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§ 1 Introduction.

1.1. In recent years many papers concern with the relation between number theory and
value distribution theory (Nevanlinna theory) (see [L], [V]1, [V]2, [W], [O]1,
[0]2). In [V]1 P. Vojta gives a "dictionary" for translating the results of Nevanlinna
theory in the one—dimensional case to diophantine approximations. Due to this dictionary
we can regard the Roth’s theorem as an analog of Nevanlinna Second Main Theorem. P.
Vojta has also made quantitative conjectures which generalize Roth’s theorem to higher
dimensions by relating the Second Main Theorem of Nevanlinna in higher dimensions
(Griffiths—Stoll—Carlson—King) to the theory of heights. One can say that P. Vojta propos-
ed an " arithmetic Nevanlinna Theory" in higher dimensions. In the philosophy of Hasse-
Minkowski principle one would naturally have interest to determine how Nevanlinna

theory would look in the p—adic case.

1.2. In [H]1, [H]2, [H-M] we constructed a p—adic analog of Nevanlinna theory. In this
paper we introduce the notion of heights for p—adic meromorphic functions and thereby
study p—adic holomorphic functions as well as meromorphic ones. By using the notion of

heights, in several problems we only need to consider the behavior of functions when the



S,

argument passes "critical points". This makes it easier to prove both the p—adic inter-
polation theorem and p—adic analogs of two Main Theorems of Nevanlinna theory. The
notion of heights and the p—adic analog of Nevanlinna theory in higher dimensions will be

described in a future paper.

1.3. We first recall some facts from classical Nevanlinna theory ([N], [Hay]). Let f(z) be
a meromorphic function in the complex plane € and a € € be a complex number. One
asks the following question: How "large" is the set of points z € € at which f(z) takes the
value a or values "close to a " ? For every value a Nevanlinna has constructed the follow-
ing functions.

Let n(f,a,z) denote the number of points z € € for which f(z) =a and |z| £,

counting with multiplicity. We set

T

N(f,a,p) = J a(f3,)-0(6:8.0) 44 4 n(f,8,0)lo =

0
2r
1 + 1
m(tar) = g7 [ log do
LT (e )
where
log x if x>1
log+x =
0 if x<1,
and that

T({,a,r) = N({,a,r) + m(f,a,r) .
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Nevanlinna’s First Main Theorem asserts that for every meromorphic function f(z) there

exists a function T(f,r) such that forall a € €,
T(f,a,r) = T(f,r) + h(f,a,r) ,

where h(f,a,r) is a bounded function of r. Since the function T(f,r) does not depend on
a , we can roughly say that a meromorphic function takes every value a the same number
of times.

Nevanlinna’s Second Main Theorem asserts that generally m(f,a,r) is small com-
pared with T(f,r) and consequently N(f,a,r) approximates T(f,r) . Namely, one defines
the defect of a as follows:

_limm(fa,r) . N(fa,r
o(a.0) = g PG = 1 - lim B

Then the set of defect values, i.e. those a such that 6(a) > 0, is finite or countable, in

addition ¥ 6(a) <2, where the sum extends over all defect values.

1.4. In § 2 we define the height for p—adic holomorphic functions. The p—adic Poisson-
Jensen formula is described in terms of heights. In § 3 we concern with the problems of
p—adic interpolation of holomorphic functions. We define the height of discrete sequences of
points and give a necessary and sufficient condition for a sequence of points to be an
interpolating sequences of a given function. In § 4 we define the height for meromorphic

functions and prove the p—adic analog of two Nevanlinna Main Theorems.

1.5. This paper is written while the author is a member of the Max—Planck—Institut fiir

Mathematik in Bonn and he would like to thank the Institute for the financial support.
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§ 2. Height of p—adic holomorphic functions.

2.1. Let p be a prime number, Qp the field of p—adic numbers, and Cp the p—adic

completion of the algebraic closure of Qp . The absolute value in Q p is normalized 50 that

1

|p| =p . We further use the notion v(z) for the additive valuation on Cp which ex-

tends ordp.Let D be the open unit disk in Cp:
D={zECp; |z| <1}

Let f(z) be a p—adic holomorphic functions on D represented by a convergent series:
®
fz2) = ) a "
n=0

Since we have

lim {v(a ) + nv(z)} = o

rAnli|]

for all v(z) =t >0, it follows that for every t> 0 there exists an n for which
v(a ) + nt is minimal. Let n}' " n}t be the smallest and the largest values of n at

which v(a ) + nt attains its minimum. We set:

o+
hpg=npg-t
heg=ngy -t
- o
hey=hey—hyy
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9.2. Definition. We call h"f' o bry b, the right local height, left local height, local
height of the function f(z) at t = —logplzl respectively.

