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1 . Introduction

The aim of the present paper is to study some
local and global questions concerning four*dimensional
Einstein and Kihler manifolds satisfying various con-
formally invariant conditions.

For an oriented Riemannian four-manifold (M,g) ,

the bundle of 2-forms over M splits as the Whitney

sum A2 = AT 4 A7 R At being the eigenspace bundles

of the Hodge star operator # € End AZM . The Weyl con-

formal tensor W m End A?M leaves >» invariant, and

the restriction wt of W to >» way be viewed as

s (0,4) tensor, operating trivially on A¥. The orient-

ed Riemannian four-manifold (M,g) is said to be self-

dual (resp., anti-self-dual) nhnuv if W =o0 (resp.,

w''-o0 ). Considering Kihler metrics, we shall endow

the underlying manifold with the natural orientation
and speak, e.g., of self-dual Kihler manifolds (of real
dimension four).

Section 3 of this paper deals with conformal
changes of Kihler metrics in dimension four. We start
by observing (Proposition 3) that, for such a Kihler
metric g with scalar curvature u , the conformally
related metric g = g/ul (defined wherever W' § 0 )

- -

satisfies the conditions &8 = 0 ( & being the for-

mal divergence operstor associated to gz ) and
1) *avnoamov <2,

i.e., QO_uas At has, st each point, less than thres

distinct eigenvalues. Conversely, for anv —-~
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2 . Kotations and preliminaries

Throughout this paper we shall use the symbols
Y, R, r, u and W for the Riemannian connection,
curvature tensor, Ricci tensor, scalar curvature and
Weyl conformal tensor, respectively, of a given Riemann-
isn metric g oo a manifold M . For & metric denot-
ed by m + the corresponding symbols (including 4
and 24 ) will be barred ; however, for the pull-back
metric on any covering space of (M,g) , we shall use
the symbol g again. Instead of g(¥,2) we shall

sometimes write <Y,Z> . Our conventions are such that,

in local coordinates, n»u - ’mrur - -va-mvua y u =
- nmunmu and
- - - =1 -
v "miik T Phige T (072 Tleyyry v oagrg
(2 -1

- - - '— - -
R VL T R A N LT TTLSY

vhere n = dim M ., Using a fixed metric g + we shall
identify covariant vectors with contravariant ones,
tensors of typs (0,2) with those of type (1,1) atec.,
vithout any special notatien. In psrticular, s (0,2)
tensor T operates on any tangent vector Y according

to the formula

k

(3) Aunv» - u» 4r - u»unura .

k

An arbitrary vector field Y satisfies the Ricci{ iden-
- - P

tity c»cbnr cuqnxr -»urvn swhich implies the

Veitzenbdck formula

x k k
(4) Tt - WY - §eY .

The Kicci identity for any (0,2) tensor field 1 can
be written as

-veT . er . Proag Py

N UT Y

so that, in view of the first Bianchi identity,

x k K K

T T A N A T N
- Pq L S 2

“ijpaT  * Tj Tpi T Ty Tp

(6)

Denoting by A® = A%M the bundle of exterior

z-forms over (M,g) , ve use the standard conventions
for the inner product and exterior product of forms :

i, ...
L L Y R Oy Ao

. - ...mI¢P -

- I -muanu_.....ul.r_.....rnvnm. T i for

3y ia -r. ke
[ S :m»- N om>p « the latter summation being taken
over all permutations u......ul.r_.....wh of {1,...
ceoomtl} with u-....aul and r.n...awﬂ . Thus, for
X, YEAY | (€A%, we have
(1) <T.XAY> = L(X,¥) « <X, g¥> = - <gX,¥> ,
vhere (X is defined according to (3), i.e., X = U
If the n-dimensional Riemannian manifold (M,g) is
oriented, ve shall denote by ¢m>= the corresponding
volume form and by dV the measure on N determined

by V . The Hodge star operator #:A%ep2"" is given
eoed

»- [

]
[ 4 s Loo.
»_...nn *

by (#0); - (1) 'V
a

at)

*:_> cecAel) = e A...Ae_  for any oriented (i.e.,

[ 23]
compatible with the orientsation) orthonormal basis LIEREE

cvere  of a tangent space. The composite #¥#:4A%aA"
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of W Am:m. Theorem 1.3). Consequently, W leaves the

subbundles >u invariant. The restrictions W' of W

to A satisfy the relation

(12) Trace W' = 0

Ann.hwwu. l.cit.). Whenever convenient, we shall consi~-
der ¥} as (0,4) tensors, i.e., as endomorphisms of AZM
with c»_>u = 0. In this sense, W = W' « y~ . Since A?
are jiavariant under parallel displacements, we have

(13) Wi (Y, .) eat

for any tangent vector Y . Consequently,

(i4) lewf2 « Jew*|2 & jow"|2

In the case where the oriented Riemannian four-manifold
(M,g) is compact, one can use the Chern-Weil descrip-

tion of characteristic classes AHWuu. PP. 308, 311) to

obtain the relations B2y (M) = s:ﬂntnaﬁzﬁwﬁvn< (cf.
[29], p. 359 and [16], p. 48) and 12121 (u) =
= JyTrace(RRIAV = 7 <¥,Wg>dV  (cf. [16], p. 48) for the

Euler characteristic x(M) and the signature "t(M) of

M . Transforming the integrands, one easily obtains

(15) 1252t () = [ (IWT[2 - |T|2)av
M
and ’
192v2x (M) = 24 [ (|W*|2 « |WT]%)av -
M
(16)
- 12 [ |r-ug/é|2av &+ [ u2av .,
M o
As an imnmediate consequence of (15) and (16), we have

the Thorpe inequality 3|v(M)| < 2x(M) , valid for

#ny compact orientable Einstein manifold of dimension

four. 1t is also immediute that, for sucl a tani fold,

the strict incquality

(17) 31 (M) | < 2x(M)

holds unless r = 0 and W' = O for some orientation

(ef.[31], [17] ana [16]).

Consider now a conformal change m - nnw of the
Riemannian metric g on an n-dimensional manifold N R
¢ being a smooth function on M . The Weyl tensor W
of type (1,3) is couformally invariant, so that, for
the Weyl tensor of type (2,2),, W = ¢ %9 € End A?N
and
Q18) B, H) = e 2% w,w),
while the volume element V (defined £f M is orient-

e¢d) and the divergence O&W of W + Viewed as tensors

of types (0,n) and (0,3), respectively, transform like

80 = 6W - §(n-3)W(Y0,+,+,+) and ¥ = "'y . unicn

implies that, for n:0(wmodd), % = #€End >=\nx and
AP, 8) = a%(M,g) . Therefore, if n = 4 and M is
oriented, (13) yields
(19) 8t - W' - Jut(va,e,e,0) .

