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INTRODUCTION : The study of a number of problems in group actions on

manifolds calls for explicit constructions of actions. Successful appli-
cations of surgery theory in the non-equivariant problems has been a
great motivation for various generalization of surgery to the equivari-
ant set up. However, the variety of problems which may be approached
via surgery in transformation groups is quite rich. The wide range of
phenomena which are to be studied in some of the traditional problems
(such as existence and classification problems) has limited the range

of applicability of the existing equivariant theories. As a result, it
seems appropriate to device specialized surgery theories which aim at
different classes of more specific problems.

In the problems which arise in conjunction with the existence and
classification of actions on manifolds, it is often useful (in agreement
with the general philosophy of surgery) to divide roughly the construc-
tions to two steps. In the first step, one uses methods of algebraic
topology to study the problem in the homotopy category. In the second
step one passes from the homotopy category to manifolds via surgery.
The objects of interest in the first step are Poincaré& complexes. Since
the category of Poincaré complexes plays an important role in the study
of smooth manifolds, it is natural, thus, to study homotopy related
problems of G-manifolds on the level of equivariant analogues of this
category. ‘ ' ‘

The guestion arises, then, as to what extent a Poincaré complex
with G-action should inherit the structure of a G-manifold. In this
paper, we suggest a category of Poincaré complexes with G-actions, whose
objects are called "normally linear Poincaré& G-complexes" and the
morphisms are "isovariant normally linear maps"”. This category inherits
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atl the homotopy aspects of the category of Poincard complexc: without
GG-actions, while it has a certain amount of "manifold information™

(from the category of G-manifolds) built into its objects and morphisms.
This is in the form of a "suitable stratification®” and a linearization

of the Spivak normal sphere bundles of strata.

The range of applications and usefulness of this category, of
course, depends on how successfully one is able to translate "the aloge-
braic topology” of a problem into the kind of information which would
allow one to construct "homotopy models" in this category. Constructions
of objects in a category ©f Poincaré G-complexes becomes difficult if
the candidate Poincaré G-complex is required to have "too much manifold
information" built into it. On the other hand, imposing "insufficient
-manifold-like structure"” on a Poincaré G-complex makes it difficult to
construct equivariant surgery problems from such complexes, (mainly due

to lack of equivariant transversality.)

Thus, it appears that the nature of the problem at hand should
determine the extent of manifold-like data required from homotopy models.
We will illustrate this point by studying the problem of equivariant
splittings of closed G-manifolds in our category. Theorem II. 1 and II. 2
give necessary and sufficient conditions for the existence of splittings
up to homotopy in ferms of normally linear Poincaré"Gwcomplexes. Theorems
IVv. 1, Iv. 3, and IV. 7 illustrate constructions and solutions of the
relevant surgery problems, using the homotopy models of Theorem II. 1.

To give concrete examples, Theorem IV. 5 considers the problem for
homotopy spheres and yields a generalization of Anderson-Hambleton's
theorem ([1] Theorem A) while Theorem III. 1 illustrates a shorter and
different proof of their theorem. Further applications of these ideas
will appear in a subsequent paper.

The contents of this paper is as follows. In Section I the category
of normally linear Poincaré G-complexes is introduced, and some relevant
definitions and background information is mentioned. Section II contains
the construction of objects of this category which will be used to study
equivariant splittings. Section IITI illustrates the theory applied to
the special case of homotopy spheres to give another proof of the
Anderson-Hambleton theorem.This section serves to motivate the genera-
lization of this theorem in Section IV. (Theorem IV. 5), and the solution
of the splitting problem up to concordance {(Theorem IV. 1, IV. 3 and
IV, 7) with varying degrees of generality. We conclude the paper by a
brief discussion of the algebraic obstructions which arise in the
general splitting problem.



Finally, we would like to point oul a few remarks and mention some
featurces which arce implicit in this particular choice of application
for normally lincar Poincaré complexes. First, our methods does not
require "general positionality"” or the so called "Gap Hypotheses”
which have been used by most authors. Here, the reader will find a
discussion of the problem of relaxing "general positionality” in the
equivariant surgery problems in Reinhard Schultz' survey article and
collection of problems [20]. Thus, the theories which use general-
position-type assumptions do not apply to our situation. Secondly, we
have considered non-simply-connected manifolds, not only to achieve a
greater degree of generality, but also to illustrate new applications
for the algebraic K-theoretic functor Wh? of [8], [9] which is the
‘relevant functor to capture such obstructions. We have postponed
explicit computations of these obstructions as well as certain other
surgery obstructions to a forthcoming paper. The reader, however, will
find some results in this direction in [9].