2.3. Definition. The global height f(z) is defined by

H(f,t)= min {v(a ) + nt}
0<n<o

2.4. Remarks. 1) In [H]1 we called H(ft) the Newton polygon of the function f(z).
However the term "Newton polygon" is used in the literature for an another object. We use
here " the height" which would be more suitable in this context.

2) We have

= mi — - .
H(ft) = vm;n=t{ ogp|a.n| n logp|z|}
0<n<mw

2.5. Lemma. 1) If he, =0 then the function f(z) #0 when v(z) =t and one has

1)] = p )

2) If hf,t #0, then f(z) has zeros at. v(z) =t and hf,t =t + {number of zeros at
v(z) =t}

3) In any finite segment [rs], 0 < <8< +o. there are only finitely many t
satisfying hf,t # 0. Such points t are called the critical points of f(z) .

Proof. 1) Assume that he, =0, then n"f' ¢ = n} ; and v(ay) + nt attains its minimum
@
s = - = n
for a unique n = n'}"t =Dy We have H(f,t) = v(az) + nt = v( 2 az) at v(z)=t.
n=0
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2) and 3) follow from definition 2.2, 2.3 and the properties of the Netwon polygon of

f(z) (see [M]. [H]1).
2.6. Example. Consider the function

log(1+z) = 2 (—l)n_1 Izl_n
n=1

For every t > 0 we have

=nt—lognflogp if n= pk

_yn—1
v((-1) /n)+nt){>nt—log n/log p if n # Pk

Hence, for any t > 0, nT ogt and nio gt have the form pk for some k > 0. It is easy

k—1

+ - . e _+ _ - _k
to see that D7 og t # Dog ¢ if and only if N ogt = P and Nog ¢ = P for some k.

In this case we have

1 k
‘1/pk—1) + P51t = v((-1)P ‘1/pk) +p%t .

e
v((-1)
Thus, the function log(1+ z) has critical points t, = T'lkfl' (k=1,2,.) and we
p-p

. wt __1 - — — - _
have: hlog,tk =5 hlog,tk = BI_’-I hlog,tk =1, by, =0 forall ¢ Ft, (k=12,.),

H(log,t) = p—_l_f + [logp(p—l)t] , where [x] denotes the largest integer being equals or

less than x .

2.7. Theorem. (the p—adic Poisson—Jensen formula). Let f(z) be a holomorphic function

in the unit disk and let tO >t > 0. Then we have:



.

- +
H(f,to) — H(f,t) _hf,to—h ot ) by o (1)

t0>s>t

Proof: Let ty>t; >ty > ... >t 2t be all the critical points of the function f(z) . Note
that the height H(f,s) is a linear function of s in every segment [tk 41 tk] and we

- + + -
have ng, =n , H(fg)=v(a )+n s=v(a _ )+ n, s From

n n
Ftess bty
this it follows that H(f,t,) — H(f,t, +1) = [v(an_ )+ n},tktk] - [v(an N )
bty s

t = n; - - = - -
+ nf’tk+1tk 1l = nf,tk(tk tyrq) - Blftg) —H(EE) = H(f,ty) — H(Lt)) + H(Lt,)
—-H(f,ty) + ... + H(f,t ) - H(ft) = (nitotﬂ - nitotl) + (n},tltl - n},tztz) + ... +
+(ng, t_ —n;, t)=he, +t,(n;, —m;, )+t,(ng, —ng. )+ ..+

fit 'm Lt fig T IVLE T T 2ty T Yy

"h}-,t + 2 hf,s .

t0>8>t

- - + W
t tn(nf,tn —ngy  )—hpy=hpy

"n—-1 0

Theorem 2.7 is proved.