For two confoymally related metrics g and m -
- oo- » & tangent vector Y and a smooth 2-form w »
ve have
(20) m&s - <<e - do(Y)w + w-«e>no + w«>~<ns »
the vector Y in the last term being viewed as a l-form
vith the aid of g . On the other hand, for the confor-

®al change written as m - n g8+ h & non-zero function

on the n-dimensional manifold M » the transformation



PTHiI4o 8 ‘Af3usnbesuo) "Buli1sAo0d plOj-om) ®

% 4 ‘snyyl * (€)oSx(€)0S + (v)oS wsyydiowowoy Buy
=1%A0) PIOJ-0OA3 943 03 370des3 §I}A JuRTiIvAIRbS sy u00u~
H Au-.wuu - nh des oq3 1943 L3329a 03 Lses s} 3y pue Ly

-9Ag3IjsuEI] puvw Lysea; uc 40 933¢ (€)0o8x(€)0S dnoas

4L ° 7, 43Buey jo s1033%A i® 43fA ¢ %y Jo vjeeq

P93UPJ10 UWe Jo purw ”c. 3o eyseq pejusjio uv jo Suy
-38fsu6> * :nhuc 30 seswq (ruofoqizo Ii® 3o 3199 eq3

sq “p aeq ‘uojiviusjio pezisjeid v seg

x
3

sV 30 woee

‘snonujiucd st 4 jussuljese eqa sdwyg ° £, q3%veg 3o

n.<NC - O.(—.N . N'<'. - n‘(-." . Q.‘.ﬂ. - N.‘—.W ()

siusuate Lq pemio)

3

v jo Acv”h sjewq (ruodoyiio sy3 ulSysee uwd om ¢ nuU

Aco.no.uu..ov « 9 ygd®s o °* :nh jo ssseq (esiouo4lII0 PP
-justio [(® JO 3% Y3 nu kq siousp * R Ix 107 "pro)

-fuva.1no3 usfuuswely PIIUSJI0 uw 8q (B°*H) 187

*(927) puv (g7) woij sivipowwy
Aou $t (9z) einmiog ° nsnana - zlale) » nauaanN. -

d fxd
- Pang o nfatae - MM a0 - PPV 39 () £q pus

4 af
Yfaga - it (92)

1d b nd L 14 ]

‘Aijuvanbasuoy * unmu I'S scgu - .~m> A -

bgb = :aonoa - nmu4>a> ure3qo am *

4l 1 =1 yiga

(¢) Cigruapr 1321y 341 pne (R) Jugan ‘puey 219410 I3 uQ

( ¢ fq. d 10 blyd
« Myagy . ntaly o Yy b4rI - ..n‘.J._>.~ . .4.31>Q>N- (s2)
spLathk (6) *19wy up - (11)3381] » n-umm» « 2|2] aaayn
¢ mlxam-'n_.;nvm:* + m&unxu - m.xl_: . (v)
124

LA I TS S LI 1Y n‘ug>a>m - ax._>n> - M

se uU2113111A 3Qq cafw

uEd (4 = u) 3 2J11319W ¢ JOo aosudIy yYodwg WYy

‘uvyuysisuyz Ariesiojuod A{[wI0] 6} drijew syl 1sasusya
O = @ ‘snyy ¢ dp1i1swm ugs3suyy Kuw 203 o - ¢ seytd

-u} (6) ‘puvy 10420 *431 ug ° uoo = 3 aeya ,*=-1
‘1983 vy ! (1noj uvopsusmip ul) s3ti3em jo seBueyd temnio3
-802 £q psaiesexd 9q pPINOYS O - § uUOYIFPuOd 3IEy) w0 (d

®F 3% (TZ) 30 ®duepivauy (TEi0juod eyl WOIg : | NUVKIY

*ATI®dFIu9pY SaysjueaA

PE art o PP a0 - FTg {39)

®{naiojy saieu

~¥P1003 (wdoy ey} Aq usAyd ‘ g 1208u22 ydwqg ¥3f JT K{uo

Pu® 3 (ZZ) Jo 3ugod (ed13tid ® 8y K Plojjuse-inog pe

-349320 JJ9dE0d ¢ uo § Odyijem y .Ahnu ‘qavg ¥) t YRKI1

*snotqo}
S® peztivadwavqd 2aw () jo siugod (wdorIrad aya iwys
Kjgaen 03 Aeva ey 31 * | uwo sS>piiem uvyuuematry fie jo

sdeds ay3 up teuofidung Jurrirauy A{jvmiojucd ® svuyjep

VALY q - 3 (€249

virai0y a3l ‘3zojazayg * ¥ jo ssduey>d

(¥HMI0JU0D 1IpUN UPTIVAUL ST >Ar.:vm wl03-4y ayy ‘' g
a0 ¥ >t139w ueyuurwary Lue 103 "pojrurTm {euorsuamyp

-inoj pajuatio 31dedwod v 31 | ey} mou asoddng

*luaf(1-mu - 4vy(i-u)z - Ly = n

(17

d(,|aaj(1-u) » N9-4), W - 4Pa, U(T-U) ¢ 1 <2

31e

FINIVAIND Xe[WIS I} 10§ PUP 10WMUI] tIDT1Y Iyl 10j sagni



- 12 -

LEMMA 2 (cf. ﬁnuv i Suppose that (M,g) is an orient-

——— -

ed Ricmannian four-manifold and umx - Then, every

Pair of oriented orthogonal bases, one of A and

x —_—

one of >n » consisting of vectors of length /2 , is

of the form (27) for precisely two criented orthonor-

mal bases of ﬂnx ., and
(i) >“ and >“ are mutuslly commuting ideals, both

isomorphic to £0(3) , in the Lie alpebra >~ax:

= $0(4) of skew-adjoint endomorphisms of T M .

(ii) Elements of length /2 in >“ or in >“ coincide

vith the almost complex structures in an , com-

patible with the metric.

(iii) Every oriented orthogonal basis w ,n ,0 of

A' such that lul = |nl = |8] = /2, satisfies

z ————— e — e

the conditions w2 e n? & 82 u -jgq

s Wn = @ =

® ~he , 8o that it forms a quaternionic structure

in T M.
llu
n

(iv)

iven elements tM»H » !lm>“ of length 7,

their composite we = w w is o self-adjoint,

orientation presetving involution of ﬂnl o die-

tinct from :id , whence its (21)-eigenspacas form

an orthogonal decomposition of u-x into & direct

sum of two planass.

