linear maps
Uy H(g,05) @ H(g,04) — H(g,04), and fo:H(g,05) ® H(g,04) — g,

of degrees deg(f2) = 0 and deg(f2) = —1, such that the equations (E2) and
(J2) are satisfied. Moreover, such a map {2 satisfies also the equation (J3).
(b) Let m > 3 be an integer. If there exist skew-symmetric graded linear maps

k
b+ (X H(g,0y) — H(g,0y), for2<k<m-—1,
k
fe ®H(g,89)—>g, for2<k<m-—1,
of degrees deg(lx) = 2 —k and deg(fx) =1 —k, for all2 <k <m —1,
and such that the equations (J2) — (Jm) and (E2) — (Em—1) are satisfied,
then there exist skew-symmetric graded linear maps

b Q) H(g,0y) — H(g,0y) and frm: Q) H(g,05) — g,

with deg(fm) =1 —m, deg({n,) = 2—m and satisfying the equation (Ey,).
Moreover, such a map £, necessarily satisfies also the equation (Jm+1)-

REMARK 3.2. This proposition implies in particular that there exist an Lo-
algebra structure ¢, on H(g, dy) with the trivial differential {; = 0 and a quasi-
isomorphism f, from H(g,0d,) to g that extends fi (defined in (17)). But, this
proposition implies morever that, whatever the choices made for the first m—1 maps
l,...;lm—1 and fi1,..., frm—1 (M is an arbitrary integer), with ¢; = 0 and f; given
by (17), if these maps satisfy the first m equations defining an L..-algebra structure
(equations (J1) — (Jm)) and the first m — 1 equations defining an L,-morphism
(equations (&1) — (Em—1)), then they still extend to an L.c-algebra structure £, on
H(g,0y) and a quasi-isomorphism f, from H(g,dy) to g.

PROOF. Let us first prove the part (a) of this proposition. To do this, we first
show (Step 1) that the identity ¢; = 0 and the definition (17) of f; imply that
0 (T2(&1,€2)) = 0, for all &,& € H(g,dy). By (18), the cocycle Th(&1,&2) then
decomposes as a coboundary (element in the image of dy) plus an element in the
image of fi, which permit us to conclude the existence of both maps fo and /5,
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satisfying the equation (€3). Secondly (Step 2), we show that the obtained map /o,
satisfying (£2), also necessarily satisfies (Js).

(a) - Step 1. The skew-symmetric graded linear maps f1 (given by (17)) and
£1 := 0 are of degree 0 and —1 respectively, and satisfy both equations:

(31) fl e} fl = 0,
and
(&1) dgo f1=0.

Let &,&2 € H(g, 0y). We have T(&1,&2) = — [f1(&1), [1(€2)]4- As (9,04, [, ]) is a
dg Lie algebra, 9y is a (graded) derivation for [-, -] , hence:

(20) 8y (Ta(&1,€2) = — (05 (F1(€1)), f(&2)] — (1) [F2(€0), 05 (f1(€2))], = 0,

by (£1). We now define a skew-symmetric graded linear map 5 : \* H(g, Oq) —
H(g,0y) of degree 0, by:

(21) l2(&1,&2) == —poTa(&1,2),

for all &£, € H(g,0y). This map is well-defined because, according to (20),
T»(&1,&2) is a cocycle for the cochain complex (g,dy), and it trivially satisfies the
equation (J2), because 1 = 0. It is also possible, according to (19), to define a

skew-symmetric graded linear map fs : /\2 H(g,04) — g, of degree —1, with the
following formula:

(22) Oy (f2(&1,62)) = Ta(&1,62) — frop (Ta(&1,&2)),

for all £1,& € H(g,0y). The maps {5 and f> then satisfy the equation (€), because

—fiop(T2(£1,62)) = f1042(&1,62). Notice that, for every &1,& € H(g, 0y), the
choice of the element f2(&1,£2) € g is unique, up to a cocycle.

(a) - Step 2. Now, let us prove the second part of (a), by showing that the
map ¢, defined in (21), satisfies the equation

(Js) > x(0) £ (L2 (€01): €02))  o(3)) = O,

0ES2 1

for all &,&2,€3 € H(g,04). We prove this, by using the equations (£1) and (&2)
and the graded Jacobi identity satisfied by [-,-];. Let &1,&2,85 € H(g,0,) and

let 0 € Sz1. By the definition (21) of ¢3, we have ¢y (62 (50(1),50(2)),50(3)) =
—p (Tg (ﬂg (&,(1), 50(2)),&,(3))). Moreover, by definition of T,

T2 (€2 (§51),6002)), Eo3)) = — [1 (2 (So1)560(2))), 1 (&7(3))]9
(T2 (So1)s6o) » 1 ()] = 106 (f2 (§o1)5602))s 1 (o) ]
= —[lA €w) )], i (é“a(s))h = [0 (f2 (&) &) 1 (Eoa)] -

where we have used (&) (i.e., 95 0 fa — f1 0o =T>) in the second step. As Jq is a
derivation for [, ], and using the fact that 95 o f1 = 0, one obtains:

[0 (f2 (€1 &) f1 (S0, = 00 ([f2 (Eo1s&02) s 1 (Eoi)] ) -
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Finally, because p o 9y = 0,
= Y X@)poTs (L2 (bo1) o) o) =

€S2 1

p| > x(o) [[fl Em) s fi (@)l fr (ﬁa(s))h =0,

€S2
where we have used the graded Jacobi identity satisfied by |-, ], to obtain the last
line. This shows that the map ¢5 satisfies (J3).

