ORBIT EQUIVALENCE RIGIDITY AND CERTAIN GENERALIZED BERNOULLI SHIFTS

OF THE MAPPING CLASS GROUP

YOSHIKATA KIDA

Abstract. We prove that any ergodic standard action (that is, an essentially free, measure-preserving action on a standard Borel space with a probability measure) of the mapping class group of a compact orientable surface with higher complexity has strong orbital rigidity: if there are ergodic standard actions of the mapping class group and a discrete group which are weakly orbit equivalent, then the two actions are virtually isomorphic. Moreover, we classify certain generalized Bernoulli shifts of the mapping class group up to orbit equivalence. This gives uncountably many examples of ergodic standard actions of the mapping class group which are mutually non-orbit equivalent. We prove similar statements for a finite direct product of mapping class groups.

1. Introduction

This paper is a continuation of [22], in which we established rigidity for the mapping class group in terms of measure equivalence. In this paper, we study the mapping class group from the viewpoint of two central topics in the theory of orbit equivalence, strong orbital rigidity and construction of uncountably many ergodic standard actions which are mutually non-orbit equivalent. Here, a standard action of a discrete group means an essentially free, measure-preserving action on a standard probability space, which means a standard Borel space with a probability measure.

In ergodic theory, it is one of the main problems to study isomorphism classes of ergodic actions of the infinite cyclic group Z.

Definition 1.1. Consider a non-singular action of a discrete group Γ_i on a standard probability space (X_i, μ_i) for i = 1, 2. The two actions are said to be isomorphic if there are conull Borel subsets X^′_1 ⊂ X_1, X^′_2 ⊂ X_2, a Borel isomorphism f : X^′_1 → X^′_2 and an isomorphism F : Γ_1 → Γ_2 such that

(i) the two measures f_∗μ_1 and μ_2 are equivalent; (ii) f(gx) = F (g)f(x) for any g ∈ Γ_1 and any x ∈ X^′_1.

A Bernoulli shift is a typical example of an ergodic (or more strongly, mixing) action of an infinite discrete group, which is also standard. Given a discrete group Γ and a standard probability space (X, μ), we call the Γ-action on the standard

Date: July 20, 2006.

2000 Mathematics Subject Classification. Primary 20F38, 37A20, 37A35. Key words and phrases. The mapping class group, orbit equivalence, isomorphism, strong orbital rigidity, generalized Bernoulli shifts. 1

probability space (X, μ)^Γ defined by

γ(x_g )_{g∈Γ} = (x_γ−1_g)_{g∈Γ}

for γ ∈ Γ and (x_g )_{g∈Γ} ∈ (X, μ)^Γ a Bernoulli shift of Γ. It is a natural question when Bernoulli shifts of Z arising from two different standard probability spaces are isomorphic. Kolmogorov and Sinaĭ introduced an isomorphism invariant for Z-actions, called entropy, and showed that the entropy of Bernoulli shifts of Z can be computed in terms of (X, μ) and assumes all non-negative values. In particular, there exist uncountably many isomorphism classes of ergodic Z-actions. As the culmination of the study on this isomorphism problem, Ornstein [26], [27] proved that entropy is a complete invariant for Bernoulli shifts of Z, that is, two Bernoulli shifts of Z which have the same entropy are isomorphic.

On the other hand, orbit equivalence is a much weaker equivalence for actions of discrete groups on standard probability spaces than isomorphism.

Definition 1.2. Consider a non-singular action of a discrete group Γ_i on a standard probability space (X_i, μ_i) for i = 1, 2. Then the two actions are said to be weakly orbit equivalent if there exist Borel subsets A_1 ⊂ X_1 and A_2 ⊂ X_2 satisfying Γ_1A_1 = X_1 and Γ_2A_2 = X_2 up to null sets and there is a Borel isomorphism f : A_1 → A_2 such that

(i) the two measures f_∗(μ_1|_{A1} ) and μ_2|_{A2} are equivalent; (ii) we have f(Γ_1x ∩ A_1) = Γ_2f(x) ∩ A_2 for a.e. x ∈ A_1.

If we can take both A_1 and A_2 to have full measure, then the two actions are said to be orbit equivalent.

Needless to say, two isomorphic actions are orbit equivalent. The study of orbit equivalence was initiated by Dye [5], [6], who treated standard actions of some amenable groups, and Ornstein-Weiss [28] concluded that any ergodic standard actions of any two infinite amenable groups are orbit equivalent. More generally, Connes-Feldman-Weiss [3] showed that amenable discrete measured equivalence relations are hyperfinite, which implies uniqueness of ergodic amenable equivalence relations. These phenomena give rise to a sharp difference between orbit equivalence and isomorphism for ergodic actions of Z.

In contrast, based on Zimmer’s pioneering work [35], Furman [10] established strong orbital rigidity for some ergodic standard actions of a lattice in a simple Lie group of higher real rank. Given an ergodic standard action α of a discrete group, we say that α is strongly orbitally rigid if the following holds: let β be any ergodic standard action of another discrete group which is weakly orbit equivalent to α. Then α and β are virtually isomorphic in the following sense:

Definition 1.3. Suppose that we have a non-singular ergodic action of a discrete group Γ_i on a standard finite measure space (X_i, μ_i) for i = 1, 2. Then the two actions are said to be virtually isomorphic if we can find a finite normal subgroup N_i of Γ_i and a finite index subgroup Γ^{′′}_i of Γ^′_i = Γ_i/N_i for i = 1, 2 satisfying the following: let (X^{′′}_i , μ^{′′}_i ) be any one of the at most [Γ^′_i : Γ^{′′}_i ]-many mutually isomorphic Γ^{′′}_i -ergodic components. Then the Γ^{′′}_1 -action on (X^{′′}_1 , μ^{′′}_1 ) and the Γ^{′′}_2 - action on (X^{′′}_2 , μ^{′′}_2 ) are isomorphic.

Monod-Shalom [25] applied the theory of bounded cohomology to the setting of orbit equivalence, and established strong orbital rigidity results for irreducible standard actions of a non-trivial direct product of discrete groups in the class C, which was introduced in [25]. (A non-singular action of a discrete group of the form Γ_1 × · · · × Γ_n is said to be irreducible if for every j, the subproduct ∏ i≠j Γi acts

ergodically.) This class C is huge and contains all non-elementary word-hyperbolic groups, the free product of two infinite groups [25, Section 7] and the mapping class group [16]. Recently, Popa [30], [32] discovered that the Bernoulli shift of an infinite Kazhdan group has more amazing rigidity, called von Neumann strong rigidity and superrigidity of embeddings.

For a lattice Γ in a connected simple Lie group G with finite center and real rank at least 2 and a self ME coupling (Ω, ω) of Γ, Furman [9] constructed an essentially unique Γ × Γ-equivariant Borel map Ψ: Ω → AdG, which means that

Ψ((γ, γ^′)x) = Ad(γ)Ψ(x)Ad(γ^′)^{−1}

for any γ, γ^′ ∈ Γ and a.e. x ∈ Ω. In [10], Furman used this map Ψ to prove strong orbital rigidity of some ergodic standard actions of Γ (e.g., the standard action of SL(n, Z) on R^n/Z^n with n ≥ 3). Moreover, he showed that all other ergodic standard actions of Γ essentially come from the Γ-action on G/Λ for some lattice Λ in G, which is weakly orbit equivalent to the Λ-action on G/Γ. Following Furman’s idea and using the construction in [22] of an equivariant Borel map from a self ME coupling of the mapping class group into the automorphism group of the curve complex, we establish strong orbital rigidity for any ergodic standard action of the mapping class group. Furthermore, we show the same rigidity for any ergodic standard action of a direct product of mapping class groups. As mentioned above, it follows from Monod-Shalom’s rigidity result that irreducible standard actions of a non-trivial direct product of torsion-free finite index subgroups of mapping class groups have strong orbital rigidity.

Throughout the paper, we assume a surface to be connected, compact and orientable unless otherwise stated. Let Γ(M)^⋄ be the extended mapping class group of M, the group of isotopy classes of all diffeomorphisms of M, which contains the mapping class group Γ(M) as a subgroup of index 2. We write κ(M) = 3g + p − 4 when M is a surface of genus g and with p boundary components.

Theorem 1.1. Let n be a positive integer and let M_i be a surface with κ(M_i) > 0 for i ∈ {1, . . . , n}. If Γ is a finite index subgroup of Γ(M_1)^⋄ × · · · × Γ(M_n)^⋄, then any ergodic standard action of Γ on a standard probability space is strongly orbitally rigid.