Let us agsain consider an oriented Riemannian four-
sanifold (M,g) . Por €N , ve can choose an oriented

orthogonal basis w , n, o (resp., o, a, o)

of »H {xesp., »uv. consisting of eigemvecsors of W

such that

(28)

fwl = In| = Je] = V2, fu"| = |n | « 67| =~ .7 .

Consequently, we have, at x , a relation of the form

(29)

W w Quwd ¢ unlOn + veu) +
t 3 (A w0 e T B s v .

A, v, v (resp., X2 , w , v ) being the eigenvalues of

+
X

of (12

(30)

W (resp., tMV. Thus, _:¢_~ = A2+p24y?2  and, in view

), we have

Atpey = 0, A epev = o,

An immediate consequence of (29) together with Lemma 2

is the

well-known formula t.rvnt. - _t_nwm

i jkpq » valid

j

for any Riemannian four-manifold ; similarly, (29)

yields
t, kpq,,,¢ - jutl2
1) LRI LI SRR | il b PP
Let xt be the open dense subset of M , consisting of
points at which the number of distinct eigenvalues of
W is locally constant. In M, , the pointwise formulas

(29) i
thogon
and th
may be
point
displa
have (
(32)
for so
milar
remaio

tion o

w
s valid locally in the sense that the sutually or-
sl sactions w,n,® of A', W ,n",0" of A~
e functions A,u,...,v , satisfying (28)-(30),
assumed differentiable in & neighbourhood of any

E

of M Since A are invsrisnt under parallel

v
cements, in a neighbourhood of any umxz ve

29) and

Vu = cOn -~ bO0 , Wn = ~chu + a@0 , 90 = bOu ~ a®n

se J-forms a,b,c defined near x . (Clearly, si-
formulae hold for ctl.....colv. Note that (32) and (29)

valid after any simultaneous cyclic permuta~

£ the three ordered triples (w,n,0),(2,u,v),(a,b,c),

and, therefore, this invariance will hold for all conse-
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3 . Kdhler manifolds of real dimension

four and conformal deformations

By a Kihler form in a Riemannian manifold (M,g)

vwe shall mean a parallel 2-form w on M such that
the corresponding section of End TM is an almost com-
plex structure on M . The triple (M,g,w) will then

be called a Kidhler manifold. For Kéhler manifolds of

any dimension n > 4 , we have the following result,

proved by Y. Matsushima mw»u in the compact case. The

tocal argument given below is due to 5. Tamna ﬁuou.

PROPOSITIOR | (Matsushima, Tanno) : Let (M,g,w) be

8 Kdhler manifold of dimension n > 4 . If the diver-

- —————— e

gence &W of the Weyl tensor vanishes wunanwn-uuﬁ.

then the Ricci tensor r is parallel,

PROOF : Formula (9) implies the Codazzi equation

<uwrn - q»wru » P Dbeing given by (10). Since P com-
mutes with the Kihler form w s the local coordinate
formula umu.n w»acau defines an exterior 2-form T .
The expression <rawu - acrvmaVeAu is now symmetric

in k,i and skev-symnmetric in 1i,j , and so it must

be zero. Thus, VP = O and, by (9), 0 = nauouvacluVl_uw -

- antnvaau_vl_cc » 80 that Vr = 0 , which completes

the proof.

Suppose mow that (M,g,w) is a Xkhler manifold

of real dimension four. For the natural orientation,

l—N'

w is a section of A' , At any point x €M , w can

be completed to an orthogonal basis cx.:.o of >“ with

In| = 8] = V2 . 1t is clear that the tensor nx = n@n +
+ 6@v does not depend on the choice of n and & R
and that the tensor field € on M cvnmw=n%ﬁWr»m vay
is parallel. We can now define the non-trivial parallel
tensor field
(36) A= 4&50: - Mwn .
Viewed as an endomorphism of A“M » A is given by
¢+ <t ,wou/8 - 2 , ot being the A° component
of [ €AZM ,

The following proposition is well-known Anm.ﬂ_mu.

[27)).

PROPOSITION 2 : Let (M,g,w) be a Kidhler manifold of

real dimension four, oriented in the natural way. Con-

sidering w' 88 an endomorphism of A?M , trivial on

AT M » we have

:¢ = ueA ,

where u is the scalar curvature and A denotes the

non~-trivial parallel tensor field given by (36). More-

over,
(i) moW.v.n>0n:¢v £ 2, i.e., the endomorphism W' of
>4 has, at each point, less than three distinct eigen~
values ;

(ii) w2 = 241w*)2

(1ii) ww® + W(Vu,e,0,0) =0 .

PROOF : Since W(w) = ww/6 by (11), we can find, local-



LTI oV B SERSY T TYT TYSYL PR

(00X - (n)rg) a0

17tenbe oq3 sy

-911vs ‘UOfIPIUSLIO [FINIES YY) YITA POAOPUS im0y soge

*jooxd sy3 s¥istdwod yspya -8suip (891 jo plojjuvw is(ygy 3oedmos Lieaz t ¢ VYNNIl

‘o JA 2%asaya 0 = 04 ‘(iIf) PuT (6t) Lq ‘uayy

‘0= A9 - N1 £3s3108 ¢ noo =3 pur ¥ ‘sojaiem *wopiueiaw

on3y J§ ‘puwq 18430 943 wQ °(gl) Pe® () YIIA 1eqietoy S14 03 vmmay 743 Fepliunjiq 3207 wouBjmSineg siieyy

T uoyitrodoag moxj sivypemmy 8§ (§]) uoyrIIeENY : 200Wd

seor 03 pIBI(qO S} 104INE QL Yy SOPIING WP | weiOeY]

* mn~.-om.omqu~v P q GBAT s 30 jooid sq) 103 {PIINI3 €] YIFWA ‘7138w istuymy (enp
* 8§ Jo wwiey wy 'ieq3 oF ° cn\oa - aom.om.m fov (3u97ed ~319% PivpuviIs-uou ¥ IFEPS 308 $90P ,y) INYY sej(dm)

31 ‘'z wojiysodosy jo (33) w3ITA 1sy3e%o3 (91) pue (gi)