REMARK 3.3. The skew-symmetric graded linear map {5 of degree 0 which
satisfies (€3) is unique and given by (21). Using (21) and the definition of Ts, we
obtain that, for all &,& € H(g,dy),

l2(61,62) = —poTa(&1,&2) =p ([f1(§1)7f1(€2)]g) :

In other words, the map #s : /\2 H(g,04) — H(g,0y) is the map induced by the
graded Lie bracket [+, -], on H(g, dg). For this reason, we sometimes denote (2 also

by [ ) ']g'

Let us now prove the part (b) of the proposition. To do this, we suppose that
m > 3 and that fs,..., f;m—1 and ¥s,...,¢,,_1 are skew-symmetric graded linear
maps, of degrees deg({) = 2 — k and deg(fi) = 1 — k, which satisfy the equations
(J2) = (Tm) and (&) — (Em—1). Then, we show (Step 1), that

Og (T (&1, &m)) =0, for all &,..., & € H(g, dy)-

This indeed implies, by (18), that the cocycle T,,(&1,. .., &) decomposes as a
coboundary (element in the image of Jy) plus an element in the image of fi, which
leads to the existence of both maps f,,, and ¢,,, satisfying the equation (&,,).

Then (Step 2), we show that the obtained map £, satisfying (&), necessarily
also satisfies the equation (J,,).

(b) - Step 1. Let &1, ..., &m € H(g,0q) be homogeneous elements. Recall that
we have:

(23) Tm(§17 cee 7€m) = Sm(gh cee 7€m) - Um(§17 ce 7€m)7
where we define, for all n € N*, and all (1,...,({, € H(g,dy):

Sn((h ceey Cn) =
(24) Z Z DR £ (0 (Coqays -+ Cotr)) s Cothat)s -+ > Cotm))

j+k=n+1 c€Sk n—k
J,k>2

and

Un(CyevoyCn) =
(25) Z Z est fs (C‘r(l)v'-'aCT(s)) aft (Cr(s—i-l)a"-aCT(n))}g

stt=n 7€Ssn_s
s,t>1 (1) 1
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(t= )(E ICT<p)\>
with es (1) = (=1)*71 - (=1) P=1 . For j = 2,...,m — 1, the equation
(€;) can be written as g o f; = T + f1 0¥;, so that

8 (Sm(€17-~-7§m)) =

Z Z DFEDTy (6 (Eo1)ys - Eoth))s Eotha)s - -2 Entm))
j+k=m+1 c€Sk m_k

k>
+ f1 (Im(&1, - 6m)) =

Z Z DFEDTy (G (Eo1)ys -2 Eoth)) s Eolhrr)s - -2 Eatm)) -
j+k=m+1 c€Sk m_k

Gk>2

where we have used the equation (J,,) (in the case ¢; = 0, see (2)), in the second
step. Now, using the writing of T}, for 2 < j <m — 1, we get:

ag (Sm(gla-“afm)) :am(gla--~7§m)"’bm(fbn-v&ﬂ)+cm(§1a--~7§m)a
where, for all n € N* and all ¢, ...,(, € H(g,dy), we have defined:

an(Cla ce 74-71) =
Z Z X(U7 Clv s 7(77.) X(aa Ca’(k-‘rl)v cee 7(0’(77,)) ! (_1)k(p+q)+q(p71)'
il et
O’GSk n—k

f;D (éq (gk (Ca(l)v s 7((7(/9 ) Caa k+1)y--- 7<aa(k:+q 1)) Ca'a(k:—i—q EEE) <O'O( n))

and

bn(Clu ey Cn) =
Z Z X(05Cts -5 Cn) X(05 Cothg1)s - -+ Con)):

p+q+k=n+2 k+1
pak>2  *Sap-2

k k+a
+ Co(ry|F+k |- Coa(s
(_1)k(p+q)(_1)q(p—l) . (_1)q (T;\ %1 ) <5:§+1| ( >|>.

f;D (éq (Co’a(k:—i—l)a s 7<a'o¢(k:+q)) 7€k (Ca(l)v SRR CU(IC)) 7<o’a(k+q+l)a s 7<a'o¢(n)) )

and finally

cn(Cl; e ,Cn) =

S0 Y Y @G )X B oty o)

k+1
J-l-gkk>n+1 0ESk,n—k a+b J BeSL,

k+a—1
b—1 o(ry | K oB(s
(_1)k(j71)(_1)a71 . (_1)( )<r§l|< ¢ )H_ +s:§+l ‘C Al )|> .

[fa (0 (Cor)s -+ Cotk)) > CoBlht1)s - - - Cophra—)) s fo (Cophta)s - - - > Copn) )}
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Here, for r,s,t € N, we have denoted by S;Jtrl the set of all the permutations o
0f{r+1,...,r—|—s—|—t} such that o(r+1) < --- < o(r+s)and o(r+s+1) <

- < a(r + s+1t). A permutation o € S’TJrl can also be seen as a permutation of
{1 ;7 + s +t}, simply by fixing o,

REMARK 3.4. Let us justify how one obtains that the sum

&1,y 6m) =
Z Z FUDT; (0 (€o1ys - -+ &oth)) s Eolhtt)s - - - » Eo(m))

jtk=m+1 c€Sk, m—k
J,k>2

isgiven by an, (€1, -+, &m)+bm (&, - oo, &m)Fem (&, - - -, &m), using only the definition
of the Tj. Let &1, ...,&y, € H(g,0y) be homogeneous elements and let j, k > 2 with
j+k=m+1, and 0 € Sk, k. In order to simplify the notation, we denote by

m =L (50(1)7 e 7§a(k)) and 12 1= §5(kt1)s - -5 M5 = Eo(m) and write:

T (m,m2s - 5my) =
Yo D xXme ) DT (G (00 @) ) g )

p+q=j+1 v€Sq,i—q
p,q>2

E : a—14b-1)( 3 10|
a Z X(Fyl;ga(k'f‘l)"'Wfo(m))(_l) <T:1 o )
a+b=j ’Y/ESa,jfa
a,b>1 7/(1):1
[fa (777/(1)7-..7777 ) fb (’I’],Y a+1) "’nW/(j))}g

Then, the second sum leads easily to ¢, (&1, - . ., &) and for the first sum, one has to
separate the two cases where the permutation v € S, j_4, which appears in the sum,
satisfies 7(1) = 1 or v(¢ + 1) = 1, to obtain respectively the terms a,,(&1,...,&m)
and b,,(&1,...,&m). Indeed, if y(1) = 1, then there exists a € S’k"’l p—1 such that:

Ny = Lelorys--rEa(i))
e = goa(kJrl) ) My(g+1) = ga'oz(quq)
Mg = gaa(k-i-q—l) ’ G = goa(m) .