In particular, we show the following:

Theorem 1.2. Let M be a surface with κ(M) > 0 and let Γ be a normal subgroup of finite index in Γ(M)^⋄. If two ergodic standard actions of Γ are weakly orbit equivalent, then they are isomorphic.

This type of rigidity is also satisfied for certain subgroups of a direct product of mapping class groups (see Corollary 2.2 (i)).

Remark 1.1. Thanks to this rigidity, we can construct a new example of an ergodic equivalence relation of type II_1 which cannot arise from any standard action of a discrete group (see Corollary 2.1). The first construction of such an equivalence relation is due to Furman [10], and it solved a longstanding problem formulated by Feldman-Moore [8].

As one direction of the study of orbit equivalence except for seeking rigidity, it is a very interesting and difficult problem to find ergodic standard actions of the same discrete group which are non-orbit equivalent. Using the notion of strong ergodicity of group actions, Connes-Weiss [4] showed that any non-amenable group without Kazhdan’s property has at least two non-orbit equivalent actions. The first example of a discrete group which has an uncountable family of mutually nonorbit equivalent ergodic standard actions was constructed by Bezuglyĭ-Golodets [2]. Later, it was shown that such an uncountable family exists for various discrete groups as follows:

• a lattice in a simple Lie group with higher real rank [13]; • an infinite Kazhdan group [17];

• non-trivial finite direct products of torsion-free groups in the class C [25]; • non-abelian free groups [12].

Popa [31] gives an explicit construction of such a family for all infinite Kazhdan groups and their free products by calculating 1-cohomology groups of certain actions of these groups. Given a discrete group Γ and a countable Γ-space K, we call a measure-preserving action defined by

γ(x_k)_{k∈K} = (x_γ−1_k)_{k∈K}

for γ ∈ Γ and (x_k)_{k∈K} ∈ (X, μ)^K a generalized Bernoulli shift of Γ. Popa-Vaes [33] classified certain quotients of generalized Bernoulli shifts of infinite Kazhdan groups up to orbit equivalence. The reader is referred to [34] for Popa’s recent breakthrough rigidity results on Bernoulli shifts of infinite Kazhdan groups.

As an application of Theorem 1.2, we construct an explicit uncountable family of mutually non-orbit equivalent ergodic standard actions of a direct product of mapping class groups. It follows from Theorems 1.1, 1.2 that this problem reduces to the construction of non-isomorphic actions. We classify certain generalized Bernoulli shifts for the mapping class group up to isomorphism and thus, up to orbit equivalence. The main ingredient in the classification is the computation of the space of ergodic components for the restriction of the action to a certain subgroup of the mapping class group, which gives a new insight in construction of non-orbit equivalent actions of the same discrete group. For a surface M with κ(M) > 0, we denote by S(M) the set of all simplices of the curve complex for M, which is naturally a countable Γ(M)^⋄-space.

Theorem 1.3. Let M be a surface with κ(M) > 0 and let Γ be a normal subgroup of finite index in Γ(M)^⋄. Let σ, τ ∈ S(M) and consider the countable Γ-spaces Γσ, Γτ ⊂ S(M). We denote by α, β the generalized Bernoulli shifts of Γ on (X, μ)^{Γσ} and (Y, ν)^{Γτ} , respectively. Then the two actions α and β are weakly orbit equivalent if and only if the following two conditions hold:

(i) we can find g ∈ Γ(M)^⋄ such that τ ∈ gΓσ or equivalently, σ ∈ g^{−1}Γτ; (ii) the two probability spaces (X, μ) and (Y, ν) are isomorphic.

Corollary 1.4. If M is a surface with κ(M) > 0, then a finite index subgroup of Γ(M)^⋄ admits uncountably many ergodic standard actions which are mutually non-weakly orbit equivalent.

Moreover, we introduce several types of generalized Bernoulli shifts for a direct product of mapping class groups other than the ones in Theorem 1.3. We see that these types of actions belong to mutually different isomorphism classes. One of these constructions can be modified to yield generalized Bernoulli shifts for (a direct product of) non-elementary torsion-free hyperbolic groups. Applying Monod- Shalom’s rigidity [25], we obtain an explicit uncountable family of mutually nonweakly orbit equivalent ergodic standard actions of a non-trivial direct product of non-elementary torsion-free hyperbolic groups (see Subsection 3.3).

Remark 1.2. Although in particular, we construct an uncountable family of generalized Bernoulli shifts for non-elementary torsion-free hyperbolic groups which are mutually non-isomorphic, it is unknown whether they are orbit equivalent to each other.

Remark 1.3. It is noteworthy that there seems to be no results about when two Bernoulli shifts for a non-amenable group are isomorphic (or orbit equivalent). Ornstein-Weiss [29] generalized the theory of entropy to the setting of actions of amenable groups, and obtained the classification result of their Bernoulli shifts.

Acknowledgement. The author is grateful to Professor Ursula Hamenstädt for reading the first draft of this paper very carefully and giving many valuable suggestions. The author also thanks the Max Planck Institute for Mathematics at Bonn for its warm hospitality.

2. Orbit equivalence rigidity

First, we give a proof of Theorem 1.1. Put

G_0 = Γ(M_1)^⋄ × · · · × Γ(M_n)^⋄, G = Aut(C(M_1)) × · · · × Aut(C(M_n)),

where C = C(M) denotes the curve complex for a surface M with κ(M) > 0. Let us denote by π : G_0 → G be the natural homomorphism.

If H, Λ_1, Λ_2 are discrete groups and τ_i : Λ_i → H is a homomorphism for i = 1, 2, then we denote by (H, τ_1, τ_2) the Borel space H equipped with the Λ_1 × Λ_2-action defined by (λ_1, λ_2)h = λ_1hλ^{−1}_2 for h ∈ H and (λ_1, λ_2) ∈ Λ_1 × Λ_2.

Proof of Theorem 1.1. We may assume that M_i ≠ M_{1,2}, M_{2,0} for each i by [22, Theorem 2.5]. Suppose that ergodic standard actions of Γ and a discrete group Λ on standard probability spaces (X, μ) and (Y, ν), respectively, are weakly orbit equivalent. It follows from [10, Theorem 3.3] that we can construct a ME coupling (Ω, m) of Γ and Λ such that the Γ-actions on X and on Ω/Λ (resp. the Λ-actions on Y and on Ω/Γ) are isomorphic. By [22, Theorem 1.3], we can find a homomorphism ρ: Λ → G whose kernel N and cokernel are both finite. Put

Γ_1 = π(Γ), Λ_1 = ρ(Λ),

(Ω_1, m_1) = (Ω, m)/(ker(π) × N).

Note that ker(π) is trivial (e.g., see [19, Corollary 7.5.E]). Then we have the natural Γ_1 × Λ_1-action on (Ω_1, m_1), which is a ME coupling of Γ_1 and Λ_1.

It follows from [22, Corollary 7.2] that we can find the following: (a) a bijection t on the set {1, . . . , n};

(b) an isotopy class φ_i of a diffeomorphism M_{t(i)} → M_i for each i ∈ {1, . . . , n};

(c) an essentially unique almost Γ_1 × Λ_1-equivariant Borel map Φ: Ω_1 → (G, π, π_φ), where π_φ : G_0 → G is the isomorphism defined by

π_φ(γ) = (π(φ_1γ_{t(1)}φ^{−1}_1 ), . . . , π(φ_nγ_{t(n)}φ^{−1}_n )) for γ = (γ_1, . . . , γ_n) ∈ G_0.