W398 1% sen{vAusNje 3IIUJISFP OAY J80H 3 g .V puz w’m
ML) T3 ~.m~u.a-mﬁ ‘0. A2t F97338d01d YajaAoiie] §o ®Iuenbesuod 31%e15p v s} vwwsy Setactto; syy
s ivg ¢ My uf pauyIp -u»a = 3 "Ojitam el (31)
) ~|= §0 stdiaine 3jueisuod @ 9% o® Uotioung #4y3 ueqy "3001d a3 seanpduod y33qa ‘ereypomuy ow
‘0. ,ng FeFjefIeS ¢ +By Jo3eiqnd peISeUEss 23 (F11)-(F) vuojiiessy - ynz = 0@0n ¢ tgut + mgny «

] .
ue uy psutjIp ° uoo « 8 Wioj eq3 jo Jjiiesd ¥ 3T (%) = AT "9nyy TU/N- = & =« fl 1042 08 * 2/0 o ge0 =

‘(04 n TTT) 0 4 A = AZ-C/0n e Az.g/n ugwlqo ®A * 1 wo ((f) fugiengeay
o ‘odvedsuelia-g eq) Uy S5 X9 ' AU os pue %5 }o edude

Y3jya 3¢ sjugod jo 198 uado Iys Iq

H 191 puv )

-~uedgs.o ®q3 uy ®yy v puw x q10q * 10 » grv-u pue

: 4
-¥® I9(ARA ¢ 97 (m*3‘H) TG 390ddNS : ¢ NOILISOLONd 04 L WA K IIL usapy ‘(#p1Iuod Kvw qatun) ¢ ‘e

sanfeausrigs syqnop omy sey *s 1vyl ssytdus ‘projruea

1{vin3en #y3 of pejuatio 'inoj uojsusa|p (¥4 JO P{oJTd

13(yRy Auv 30) PpLivA * 1m o m2 uopjwiay ° :-.Wn xt 4

JAwy 3n

. - . - -
*Ayvucy °vagriadoad dupisrzajur Imos sey u« n dt119a einz-c/m 1o v 02 seaz-erm e s (e
paite(as Lygrazojuod ayz * 3 Iyriem 1a[YEY [ruorsudmyp FPISEA (€£€) I%4) 08 ‘(ZE) 4} 0 = 3 = q

FYY ) 2 . - . . - . . LR
~1noj Sue 203 ‘3Jeyy sangio} 31t z voritsodnayg mo1y ARy a8 (V] ™y s® ‘moy 9/n 4 snqg K 1

Y fuogtirunj uye13ad g0j prof (0C)-(gz) ae(nwio; puae

.Amnmu .hq.u *33) 123ejaquaddng 4 oy A-\ rop trdead) WV 10T PIRL Bueny (rocdourto e
-1493 o g0 . LETR ]
b PLOTTUTM- 1NNy U1A1suT3-1a{uRN 1oedwod Kuw 10) 1u3t10 ur wioj ( 9° u' m ‘-dwar) g'u‘m jey1 yonw _e
LTI IS R . 1
u® - 4 *320f- ' R
(A)v 5 () 1g Argpendaug aqy saprduy ¢ w7 gYviTyY UL RIS Tz nepans o denimiowy W uy £t
- 41 -

- 81 -



INcO

REMARK 2 : Every conformally flat Kiahler manifold of
dimension greater than four is flag Aﬁuwum this follows
slso ¢asily from Proposition 1). On the other hand,

the Riezsnnian product of tvo surfaces with mutually
Oppesite constant curvatures is conformally flat and
Kihlerian. 1t is wvell-known that, up to local isometries,
theie products are the only conformally flat K¥hler four-
manifolds, which also follows iuwmediately from Proposi-

cions | and 2.

REMARK 3 : Civen & Kihler form w in s Riemannian
four-manifold (M,g) , -w is another Kihler form,
corresponding to the complex conjugats of the origi-
nal cosplex structure of K . Hovever, there are no
wore Kihler structures in (M,g) , unless r = 0 and
v e 0, or (M,g) is locslly a product of surfacas.
This (vell-koown) statement canm be verified as follows.
Let n be a paralilel 2-form, pot collinear to w .

Ve may sssune n€EAL* or n€A"  and In|l = /2,
Cu,p> = 0 , 1f ..m;. o then a' admicts, locally,
orthogonal parsllel sections w,n,® with le] = /7,
vhich implies v = 0 and ¥ - o (for instance, (11)
yields o' o c.»&»# + 80 that u = 0 and W' « o

by (12), while rw = wr and (33) vith Jepmyep 4nd
asb=c=0 give T =0 ). In the case wheare ..m»...

(iv) of Lemns 2 fmplies the existance of a parallel

plane field in M , so that 8 is locally reducible.

- 21 -

Accurding to Proposition ), every Kahler metric
(in dimension four) with w' $0 is conformal, in an
cesentislly unique way, tao a metric such thae 68° = 0 .,
The latcter velation is satisfied, ¢.g., by every Eiustein
metric (in view of (9) and (14)). We at¢ nuw going to
chavacterize, in the generic (tour-dimensionael) case,
those Kihler metrice wvhich are locally conformally
Cinsteinian. By Resark |, & necessary condition is that

the Bach tensor of such a metric is zervro i therefore,

ve start from studying Kdhler metrics with B = 0 ,

LEMHA & : Let (M,g,w) be a KBhler manifold.

(i) 1f dim M = 4 , then

fuer - rr e {JOr|? - W) =-futc - gg) .

(ii) Denoting by o = ru = wr the Ricci form, we

have

qv-_e:. - me..-vo: . T:»qucu: . thvavo—cv .
PROOY : To prove (i) one cao proceed by s direct cal-
culation, using & diagonal matrix representstion for
r and the fact that r has tvo double eigenvalues.
As tor (ii), relstion do = O , satisfied by avery

Kibler metric, yields cv'»“ - Cue»v - c»vuv » 80 that
| 4 - o? - P 1 4 - P -
ey o MY, - Y ane vPe, jo O
|~a<vcuo»1 1 csc»uuvv o the last term befing just
<v-»-uv symmetrized with respect to i, . The Ricel

fdentity (5) vith T « ¢ {mplies qvap.av - qﬁqs..q .

w q -
. nv—m.- + v, vua « The last tvo termas of this ex
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and the tensor field VX = -(0X)" a-yuv?y commutes

with w , which proves (v). On the other hand, assum-

ing (v), we have, by (4),
(41) r(Vu) = Vau - 6v2y

and, for the Killing field X = w(Vu) » TX = §VUX
Therefore r(Vu) = ~ruw(X) = -wrX = -~w(6VX) = ~6Vuw(X) =
- 892y which, together with (41), yields 26v2y =

= VAu and r(Vu) = VAu/2 . The symmetric tensor

field T = 2V2y + yer - (u?/4 - 8u/2)g wmust, there-
tore, satisfy the relation =-12T(Vu) = l_Ncg_ﬂc_uv -

- 6uVau + 3u?.Vy - GAuTYy o V(ud-6udu-12|vu|2?) = o

i.e., T(Vu) =0 . If u is not constant, then the
holomorphic field Vu is non-zero on a dense subset
of M, so that T is singular everywhere. However,
Trace T = 0 and T commutes with w » since so does
v2y by our hypothesis. Thus, the singular tensor T
has, at any point, two mutually opposite double eigen-
values, which implies T = 0 , This completes the

proof. -

The following local result is a converse of

Proposition 3.