2.8. Remark. Note that the formula (1) is analogous to the classical Poisson-Jensen for-
mula. In fact, suppose that Y=o f(0)# 0 and t is not a critical point of the function

f(z) . Then we have H(f,t0)=—logp|f(0)|, H(f,t)=-10gp|f(z)| on the circle

-t

lz| =p hE,t =0, 2 hf,s —h"f"t =2—logp|zi| , where the sum extends over

0
t0> s>t
all the zeros z; of the function f(z) in the disk |z| < p_t . Then formula (1) takes the

following form: log |f(z)| —logplf(0)| =2—log |z,| . Recall that the classical
v z§=t ‘ p1

Poisson—Jensen formula is the following:
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2
%;J' log|1(e'®) a8 —log|£(0) = ¥ - (ord,Dlog|a]| ,
0 atD
a$0

where D is the unit disk in € and ord f is the order of f(z) at a.

§ 3. Heights of sequences of points and p—adic interpolation.

3.1. The construction of the p—adic zeta—function by interpolating from a set of integers
([K-L]) caused many people to become interested in the problem of p—adic interpolation.
In [H]1 we find a necessary and sufficient condition for a discrete sequence of points in
the unit disk D to be an interpolating sequence of a given function f(z) . This is the first
theorem of p—adic interpolation of unbounded functions. In this section we formulate and

prove the interpolation theorem in terms of heights of p—adic holomorphic functions.

3.2 Definition. Let g(z) be a holomorphic function in the unit disk D . We denote by

o(g) the class of holomorphic functions in D satisfying the following condition

I;Tgrﬁ(z)l =0(|;1|1£_r|g(2)|)

when 1 — 10 .
3.3. Corollary. f € 0(g) if and only if

lim {H(f;t) — H(g,t)} = o

t=0
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3.4. Nowlet u= {uo,ul,...} be a sequence of points in D . In what follows we shall only
consider sequences u for which the number of points u, satisfying v(u;) 2 t is finite for

every t > 0. We shall always assume that v(u;) 2 v(ui+1) (i=0,1,..,).

3.5. Definition. For every t> 0 the heights ' , h_,, h ., H(ut) are defined by:

h:,t = n:,t - t, where n'l';,t (n;,t) is the number of points u, such that v(u)>t
—h —nt =t . -
(resp. w(w)2t), by, =hy b7 and Hut)=hy, hu’to Zhu,s , where
s>t

t, = v(u,) . We shall always assume that 1im H(u,t) -=—.
0 0 t-0

3.6. Example. For the sequence of primitive p—roots of unity, m = 1,2,... we have:

E

+
11u,t = hlog,t’

h H(u,t) = H(log,t) .

ut lllog,t’

3.7. Remark. If u= {u;} is the sequence of zeros of the function f(z), then we have
H(f,t) — H(u,t) = 0(1) when t— 0.

3.8 Definition. The sequence u = {u;} is called an interpolating sequence of f(z) if the

sequence of interpolation polynomials for f on u converges to 1(z) .

3.9. Theorem. The sequence u = {u;} is an interpolating sequences of the function f(z) if
and only if

lim [H({,t)-H(u,t)] = o
-0

Proof. For simplicity we assume that u is a sequence of distinct points. In the case of

dealing with sequences of non—distinct points we need a minor modification of the proof.
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Recall that the interpolation polynomials {P,(z)} for the function f(z) on the sequence

u are determined by the following relations:
deg Py <k Py(w)=1(y), i=0,..%k .
Weset §,(z) = Pk+1(z) - Py (z).

First of all we prove the following
3.10. Lemma. For all t; > 0 and forall k such that t, =v(u) <t we have

| [H(S,,t) — But,)] — [H(S,utg) — Eut)] | €t

Proof of Lemma 3.10. By the Poisson—Jensen formula we have

- _ +
H(Sk’to)"H(sktk)_hSk,to hg b T ) b, s
t0>8>tk

From this it follows that
[H(Sk!to) - H(u:to)] - [H(Sk)tk) - H(u»tk)] =

e H .
= (hSk,tO_hu,tO) (hsk,tk hu,tk) +( ) (Bs, . )
t0>5>tk !

for k such that v(u.) <t wehave

From the definitions of hsk X hu,t
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2 (hsk,s—hu,s) =0

t0> B>tk
£ 3 + * E 3
0<n -n_,,n -n_, €1
Sk,t0 uty Sk’tk u,ty

From this Lemma 3.10 follows.
We now return to prove Theorem 3.9.