Let Y_0, X_0 ⊂ G be fundamental domains of Γ_1-, Λ_1-actions on (G, π, π_φ), respectively. We can choose Y_0, X_0 so that m_0(X_0 ∩ Y_0) > 0, where m_0 = Φ_∗m_1. Let g ∈ X_0 ∩ Y_0 be an element such that m_0({g}) > 0. Then

Γ_2 = Γ_1 ∩ gΛ_1g^{−1}, Λ_2 = g^{−1}Γ_2g are subgroups of finite index in Γ_1, Λ_1, respectively. Put Y_1 = Φ^{−1}(Y_0), X_1 = Φ^{−1}(X_0), which are fundamental domains of the Γ_1-, Λ_1-actions on (Ω_1, m_1), respectively. Moreover, put X_2 = Y_2 = Φ^{−1}({g}) ⊂ X_1 ∩Y_1. Since the Γ_1 ×Λ_1-action on (Ω_1, m_1) is ergodic and m_1(X_2) = m_1(Y_2) > 0, we have Γ_1gπ_φ(Λ_1) = X_0π_φ(Λ_1) = Γ_1Y_0 = G

up to null sets with respect to m_0. Let us consider the natural actions of Γ_1, Λ_1 on X_1, Y_1, respectively. Then X_2 is invariant for the Γ_2-action on X_1 and is one of at most [Γ_1 : Γ_2]-many mutually isomorphic Γ_2-ergodic components in X_1. Similarly, Y_2 is one of at most [Λ_1 : Λ_2]-many mutually isomorphic Λ_2-ergodic components in Y_1. Moreover, since Γ_2g = Γ_1g ∩ gπ_φ(Λ_1) = gπ_φ(Λ_2), we see that Ω_2 = Γ_2X_2 = Y_2Λ_2 and X_2 = Y_2 is a fundamental domain of both the Γ_2- and Λ_2-actions on Ω_2.

If we define an isomorphism F : Γ_2 → Λ_2 by F (γ) = π^{−1}_φ (g^{−1}γg) for γ ∈ Γ_2, then the identity X_2 → Y_2 and F shows that the Γ_2-action on X_2 and the Λ_2-action on Y_2 are isomorphic. □

The following corollary follows from [10, Example 2.9]:

Corollary 2.1. Let Γ be as above and suppose that we have an ergodic standard Γaction on a standard probability space (X, μ). We denote by R the induced discrete measured equivalence relation. Let A ⊂ X be a Borel subset with μ(A) positive and irrational. Then the restricted relation (R)_A = R ∩ (A × A) cannot be generated by any standard action of a discrete group.

Corollary 2.2. Let n be a positive number and let M_i be a surface with κ(M_i) > 0 and M_i ≠ M_{1,2}, M_{2,0} for i ∈ {1, . . . , n}. Let Γ be a normal subgroup of finite index in Γ(M_1)^⋄ × · · · × Γ(M_n)^⋄ such that if t is a bijection on the set {1, . . . , n} and g_i is an isotopy class of a diffeomorphism M_{t(i)} → M_i, then π(Γ) = π_g (Γ). Then Γ satisfies the following:

(i) Suppose that we have two ergodic standard actions of Γ on (X, μ) and (Y, ν).

If they are weakly orbit equivalent, then they are isomorphic. (ii) The fundamental group of an ergodic standard action of Γ is trivial.

Recall that the fundamental group of an ergodic standard action of a discrete group Λ on (X, μ) is defined to be the subgroup of the multiplicative group R^∗_+ of positive real numbers generated by t ∈ R^∗_+ such that for some (or any) Borel subset A of X with μ(A)/μ(X) = t, we have an isomorphism between the relations (R)_A and R, where R is the relation on (X, μ) arising from the standard action of Λ.

If Γ is of the form Γ_1 × · · · × Γ_n, where Γ_i is a normal subgroup of finite index in Γ(M_i)^⋄ and if Γ_i and Γ_j are isomorphic for any i, j with M_i, M_j diffeomorphic, then Γ satisfies the hypothesis of Corollary 2.2. In particular, if n = 1 and Γ is a normal subgroup of finite index in Γ(M)^⋄ with κ(M) > 0, then the hypothesis is satisfied. Theorem 1.2 follows from Corollary 2.2 (i).

Proof of Corollary 2.2. We identify Γ(M_i)^⋄ and Aut(C(M_i)) by the natural isomorphism. In the proof of Theorem 1.1, it follows from [22, Corollary 7.2] that ρ = π_g for some a bijection t on {1, . . . , n} and an isotopy class g_i of a diffeomorphism M_{t(i)} → M_i. Using the notations as in the proof of Theorem 1.1, the assumption that Γ is a normal subgroup of Γ(M_1)^⋄ × · · · × Γ(M_n)^⋄ implies that

Γ = Γ_1 = π(Γ) = ρ(Γ) = Λ_1.

Furthermore, Γ = Γ_2 = Λ_2 and X = X_1 = X_2, Y = Y_1 = Y_2 from the construction. □ Remark 2.1. Note that the assertion (ii) in Corollary 2.2 also follows from the computation of ℓ^2-Betti numbers of the mapping class group due to Gromov [15] and McMullen [24] (see [21, Appendix D]) and Gaboriau’s work [11] on the connection between ℓ^2-Betti numbers and orbit equivalence.

3. Classification of certain generalized Bernoulli shifts

3.1. Preliminaries. In this subsection, we give a characterization of essential freeness and ergodicity of generalized Bernoulli shifts. For a discrete group Γ and g ∈ Γ, let us denote by ⟨g⟩ the cyclic group generated by g. Let (X, μ) be a standard probability space with |supp(μ)| ≥ 2.

Lemma 3.1. Let Γ be a discrete group and let K be a countable Γ-space and assume the following:

(i) if g ∈ Γ has infinite order, then there exists k ∈ K such that |⟨g⟩k| = ∞; (ii) if g ∈ Γ \ {e} has finite order, then there exists a sequence {k_n}_{n∈N} in K such that |⟨g⟩k_n| ≥ 2 for each n, and ⟨g⟩k_n ∩ ⟨g⟩k_m = ∅ for each n ≠ m.

Then the generalized Bernoulli shift of Γ on (X, μ)^K is essentially free.

Proof. Put (Y, ν) = (X, μ)^K and Y^g = {y ∈ Y : gy = y} for g ∈ Γ. For a subset F ⊂ K, let

Y (F ) = {(x_k )_{k∈K} ∈ Y : x_k = x_l for any k, l ∈ F }.

Then

ν(Y (F )) = ∑ x∈X:atom

μ({x})^{|F |},

where we let μ({x})^{|F |} = 0 if |F | = ∞. Note that Y^g ⊂ Y (⟨g⟩k) for each g ∈ Γ and k ∈ K.

If g ∈ Γ has infinite order, then by assumption, there exists k ∈ K such that |⟨g⟩k| = ∞ and we see that ν(Y^g ) = 0.

If g ∈ Γ \ {e} has finite order, then we can find a sequence {k_n}_{n∈N} in K as in the lemma and Y^g ⊂ ⋂ n∈N Y (⟨g⟩k_n). Moreover, for each m ∈ N, we have ν (_m ⋂ n=1 Y (⟨g⟩k_n) ) = m∏ n=1 ν(Y (⟨g⟩k_n))

= m∏ n=1 ( ∑ x∈X:atom

μ({x})^{|⟨g⟩kn|} )

≤ m∏ n=1 ( ∑ x∈X:atom

μ({x})^2 )

and the right hand side converges to 0 as m → ∞ because |supp(μ)| ≥ 2. Thus, ν(Y^g) = 0. □

Lemma 3.2. Let Γ be a discrete group and let K be a countable Γ-space and put (Y, ν) = (X, μ)^K . Then the following four conditions are equivalent:

(i) the Γ-action on (Y, ν) is ergodic; (ii) the Γ-action on (Y, ν) is weakly mixing;

(iii) for any finite subset F ⊂ K, there exists g ∈ Γ such that gF ∩ F = ∅; (iv) there exist no k_0 ∈ K such that |Γk_0| < ∞.

Remark 3.1. If G is a locally compact group and there is a measure-preserving action on (X, μ), then the following two conditions are equivalent (see [1, Theorem 2.17]):

(a) the G-action on (X, μ) is weakly mixing; (b) the diagonal G-action on (X × X, μ × μ) is ergodic.

In Lemma 3.2, if K satisfies the condition (iii), then the countable Γ-space K ⊔ K, the disjoint union of K and its copy, also satisfies it. It follows from the equivalence between (a) and (b) that if we show that (iii) implies (i), then this also shows that (iii) implies (ii).

Proof of Lemma 3.2. Assume the condition (iii). Then it is easy to check that for any Borel subset A ⊂ X and ε > 0, there exists g ∈ Γ such that |μ(gA ∩ A) − μ(A)^2| < ε, which implies (i). It follows from this and Remark 3.1 that (iii) also implies (ii).

It is clear that (ii) implies (i). The equivalence between (iii) and (iv) is due to [20, Lemma 4.4].

We show that (i) implies (iv). If the condition (iv) does not hold, then there exists k_0 ∈ K such that |Γk_0| < ∞. Let A be a Borel subset of X with 0 < μ(A) < 1 and define B = {(x_k)_{k∈K} ∈ Y : x_k ∈ A for k ∈ Γk_0}.