By checking that x(v;m1,...,m5) = x(;&o(kt1)s - - »Ea(m)), One obtains the sum
am (&1, .., &m). In the case y(¢+ 1) = 1, one can rather write:

() = Soa(k+1) Tg+2) = ECoalk+atl):
Tie) = Soalk+q) i) = Soalm)
Mgty = Lk(€oys- - &o(r))

with o € S¥F1.. Tt is then possible to compute that sign(y) = sign(a) - (—1)¢ and

q,p—2°
k k+q
(; |§U(S)‘+k>< 72 |§do¢(r)‘>
e(vim, -5 M) = (3 &o(r1)s - Eomy) - (1) VT ek :
permits one to obtain the sum b, (&1, .-, &m)-

This
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Now, we will successively show that both sums a,, (1, ...,&,) and b, (&1, ..+, &)
are equal to zero. To do this, we prove the following lemmas.

LEMMA 3.5. Let n € N*. Suppose that the equations (J;) for 1 <j<n-—1
are satisfied by the maps €1 = 0,402,...,0,_1, then

an(Cly--,Cn) =0,  forall ¢i,...,G € H(g,0q).

PROOF OF LEMMA 3.5. Let (1,...,(, € H(g,0y). For p,q,k > 2 such that
p+q+k=n+2 and foro € Si,,— and a € Sf;fll)p_l, the permutation coa € &,
can be uniquely written as c oa = po 8, with p € Sy_pt1,p—1 and 5 € S q—1.

Using this, one obtains:

an(Clu' 7Cn) =
n—2
Z Z X(p)(_l)(n_p)(p_l)fp (JP(Cp(l)a sy Cp(n—p-i—l))a Cp(n—p+2)7 ceey Cp(n))a

P=2 pESn_pt1,p—1
where x(p) stands for x(p; (1, ...,¢,) and J, is defined in (2). For every 2 < p <

n—2and every p € Sy_py1,p—1, one has J,(Cp1)s - - 5 Cotnop+1)) = 0, BY (Jn—pt1),
where n — p+ 1 =k 4+ ¢ — 1 runs through all integers between 3 and n — 1. Hence

an(C1,y...,Cn) = 0. O
According to this lemma, and because the maps ¢1 = 0,%s,...,¢,,_1 are sup-

posed to satisfy the equations (J1) — (Jm-1), we have a,,(&1,...,&n) = 0. Let us

now consider the sum b,,(&1,...,&n). It is also zero, according to the following:

LEMMA 3.6. Let n € N*. For all (1,...,¢, € H(g,0q), we have

bn(Clu oo 74-71) =0.
PROOF OF LEMMA 3.6. This result follows from the skew-symmetry of the maps
fis--+ fn, making the sum b,,((3,...,(,) equal to minus itself. O

Now, we consider the term Jg (Up(&1,...,&m)). As Oy is a graded derivation
for [-, -]g and because |-, -]g is skew-symmetric, one has, for all {1,...,(y, € H(g, 0q)
and all s,t € {1,...m — 1} such that s + ¢t = m:

By (1fs (s Go) o Fi (Corts oGy ) =
[89 (fS (Clv s 7<S)) ) ft (<S+17 s ;Cm)]g
() SN oo [ ( (Gt Gn)) o (G G

Using this, the one-to-one correspondence between the set {7 € Sy ;—s | 7(1) = 1}
and the set {7 € Sym—¢ | 7/(t + 1) = 1} and finally the fact that Ss.,—s = {7 €
Ssm—s | T(1) =1} U {7 € Ssm—s | 7(s +1) = 1}, we obtain that:

89 (Um(é.la cee afm)) =
Z Z X(T) es,t(T) [ag (fs (g‘r(l)a v 767(5))) ’ ft (57’(54»1)7 e 7£T(m))} g’

st+t=m TESs m—s
s,t>1
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Finally, it remains for 9y (T (&1, .., &m)):

ag (Tm(§17 .. '75771)) = ag (Sm(§17 s 7€m)) - aﬂ (Um(gla s 7€m))
= Cm(gl,...,fm)

- Z Z est (fs (57 1)5"')57(5)))aft (§T(S+1)7"'7§T(m))]g

stHi=m 7€Ss m_s
s,t>1

We now point out that, for all n € N* and for all (3,...,¢, € H(g, 9y),
(26)

Cn(Clu-'an) =
Z Z )est(T) [(f1ols +55) (Crr)s > Crs)) > St (Crist1)s - - -,Cr(n))]g

stHt=n 7€Ss,n_s
s,t>1
We use once more the equation (&) and (23) to write dg o fs = frols + T, =
fiols+Ss—Ug, for s=1,...,m—1, and to obtain:
9 (T, (51,--~,€m)) =

Z Z est (57 1)7---767(5))7.]015 (g‘r(s-l-l)v'-'afr(m))]g'
s+t=m TESS m—s
s,t>1
Written differently, this reads as follows:
(27) Og (T (&1, -, &m)) = R &1y -, m),

where we have introduced the following notation (because we will need this notation
later): for all n € N* and all (1,...,{, € H(g,0y),

R, (C1y. .y Gn) =
> > X Gn) X061y Crasn)) €astnit(T) €ap(T 0 0) -

at+btt=n 71€S,1p+
a,b,t>1 €S0

o(1)=1
|:[fa (CTO’(l)? s 74-7'0'((1)) 7fb (C‘rcr(a+1)7 s 7<Ta’(a+b))} g 7ft (C‘r(a+b+1)u R C‘r(n))} o

It is then possible to show that this is zero, using the graded Jacobi identity satisfied
by [, -] 4- Because we will need this result in another context, we show the following:

LEMMA 3.7. Forn € N* and all (1,...,(, € H(g,0q), one has:
R.(¢1y--oyCn) =0.