1) Necessity. Suppose that H(f,t) — H(u,t) does not tend to infinity. Then we can
find a sequence {s;} such that H(fss,) — H(u,s,) is bounded. Hence there is an integer k,
such that for k > kO we have

H(S, 8,) — H(u,85) > sup{H(f;s;) — H(u,8,)} + 1 + 8, -
In view of Lemma 3.10 for k > kq andall i 2 0 we have:
H(S,,8,) — H(u,s;) 2 sup{H(f;8;) —H(u,5;)} + 1
and hence,
H(S, 8,) — H({s;) 21 (2)

We set Mg = inf H(S,,0) . Since lim H(ut)=—o it suffices to consider the case

0<k<ky 50

when {(z) is unbounded, i.e. lim H(ft) = —o . Then there exists a number N; such that
t-0

forall N2 N, we have

H(f,sy) < M, -1
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Since H(S,,8y) 2 H(S,,0) , we have

Thus, the inequality (2) holds for all k 2 0 and all n ? N, . By assumption we have

f(z) = z Sk(z) '
k=0

and this implies the obvious inequality
H(fs, ) 2 min {H(S,,8)} .
This contradicts (1) and proves the necessity.

2) Sufficiency. We first prove the following
3.11. Lemma. For any k we have H(Syt,) 2 H(ft,) or H(St, +1) 2 H(f,t, +1)

Proof of Lemma 3.11. By Lazard’s lemma ( [Laz] ) we have:

k
f(z) = ¢(2) ]l:g (z—ui) + Qk(z)

where  deg Qk(z) <k, H(Qk,tk) > H(f,tk) . On the other hand, Qk(ui) = f(ui),
i=0,.k, and then Qg z)=P(z). Thus, H(Pt)> H(ft). Similardly,
H(Pk+1'tk+1) 2 H(f,tk+1) If v(uk+1) =v(y ), ie t = tyy1» then we have
H(S,,ty) 2 H(f,ty) . Assume that ty # berl - If H(P, +1’tk) 2 H(ft,) then we have
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H(Sy,t,) 2 H(ft,) . Otherwise, H(Py +1h) <H(Pyty) . Since ¢, iy 41 We have

=k+1 and np =k>ng, . Thus we have

—
Ptk k+1% T Pty

H(Py,ty ) = H(PyY) - I‘Fk,tk(tk“kﬂ) 2

2H(Py, b)) —np ¢ (et ) = B(PE 1ty )
k+1"k
and then H(Sk’tk+1) 2 H(f,tk+1) .
We now return to the proof of sufficiency. In view of Lemma 3.10, for an arbitrary N
we have H(S ,ty) 2 H(uty) + tyy + H(S,t ) —H(ut ) for t =v(u ) <ty.
By Lemma 3.11 we have either H(S ,t ) 2 H(f,t ) or H(S ,t +1) 2 H(f,t 4+1) » and then
we obtain

H(S ,ty) 2 Butp)+ty+min{ [H(ft )-H(ut )], Bt )-Hut )] -

From this and the assumption we have

l lm H(sn,tN) =mo ,

n-o

i.e. 1imS_(z) =0, and hence there exists P(z) =1im P (z). It remains to prove that
n—=w n-=m

P(z) = {(z) . Since u is an interpolating sequence of P(z), we must have

lim [H(P,t) - Hut)] = o
t=0

By setting g(z) = P(z) —(z) we obtain
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lim [H(gt) -H(ut) = (3)

t-o

On the other hand, as g(u;) =0 for i=0,1,2,.., we find (3) contradicts Remark 3.7.
Then g(z) =0 and Theorem 3.9 is proved.
We can formulate Theorem 3.9 in terms of local heights.

3.12. Corollary. The sequence u = {u;} is an interpolating sequence of the function f(z)
if

lim { 2 Bys— 2 hygt=o

t=0 s>t s>t

and h'lil',t - h}_,t is bounded when t — 0.
In fact, under these conditions it follows from the Poisson—Jensen formula and the

definition of H(u,t) that lim {H(fjt) — H(ut)} = w.
t

-0
3.13 Remark. One can find the function f(z), the sequence of points u such that
lim { ) hy o= y he } =w while ht’t —h'}"t is unbounded and H(f,t) — H(u,t) does

0 gy >t
not converge to infinity.