The third point concerns the notion of guasisimple actions and
their constructions. The homological hypotheses which are necessary in
the splitting problem and "the extension problem” of [9] use Zqﬂ -
coefficients ({local coefficients) where Zq :“Zhgz , When # is an
infinite group, one cannot replace zqﬂ-coefficients with Z(q}w-—
coefficients, where Z{q) is the integers localized at g . While the
constructions of [9] are given for Zqﬂ {(in order to provide necessary
and sufficient conditions for the constructions to exist), they work as
well with Z{q)ﬁ replacing qu everywhere. Thus, in all the homolo-
gical conditions in this paper, one can replace Zq by Z(q} ; but
the sufficient conditions obtained in this form will not be necessary
anymore. 8. Weinberxrger has ind&péndently studied "unextended homologi-
cally trivial actions” [23] (which is the analogue of our quasisimple
actions for the case of Z( )ﬁ-soefficients) using "Zabrodsky mixing”.
Weinberger's survey article in [24] contains further ideas and develop-
ments in conjunction with construction of actions. We refer the reader
to [20] for articles of Schultz and Weinberger and their references for
discussions of related results and problems.

Finally, to study G-actions on Poincaré complexes which are not
quasisimple, one encounters completely new phenomena. The methods of
Constructions which assume that G acts trivially on homology do not
apply to non-quasisimple actions. An alternative is to study such pro-
blems via "homotopy actions". This is the point of view of [7] (see
also [4]). Construction of non-quasisimple normally linear Poincaré



G-complexes {using homotopy actions) and further applications will be

discussed in a forthecoming paper of the author.

REMARK: It appears to us that the constructions of normally linear
Poincaré complexes, {e.g. as in Section II) may be combined with
Browder-Quinn's paper in Manifolds, Tokyo, 1873, (University of Tokyo
Press 1975) to give a gené&al set up for classification theory of quasi-
simple actions. Moreover, Browder-Quinn theory can be potentially use-
ful to analyze the G-manifold structures on normally linear Poincaré
G-complexes. In this fashion, one may try to refine the results of our
Section IV by analyzing the relevant surgery obstructions in the
Browder-Quinn theory (instead of passing to concordance to bypass
-possibly non~zero obstructions).

SECTION TI. PRELIMINARY NOTIONS:

Throughout this paper G is a finite group of order g , and we
will work in the category of G-CW complexes, while G-actions on
smooth manifolds are assumed to be smooth. The smoothness assumption
is made only for convenience sake and most of the results, when appro-
priate, are true about more general types of action with some regulariy
conditions, e.g. locally smooth PL actions, etc,

An earlier definition for a Poincaré G-complex was suggested by
Frank Coneolly [11], where all the homotopy analogues of the ingredients
involved in a G-manifold were built into the definition of a so called
"G-Poincaré complex". For our purposes, however, it is appropriate to
introduce G-complexes which have inherited some linear structure on the
regular neighborhoods of various strata. This restriction, in this case,
makes it possible to translate the homotopy problems involving (non-free)
G-manifolds into guestions which involve the homotopy structure of the
fixed point sets without losing the linear information naturally given
for their normal bundles. Furthermore, we will discuss methods of
construction for such G-complexes with this richer .structure, and obtain
positive answers in a varietv of circumstances.

Let € be a category of Poincaré complexes {(pairs). ( could be
the category of simple Poincaré complexes, or the category of finite
Poincaré complexes, Or a more general category, for instance [22]. We
will fix € during the following discussion and suppress any reference
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to 1t unless it is necessary. Por the applications, the context will
determine the category (.

1.7. DEFINITION: A normally linear Poincaré G-complex {pair) with

one orbit type is a Poincaré complex {(pair) in € in .the ordinary
sense (not necessarily connected). A normally linear Poincaré G-pair
(X,¥) with (k+1) orbit-types is defined inductively as follows.
Let H be a maximal isotropy subgroup. Then (G 'XH ; G 'YH} is re-
quired to be a Poincaré G-pair with one orbit type which has an equi-
variant regular neighborhood pair {R,31R) in (X,Y¥Y) such that:

(1} there exists a G-bundle Vv over G 'XH such that (R;BQR) is

G-homeomorphic to (D{v) , D(v|G -+ YH)) H

{2) there is a normally linear Poincaré G-pair (C,3C) with k orbit
types and a G-homeomorphism £ : S{v) —> 3+€£:8C such that
X = C:gD(v} and Y = 3_cuD(v|c-v") where 3 C = 3C-19,C and

£ = fls(vlc-¥YhH .

REMARK: Normally linear Poincaré G-complexes defined above are diffe-~
rent from Conolly's [11] G-Poincaré ccmplexes‘in at least two different
points. First, the Spivak normal fibre space of one stratum in the next
is already given a linear structure. Second, the Poincaré embeddings of
our definition are more manifold like in that the complement of one
stratum in the next is also prescribed (subject to the appropriate
identifications coming with the structure}. As we shall illustrate in
Section IV, this results in a great simplification of the construction
of surgery problems.