PROPOSITION 5 : Let (M,g) be an oriented Riemannian

four-manifold such that ' - 0 and m&m-vonac+v £?,

i.e., t¢ » operating on At » has less than three

distinct eigenvalues at each point. We have

(42)

(43)

(iii)
(iv)

Denote by Zt¢ the open se¢t of points with

W' f 0. The metric g - (24pt,w'))'3,

defined in zz* » is locally Kéhlerian in a

manner compatible with the orientation. The

(local) Kiéhler form w for g can be defin-

ed by

o= (ugwt,wtnt/i

where, for xmx:+ R c~m>“ is_an eipen-

+ . .
vector of zx corresponding to the (unique)

simple eigenvalue and normed by g(w

s.:xv -

= 2 . This way, uw is defined, up to a sign,

at each point of M The scalar curvature

Wt

u is_characterized by

|5l = c24gqu*,w*y /e

and -»mnamv = gign(det :ov Am.n.,nrn u»ma

of the simple eigenvalue of t+ in >+ )

5/9 _\uﬂuon :ou_\o ,

in other words, u = 2 -3

and g = g/u?

The conformal deformation of g into a Kihler

metric is essentially unique, i.e., if m -

- onw is a metric on an open connected subset

£ =t+ » 8dmitting & Kihler form in A" N

-]

then e is a constant multiple of aunzo.c¢vv_\u.

pﬂc+.£¢v is counstant if and only if ww' « 0 .

1£f, moreover, g is an Einstein wetric, then ei-

ther W' = 0 identically, or W' 0 at every

point of M .
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wheto, relation (X = ju{ / P, velld Ik sume vper Bab-

set By (48), must huld o abd points of M ovhedr 2t mabes

a‘—\u

seuis . Lemscequently, the funciion § e s

Selined and onalytic 21mosl svstyuhers In n . with o
pessible saieption of cortain poilate 61 whieh lgl « o
and 1¢s grodisas ¥y 10 buunded on compact subsstoe

of B . 1t fellevs nov sasily ti1oe o mesn voaleus a1
gusent ihat 10! wwst Be fisite sverpubhote in N
Thes, C # G ané W ¢ 0 4L svsty polst «f W,

wBieh completes the preet.
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B) A 880100 Bottic s ledslly confornally Binsteinion
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et 1o [re]d.
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it o0s coly it PMepectn®) g 2 .
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sonpest wenifolde, oo stediod in Sectins H.

Y -

4 . deltc8ualdty end decut

fert tovutormal) cuvivatotre

Let wa tecall fthet ot wilented Kicnaunlan na~

siteld (M,.g) 15 coliee el

T#uel (seep., seti-aelf-

- +

6val) ([2]) 4t dim M e ¢ aue v - 0 (resp., &'

e S

* 0 ). Ve may slev spead of pell-dual vi enti-sclt-dusl
X LEX] serifalds (M g, w) , dan % » & | (heuslnmg the

L ]
“ticutetlon I N e thet w€

BERMABE 3 : It is casy to ser that & locelly vredurible
Slensnalon four-venileld is sell-duatl it and only 3f 2t

1o costotnslly 101,

Yot a8y covpact oticntsd Sicnanaion fout-menifeld

(R,g) , tosmule (1Y) yislas
TS0 trefaqm) o | (101 - (wT{Nrev & [ {wlltev
» "

vith equelity it eud ooly It (M,g) Gs selt-dual ([1]).
Theo, 0very oseit-dusl BotlVic o0 o conpact stionted lour-
sesitfeld N poevidos se sboslete siniosn (ot the (uac-

tiossl (11). Consequentiy, Lemns | japlies

LAMmA & : The Dach tensnr of soy compast self-dusl

Sisnencion feur-nseifold vealicbhos l(denticelly.

Asstber consequence of (4)) (s the inequality

(L1 }] t{u) » @

velid 1ot eany conpott, sviconted, salf-dus) Bicnsnnion



‘Piojyurs

ISTYRY (enp-J(o% ® €] (m*'8°q) 3JWq) Ysns o

——

WI07 i9{yNA ¢ €ayup® % 3JO6 n pooyanoqqiieu v (11)

a0

‘gadvzane 3o

3onpoird ¢ 03 Djrrsmosy pooyinoqudreu v sey x ()

I3q3Iie uays °* o ¢ s FUF RIx FT Teimy

-FPAIND [PRIOIUODI JUIIINIIX YIFA ‘—OUMBON urIuUImITY

t{ruotsuamip-Inoy ¢ aq (3°'K) 3I%T : 9 NO111S0d40ud

aavy A ‘Lyamwy -suoyidedxe Lyuo ayy ‘Lyteys

-Ue889 ‘1w 98IY) ‘13A9m04 ‘(Z puw ¢ -xu-lL~ *33)
sadvjins jo sianpoid (v se [[sa ¢¥ splojrusm 3w}
£7IPB10JuUO0d T{? SUTPIUCD IINIVAIND [EPWIOFUOD 3Jual
-1n331 Y3I}A Spiojiuem_-1no3 jJo $sE[d> IYl IJuys °‘{wiauald

Uy PIoy 031 st{iey ¢ A3e[1010) }O $L13AuU0I Y]

*IINJEAIND [¥BIOJUOD JuIIINDal

sey projruew 13{Ygy [(ONp-3138 AI13A3 : € AYYT1040D

gag(duy 2 uotriys

-odolq ‘a103atayyl ‘20suay jarieied v jo aydriynm peu
-0o13dung ¥ st (O ¢ M 2d19ys 399qns uado IYsz o3 ¥ jJo
4oEIdf118a1 any 3t Afuo pue 3t suaddey syy3 ‘Agreay)
TxeAUT (IO Axw 3>> AATIEATIIAD JURIIVAOD %3t pue

x: 105ua3 [AaM 243y ¢ x 1w X 10333A juafuey Auwe

pun % jutod Kuw 103 ‘3t ATuv 91NIBAIND [¥WMI0JUOD

JUa1indal aamy o) pIes Sy plojiuUPu uPIUUEUAITY V

‘0= dA 320 O wm N L3vpies 3snm

0 = NA YIIA plOjjuem uvjuuvEIly ¢ .Aﬁu.uccov 29308 °n
Aq unoys s® ‘3vyl SIOf * O = %A ‘4A13usnbesuod ‘pue