3.14 Corollary. The sequence u is an interpolating sequence for all functions in off) if the

functions

*+ &
Bt nuJ

are bounded.
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In fact, from the proof of the Poisson—Jensen formula it follows that if for all t > 0

n
u,t
Let g be a function of calss o(f) . We have

H(g,f) —H(u,t) = [H(g,t) — H(f,t)] — [H(u,t) - H(f,t)] > [H(g,t) — H(f1)] -
- [H(u,to) —H(ft;)] —-Mt;— o when t—0.

we have n, — <M then H(ut)-H(ft) < H(uty) —H(fty+ Mty for t<t,.

n

3.15. Corollary. The sequence {7—1} where # =1 n=12.. isan interpolating
sequence for all functions of class o(log) .

In fact, take for f(z) the function log(1+z) and let u be the sequence in Corollary

% +

3.15. Then nf,t “nu,t

A similar result holds for functions of class o(logk). Note that the p—adic

= 0 (see example 3.6).

L—functions associated to cusps forms are p—adic holomorphic functions of class o(logk)

for some k (see [Vish]).

3.16. Corollary. Let {u,} CD and {g}C Ep be two sequences of values in D and Cp :
Let {P_(z)} be the sequence of polynomials satisfying the conditions: degP (z) <,
P () = a;, i=0,...,n. Then we have the following

1) H(P ,0) - H(ut ) — o when n— o, there exists a holomorphic function

f(z) such that f(ui) =a,i=012,..., f{z)=1im Pn(z)
1 n-m

2) Conversely, if there exists a holomorphic function g(z) = 1im P (z), then
n-m

H(Pn,O) - H(u,tn) +nt, —o

when n — o.
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Proof. We have H(P .t )2 H(P_,0) and H(P ,t )—H(ut )— o when n—o.

Arguments similar to those used to prove Theorem 3.9 give us for every fixed N :

H(S,ty) — H(u,ty) 2 min{ [H(P,t ) —H(ut ), H(P t +1) —M(u,t, +1)]

Consequently, lim H(Sn,tN) = o and there exists f(z) = lim Pn(z) . Obviously that
n-~+m

f(u,) = a, i =0,1,2,.

Conversely, if there exists a holomorphic function g(z) =1lim P (z), then we have
H(P_,t )2 H(gt ) and  then H(P_,0)2H(P_t )—-nt 2H(gt)-nt;
H(P_,0) —H(ut ) +nt_ 2 H(gt ) —H(ut ) — o, since u is an interpolating sequen-
ce of the function g(z).

3.17. Remark. In many cases we have n tn < o . For example when u is the sequence

{7-1} with yp™ = 1, Corollary 3.16 gives a necessary and sufficient condition.

§4. Height for p—adic meromorphic function

4.1 Let ¢(z) be a meromorphic function on D. By definition, ¢(z) = 1(z)/g(z), where {(z)

and g(z) are holomorphic functions on D not having common zeros. We set

H( Ga:t) = H(f!t) - H(g:t)

we call H(p,t) the global height of the function ¢(z). As in the case of holomorphic func-
tions, the (right, left) local height ¢{z) at t is defined by h+ =ht | —nt

gt
- - - = ¥
Bt =Bt~ Bges Bpg =Ry —hy e



-17-

4.2 Remark. hm >0 (hiﬂt < 0) ifand only if ¢(z) has zeros (poles) at v(z) = t.
4.3 The characteristic function. For a € Cp we set

m(p,at) = B (p-a,t) = max{H(p-a,t),0}

N(go,a,t) = 2 n(%a:s)(s - t)
s>t

where n(yp,a,s) denotes the number of points z € D such that v(z) =t and ¢(z) = a,

here every such point is counted according to its multiplicity as a root of ¢{z) = a. We set
T(p,a,t) = N(“?’ast) + m(p,a,t),

and moreover that

— +
s>t
m(pt) = B (1/pt)
T(p:t) = N(p,t) + m(pt)
we call T(g,t) the characteristic function of the meromorphic function ¢(z).
4.4. Theorem Let ¢(z) be a meromorphic function in D. Then for every a € Cp we have

T(p,a,t) = T(p,t) + 0(1) .