Then ν(B) = μ(A)^{|Γk0 |} and 0 < ν(B) < 1. Since B is invariant for Γ, the condition (i) does not hold. □

For an integer m ≥ 3, let Γ(M; m) be the kernel of the natural Γ(M)^⋄-action on the homology group H_1(M; Z/mZ), which is a torsion-free normal subgroup of finite index in Γ(M)^⋄. Let V (C) = V (C(M)) be the set of vertices of the curve complex of M and let S(M) be the set of all non-empty finite subsets of V (C) which can be realized disjointly on M at the same time. For σ ∈ S(M), let us denote by

M_σ the surface obtained by cutting along a realization of σ. If g ∈ Γ(M; m) with m ≥ 3 satisfies gσ = σ for σ ∈ S(M), then g preserves any component of M_σ by [18, Theorem 1.2]. Therefore, if a subgroup Γ of Γ(M; m) and σ ∈ S(M) satisfy gσ = σ for any g ∈ Γ, then we have the natural homomorphism p_Q : Γ → Γ(Q) for each component Q of M_σ.

Let g ∈ Γ(M; m). By [18, Corollary 1.8], g is pure, that is, the isotopy class of g contains a diffeomorphism F of M satisfying the following condition (P): there exists a closed one-dimensional submanifold C of M such that

• each component of C does not deform on M to a point or to ∂M; • F is the identity on C, it does not rearrange the components of M \ C, and it induces on each component of the surface M_C obtained by cutting M along C a diffeomorphism isotopic to either a pseudo-Anosov or the identity diffeomorphism.

We may assume that C does not have superfluous components, that is, we cannot discard any component of C without violating the condition (P). We call the element of S(M)∪{∅} corresponding to C the canonical reduction system (CRS) for g. Note that it coincides with the CRS of the cyclic group ⟨g⟩ by [18, Theorem 7.16]. In particular, for each g ∈ Γ(M; m), the isotopy class of C satisfying the condition (P) and having no superfluous components is uniquely determined. It is known that a non-trivial element g ∈ Γ(M; m) is reducible, that is, there exists σ ∈ S(M) such that gσ = σ if and only if the CRS for g is non-empty (see [18, Corollary 7.12]). We refer the reader to [18, Section 7] for the CRS of a subgroup of Γ(M). By applying Lemma 2.2 and Proposition 2.3 in [18], we can prove the following lemma:

Lemma 3.3. Let g ∈ Γ(M; m) be a non-trivial element, where m ≥ 3 is an integer. Let τ ∈ S(M) ∪ {∅} be the CRS for g. Then the following two assertions hold:

(i) If τ ≠ ∅ and α ∈ V (C) satisfies i(α, β) ≠ 0 for some β ∈ τ. Then the orbit ⟨g⟩α consists of infinitely many elements.

(ii) If τ = ∅, then for any α ∈ V (C), the orbit ⟨g⟩α consists of infinitely many elements.

Recall that a pseudo-Anosov element admits the following remarkable dynamics on the Thurston compactification T of the Teichmüller space for M, which is a union of the Teichmüller space and the Thurston boundary PMF for M:

Lemma 3.4 ([19, Theorem 7.3.A]). Suppose that κ(M) ≥ 0 and g ∈ Γ(M) is pseudo-Anosov. Then there exist two fixed points F_±(g) ∈ PMF of g such that if K is a compact subset of T \ {F_−(g)} and U is an open neighborhood of F_+(g) in T , then g^n(K) ⊂ U for all sufficiently large n.

In the above lemma, the two elements F_±(g) is called pseudo-Anosov foliations for g.

Lemma 3.5. Let M be a surface with κ(M) > 0 and let Γ be a finite index subgroup of Γ(M; m) with an integer m ≥ 3. Let τ ∈ S(M) ∪ {∅}. Then the following assertions hold:

(i) We can find g ∈ Γ satisfying the following:

• gτ = τ and the isotopy class g contains a diffeomorphism satisfying the condition (P) with respect to some closed one-dimensional submanifold C in the class τ. Moreover, C does not have superfluous components. In particular, τ is the CRS for g;

• for each component Q of M_τ which is not a pair of pants, the mapping class p_Q(g) is pseudo-Anosov in Γ(Q).

(ii) The above g satisfies that the orbit ⟨g⟩σ has infinitely many elements for any σ ∈ S(M) with σ \ τ ≠ ∅.

Proof. First, we show the assertion (i). We may assume that τ ≠ ∅. Choose a closed one-dimensional submanifold of M in the class τ and consider its tubular neighborhood N. Each curve α ∈ τ corresponds to some component N_α of N.

We define a diffeomorphism on each component of M \ N and N. For each component Q of M \ N, if Q is not a pair of pants, then choose a pseudo-Anosov diffeomorphism on Q fixing each point on ∂Q. If Q is a pair of pants, then consider the identity on Q. Next, we consider a diffeomorphism on each component N_α of N. If α ∈ τ is such that any component Q of M \ N with ∂N_α ∩ ∂Q ≠ ∅ is a pair of pants, then consider a Dehn twist about α on N_α. Otherwise, consider the identity on N_α. Combining these diffeomorphisms on each component of M \ N and N, we obtain a desired diffeomorphism on M.

The assertion (ii) in the case of τ = ∅ is a consequence of Lemma 3.3 (ii). Suppose that τ ≠ ∅. It suffices to show the assertion (ii) when σ \ τ is contained in

{β ∈ V (C) : i(α, β) = 0 for any α ∈ τ} or {β ∈ V (C) : i(α, β) ≠ 0 for some α ∈ τ}, respectively. In the former case, each element in σ \ τ can be viewed as an element in V (C(Q)) for some component Q of M_τ . The assertion (ii) follows from Lemma 3.4. In the latter case, the assertion (ii) follows from Lemma 3.3 (i). □

For a subgroup Γ of Γ(M)^⋄ or Aut(C), let us write Γ_σ = {g ∈ Γ : gσ = σ} for σ ∈ S(M) and write Γ_∅ = Γ for convenience.

Lemma 3.6. Let M be a surface with κ(M) > 0 and let Γ be a finite index subgroup of Γ(M)^⋄ such that the natural map π : Γ(M)^⋄ → Aut(C) is injective on Γ. Let σ ∈ S(M). Then the following assertions hold:

(i) If g ∈ Γ has infinite order, then there exists σ_0 ∈ Γσ such that the orbit ⟨g⟩σ_0 has infinitely many elements.

(ii) If g ∈ Γ \ {e} has finite order, then we can find a sequence {τ_n}_{n∈N} ⊂ Γσ such that |⟨g⟩τ_n| ≥ 2 for each n, and ⟨g⟩τ_n ∩ ⟨g⟩τ_m = ∅ for each n ≠ m.

(iii) If τ ∈ S(M) ∪ {∅} is such that there exist no σ^′ ∈ Γσ with σ^′ ⊂ τ, then for any σ^′ ∈ Γσ, the orbit ⟨g⟩σ^′ has infinitely many elements for some g ∈ Γ_τ .

Proof. Let g ∈ Γ be an element of infinite order. Choose a positive integer n ∈ N such that g^n ∈ Γ(M; 3). Let τ ∈ S(M) ∪ {∅} be the CRS for g^n. If τ = ∅, then the assertion (i) follows from Lemma 3.3 (ii). Thus, we assume that τ ≠ ∅. Let γ ∈ Γ ∩ Γ(M) be a pseudo-Anosov element and F_±(γ) ∈ PMF be its pseudo- Anosov foliations. Note that

{F ∈ PMF : i(β, F ) = 0} ∩ {F_±(γ)} = ∅

for any β ∈ V (C) and that γ^mα → F_+(γ) as m → +∞ for any α ∈ V (C) by Lemma 3.4. Hence, there exists m ∈ N such that

γ^mα ∉ {F ∈ PMF : i(β, F ) = 0} for any α ∈ σ and β ∈ τ. It follows from Lemma 3.3 (i) that for any α ∈ σ, the orbit ⟨g^n⟩(γ^mα) has infinitely many elements and thus, so does ⟨g^n⟩(γ^mσ). For the proof of the assertion (i), it is enough to choose σ_0 = γ^mσ.