0 = 214 *‘t uwogigeodoig 3o asta ugp ‘sousyg * 0 = M

piot4 o: = 8 4q3ta 3syis3o3 7 uoy3zysodozyg : 200%d

*3tijsumis Kyies0g

83 (¥°R) WeYL "PINIFAIND IV({POF 3IUFIFUGD {ITA PLOJ

-jues 1S1YRY (vNpP-J1as ¥ 8q (m'By) 1 : [ VHRZ1

*(g°s uwoyrd
um.onomu .ﬁﬁuv souBgnBinog ‘g 'r £q L13uspusdapuy pe

-uiv31qo ‘smws] BuMO([OJ 943 ieiwy PIIu [ieys en

ienp-319s st (m*3‘yg) 7t Liuo pue 3T

Xi7(enbs yara ¢ 1[92 3 0 TIARY IR ¢ (m'3'y) PiO)

-1U¥B I3{4EY (vuojsuaafp-Inoj Auw® 104 : 7 XMVI10¥0)

‘012z st (3'W) 3o Iinjwaind ie{vos YL (11)

PITAp-JIds-TIuN 3T (m3°H) (1)

: JuI (€A

-1nba J1e SUOTITPUOD JuImO([(O] aYyl -plojiuem Ia(qmy

(suotsuauyp-1noy ¢ aq (m'I‘R) 3IIT : ( KAYTITOHOD

2 DG T RS BT
= 214} 4£3rrenba ay3 yita 13yradol 7 uvorirsodory wmoig
A({djetpamuwt MO[[OJ sI(nsaz [wdoy Jurmo((oy Iyg

*({z]) %13 Ar(rwiojuod 1ou st ydrys projrurm-1noj

- 0f -



lUN'

PKOUF : 1n & sufficiently small oricnted contractible

neighbourhood U of «x v V(FW) = 0 for some non-zero

function F and, consequently, the vector bundles %

split over U into direct sums of eigenspace bundles

of c“. each of wvhich is invariant under parallel dis-

placements. Since :n # 0, (12) implies cthat one of A*

must splic essentially, which gives rise to a one dimen-

sional eigenspace subbundle of A* or A, i.e., to

a Kihler form w inm U . Let, e.g., Em>¢ . 1E A

is an eigenspace of W , then, by (12), W = 0 and
(ii) follovs. On the other hand, if A does split,
then it contains a Kihler form and (i) is immediate

from Remark 3. This completes the proof.

As a consequence, we obtain a direct proof for

the following well-known

COROLLARY 4 : Let (M,g) be an orientable, locally

irreducible, locally symmetric Riemannian manifold

of dimension four. Them (M,g) is self-dual for some

orientation, If, moreover, (M,g) is not a space of

constant curvature, then either (M,g) itself, or a

tvo-fold Riemannisn covering space thereof is a self-

dusl Kihler manifold.

PROOF : We may assume W ¢ 0 , which, since g is
Einsteinian, is nothing but excluding the case of con-
stant curvature. Amalyticity of (M,g) together with

Proposition 6 implias now W « O for some orienta-

IUU'

tion. Moreover, there exist lucul Kihler forwms in N,
At any point, such a form is unique up to a sign, for
L 4

otherwise W would be zevro (Remarh 3). 1his com-

pletes the proof.,

Because of strong geometrical consequences of sclf-
duality AﬁNHV.nzo natural question arises, which com~
pact four-manifolds carry sclf-dual metrics (or con-
formal structures). However, the list of known examples

is rather scarce :

EXAMPLE | : The only compact oriented four-manifolds
which are known to admit self-dual metrics are the
»o—_r:msw :

(i) compact conformally flat manifolds ;

(ii) compact Ricci-flat Kidhler manifolds with the
opposite of the standard orientation AWNN ; cf. also
Corollary 1). They are either flat, or diffeomorphic
to quotients of K3 surfaces Ahu..m. H:uu.

(iii) compact, locally irreducible, locally symmetric
Riemannian four-manifolds (Corollary 4). As shown by

A. Borel ﬁou. every simply connected Riemannian symmet-

ric spsce possesses compact isometric quotients.

Thus, the known examples of non-conformally flat
compact self-dual manifolds sre Kihlerian (up to con-
formal deformations), but the orientation for self-
duality need not coincide with the natural one. In the
case where it does, we have the following resule (glo-

bal according to Remark 6).
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+ Ar(nY,8Y) « 0 . 1n view of (49), this linear system
must satisfy the determinant relation 0 » A% - (y-y)? =
* (A=pev)(Aep-v) , i.e., by (30), uv = 0 . Therefore
det ¥° - Auv « 0 everywvhere in U . Suppose now that
voaeuw' # 0 &t all points of some connected open subset
c_ of U . Taking c_ sufficiently small, we may assume,
without loss of generality, that ) = 0 and, by (30),
Ve -y 4§ 0 everywhere in c_ . In c_ , relations

(34) and d) = 0 yijeld ,cn = nb , so that _v_ - _n_ .
and (35) implies O = AA = 4uv. This contradiction shows

that W = 0 in U, which completes the proof.

The following global result is now immediate

from Leoma 8 and Lemma 6.

PROPOSITION 7 : Let (M,g) be a compact, oriented,

analytic Riemannian manifold of dimension four. If

W =0 and 6W e 0, then (M,g) is conformally

flat or Einsteinian.

- ww -
5 . Four-dimensional
Einstein manifolds
Let (M,y) be an oriented Riemannian four-nanifold,
According to Proposition 2, if p is locally conformwal to
a Kihler metric compatible with the orientation, then it sa-
tisfies the condition m%muvenac‘v g2, i.e., =¢m End &'
has, at each point, less than three distinct eipenvalues.
In this section we study the consequences of this condi-~

tion for Finstein metrics on compact manifolds.

LEMMA 9 : Let (M,g) be an orientable Riemannian four-ma-

nifold such that (1) does not hold for some orientation.

Then M possesses a non-empty open subset :o (dense if

(M,g) is analytic) with the following property : Every

non-trivial Killing field, defined in any open connected

subset U of co » is _non-zero at each point of U .