We first prove the following
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4.5. Lemma. Let ¢,¢, (i=1,2,....k) be meromorphic funciions on D. Then we have:

k

)m( ) g,t) < max {m(p,t)}
i=1 1

k
2)m(T T i"i:t) <
i=1 i

k k

HNY p)< T Ngt)
i=1 i=1

m(“’i’t)
1

&~

=

k
HNT Tet) < ) Nipt)
i=1 ki=1

k
BT(Y et)< ) T(pt)
i=1

i=1
k k
6) T(T 1 Gai,t) < 2 T(“’i;t)
i=1 i=1

7) T(g,t) is a decreasing function of t

8) T(p,t) is a bounded function if and only if ¢(z) is a ration of two bounded holo-

morphic functions.

Proof. 1) and 2) follow from the properties of the height and the definition of the function
m(p,t). 3) and 4) are proved by the remark that N(yp,t) is the sum of valuations of poles
of p(z) inthedisk |z]| £ p_t. 5) and 6) are consequences of 1), 2), 3), 4).

We now prove 7). First of all we show that N(g,t) is a decreasing function. Assume

t’ 2t" > 0 and in the segment (t",t”) there is no critical point of g(z). Then we have
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N _ _wt _
N(pt')= ) h _ g ED) "h shg g~y =
s>t/ s>t

2 h g8 g,t’= 2 hg, t't
g>t" g>t"

2 hg g —n-; t"t, < 2 hg 8 —h-; T N(p,t") (4)
>t , >t ’

Since every segment [t",t’] can be divided into a finite number of segments on which

g(z) does not have critical points, (4) shows that N(gp,t) is a decreasing function.

Now assume that m(p,t’) =0, then T(p,t’) = N(p,t”) < N(pt") £ T(p,t"). When
m(p,t’) >0 we have H(1/pt’)>0 and H(pt’) <0, ie m(1/pt’)=0. Then we

have

T(1/pt’) = N(1/pt’) < N(1/pt") < T(1/pt") (5)

Note that the Poisson—Jensen formula is valid for meromorphic functions when the heights
h*h,H are defined as above. We take ty so that for t> t, the function ¢(z) does not

have critical points and hence h 08 = 0 for s> to- We have

b -t . —nt -
H(i":to) —H(pt) = h(p,t —(h Tt hg,t) + 2 hg,s =

8>t
=h,, +[2hfs h} 3 [Zh, th’,tl
0 ot 8>t

From this it follows that
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T(p,t) — T(1/p,t) = H(p;ty) — h;’to (6)

By combining (5) and (6) we obtain T(pt’) £ T(p,t"). To prove (8) we assume that
v(z) = £(z)/g(z), where f(z) and g(z) are two bounded holomorphic functions. From (6)
it follows that

N(g.t) + m(g,t) = N(1/g,t) + m(1/g;t) + H(g,t;) — hg,to :
Then we have

N(1/gt)  =m(gt) —m(1/g;t) + N(gt) + Higty) ~ by 0

=—H(gt)—h , + N(gt)
AN

Since g is bounded, so are N(g¢t), H(gt) and N(gpt)=N(1/gt). Then
T(p,t) = N(p,t) + m(g,t) is bounded also.

Now suppose T(g,t) is bounded. Then N(gp,t) is bounded, and since T(1/g,t) is
bounded, so is N(1/y,t). Suppose that ¢(z) = f(z)/g(z). It follows from (6) that

m(f,t) — m(1/f,t) = N(1/f,t) — N(f,t) + 0(1)
H(f,t) = N(f,t) + m(f,t) — N(1/f,t) + 0(1)

Since N(1/f,it) = N(1/¢,t) is bounded, we have H({,t) > —w, and consequently {f(z) is
bounded. Similarly g(z) is bounded.
We are now in a position to prove theorem 4.4. We have

m(ZLt) + Ngigt) = Tloigt) = T(p-a.t) + 0(1)
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Using Lemma 4.5 we obtain

T(p-a,t) < T(pt) + log”;a
T(pt) < T(p-at) +logha

Since T(yp,a,t) = T(p—a,t), Theorem 4.4 is proved.

4.6. Theorem Let ¢(z) be a non—constant meromorphic function on D, al,...,aq be

distinct numbers of Cp. Then we have

q
m(pt) + ) mzigt) € 2T(pt) = Ny(t) +0(1)
i=1 !

where Ny(t) = N(1/¢’,t) + 2N(g,t) - N(p' t)

Proof. Define

q

1

F(z) = ) o=

i=1 !