Let g ∈ Γ \ {e} be an element of finite order and put

Fix(g) = {F ∈ PMF : gF = F },

which is a proper closed subset of PMF because we assume that π is injective on Γ. We can find a pseudo-Anosov element γ ∈ Γ ∩ Γ(M) such that F_+(γ) ∉ Fix(g) since the set of all pseudo-Anosov foliations is dense in PMF (see [23, Section 5, Example 1]). It follows from the dynamics of γ on PMF (see Lemma 3.4) that for any τ ∈ S(M), we see that γ^nτ ∉ Fix(g) for all sufficiently large n ∈ N. If we let τ = σ, then we can find a sequence {τ_n} in the assertion (ii) as a subset of {γ^nσ}.

The assertion (iii) follows from Lemma 3.5. □

3.2. First example. In this subsection, suppose that any surface M satisfies κ(M) > 0 and M ≠ M_{1,2}, M_{2,0}, and that (X, μ) and (Y, ν) denote standard probability spaces with |supp(μ)|, |supp(ν)| ≥ 2. For i ∈ {1, . . . , n}, let M_i be a surface and Γ_i a finite index subgroup of Γ(M_i)^⋄. For σ ∈ S(M_i), let us write

Γ_{i,σ} = {g ∈ Γ_i : gσ = σ}.

and put Γ = Γ_1×· · ·×Γ_n. Let σ_i ∈ S(M) and put K_i = Γ_iσ_i. Let K = K_1×· · ·×K_n be a countable Γ-space by the coordinatewise action and put (X^∗, μ^∗) = (X, μ)^K , on which we can consider the generalized Bernoulli shift of Γ naturally. We call this action α^∗.

Lemma 3.7. In the above notation,

(i) the action α^∗ is ergodic and essentially free.

(ii) let τ_i ∈ S(M_i) and suppose that for some i ∈ {1, . . . , n}, there exist no σ^′ ∈ K_i such that σ^′ ⊂ τ_i. Then the restriction of α^∗ to Γ_{1,τ1} × · · · × Γ_{n,τn} is ergodic.

(iii) let ρ_i ∈ K_i for i ∈ {1, . . . , n}. Then the space of ergodic components for the restriction of α^∗ to Γ_ρ = Γ_{1,ρ1} × · · · × Γ_{n,ρn} is isomorphic to (X, μ).

Proof. The assertions (i), (ii) follow from Lemmas 3.1, 3.2 and Lemma 3.6 (i), (ii). Let ρ_i ∈ K_i. Note that

K_i \ {ρ_i} ⊂ {σ^′ ∈ S(M) : σ^′ \ ρ_i ≠ ∅}

and the left hand side is invariant for the Γ_{i,ρi} -action. It follows from Lemmas 3.2, 3.6 (iii) that the Γ_ρ-action on (X, μ)^{K\{(ρ1 ,...,ρn)}} is ergodic. Then the assertion (iii) follows. □

Let M_i, Γ_i, Γ as above. Let σ_i, τ_i ∈ S(M) for i ∈ {1, . . . , n} and put

K = Γ_1σ_1 × · · · × Γ_nσ_n, L = Γ_1τ_1 × · · · × Γ_nσ_n

as above. We construct the standard probability Γ-spaces

(X^∗, μ^∗) = (X, μ)^K , (Y^∗, ν^∗) = (Y, ν)^L,

and call these actions α^∗, β^∗, respectively.

Theorem 3.8. In the above notation, the two actions α^∗ and β^∗ are isomorphic if and only if the following two conditions are satisfied:

(i) we can find a bijection on the set {1, . . . , n} and an isotopy class g_i of a diffeomorphism M_{t(i)} → M_i such that (a) g_iΓ_{t(i)}g^{−1}_i = Γ_i;

(b) the orbits Γ_{t(i)}σ_{t(i)} and Γ_iτ_i are equal via g_i; for any i ∈ {1, . . . , n};

(ii) the two probability spaces (X, μ) and (Y, ν) are isomorphic.

Proof. It is clear that if the conditions (i), (ii) are satisfied, then α^∗ and β^∗ are isomorphic. We show the converse. We can find an isomorphism F : Γ → Γ, conull Γ-invariant Borel subsets X^∗_1 ⊂ X^∗, Y^∗_1 ⊂ Y^∗ and a Borel isomorphism f : X^∗_1 → Y^∗_1 such that

• f_∗μ^∗ = ν^∗;

• F (g)f(x) = f(gx) for any g ∈ Γ and x ∈ X^∗_1 .

It follows from [22, Corollary 7.3] that we can find a bijection t on the set {1, . . . , n} and an isotopy class g_i of a diffeomorphism M_{t(i)} → M_i such that for any γ = (γ_1, . . . , γ_n) ∈ Γ, we have

F (γ) = (g_1γ_{t(1)}g^{−1}_1 , . . . , g_nγ_{t(n)}g^{−1}_n ).

Thus, Γ_i = g_iΓ_{t(i)}g^{−1}_i and if we regard g_iσ_{t(i)} ∈ S(M_i) and put

Γ_σ = Γ_{1,σ1} × · · · × Γ_{n,σn} , Γ_{gσ} = Γ_{1,g1σt(1)} × · · · × Γ_{n,gnσt(n)} ,

then F (Γ_σ ) = Γ_{gσ} .

Since the space of ergodic components for the restriction of α^∗ to Γ_σ is isomorphic to (X, μ) by Lemma 3.7 (iii), so is that of β^∗ to Γ_{gσ} . It follows from Lemma 3.7 (ii) that for each i, there exists τ^′_i ∈ L_i such that τ^′_i ⊂ g_iσ_{t(i)}. Similarly, considering F^{−1}, we see that for each i, there exists σ^′_{t(i)} ∈ K_{t(i)} such that σ^′_{t(i)} ⊂ g^{−1}_i τ_i. It follows that τ^′_i = g_iσ_{t(i)} and σ^′_{t(i)} = g^{−1}_i τ_i for each i. By Lemma 3.7 (iii), the spaces (X, μ) and (Y, ν) are isomorphic. □

Theorem 1.3 can be shown by combining Corollary 2.2 (i) and Theorem 3.8.

3.3. Second example and hyperbolic groups. In this subsection, let (X, μ) and (Y, ν) be standard probability spaces with |supp(μ)|, |supp(ν)| ≥ 2.

For a hyperbolic group Λ_0 and an element g ∈ Λ_0 of infinite order, let σ_±(g) ∈ ∂Λ_0 be the two fixed points of g on the boundary ∂Λ_0 such that g^nx → σ_+(g) for x ∈ ∂Λ_0 \ {σ_−(g)} and g^{−n}y → σ_−(g) for y ∈ ∂Λ_0 \ {σ_+(g)} as n → +∞. We denote by Σ = Σ(Λ_0) the set consisting of all subsets {σ_±(g)} of ∂Λ_0 for g ∈ Λ_0 of infinite order, which is naturally a countable Λ_0-space and satisfies

hσ_±(g) = σ_±(hgh^{−1})

for g ∈ Λ_0 of infinite order and any h ∈ Λ_0. For σ ∈ Σ, let us write

Λ_{0,σ} = {λ ∈ Λ_0 : λσ = σ}.

We refer the reader to [14, Chapitre 8] for these fundamental facts about the dynamics of the action of a hyperbolic group on its boundary.

Lemma 3.9. Suppose that Λ_0 is non-elementary, that is, the boundary ∂Λ_0 consists of infinitely many elements or equivalently, Λ_0 is non-amenable. If g ∈ Λ_0 is an element of infinite order and σ ∈ Σ with σ ≠ {σ_±(g)}, then the orbit ⟨g⟩σ has infinitely many elements.

Proof. Let x ∈ σ \ {σ_±(g)}. Then g^n does not fix x for any non-zero integer n because σ_±(g^n) = σ_±(g) if n is positive, and σ_±(g^n) = σ_∓(g) if n is negative. This means that the orbit ⟨g⟩x consists of infinitely many elements. □

Let n be a positive integer and for i ∈ {1, . . . , n}, let Λ_i be a torsion-free nonelementary hyperbolic group. Put Λ = Λ_1 × · · · × Λ_n.

Lemma 3.10. If θ : Λ → Λ is an automorphism, then we can find a bijection t on the set {1, . . . , n} and an isomorphism θ_i : Λ_{t(i)} → Λ_i such that

θ(λ) = (θ_1(λ_{t(1)}), . . . , θ_n(λ_{t(n)}))

for any λ = (λ_1, . . . , λ_n) ∈ Λ.