PROOF OF LEMMA 3.7. Let (1,...,(, € H(g,0y). One first can show that

R, (C1y.o i Cn) =
DD x(piG 5 Gn) Carni(p) eaplp)

a+b+t=n pESay ¢
a,b,t>1

[[fa (Cp(l)v ceey Cp(a)) afb (Cp(a-l—l)a cey Cp(a-‘rb))}g 7ft (Cp(a-i—b-i—l)v SR Cp(n)):|g )

where for a,b,t € N, S, is the set of all the permutations 0 € &4qpqr of
{1,...,a + b+ t}, satistying: (1) < -+ < o(a), o(a+1) < --- < o(a +b) and
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ola+b+1)<---<o(a+b+t). It is now possible to check that one has:

6Ru(Crr )= Y, Y x(p) (1)

a+b+t=n pESa b+

a,b,t>1
Jacg (fa (Co1)s- -+ Cota)) + o (Cotat1ys - -+ Cotatn)) » St (Cotatbanys -5 Con))) 5
where e € Z is an integer depending on (i, ..., (, and on the permutation p, and

where, for all z,y, z € g,
— (—1)l=llzl _1)lvllzl _q)l#lll
Tacg(w,9,2) 1= (=) [[e 9], 2] 00 [l 2], o] +-D)HAM (201, 0]

which is zero because of the graded Jacobi identity satisfied by [-,] o We now

conclude that R, ((1,...,¢,) =0. O

This lemma, together with (27), imply that 0y (T (&1, .., &n)) = 0. This fact
means that, for all &1,...,&, € H(g,0y), the element T,,(&1,...,&n) is a cocycle
for the cochain complex (g, dy). This allows us to define a skew-symmetric graded
linear map £, : A" H(g,05) — H(g,dy), of degree 2 — m, with the following
formula:

(28) bn(&1y o Em) = —poT(&ry- -, Em),

for all &,...,&n € H(g,0q4). As in the case m = 2 and according to (19), we also
have the existence of a skew-symmetric graded linear map f, : A" H(g,9;) — 9,
of degree 1 — m, which satisfies the equation (&,):

To(€1y -+ 6m) = Og (fm(€1s- -+, &m)) = fr Um(&ay - 6m))
for all & ..., &m € H(g, dy).

(b) - Step 2. Tt remains to show, using the equations (J1) — (Jm) and (&1) —
(Em—1), satisfied by the maps ¢1,...,¢,—1 and f1,..., fim—1 and the equation (&,,)
also satisfied by the maps ¢,,, and f,,, that the map ¢,,, defined in (28), satisfies
necessarily, for all &, ..., &n+1 € H(g,dy), the equation:

(Jm+1) _
> > X@OEDRITI L (0 (Soys - Lo) s Eothrn)s - -2 Eogm)) = 0.

Jjtk=m+2 Ueskmn#»lfk
J:k=>2

Let us fix &,...,&me1 € H(g,0y). By equations (&) — (&m), we know that the
maps £;, for 1 < j < 'm, can be written as £; = —p o T;. Using the notation of the
remark 3.4, this implies that (J,,+1) is equivalent to:

P @mt1(&e,- -5 &me1)) = 0.
We also use the same reasoning as the one explained in the remark 3.4 to obtain:
Om41(81s -5 Emt1) = (@mas + b1 + 1) (€1, -+ Emr)-

Then, the lemma 3.5, together with the fact that the maps ¢s,..., ¢, satisfy the
equations (J;) for 1 < j < m, imply that am,41(&1,...,&mt+1) = 0. Secondly, the
lemma 3.6 also says that b,,+1(&1,- .., &m+1) = 0. Finally it remains that:

(Jm+1) is equivalent to: p (cny1(&1,.. -5 &mr1)) =0,
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which is also equivalent to say that c;,,4+1(&1,-..,&m+1) is a coboundary for the
cochain complex (g, dg). As (26) can be obtained without using anything but the
definitions of ¢, and S, we also have:

Cmt1(§1, - Ema1) =

Z Z a)ep.q(@)[(Sp+f100p) (Eaqr)s - - - Ealm), fq(§a(p+1),-.-,Sa(mﬂ))}g-

ptq=m+1acsS, 4
q>1,p>2

Now, we use S, = T}, + U, and the equations (&,), satisfied by the maps ¢, and f,,
for 1 < p <'m, to write S, + f1 04, = 040 fp + U, and:

Qn+ﬂ§h'”7€m+1):

Do D X(@) enal@) [0 (fy (o) o)) fa (G- Gamin) ]

ptg=m+1l a€Sy 4
q>1,p>2

+ Rpgi(&as- o &ms)

By lemma 3.7, Ryy41(&1,- -+, &m+1) = 0, and using the bijection between S, , and
Sq.p, given by:

Spa = Sgp

/ 1 q g+1 - ptq
a — o=
a(p+1l) - alptq)  a(l) - Ot(]o))
for which
sign(@) = sign(a) - (1),

, (Zj:l |5a(r)|> ( iiq \fa(r)\>
5(a§§17---7§p+q) = 5(a§§1a---v§p+q)'(_1) = Tt )

and also using the skew-symmetry of [, ] , and the fact that Og is a graded derivation
for [, ], we finally obtain:
2¢mr1(&1s--- 7§m+1) =

Yo D x(@) epal ([fp (Ear)s - am) + fa (Eawr)s - - ,€a<m+1>)}g) :

ptg=m+1 a€Sy 4

q,p=2
We have then obtained that ¢,,11(&1,-..,&m+1) is a coboundary for the cochain
complex (g,0y), so that dg (¢m+1(&1, .-, &m+1)) = 0 and the equation (Jpm41) is
satisfied. This finishes the proof of the proposition 3.1. O

4. Deformations of Poisson structures via L.,-algebras

In this section, we consider a family of dg Lie algebras, constructed from a fam-
ily of Poisson structures in dimension three. We will then use the proposition 3.1,
to obtain a classification of all formal deformations of these Poisson structures in
the generic case, together with an explicit formula for the representative of each
equivalence classes of these deformations.
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4.1. Poisson structures in dimension three and their cohomology. In
the following, A denotes the polynomial algebra in three generators A := F|z, y, 2],
where F' is an arbitrary field of characteristic zero. To each polynomial ¢ € A, one
associates a Poisson structure {-, -}  defined by:

Op 0 9 9dp 0 9 0Op 0 0
(29) {’}%"_axay/\aﬁayaz 8x+828x/\8y'
In this context, the Poisson cohomology of (A, {-,-} ) is denoted by H*(A, {-,-},).
We also denote by (g, 0,,[ ,]g), the dg Lie algebra associated to the Poisson
algebra (A, {-,-},), as explained in the paragraph 2.2.2. Notice that g’; ~ {0},
for all £ > 3. With these notations, and those of the previous section, we have:
H"™(gy,0,) = H" (A, {-, },), foralln € Z (in fact, n € NU{—1}). As previously,
for every cocycle P of the cochain complex (g, 0,), P denotes its cohomology class
in H(g,,0,). As we want to use the result of the previous section (proposition 3.1),
we need to choose representatives (97), of an F-basis of H"(g,,0,), for n € Z.
To do this, we use the results of [9], in which the polynomial ¢ is supposed to be
weight-homogeneous and with an isolated singularity (at the origin). Let us recall
that a polynomial ¢ € Flx,y, 2] is said to be weight homogeneous of (weighted)
degree w(y) € N, if there exists (unique) positive integers i, ws, ws € N* (the
weights of the variables z, y and z), without any common divisor, such that:
(30) wlxg—i—i-wag—(Z—i-w?,zg—f:w((p)
This equation is called the Euler Formula and can also be written as: eg[p] =
w(p)p, where € is the so-called Euler derivation (associated to the weights of the
variables), defined by:

€ 1= wlx% —I—wzya—y—i-w?,z%.
Recall that a weight homogeneous polynomial ¢ € Flz,y, 2] is said to admit an
isolated singularity (at the origin) if the vector space

dp Op 0
(31) Asing () 1= Fla 9,2l (57, 52 57)
is finite-dimensional. Its dimension is then denoted by p and called the Milnor
number associated to . When F = C, this amounts, geometrically, to saying that
the surface F,, : {¢ = 0} has a singular point only at the origin.

From now on, the polynomial ¢ will always be a weight homogeneous polyno-
mial with an isolated singularity. The corresponding weights of the three variables
(w1, wo and ws) are then fixed and the weight homogeneity of any polynomial
in A = Flz,y, z] has now to be understood as associated to these weights. In the
following, || denotes the sum of the weights of the three variables x, y and z:
|w| == w1 + w2 + w3 and we fix ug := L,u1,...,uu—1 € A, a family composed
of weight homogeneous polynomials in A whose images in Ag;ng(¢) give a basis of
this F-vector space (and ug = 1). (For example, one can choose the polynomials
Uo, . .., Uu—1 as being monomials of F[z,y, z]).

PROPOSITION 4.1 ([9]). Let ¢ € A be a weight-homogeneous polynomial with an
isolated singularity. Let (g,,0,, [, ]g) denote the dg Lie algebra associated to the
Poisson algebra (A, {-,-},), as explained in the paragraph 2.2.2, and where {-, -},
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is defined in (29). Here we give explicit representatives for F-bases of the Poisson

cohomology spaces associated to (A, {-, ~}¢) or equivalently to (g,,0,).

(1) An F-basis of the first cohomology space H™'(g,,0,) = H(A, {-, },) ds
given by:

b;l = (E, i€ N) ;
(2) An F-basis of the space H(8,,0,) = H' (A, {-,-},) is given by:
(0) if w(p) # |=l,
(W' €, i € N) if w(p) = |=l;
(3) An F-basis of the space H(g,,0,) = H*(A, {-, },) is given by:
b}a = (goiuq{-,-}w, iEN,qE&/,) U ({"'}ur’ 1 §r§u—1),

where

0 ._
b :=

&p ::{ {17"'7M_1} sz(cp);é|w|,
{O""Mu’_l} wa(</7):|w|a
and where the skew-symmetric biderivation {-, -}uq 1s naturally obtained
by replacing ¢ by uq in (29);
(4) An F-basis of the space H*(g,,0,) = H3(A,{-, },) is given by:

bi:: (gﬁiusD,ieN,Ogsgu—l),

where D is the skew-symmetric triderivation of A, defined by:

0,0, 0

(5) Fork >3,
H"(gy,0,) = H*1 (A, {-,},) = {0}.

REMARK 4.2. More precisely, the basis of H?(A, {-, '},) given here is obtained
by using the proposition 4.8 and the equality (27) of [9].

4.2. A suitable quasi-isomorphism between H(g,,d,) and g,. Similarly

to the definition (17), we now have a linear graded map f7 of degree 0, associated
to the bases b ', bl bl b2:

fip : Hg(gsauacp) - Zé(gw,&p)
(32)
£=2 /\iﬁ_i = e N0k
where £ =3, )\iﬁ_i is the unique decomposition of £ in the basis bf;, f=-1,0,1,2,
for which the elements (19;;) ., denote here the representatives, chosen in the previous
proposition 4.1, of the basis bf;.
Using the proposition 3.1 and the bases b, ', bl b, b? of the Poisson coho-

mology spaces associated to (g,,0,), we construct an Lo-algebra structure on
H(9,,0,): (H(9p,0,5),01 =0,0 =1,]g,¥3,...), and a (weak) Lo,-morphism

&= (f’rf : @nH(gwasa) _’Ew)

which extends fy, thus is a quasi-isomorphism. We indeed prove the following:

nelN* ’
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PROPOSITION 4.3. Let ¢ € A= Flz,y, 2] be a weight-homogeneous polynomial,
with an isolated singularity and let {-, '}90 be the associated Poisson bracket defined
in (29). Let (§,,0,,[,-]g) e the dg Lie algebra associated to the Poisson cohomol-
ogy complex of (A, {-, -}Qp), as explained in the paragraph 2.2.2. For simplicity, we
denote by H, the space H(g,,0,), and for all i € N*, Hi, the space H'(g,,0yp) (the
i-th cohomology space associated to (g,,0,)). We fix f{ as being the map defined
in (32) and (5 : H(g,04) — H(g,0q) as being the trivial map. We also fix the map
0% as being the bracket induced by the Schouten bracket [-,-]g, i.e.,

05(@,7) == [z, ylg, for all z,y € go.