By setting § =m :;: n |a, —ay | we first prove that
i#k

q
BT (Rt > Y BY(pa,t)—qlogt1/6
i=1
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If for all i, |¢(z)— ai| 2 & then this inequality is trivial since the value on the right is

negative. Assume for some k, | ¢(z) — 8 | < 6 thenfor i #k one has

| ¢o(z) - ;| = max{|p—a|, [a,-8,|}26

and hence
1 1 .
> 1/6, <1/§ forevery i # k.
| P2y | | o3 |
Consequently,
1
|F(z)| = ————.
| p(z)—ay |

From thisg it follows that

s

q
BY(F) = BY(—L1—1)> § BY(pa,t) —qlogt1/s
ol iy

On the other hand we have
m(F,t) = m(% . %r— « p'Ft) € m(%pv-,t) + m(%y-,t) + m(p’F,t)
In view of formula (6) we have

m(Zr,t) = m(G-) + N(&rt) = NGrt) + 0()
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m(,t) = T(p,t) - N(5) + 0(1)

Thus,
m(F,t) $ T(p) ~ N(1/pt) + m(-t) + NGrt) + m(p" F) + 0(1)
q 7
izl mlghgst) + m(pt) € Tpt) ~Ngrt) + N(E-)

= N(&rt) + m(Z-4) + T(9t) ~ N(t) + m(p’ Fyt) + 0(1)
It follows from formula (6) that
N(ZS4) = N(Grt) = m(Bt) = m(Emt) + 0(1) = H(pt) = H(p' ) + 0(1) =

¢

= H(pt) ~B(¢’" 1) + 0(1) = N(or) ~ N(pt) = NG) + N(¢" )

Thus we have
q 1 7 q 7
m(pt) + ) m(goat) S 2T(pit) = Ny(1) + m(£-t) + m( ) —E—a—i,t) +0(1),
i=1 i=1

N;(t) = N(1/¢’,t) + 2N(p;t) — N(p’ 1)

q
4 /
It remains to prove that m(ag—,t) + m( 2 F—%’t) is bounded. We prove the following.
. i
1=1
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4.7 Lemma. For every meromorphic function ¢{z) we have
4
m(£-t) <2t

Proof. Assume ¢(z) is holomorphic in D:

Then we have

H(p’ t) = mrllgm {v(na ) + (n-1)t} 2 2 m;gm {v(na ) + nt} —t = H(pt) —t.

Now let ¢ =f/g where f and g are holomorphic functions. Then for every t >0 we

have
m(p’ [p,t) m(ﬂf—,fL 80) = m(f-~E-0) < m(re) + m(E) =
H+(§'-,t) + H+(g-r,t) = max{H(f,t) — H(f’ t),0} + max{H(g,t) — H(g’,t),0} < 2t

This completes the proof of Lemma 4.7 and Theorem 4.6.

We now return to the Second Main Theorem. We set

N({B,t) = N(‘p’:t) - N({O,t)
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Then N(%,t) is the number of distinct zeros of p(z) ~a in |z| £ p b, We set

_lim m(1 ‘t_ N(1 t
6a) =57 R {

oe) = Hm Nl/pat) “NOtjpat)

B(a) = 1 — TTm ML/ pat
t=0 4

4.8 Theorem Let ¢(z) be a meromorphic function on D. Then the set of values a € Cp

such that B(a) > 0 is finite or countable and furthermore we have

S (8(s) + 6(a) < T B(a) < 2

a

Proof. given ¢ > 0, for t sufficiently close to zero it holds

Nmt) - Niit) > (8(a) - €)T(p1t)

N%%M<(hﬂﬂ+eﬂ@@

Hence

Ngigt) < (1= 8(a) - 8(a) + 26)T(p,t)

Thus
B(a) 2 6(a) + &a)
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1
Let 31,...,8. N(P_-a-l't) to

q
q be arbitrary distinct numbers of Cp. Adding N(gt) + z

i=1
both sides of the inequality in Theorem 4.6 we obtain:

(a+1)T(p,t) <

N(%ai,t) + N(pt) ~ N (8) + 2T(p,t) + 0(1)

Il &~0

1

From this it follows that

q .
(@-DT(p8) € § N0 + N(pt) -NGrt) +5050 7 +0(1).
i=1 !