Proof. Consider the self ME coupling (Λ, id, θ) of Λ. It follows from [25, Proposition 5.1] that we can find a bijection t on the set {1, . . . , n} and g ∈ Λ such that gθ(Λ_{t(i)}) ⊂ Λ_i for each i. In particular, g ∈ ⋂ i Λ_i, that is, g = e. Thus, θ(Λ_{t(i)}) ⊂ Λ_i for each i. Repeating the above process for θ^{−1}, we see that θ(Λ_{t(i)}) = Λ_i for each i. □

The following lemma can easily be deduced from Lemmas 3.1, 3.2 and 3.9:

Lemma 3.11. Let σ_i ∈ Σ(Λ_i) and put K_i = Λ_iσ_i, K = K_1 × · · · × K_n, which is a countable Λ-space by the coordinatewise action. Let us denote by α^∗ the generalized Bernoulli shift of Λ on (X, μ)^K . Then the following assertions hold:

(i) The action α^∗ is ergodic and essentially free.

(ii) Let Λ^′_i be a subgroup of Λ_i. If there exists i such that Λ^′_i ⊄ Λ_{i,gσi} for any g ∈ Λ_i, then the restriction of α^∗ to Λ^′_1 × · · · × Λ^′_n is ergodic.

(iii) If ρ_i ∈ K_i, then the space of ergodic components for the restriction of α^∗ to Λ_{1,ρ1} × · · · × Λ_{n,ρn} is isomorphic to (X, μ).

Theorem 3.12. Let σ_i, τ_i ∈ Σ(Λ_i) for i ∈ {1, . . . , n} and put

K = Λ_1σ_1 × · · · × Λ_nσ_n, L = Λ_1τ_1 × · · · × Λ_nσ_n

as above. We construct the standard probability Λ-spaces

(X^∗, μ^∗) = (X, μ)^K , (Y^∗, ν^∗) = (Y, ν)^L,

and call these actions α^∗, β^∗, respectively. Then the two actions α^∗ and β^∗ are isomorphic if and only if the following two conditions are satisfied:

(i) there exist a bijection t on the set {1, . . . , n} and an isomorphism θ_i : Λ_{t(i)} → Λ_i such that for each i, we have θ_i(Λ_{t(i),σt(i)} ) = Λ_{i,gi τi} for some g_i ∈ Λ_i.

(ii) the two probability spaces (X, μ) and (Y, ν) are isomorphic.

Proof. It is clear that if the conditions (i), (ii) are satisfied, then α^∗ and β^∗ are isomorphic. We show the converse. Suppose that α^∗ and β^∗ are isomorphic and let F : Λ → Λ be an isomorphism arising from the isomorphism. It follows from Lemma 3.10 that we can find a bijection t on the set {1, . . . , n} and an isomorphism θ_i : Λ_{t(i)} → Λ_i such that

F (λ) = (θ_1(λ_{t(1)}), . . . , θ_n(λ_{t(n)}))

for any λ = (λ_1, . . . , λ_n) ∈ Λ. By Lemma 3.11 (ii), (iii), for each i, there exists g_i ∈ Λ_i such that θ_i(Λ_{t(i),σt(i)} ) is contained in Λ_{i,giτi} . Repeating the above process for θ^{−1}_i , we have θ_i(Λ_{t(i),σt(i)} ) = Λ_{i,giτi} for each i. Comparing the spaces of ergodic components for the restrictions to them, we see that (X, μ) and (Y, ν) are isomorphic. □

The following theorem follows from [25, Theorem 2.17]:

Theorem 3.13. In Theorem 3.12, if n ≥ 2, then the two actions α^∗ and β^∗ are weakly orbit equivalent if and only if they satisfy the conditions (i), (ii) in Theorem 3.12.

Therefore, the above example gives uncountably many standard actions of Λ_1 × · · · × Λ_n with n ≥ 2 which are mutually non-weakly orbit equivalent. Moreover, all the actions satisfy that for every i, the factor Λ_i acts ergodically.

The above argument on generalized Bernoulli shifts for a direct product of nonelementary hyperbolic groups can be applied to the case of a direct product of mapping class groups by using the set of pseudo-Anosov foliations instead of Σ. We collect results on such actions.

Let M be a surface with κ(M) > 0. We denote by Φ = Φ(M) be the set consisting of all subsets {F_±(g)} of PMF for a pseudo-Anosov element g ∈ Γ(M)^⋄, which is naturally a countable Γ(M)^⋄-space and satisfies

hF_±(g) = F_±(hgh^{−1})

for a pseudo-Anosov element g ∈ Γ(M)^⋄ and any h ∈ Γ(M)^⋄. For ϕ ∈ Φ, let us write Γ_ϕ = {γ ∈ Γ : γϕ = ϕ}.

Lemma 3.14. Let M be a surface with κ(M) > 0 and let Γ be a finite index subgroup of Γ(M)^⋄ such that the natural map π : Γ(M)^⋄ → Aut(C) is injective on Γ. Let ϕ ∈ Φ. Then the following assertions hold:

(i) If g ∈ Γ has infinite order, then there exists ψ ∈ Γϕ such that the orbit ⟨g⟩ψ has infinitely many elements.

(ii) If g ∈ Γ \ {e} has finite order, then we can find a sequence {ψ_n}_{n∈N} ⊂ Γϕ such that |⟨g⟩ψ_n| ≥ 2 for each n, and ⟨g⟩ψ_n ∩ ⟨g⟩ψ_m = ∅ for each n ≠ m.

(iii) If g ∈ Γ(M) is a pseudo-Anosov element such that {F_±(g)} ≠ ϕ, then the orbit ⟨g⟩ϕ has infinitely many elements.

Proof. As in Lemma 3.9, the assertion (iii) follows from Lemma 3.4.

We show the assertion (i). Let g ∈ Γ be an element of infinite order. If g is reducible, then g fixes no points in Φ by [7, Exposés 9, 11]. Therefore, the orbit ⟨g⟩ϕ consists of infinitely many elements. Next, assume that g is pseudo-Anosov. Let γ ∈ Γ ∩ Γ(M) be a pseudo-Anosov element such that {F_±(γ)} ∩ {F_±(g)} = ∅. We can find such γ because Γ is a finite index subgroup of Γ(M)^⋄. By Lemma 3.4, it is easy to see that γ^nϕ ≠ {F_±(g)} for sufficiently large n. The assertion (i) then follows from the assertion (iii).

The assertion (ii) can be shown by the same idea as in Lemma 3.6 (ii) as follows: let g ∈ Γ \ {e} be an element of finite order and put

Fix(g) = {F ∈ PMF : gF = F },

which is a proper closed subset of PMF. We can find a pseudo-Anosov element γ ∈ Γ ∩ Γ(M) such that {F_±(γ)} ∩ ϕ = ∅ and F_±(γ) ∉ Fix(g). It follows from Lemma 3.4 that γ^n_1 ϕ ∉ Fix(g) for sufficiently large n ∈ N. We can find a sequence {ψ_n} in the assertion (ii) as a subset of {γ^nϕ}. □

Let n be a positive integer and for i ∈ {1, . . . , n}, let M_i be a surface with κ(M_i) > 0 and M_i ≠ M_{1,2}, M_{2,0} and let Γ_i be a subgroup of finite index in Γ(M_i)^⋄. Put Γ = Γ_1 × · · · × Γ_n. The following lemma is a consequence of Lemmas 3.1, 3.2 and 3.14:

Lemma 3.15. Let ϕ_i ∈ Φ(M_i) and put K_i = Γ_iϕ_i, K = K_1 × · · · × K_n, which is a countable Γ-space by the coordinatewise action. Let us denote by α^∗ the generalized Bernoulli shift of Γ on (X, μ)^K . Then the following assertions hold:

(i) The action α^∗ is ergodic and essentially free.

(ii) Let Γ^′_i be a subgroup of Γ_i. If there exists i such that Γ^′_i contains a pseudo- Anosov element g_i with {F_±(g_i)} ∉ K_i, then the restriction of α^∗ to Γ^′_1 × · · · × Γ^′_n is ergodic.

(iii) If ρ_i ∈ K_i, then the space of ergodic components for the restriction of α^∗ to Γ_{1,ρ1} × · · · × Γ_{n,ρn} is isomorphic to (X, μ).