There exist an Log-algebra structure on Hy, := H(g,,0,), denoted by (3 =
(€7);ens (with £ and 03 given previously) and a quasi-isomorphism f& = (f7);cn-

(extending fy) from Hy, to the dg Lie algebra (g4, 0y, [ ,+]g), satisfying the following
properties:

(P1) The map f3 is defined by the values given in the table 1, for the case
w(p) # ||, and in the table 2, for the case w(p) = |w|;
(P2) For alli > 2, the map (7 is zero on H:
Zf‘ . =0, foralli>2;

(#2)®
P3) For all i > 3, the map f¥ is zero on HL:
( p f; 3

g =0, foralli>3.
fz | Hi))@,b f -

TABLE 1. Case w(p) # |w|. The values of the linear map f§ on
the elements of the bases b, and b/, of the spaces H, and HJ, for
1,7 = —1,1,2. Notice that in this case, Hg = {0}. In this table,
F(¢),G(p) are arbitrary elements of Flp] and 1 < k,1,s,t < p—1.

Hy, x Hy (97, 07) € b, x b] R
HZ' x H! (F((p)’_G((p) i '}v’) 0
7 (Fo). T 1) F(g)u,
-1« 12 (@ G(y) uzD) 0
- (F(2). G»)D) = GO F ()
(F@ w1, Clorul 1,) 0
wxi | (Floud 1, Tl F@)ur{,h,
(T3 T0) 0
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TABLE 2. Case w(p) = |w|. The values of the linear map f5 on
the elements of the bases bfo and bf; of the spaces H, ; and H i,, for
1,7 = —1,0,1,2. In this table, F(p),G(p) are arbitrary elements
of Flp]and 0 < k,l<p—1land 1 <st<p-—1.

H}, x H}, (07, 99) e b, x bl, fL(9i,99) € gt
HZ' x HD (F). Gy e-) 0
[ (Flo). Goru 1-1,) 0

c (Fo). T 1) on

H,' x H? (7o), G uD) 0
HO x HY (F) e, Gl ) 0
(Foe. ciut. 1) 0

HO x H} o, {.7.}%) (wmls;‘f\m F(@);F(O)

—F(¢) s
HO x H? (F@) =, Glp)uD) 0
(F(so) ug {5}, Glp)w {-, -}w) 0

HyxcH, | (F@ w1, Tt F(@)un {5},

(t 7. Tk 0

PROOF OF PROPOSITION 4.3. One can check (by a direct computation) that

the following hold:

[P u{ ), . Gloyu e},
[P ud o}, 4o h,

(33)

ls =
I

[t s =

0,

=0, (F()ur{-5-},,)
07

forall 0 < k,l <p—1landall 1l <s,t<pu—1and for arbitrary elements F(y)
and G(y) of F[g]. Because of (3) of proposition 4.1, this implies that the map ¢35,
which is the map induced by the Schouten bracket on the cohomology H, (and also
denoted by [-,-]g), is zero when restricted to H} ® H.

Now, by £¥ = 0 and the definition (32) of fy, it is straightforward to show that
the skew-symmetric graded linear map f3 : ®2 H(g,,0,) — 8, defined by the
tables 1 and 2, together with 5 = [-, |, satisfy the equation (£2). In particular,
let us check this on Hj, ® Hj,. Indeed, for all 0 < k,I < pu — 1 and for arbitrary

elements F'(¢) and G(p) of Fly], the equation (&) for & = F(p)ux {-, -}, and
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L2 =G(p)w{, -}, becomes, using (33),
0, (£5 (F@w {1, G0 w (- 1,))

= gt ([Feorm o, G@u o] ) - [Feu 6]
= 0.

Similarly, one also obtains 0, (ff ({ S S CPRY ) =0,forall 1 <s,t<pu—1.
Finally, for any arbitrary element F(p) of Flp], and for all 0 < k < p—1and 1 <
t < p— 1, the identities (33) imply that the equation () for &1 = F(p)uk {-, -},

and & = {,7}1“ reads as follows
0, (15 (F@ w51, T )
= ([Pt b)) - [Form e, ),

= 0, (F(o)ur {-, }ut) ’

where we have used that f; o 9, = 0. This implies that if the map f3 takes, on
H} ® H], the values given in the tables 1 and 2, then the previous equations are
satisfied, i.e., the equation (&;) is satisfied on H} @ H_.

We have obtained the existence of the maps ¢7, ¢35 and f7, f5, satisfying the
equations (&1), (£2) and (J1), (J2), (J3). By the proposition 3.1, this implies that
there exist skew-symmetric graded linear maps

3 3
f:f:® H(gy,0,) — 8, and Eg:@ H(gy,0p) — H (g4, 0yp)

with deg(fy) = —2, deg(¢5) = —1 and satisfying the equation (£3). Moreover, the
proposition 3.1 also says that such a map ¢4 necessarily satisfies the equation (Ja).
In the equation (&,), we denote T, (F¢, LY 1;&1,...,&) by T2(&1,. .., &),

n

for n € N* and &,...,&, € H(g,0y), when F? and L _, denote the elements
Fe = (ff,....f2)and LY | == (¢%,...,45 ). By (&), we have £§ := —poT¥.

»¥n—1
Moreover, given the maps ¢, 0%, f, f5 as previously, one can also verify that:

1Y _o,
()%

Ut

() = 0, and the equation (&3) is still satisfied
HL)
if we choose fg’l »s = 0, what we do from now on. Now we have chosen the
HL
@

o _ 0
so that, €3| et poT3|

maps (7, 05, 05 and f7, f5, f§ such that the equations (&1), (€2), (€3) and (J1),
(J2), (J3), (J4) are satisfied, éfl =0 fori=2,3, f§ is given by the tables 1

(1)

and 2, and fy ‘( oo = 0. The proposition 3.1 once more gives us the existence of
HL
7]

skew-symmetric graded linear maps

4 4
ff:® H(gy,0p) — 8, and Qf:® H(g,,0,) — H(gp,0p)

with deg(f{) = —3 and deg(¢]) = —2 and satisfying the equation (€;). Moreover,
according to the proposition 3.1, such a map £} satisfies also the equation (Js). It
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is also straightforward, with the choices made previously, to show that
Ty | =0.
CON