We note that N(-;?l—a—;,t) is the sum of valuations v(z)) of zeros z, of the function p—a,,

but every zero of order £ of p— a, is a zero of order £—1 of p’, we obtain:

J q
'21 N((—;ai,t) - N((%r,t) < .21 N((F{;i,t) ,
i= j=

Consequently,

(¢-1)T(pt) <

Il ™12

N((.p%,t) + N(g,t) + 0(1).
1

Therefore,
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q
} ) e o

i=1 t—;O t=0

(1-8(a,)) + 1 - B(e) 2 g-1
1

I 10

i

q
Y 8(z,) + B(w) < 2

i=1
This proves Theorem 4.8.

4.9. From the First and Second Main Theorems we have a number of corollaries about pro-
perties of p—adic meromorphic functions. Since the proofs in many cases are similar to
those in the complex case, we formulate them without proofs.

For each a € dlp we let Ea(;a) denote the set of points z € D for which ¢(z) = a,

where every points is taken as many times as its multiplicity of being a root of the equation

w(z) —a=0.

Corollary. Suppose that ¢,(z) and gaz(z) are two meromorphic functions on D for

which there exist three distinct values € Cp such that E_(¢)) = E, (p,),
1 1

81,39,34
i =1,2,3. Assume moreover at least one of them is not a ratio of two bounded holomorphic

functions. Then 1 = po

4.10 Corollary. Let R(u) be a rational function of degree d and f(z) be a meromorphic
function on {z € dlp, |z] <R}, R € w. Then we have



— 28 —

T(R(),t) = dT(f,t) + 0(1)
when t — — long

4.11. Corollary. A meromorphic function f(z) is transcendental if and only if

T(ft

lim =l =g
t--o

4.12 Corollary. For a meromorphic function on D we have

z B(a,f(l_‘)) <1+ r_}_r
aEEp



[A]
[G]

[H1]
(H2]
[H3]

[Hay]
[H-M]

[K-L]

[L]

[Laz]
(M]
[N]
[O1]

[02]

[Vi]

[V1]

—929 —

REFERENCES

Y. Amice. Les nombres p—adiques. Sup. PUF. 1975.

Ph. Griffiths. Entire holomorphic mappings in one and several complex
variables. Ann. Math. Studies 85, 1976.

Ha Huy Khoai. p—adic Interpolation. AMS Translations: Math. Notes, vol.1,
22, 1979. :

Ha Huy Khoai. On p-adic mefomorphjc functions. Duke Math. J., Vol. 50,
1983, 695—711.

Ha Huy Khoai, Sur la théorie de Nevanlinna p-adique. Groupe d’Etude
d’Analyse ultrametrique, Paris, 1988.

W.K. Hayman. Meromorphic functions. Oxford at the Clarendon Press, 1964.

Ha Huy Khoai and My Vinh Quang. On p—adic Nevanlinna theory. Lecture
Notes in Math., 1351, 1988.

T. Kubota, H.W. Leopoldt. Eine p—adische Theorie der Zeta Werte. J. angew.
Math. 214215 (1964), 328—339.

S. Lang. Introduction to Complex Hyperbolic Spaces. Springer 1986.

M. Lazard. Les zéros d’une fonction analytique d’une variable sur un corps
value complet. Publ. Math. IHES, 14 (1962).

Il(l. Majnin. p—adic automorphic functions, Current Problems in Mathematics
3(1974).

R. Nevanlinna. Le théoréme de Picard—Borel et la théorie des fonctions
méromorphes. Paris, 1929.

C. O:jlwd. A number—theoretic differential equations approach to generalizing
Nevanlinna Theory. Indian J. Math. 23 (1981) 1—-15.

C. Osgood. Effective Bounds on the Diophantine Approximation of Algebraic
Functions, and Nevanlinna Theory. Lecture Notes in Math., N1112, 1985,
278-285.

M. Vishik. Non—Archimedean measures associated to Dirichlet series. Mat. Sb.
99 (141), 1976.

P. Vojta. Diphantine Approximations and Value Distribution Theory. Lecture
Notes in Math. 1239, 1986.



—-30-—

A

[V2] P Vojta. A Higher Dimensional Mordell Conjecture. Arithmetic Geometry,
Springer 1986, p. 341-353.

[V3] P. Vojta. Mordell’s conjecture over function fields. Inven. Math. 98, 1 (1989),
115-138.

(W] P.—M. Wong. On the Second Main Theorem of Nevanlinna Theory. Amer. J.

of Math. 111 (1989) 549—584.