Using the same idea as in Theorem 3.8, we can show the following:

Theorem 3.16. Let ϕ_i, ψ_i ∈ Φ(M_i) for i ∈ {1, . . . , n} and put

K = Γ_1ϕ_1 × · · · × Γ_nϕ_n, L = Γ_1ψ_1 × · · · × Γ_nψ_n

as above. We construct the standard probability Γ-spaces

(X^∗, μ^∗) = (X, μ)^K , (Y^∗, ν^∗) = (Y, ν)^L,

and call these actions α^∗, β^∗, respectively. Then the two actions α^∗ and β^∗ are isomorphic if and only if the following two conditions are satisfied:

(i) we can find a bijection t on the set {1, . . . , n} and an isotopy class g_i of a diffeomorphism M_{t(i)} → M_i such that (a) g_iΓ_{t(i)}g^{−1}_i = Γ_i;

(b) the orbits Γ_{t(i)}ϕ_{t(i)} and Γ_iψ_i are equal via g_i; for any i ∈ {1, . . . , n};

(ii) the two probability spaces (X, μ) and (Y, ν) are isomorphic.

3.4. Third example. Also in this subsection, we consider only surfaces M satisfying κ(M) > 0 and M ≠ M_{1,2}, M_{2,0}. Let n be a positive integer and let (X_i, μ_i) and (Y_i, ν_i) be standard probability spaces with |supp(μ_i)|, |supp(ν_i)| ≥ 2 for i ∈ {1, . . . , n}. Put

(X, μ) = n∏ i=1 (X_i, μ_i), (Y, ν) = n∏ i=1 (Y_i, ν_i).

Let M_i be a surface and let Γ_i be a finite index subgroup of Γ(M_i)^⋄. Put Γ = Γ_1 × · · · × Γ_n.

Lemma 3.17. Suppose that we have ergodic standard actions α_i, β_i of Γ_i on (X_i, μ_i), (Y_i, ν_i), respectively. If the standard Γ-actions α, β on (X, μ), (Y, ν) defined by the coordinatewise actions are isomorphic, then there exists a bijection t on the set {1, . . . , n} such that α_{t(i)} and β_i are isomorphic for any i.

Proof. We can find an isomorphism F : Γ → Γ, conull Γ-invariant Borel subsets X^′ ⊂ X, Y^′ ⊂ Y and a Borel isomorphism f : X^′ → Y^′ such that

• f_∗μ = ν;

• F (g)f(x) = f(gx) for any g ∈ Γ and x ∈ X^′.

It follows from [22, Corollary 7.3] that we can find a bijection t on the set {1, . . . , n} such that F (Γ_{t(i)}) = Γ_i for any i. If we compare the spaces of ergodic components for the restrictions of α, β to Γ^′_{t(i)} = ∏ j≠t(i) Γj , F (Γ ′ t(i)) = Γ ′ i, respectively, then we see that α_{t(i)} and β_i are isomorphic and the lemma follows. □

Let σ_i, τ_i ∈ S(M_i) and put K_i = Γ_iσ_i, L_i = Γ_iτ_i. One can construct the standard probability Γ-spaces

(X^+, μ^+) = n∏ i=1 (X_i, μ_i)^{Ki} , (Y^+, ν^+) = n∏ i=1 (Y_i, ν_i)^{Li} .

We call these actions α^+, β^+, respectively. It is easy to prove the following:

Theorem 3.18. The two actions α^+ and β^+ are isomorphic if and only if there exists a bijection t on the set {1, . . . , n} and an isotopy class g_i of a diffeomorphism M_{t(i)} → M_i such that

(i) g_iΓ_{t(i)}g^{−1}_i = Γ_i;

(ii) the orbits Γ_{t(i)}σ_{t(i)} and Γ_iτ_i are equal via g_i;

(iii) the two probability spaces (X_{t(i)}, μ_{t(i)}) and (Y_i, ν_i) are isomorphic for any i ∈ {1, . . . , n}.

3.5. Fourth example. Also in this subsection, we consider a surface M satisfying κ(M) > 0 and M ≠ M_{1,2}, M_{2,0}. Let Γ be a finite index subgroup of Γ(M)^⋄. Let (X, μ) and (Y, ν) be standard probability spaces with |supp(μ)|, |supp(ν)| ≥ 2. In this subsection, we consider the Γ × Γ-action on Γ defined by

(γ_1, γ_2)γ = γ_1γγ^{−1}_2

for γ, γ_1, γ_2 ∈ Γ.

Lemma 3.19. In the above notation, the following assertions hold:

(i) If (γ_1, γ_2) ∈ Γ × Γ has infinite order, then there exists g ∈ Γ such that the set {γ^n_1 gγ^{−n}_2 }_{n∈Z} consists of infinitely many elements.

(ii) If γ = (γ_1, γ_2) ∈ Γ × Γ \ {e} has finite order, then there exists a sequence {g_n}_{n∈N} in Γ such that |⟨γ⟩g_n| ≥ 2 for each n, and ⟨γ⟩g_n ∩ ⟨γ⟩g_m = ∅ for each n ≠ m.

Proof. We show the assertion (i). Assume that the orbit {γ^n_1 γ^{−n}_2 }_{n∈Z} has finitely many elements, that is, there exists n_0 ∈ Z \ {0} such that γ^{n0}_1 = γ^{n0}_2 . Put γ_0 = γ^{n0}_1 = γ^{n0}_2 , which is an element of Γ of infinite order.

First, we assume that γ_0 is pseudo-Anosov. Let g ∈ Γ be a pseudo-Anosov element such that {F_±(g)} ∩ {F_±(γ_0)} = ∅. Then F_+(γ^n_0 gγ^{−n}_0 ) = γ^n_0 F_+(g) for any n ∈ Z. It follows from the dynamics of γ_0 on PMF (see Lemma 3.4) that the set {F_+(γ^n_0 gγ^{−n}_0 )}_{n∈Z} consists of infinitely many elements and so does the set {γ^n_0 gγ^{−n}_0 }_{n∈Z}. Then the set {γ^n_1 gγ^{−n}_2 }_{n∈Z} has infinitely many elements as well.

Secondly, we assume that γ_0 is reducible. Let k be a positive integer such that γ^k_0 ∈ Γ(M; 3). Choose a pseudo-Anosov element g ∈ Γ. Then F_+(γ^{nk}_0 gγ^{−nk}_0 ) = γ^{nk}_0 F_+(g) for any n ∈ Z. It follows from [18, Lemma 3.3] that {F_+(γ^{nk}_0 gγ^{−nk}_0 )}_{n∈Z} consists of infinitely many elements, and so does the set {γ^{nk}_0 gγ^{−nk}_0 }_{n∈Z}. Then the same holds true for the set {γ^n_1 gγ^{−n}_2 }_{n∈Z}.

Next, we show the assertion (ii). We may assume that both γ_1 and γ_2 are non-trivial. Let g ∈ Γ be a pseudo-Anosov element such that F_+(g) ∉ Fix(γ_1) = {x ∈ PMF : γ_1x = x}.

We show that g^nγ_2 ≠ γ_1g^n for all sufficiently large n. If this is shown, then we can find a sequence {g_n} as in the assertion (ii) which is a subset of {g^n}. Let x be a point in the Teichmüller space of M fixed by γ_2. Since F_+(g) ∉ Fix(γ_1), there exists an open neighborhood U of F_+(g) in the Thurston compactification such that γ_1(U) ∩ U = ∅. It follows from the dynamics of g on the Thurston compactification (see Lemma 3.4) that g^nγ_2x ∈ U and γ_1g^nx ∈ γ_1(U) for all sufficiently large n, which implies g^nγ_2 ≠ γ_1g^n. □

Lemma 3.20. Let α be the generalized Bernoulli shift of Γ × Γ on (X, μ)^Γ defined by (γ_1, γ_2)(x_g )_{g∈Γ} = (x_γ−1_{1 gγ2} )_{g∈Γ}

for γ_1, γ_2 ∈ Γ and (x_g )_{g∈Γ} ∈ (X, μ)^Γ. Then the following assertions hold:

(i) The action α is essentially free.

(ii) The restriction α_1 (resp. α_2) of α to Γ × {e} (resp. {e} × Γ) is mixing. (iii) Let Δ be the diagonal subgroup of Γ × Γ and define an action α_0 of Δ on (X, μ)^{Γ\{e}} by γ(x_g )_{g∈Γ\{e}} = (x_γ−1_{gγ} )_{g∈Γ\{e}}

for γ ∈ Γ and (x_g )_{g∈Γ\{e}} ∈ (X, μ)^{Γ\{e}}. Then α_0 is ergodic. In particular, the space of ergodic components for the restriction of α to Δ is isomorphic to (X, μ).