PROOF : Let U_ be the open set of all points xEM such

that t“mnzn >“ has three distinct eigenvalues. In the

-:-wwnmnn-o. =M. is dense in M . At any xmcw , we

may choose functions A,p,v with 1< p< v and mutually
orthogonal sections w,n,0 of I R uwm»nmosnm-v~o in a
neighbourhood of x and satisfying relations of the form
(28)-(30) and (32) with some l-forms a,b,c . By our hypothe-
sis, these conditions determine w,n,® (and hence a,b,c)

uniquely up to changes of signs. Consequently, ¢ = .-_n +

+ 1812 ¢ |c|? is s well-defined smooth functioa in U . If

°
ve had ¢ = 0 in some open subset :. of cw , (32), (1)
and (12) would yield XA = = y = u/6 = 0 in c_ » contradict~
ing our choice of cw « Thus, the open subset eo of =m .

defined by ¢ > 0 , is dense in :.‘. . At any point wmeo

we have, for instance, a # 0 (notation me before). so that



*TplOjJuvu ujsIsuf] (VuUOJSUIEIP-2ING}

¢91qPIUei0 T300ducd JO 9P (duExs uaouy ((® 10] sploY

‘Woy3vIus ji10 WO’ 10j)° 2 3 aoavuo&-a‘m goj3Ijpuod

943 ‘Ayjuenbasuo)y °¢ Kaw(1o10) jo asya v} ({) sepjesl

-®8 (A}) 3o OJja3swm eyl ‘puwyq 18q30 °y) uwQ (2 uog3gsodozy)
uopiviusyic siyvjidozdde ue 203 (1) Lj3syres Leyy o9

puw ‘ueyaetygy Apted0] 20 vy} Af{iemiojueod ieyijs wie

sepduexs sa0qe 8yl ‘(Aag) 1203 adsoxe ‘3wyy sjon

.aﬁ sss ‘uojirjsodxe 3ve(d ¢ 103)

Houu s¥eq 'q Aq punoj seeAa DJj139m SIYL °(9viIx) uogs
-usuip jo s3jqio twdydujid yiga) (euojsuswlp-In0} e}
stej23swosy jo dnoaB ssoqm ¢ Jji3%W uysIsULY uUNyIjuiey
e sajupe * ,43 uy jutod v dn Sujmoiq £q peugvrago
.Aasunvﬂﬁ«mu « '3 savjins xe(dmo> 33vdwos syz (Af)
*((ec)) s1330m upeisuyz-214RY

® sigmpe ‘sapiriIu 10 0132 S} SSFYD uviNy) 181}}

-ola piojruem 191ygy 31>edwod Ki1aag °sjusirond 17843
puUv SpPlOjIuTE-1nOJ ujdIsUI-20(qry 1dvdwo) (31%)
.Aﬂmu 293 ‘sjusyiond 1ded

-w03 JO 23ud1sSFXs 8Y) 10}) UEIUIIISUF] Ale SPlOjjuEE
-inoj 3g11%mmis Kpredoq *sqqyanpasxy Kypyedo1 (t1)
‘UPTUTIITULY A1V ‘SIINIEAIND JUTISUOD tenba

Yiga saswjing onl Jo 12npoid % 03 dtiisumost A{fedog

‘sprojtura-gnoj uestuuwnaty 1d3rduoey  (§) t 7 FdHY T

*epiojiuem ungaysuty
{rrnotsusatIp-1nnj ‘arqeitatio ‘i1dedwor o safdmeva

UAMTY [ 19NTIXI SU{q PAIST] EPlOjIUTE g

I,ﬂl

30014 eyl 181914803 WOLIIFPEIIVGI SIYL "L weyd
-j90do3g JO ABEA U} ‘SuUO}IVIVEIIO YiO0Q 205 (1) ssall ‘uyed

-9 ‘Qagqa ‘(y Kae(1010)) 1enp-j1ee pus wejietygy Liiedey 10
1eq] L1tem103u0d s §  ‘SeUD 21QIINPOII] OY1 B] ‘SUOFITINIIE
q30q 103 eprog (1) 3eqs K3ysea o3 Lews 8y 3y ‘syqydnpes £y
-tu307 03 § IJyi30wm ugsIeuil dja3emmis L{yer0] e4q3 3T ‘Ijiiem
-uke Lyged0f ¢} (S°N) PIOFIUrE-IN0] uje3suly snosusfomoy #y3
3eqy Kidmy pynoa Ho-u GeSTer "Y°D JO Wei0943 ¢ 'y « 5 WP

Pey oA 31 * v 3o lu' ‘snuy (51) spt1etk wIrqa ‘Lajrvepy 3
tenbs uwey) 19nm L3j38ePp} 843 03 00012 L1leay3j)ine pue peny}
oa“u 3ugod ¢ Sugdoey (3°'y) jo Liiewmoe} uy ‘esusp pouns
-s9 oq &va %g  ez0jeseqy -sepie srvmgpiood sfqerjns v wg
3t3l(eee 8§ Jj110® BERISN]] LivA® .Hn_u aepsey puw ydinieg

Jo 21(nEss 3uwedes ¢ Ky ‘¢ wewel wj sv g esooy) t JOOWd

* 9 wgp Uogeuemip JO O}

x QUR6Iq) 9 7O 3§qi0 943 * wIx T[(v 1sos(® 107 (11)
t ¢S5 owpp 83

YT

A * (3°N) JO ssjiismony (¥ jo dnoi¥ sy3 9 Xq Vujsouag

-H0y183Usfi0 smos Kq PSFje31e9 300 §F (1) Te4l YIAS p(ojiu

-TW.1iN0j uUjsIsuyg e(qeiuajio us aq (3°'y)

S 6 AMVITON0D

«joosd

aqa s319(dwod sgyy “K{ied13uapy ysguea 39nm * £ v Juiysrw
~eA pur £ jo pooyinaquijau PpIIOIVVOD ¥ UL peuLIP ‘prat]
dugi{id @ ‘spioa 13410 u] *A(uo uojlewiojsuriy K1§IuIpt

Ayl JO 1918U0) ‘210321341 *isnw 1y ‘paxyj & sdaay dnoad
13149n1ed. 200 (€301 Y1 J] * A 1wasu parurjap ‘seyiirwosy jo
dnosd 133suwiwd.’uo (v30( Auw s1apun jJuetieaut * £ jo pooy

~1noqudteu ¥ Uy PlIf} Fwel) (FPUOSOYILO ue 91 wg ‘en ‘e~ ‘e

- qE -



- &40 -~

Using the results of Section ¥, ve shall now
Prove the fulloving strucCture theorea for coapact

tinstein four-manifolds satisfying (1) :

THEOREM 2 : Let (M,g) be 8 compact, oriented,

-

four-dimensions) Einctein manifold such that the

sadomorphism v' £ A'wm has, at cach point, less

than three distinct eigenvalues. Then there exints

2 Riemannian covering space Am.nv of (n,g) , of

sultiplicity one or twvo, for which only the follow~

ing thres cases are possible :

(i) v . 0, i.¢., (M,g) is an anti-self-dual

Einstein manifold ; N N .
(i) v s parellel snd non-zero, and (M,g) is

—

8 (non-Ricci-flat) RKihler-Einscein wanifold ; M

is eithar M itselt, or s quotient thereof by o

free, isometric, sntiholomorphic involutionm.