This implies that £} =—poTy = 0 and that it is possible to choose
() ()

fzf\( = = 0 (what we do from now on), so that (&) is still satisfied. Finally,
Hy
because éfl =0, for i = 2,3,4, and ffl =0, for i = 3,4, one has

()" ()"

@ @
necessarily that:
Tf =0, for all j > 5.
\(Hé)ezzj

This fact, together with the proposition 3.1, imply that there finally exist skew-
symmetric graded linear maps

® . k i
b : ® H(gy,,0,) = H(gy,,0,), with k>5,

k
e ® H(gy,0,) — gy, with k> 5,

of degrees 2—k and 1—k respectively, and satisfying ffl o =0, and f,f‘ .
Hp H
0, for all k > 5, such that the maps (¢1,¢5,0%,...) and (f7, f5, f%,...) satisfy the
conditions (P;) — (Ps), and
- (07)pen- 18 an Loc-algebra structure on H,,
- (f{)pen-~ 18 @ quasi-isomorphism from H, to g,

hence the proposition 4.3. |

REMARK 4.4. There is a natural question concerning this proposition 4.3,
which is: is it possible that ¢ = 0, for all k& > 3?7 In other words, is it pos-
sible that the proposition extends to a result of formality for g,? Indeed, a dg
Lie algebra (g, 0q, [-,];) is said to be formal if it is linked to the dg Lie algebra
(H(g,94),0,[,],) (endowed with the trivial differential and the graded Lie bracket
induced by [-,];) by a quasi-isomorphism.

In fact, we can show that, except maybe if we change the definition of f{ (i.e.,
if we consider another choice of bases b !, b%, b, b?), the map £ cannot be zero.
In the case w(p) # |w|, one indeed has for example:

We know that the choice we made for the value f3 (QZ?, 2_)) is unique, up to a 1-cocycle
for the Poisson cohomology associated to (A, {-, },). According to the fact that
HY(A{-,-},) =~ {0}, when w(p) # |@|, a 1-cocycle is a l-coboundary, that is
to say an element of the form V = {-, F} , with F' € A (called an hamiltonian

derivation). For such an element, [p, V] = —V[p] = 0. This implies that the value
of T{ (@, %, D) does not depend on the choice for f5 (¢, D) and, using the table 1,

- 1 . w ()
Ty (p,0,D) =2 |p,———€Cn| =2—-"""—0.
{(2eD) = s P D e e
@ (@)

Because (§ = —p o Ty, we have (5 (‘7” 957@) =2 lw|—w(p)

@, which is not zero.
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4.3. Classification of the formal deformations of {-, '}sa' To obtain the
proposition 1.1, we fix an Loo-algebra structure ¢¢ on H, and a quasi-isomorphism
¢ from H, to g,, as in proposition 4.3. By the paragraph 2.2.3, we know that
Def”(g,) is exactly the set of all the equivalence classes of the formal deformations
of {-,-},. Let us now consider the set Def"(Hy). By definition of the generalized

Maurer-Cartan equation (5) and because the Lo-algebra structure £5 = (£7)
satisfies £ = 0 and the property (P2) of the proposition 4.3, we have:

keEN*

MC*(H,) = HY @ vE[[v] = BX(A,{-, },) ® vE[[v]]

In the generic case, that is to say when w(y) # |w|, according to proposition 4.1,
one has H ~ {0}, so that the gauge equivalence in MC"(H,,) is trivial and

Def"(Hy) = MC”(H,) = Hy @ vF[[v] = H*(A {-, },) @ vF[[V]].

Moreover, in the special case where w(y) = |w|, then according to proposition 4.1,
one has H) = F[p|é and in this case:

Def’(H,) = Hy @ vF[[V]]/ ~= H*(A,{-,-},) @ vF[[V]]/ ~,

where ~ is the gauge equivalence in MC"(H,), generated by the infinitesimal
transformations of the form:

1)k 1)/2

(34) Y- Z &),

k>1

for € = 3 Fi(p)én v € HY @ vF[[V]], where the Fj(p) are elements of F[p]. We
i>1
now are able to show the following;:

PROPOSITION 4.5. Let ¢ € A= Flx,y, z] be a weight-homogeneous polynomial,
with an isolated singularity. To ¢ is associated the Poisson structure defined by:

IR _Op 0 0 9pd 9 Opd O
e T ox dy 8z Oy 9z x| 0z Oz Oy’
We consider the dg Lie algebra (gy,0,, [ ,|g), associated to ¢ and defined in

the paragraph 4.1, of all skew-symmetric multiderivations of A, equipped with the
Schouten bracket [-,-]g and the differential 0, := [{ i } <

We denote by €, the set of all (c,c), where ¢ := (cfl € F) is a fam-

(1,i)ENXEp
keN*
ily of constants indexed by N x &p x N* and ¢ := (Erk € F) 1<r<u—1 1S @ family

kEN*

of constants indexed by {1,...,u — 1} x N*, such that, for every ko € N*, the
sequences (Cﬁ)(l,i)eNxE and ( °)i<r<u—1 have finite supports. Now, for every

element (c,c) = ((cﬁi), (e )) € €, we associate an element ¥ of g}, @ VF[[V]], by
the following formula:

(35) Z ’ch n

nelN*
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with, for all n € N*, 45 given by:

W= D ) diElu g,

(l,i)eNxE, a+b=n

(36) 1<r<p—1  a,beN*
+ Y e+ Y et
(m,j)ENXE, 1<s<p—1

where the uj, for 0 < j < p— 1, are weight homogeneous polynomials of A =
Flz,y, 2], whose images in Aging(p) = F[x,y,z]/(%, g—i, g—f> give a basis of the

F-vector space Aging(¢), and ug = 1. Then, one has:
(1) The set of all the gauge equivalence classes of the solutions of the Maurer-
Cartan equation associated to the dg Lie algebra (go,0,, [ ,|g) is then

given by:
Def"(g,) = {7 | (e,¢) € €}/ ~,

where ~ still denotes the gauge equivalence;
(2) In the generic case where w(p) # |w|, this set is exactly given by:

Def"(g,) = {71 (c,¢) € €}

PROOF. To show this proposition, we fix an Ls-algebra structure ¢5 on H,
and a quasi-isomorphism fJ, as in proposition 4.3. According to the theorem 2.2,
we know that

Def"(g,) = Def(f) (Def”(H,)).
We also have seen at the beginning of this paragraph that, because ¢ = 0 and
because of the property (P,) of proposition 4.3, Def”(H,) = HL@vF[[v]]/ ~. Now,
by definition of fJ, and because it satisfies the property (P3) of the proposition 4.3,
and by definition (9) (and (10)) of Def”(fs), we have:

Def'(a,) = Def(ff) (Def*(H,)
= (st + 308 Gr2 o R ~

Let v = Y2, cn Vn V™ be an element of H} @ vF[[v]], where each 7, is an element
of H]. For n € N, every element 7, can be decomposed in the basis b}, (see the
proposition 4.1), i.e., there exist families of constants (c,¢) = ((CZJ) ,(em) ec¢
satisfying:
Tn = Z sz,j ©" u; {.7.}4,0 + Z ¢’ {'7'}u57
(m,j)ENXE, 1<s<p—1

for all n € N. Now, using the tables 1 and 2, we obtain exactly that (f{ + 35 (7)
7€, hence the result. For the case where w(p) # |w|, it only remains to recall

that in this case, the gauge equivalence ~ is trivial, as explained at the beginning
of this paragraph. (I

According to what we have seen in the paragraph 2.2.3, the previous proposition
can be translated into a result concerning the formal deformations of the family of
Poisson brackets {-,-} , for ¢ € F[z,y, 2], a weight-homogenous polynomial with
an isolated singularity. It then becomes exactly the parts (a), (b) and (c) of the
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proposition 3.3 of [10] and replacing vF[[v]] by vF|[[v]]/(¥™ 1) (with m € N*) in
everything we have done leads to the part (d) of this proposition 3.3 of [10], which
we write once more here:

PROPOSITION 4.6 ([10]). Let ¢ € A = Flz,y,z] be a weight homogeneous
polynomial with an isolated singularity. Consider the Poisson algebra (A,{-,-} )
associated to ¢, where mo := {-, -} is the Poisson bracket given by (29). Then we
have the following:

(a) For all families of constants (cﬁi S F) and (Ef S F) 1<r<p—1,

(1,i)ENXEy e

kKEN*
such that, for every kg € N*, the sequences (Cf(;)(l,i)eNxsv, and (€F°)1<r<p—1
have finite supports, the formula

(37) meo={ Yo+ Y T

neN*

where, for all n € N*, 7, is given by:

o= ) ) digelul,

(l,i)eNxE, a+b=n

(38) 1<r<p—1  a,beN*
+ Z C%,j ‘pmuj {.7.}4,0 + Z Esn {'7'}u5 )
(m,j)ENXE, 1<s<p—1
defines a formal deformation of {-,-},, where the u; (0 < j < p—1)
are weight homogeneous polynomials of A = F[z,y,z], whose images

in Aging(p) = F[x,y,z]/(%, g—‘;, g—f> give a basis of the F-vector space
Asing (@), and up = 1.

(b) For any formal deformation 7, of {-,-},, there exist families of constants
(cfz) (LENXE, and (Ef)lgkg\?*,l (such that, for every ko € N*, only a
keN*

finite number of cf‘; and €Fo are non-zero), for which . is equivalent to
the formal deformation 7. given by the above formulas (37) and (38).

(¢) Moreover, if the (weighted) degree of the polynomial ¢ is not equal to
the sum of the weights: w(p) # |w|, then for any formal deformation

/ - . .7 k
. oof {-, '}W there exist unique families of constants (Cl,i) (L)ENXE, and
keN*
(Ef) 1<r<u—1 (with, for every kg € N*, only a finite number of non-zero
keEN*

cf‘; and ¢F° ), such that ml, is equivalent to the formal deformation T, given

by the formulas (37) and (38).

This means that formulas (37) and (38) give a system of representa-
tives for all formal deformations of {-,-} »» modulo equivalence.

(d) Analogous results hold if we replace formal deformations by m-th order
deformations (m € N*) and impose in (c) that cﬁi =0andcF =0, as
soon as k> m + 1.



30

[1]
2]

(10]

ANNE PICHEREAU

References

Alberto Cattaneo, Bernhard Keller, Charles Torossian, and Alain Bruguiéres. Déformation,
quantification, théorie de Lie. Panoramas et Synthéses, 20:viii+186, 2005.

Martin Doubek, Martin Markl, and Petr Zima. Deformation theory (lecture notes). Universi-
tatis Masarykianae Brunensis. Facultas Scientiarum Naturalium. Archivum Mathematicum,
43(5):333-371, 2007.

Hiroshige Kajiura and Jim Stasheff. Homotopy algebras inspired by classical open-closed
string field theory. Communications in Mathematical Physics, 263(3):553-581, 2006.
Maxim Kontsevich. Deformation quantization of Poisson manifolds. Letters in Mathematical
Physics, 66(3):157-216, 2003.

Tom Lada and Martin Markl. Strongly homotopy Lie algebras. Communications in Algebra,
23(6):2147-2161, 1995.

Camille Laurent-Gengoux, Anne Pichereau, and Pol Vanhaecke. An invitation to poisson
structures. monograph to appear in Springer.

Calin I. Lazaroiu. String field theory and brane superpotentials. The Journal of High Energy
Physics, Paper 18(10):40 p, 2001.

Martin Markl. Homotopy algebras are homotopy algebras. Forum Mathematicum, 16(1):129—
160, 2004.

Anne Pichereau. Poisson (co)homology and isolated singularities. Journal of Algebra,
299(2):747-777, 2006.

Anne Pichereau. Formal deformations of poisson structures in low dimensions. Pacific Journal
of Mathematics, 239(01):105 — 133, 2009.

MAX-PLANCK-INSTITUT FUR MATHEMATIK VIVATSGASSE 7, 53 111 BONN, GERMANY
E-mail address: pichereau@mpim-bonn.mpg.de