Proof. The assertion (i) follows from Lemmas 3.1, 3.19. The assertion (ii) is well known. The assertion (iii) follows easily from Lemma 3.2 and [22, Theorem 2.6]. □

Theorem 3.21. Let α, β be the generalized Bernoulli shifts of Γ × Γ on (X, μ)^Γ, (Y, ν)^Γ, respectively, defined as above. Suppose that the two actions α and β are isomorphic and let F : Γ×Γ → Γ×Γ be an isomorphism arising from the isomorphism. Let t be a bijection on the set {1, 2} and g_1, g_2 ∈ Γ(M)^⋄ such that

F (γ_1, γ_2) = (g_1γ_{t(1)}g^{−1}_1 , g_2γ_{t(2)}g^{−1}_2 )

for each (γ_1, γ_2) ∈ Γ × Γ. Then g_1g^{−1}_2 ∈ Γ and the two probability spaces (X, μ) and (Y, ν) are isomorphic.

Remark that any isomorphism F : Γ × Γ → Γ × Γ can be described as in the above theorem by [22, Corollary 7.3].

Proof. Note that F (Δ) = {(g_1γg^{−1}_1 , g_2γg^{−1}_2 ) ∈ Γ × Γ : γ ∈ Γ} and for γ^′ ∈ Γ, we have |{(g_1γg^{−1}_1 )γ^′(g_2γ^{−1}g^{−1}_2 ) ∈ Γ : γ ∈ Γ}|

=|{γ(g^{−1}_1 γ^′g_2)γ^{−1} ∈ Γ(M)^⋄ : γ ∈ Γ}|.

If g_1g^{−1}_2 ∉ Γ, then the right hand side is infinite for any γ^′ ∈ Γ by [22, Theorem 2.6]. This implies that the restriction of β to F (Δ) is ergodic by Lemma 3.2, which is a contradiction because the space of ergodic components for the restriction of α to

Δ is isomorphic to (X, μ). Thus, g_1g^{−1}_2 ∈ Γ and for any γ^′ ∈ Γ \ {g_1g^{−1}_2 }, the orbit {(g_1γg^{−1}_1 )γ^′(g_2γ^{−1}g^{−1}_2 ) ∈ Γ : γ ∈ Γ} is infinite. It follows from Lemma 3.2 that the generalized Bernoulli shift of F (Δ) on (Y, ν)^{Γ\{g1 g−12 }} is ergodic. Therefore, the space of ergodic components for the restriction of β to F (Δ) is isomorphic to (Y, ν). □

References

[1] M. B. Bekka and M. Mayer, Ergodic theory and topological dynamics of group actions on homogeneous spaces, London Math. Soc. Lecture Note Ser., 269. Cambridge Univ. Press, Cambridge, 2000.

[2] S. I. Bezuglyĭ and V. Y. Golodets, Hyperfinite and II_1 actions for nonamenable groups, J.

Funct. Anal. 40 (1981), 30–44.

[3] A. Connes, J. Feldman and B. Weiss, An amenable equivalence relation is generated by a single transformation, Ergodic Theory Dynam. Systems 1 (1981), 431–450 (1982).

[4] A. Connes and B. Weiss, Property T and asymptotically invariant sequences, Israel J. Math.

37 (1980), 209–210.

[5] H. A. Dye, On groups of measure preserving transformation. I, Amer. J. Math. 81 (1959), 119–159.

[6] H. A. Dye, On groups of measure preserving transformations. II, Amer. J. Math. 85 (1963), 551–576.

[7] A. Fathi, F. Laudenbach and V. Poénaru, Travaux de Thurston sur les surfaces. Séminaire Orsay, Astérisque, 66–67. Soc. Math. France, Paris, 1979.

[8] J. Feldman and C. C. Moore, Ergodic equivalence relations, cohomology, and von Neumann algebras. I, Trans. Amer. Math. Soc. 234 (1977), 289–324.

[9] A. Furman, Gromov’s measure equivalence and rigidity of higher rank lattices, Ann. of Math.

(2) 150 (1999), 1059–1081.

[10] A. Furman, Orbit equivalence rigidity, Ann. of Math. (2) 150 (1999), 1083–1108. [11] D. Gaboriau, Invariants ℓ^2 de relations d’équivalence et de groupes, Publ. Math. Inst. Hautes Études Sci. No. 95 (2002), 93–150.

[12] D. Gaboriau and S. Popa, An uncountable family of nonorbit equivalent actions of F_n, J.

Amer. Math. Soc. 18 (2005), 547–559.

[13] S. L. Gefter and V. Y. Golodets, Fundamental groups for ergodic actions and actions with unit fundamental groups, Publ. Res. Inst. Math. Sci. 24 (1988), 821–847 (1989).

[14] É. Ghys and P. de la Harpe. Sur les groupes hyperboliques d’après Mikhael Gromov. Progr.

in Math., 83. Birkhäuser Boston, Inc., Boston, MA, 1990.

[15] M. Gromov, Kähler hyperbolicity and L_2-Hodge theory, J. Differential Geom. 33 (1991), 263–292.

[16] U. Hamenstädt, Bounded cohomology and isometry groups of hyperbolic spaces, preprint, math.GR/0507097.

[17] G. Hjorth, A converse to Dye’s theorem, Trans. Amer. Math. Soc. 357 (2005), 3083–3103 [18] N. V. Ivanov, Subgroups of Teichmüller modular groups, Transl. of Math. Monogr., 115.

Amer. Math. Soc., Providence, RI, 1992.

[19] N. V. Ivanov, Mapping class groups, in Handbook of geometric topology, 523–633, North- Holland, Amsterdam, 2002.

[20] A. S. Kechris, Unitary representations and modular actions, Zap. Nauchn. Sem. S.-Peterburg.

Otdel. Mat. Inst. Steklov. (POMI) 326 (2005), Teor. Predst. Din. Sist. Komb. i Algoritm. Metody. 13, 97–144, 281–282.

[21] Y. Kida, The mapping class group from the viewpoint of measure equivalence theory, preprint, math.GR/0512230, to appear in Mem. Amer. Math. Soc.

[22] Y. Kida, Measure equivalence rigidity of the mapping class group, preprint. [23] J. McCarthy and A. Papadopoulos, Dynamics on Thurston’s sphere of projective measured foliations, Comment. Math. Helv. 64 (1989), 133–166.

[24] C. T. McMullen, The moduli space of Riemann surfaces is Kähler hyperbolic, Ann. of Math.

(2) 151 (2000), 327–357.

[25] N. Monod and Y. Shalom, Orbit equivalence rigidity and bounded cohomology, preprint, to appear in Ann. of Math., available at http://www.unige.ch/math/folks/monod.

[26] D. S. Ornstein, Bernoulli shifts with the same entropy are isomorphic, Advances in Math. 4 1970 337–352 (1970).

[27] D. S. Ornstein, Two Bernoulli shifts with infinite entropy are isomorphic, Advances in Math.

5 1970 339–348 (1970).

[28] D. S. Ornstein and B. Weiss, Ergodic theory of amenable group actions. I. The Rohlin lemma, Bull. Amer. Math. Soc. (N.S.) 2 (1980), 161–164.

[29] D. S. Ornstein and B. Weiss, Entropy and isomorphism theorems for actions of amenable groups, J. Analyse Math. 48 (1987), 1–141.

[30] S. Popa, Strong rigidity of II_1 factors arising from malleable actions of w-rigid groups, II, preprint, math.OA/0407103, to appear in Invent. Math.

[31] S. Popa, Some computations of 1-cohomology groups and construction of non orbit equivalent actions, preprint, math.OA/0407199, to appear in J. Inst. Math. Jussieu.

[32] S. Popa, Cocycle and orbit equivalence superrigidity for Bernoulli actions of Kazhdan groups, preprint, math.GR/0512646.

[33] S. Popa and S. Vaes, Strong rigidity of generalized Bernoulli actions and computations of their symmetry groups, preprint, math.OA/0605456.

[34] S. Vaes, Rigidity results for Bernoulli actions and their von Neumann algebras (after Sorin Popa), preprint, math.OA/0603434, to appear in Séminaire Bourbaki, exposé 961, Astérisque.

[35] R. J. Zimmer, Ergodic theory and semisimple groups, Monogr. Math., 81. Birkhäuser Verlag, Basel, 1984.

Max-Planck-Institut für Mathematik, Vivatsgasse 7, Bonn 53111, Germany E-mail address: kida@mpim-bonn.mpg.de