(iii) :o is not parallel. 1a this case, v ¢ 0

sverywhere and g is Hermitise (but mot KBhlerisnm)

vith respect to some complex structurs J on M,

compatible with the original orientation. Either M =

- y 8T N = N/ for some fres antiholomorphic

avolutive fsometr

¢ of .m.u.uv « The complex

s_biholomorphic to a surface obtained

from CP? by bloviag up & points (0 g k ¢ 8) or
irom a holomorphic CP' bupdle over CP' by blow-
ing wp & points (0 & &k & 7), so that, topologically,
N s 82282 oy & commected sem crigé(-xcrd), 0 ¢ & ¢

L8 . The meeric 3 = (245w’ W' N3 o W gy
Kihleriam with

surface (M,J)

J ., jts scalay curvsture

U 1 nan-cunetant and positive sversvhore ang

i
e
.
(XS
”»
1

fies the e

ati

i

!

L M I TR TV T T I
(50) .
, -

u’ - budu - _wmgmm.mmv s u o,

v Leing the (cunstant)

non-trivial vector (i) X = J(%u) s & ¥illing ficld

for both g and ¢ , holomorphic with respect tu J .

e - — et -

PROOF ; Most of our assettion follows trivially from
Propositions 5 and 4. lo parciculer, if v' is sot
parallel, then, by (iii) of Proposition 5 and (43),

U is not constant and & ¢ O everywhers. The nowm-tri-
vial vector field X = uamuv is a holomorphic Killjang
tield (with sevros) for g and for g = g/u? (Froposi-
tion &), so that, in view of (8), w » 0 . Choosing »
point x with au(x) = 0 . ve obtain from (50) wul(x) =
-y .~mamnauv.muanvv >0 and hence u > 0 at sach
point. By s theores of Carrell, Huvard and Kosniowski
n@u. & compact complex surface admitting & KEhler met-
tic sand a mon-~trivial holomorphic vector field with
seros must be obtained from CP?2 op from s cr!

dundle over CP! by successively blowing up fiaitely
many points. The estimate on the aumber of thess points
follovs immediately from Thorpe'd inequalicy (17).
FPinslly, it is well-known (cf. ﬁwuu. p. 227) that
(83:52)4£(-CP?) {4 diffeomorphic te cCPAfR(-2cP%) .

This completes the proof.
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tomponent ¢® of ¢ . Consequently, 6¢° has an infinite

center, and our hypothesis implies that dim 6% > 2 ., we as-

sert that dim 6% > 4 . 1n fact, if we had dim G

o ¢ 3

- ’

then

the compact connected Lie group ¢° with infinite center
vould be isomorphic to a torus of dimension 2 or 3. Fix a

° orbit of maximal dimension. For

-~ I3
point xEM lying in a ©
all points y sufficiently close to x , the isotropy sub-
groups un c G° are subtori of the same positive codimension

and the corresponding subalgebras of the Lie algebra of c°

vary continuocusly with y . Consequently, =< ='H for some

© and all y close to x . The non-tri-

subtorus B of G
vial group H operates trivially on a neighbourhood of x

and, consequently, on ¥ . This contradicts the effectiveness
of the action of G and hence proves that dim G° 2 4 . Our

assertion is now immediate from L. Béerard Bergery’s Théo-

réme 1.8 of Hau.

Using Lie algebra techniques, G. R. Jensen proved in
h_wu that every locally homogeneous four-dimensional Einstein
manifold is locally symmetrie. A direct proof of this result
in the compsct case can be obtained as follows.

For an oriented Riemannian four-manifold (M,g), let us

define the discriminant eAt4v (resp., D(W ) ) of wt

(resp., of tlv to be the smooth function on M given by
p(W!)(x) - 0O-8)2(A-v)2(u-v)2, X, ¥,v being the eigenvalues

1 . b4
of tuﬂna,a Ay .

LEMMA 10 : Let (M,g) be a compact, oriented, Einstein

four-manifold. Then both discriminants ua=+v » D(W ) vanish

at certain points of M .

|bm|

PROOF : Assume the contrary and choose the crientation e

that cat.v > 0 evervwherc. Thus, :.m 1nd ' haw three

distinct eipeunvalues at each point, which irplies that TS
is a Whitney sum of line bundles. Conscguently, the real
. + . .
Pontryayin class v_a> M) is zero. On the other hand, since
+
P (ATM) = p (TH) + 2e(TH) (see, e.g., [11], p. 490), ve
have 31(M) + 2x(M) = O ., In view of (15) and (16), this

means that 48 sz_:¢_~m< + \: uZ2dv = 0 . Consequently,

+ . A
W = 0 and casov = 0 . This contradiction cornpletes

the proof.

The following result implies immediately that a locally
homogeneous compact Einstein four-manifold must be locally

symmetric.

PROPOSITION 9 : Let (M,g) be a compact, oriented, Einstein

four-manifold. Consider :nmmsn A* . If the functions _:o_u ,

_t|_N , det W' and det W are all constant (i.e., the eigen-

values of W are constant), then (M,g) is locally symmetric.

PROOF : Since the discriminants UA:»V are symmetric func-
tions of the eigenvalues of wt » our hypothesis together
with (12) implies that uacnv ate constant. By Lemma 10, .
unc»v = 0 . We may assume that g is not conformally flat,
so that, e.g., the constant _:w_n is positive. By (i) of
Proposition 5, (M,g) admits, locally, a Kihler form

W€ . It IW]2 > 0, the same argument gives a local
Kkhler form :|m>| and, by Remerk 3, g is a locally

reducible Einstein metric, so that ¥R =« O . On the other

hand, if W « 0 » our assertion is immediate from Lemma 7.
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