H . An isovag-

v is called the equivariant normal bundle of G-+ X
riant normally linear map is an eguivariant map which preserves the
isotropy types and the normal bundles {after the identification of re-
gular neighborhoods and disk bundles). The G~-homeomorphisms £ and
f* above are (G-cellular) isovariant normally linear maps of Poincaré
pairs with k orbit types. It is possible to show inductively that for
each subgroup XKgG , {XK.YK} is a Poincaré complex which is Poincaré
embedded in (X,Y) , and its Spivak normal fibre space has a N{X)~
linear structure. (N{K) = normalizer of X in @& ).

Normally linear Poincaré G-complexes are constructed in [41,[5],
[71,19]) in the semifree case. Smooth G-manifolds are normally linear



Poincarl G-complexes in a natural manner, We drop the prefix ¢ when-

ever the context allows us to do so.

I.2. CONVENTION: All Poincaré complexes with G-actions are assumed

to be normally linear Poincaré complexes. If LgXg@G, dimXK-’dimKL>»2.

>

If X 1is connected, we assume that XK is connected for all XgG .
All manifolds are compact and all Poincaré complexes are finite.

We will study first the case of semifree actions which serve as
a model for the inductive proofs of similar results for actions with
several isotropy groups. However, the generalization of the results of
the semifree case is not immediate, even in the case of actions on
‘spheres (or disks) due to the fact that the fixed point sets of iso-
tropy subgroups of composite order satisfy very little homological
restrictions in general. In fact, Oliver's work [17] shows that in the
case of disks, only certain Euler characteristic relationships are
necessary (and sufficlent). Therefore, it is inevitable to consider
some restricted classes of actions where some minimal homological
conditions are imposed on the fixed point sets of various isotropy
subgroups.

A convenient category of G-complexes is the caﬁegoxy of quasi-

simple actions.

I.2. DEFINITION: An action ¢ : GxX-X is called quasisimple if for

each isotropy subgroup XKgG , the action of N{X)/K on the fundamen-

tal group of each component of Xi and, subsequently,

H, (x5 ; P (xX)) are trivial. Note that the triviality of the action

of N(X)/K on ﬂ}(X§} makes it possible to defige unambiguously the

action on, the homology of X§ with local coefficients qu1{x§) .
systematically)}.

(Recall that Zq = Z/q9 2 , One may also use Z{

q)

REMARKS: (1) Quasisimple actions were introduced and studied in [9].

{2) Replacing Zq by Z(q) in the above definition, for a free G-
space X , guasisimplicity means that n1£X/G}55w?(X)>cG and G acts
trivially on the homology. This notion has been called "an unextended

action" by S. Weinberger and studied in [23] independently.



1.3. DEFINITION: Let X be a connected G-CW complex, where G
is a finite group of order g . X is called a simple G-space {and the

action is called simple} if (E X)q is fibre homotopy equivalent to

X
G G ,
(BG xX)q . Herxe xq denotes the localization of X which preserves
m,(X) and localizes = (X) for i>1 at %/g%Z . Cf. [10] and fol

Section IIL.

In dealing with non-simply-connected complexes, it is necessary to
consider simple homotopy types and simple homotopy equivalences. The
eguivariant generalizations of the Whitehead torsion are studied in
[181,[151,114]. To construct a G-action on a simply-connected finite
complex X (up to homotopy type in the category of finite complexes)
the projective class group KO(ZG) and certain subgroups or subguotients
play an important role (cf. [21],[171,{2]1,[1] etc. ) If 7, (%) # 1 , then
the analogue of Kgizc) is an abelian group Wh (ncl) where ﬁ-ﬂ1(X3
and I is the extension 1 —> 7—> I'—>G —>1 obtalned from the
action of G on m,(X) (whenever defined). Whj(mcT) and its alge-
braic properties and topological applications are treated in [9], and
an alternative definition in terms of the fibre of a transfer map bet-
ween Whitehead spaces is given in [8].

We will briefly recall the definition and some properties of
Wh?(ﬂ<:?) when T = mxG (the case of quasisimple:acticns). Let A be
the category whose objects are pairs (M,B) where M is a finitely
generated 4T - projective module which is free over 7% and B is a
 -basis for M . Two objects are egquivalent (M,B) ~ (M',B') if there
is a 7 - simple isomorphism £ : (M,B) —> (M',B'} . Let A' = A/~
and consider the monoid structure on A' induced by direct sums {(and
disjoint union), taking (0,8) as the neutral element. Then (2ZI,G)
generates the monoid of trivial elements T , and we define
Wh?(nc:f}7= A'/T . It is an abelian group which fits into a 5-term
transfer exact sequence Wh, (T} >Wh {(m) J§>Wh iﬂt:F)->K (2T} >K (Zw) .
The homomcrphism o is induced by the forgeﬁful functor £M By > M .
Furthermore, let Wh {ﬁ,Z } = K {Z ﬁ}/{+u} . Then one has a commutative
diagram

Wh {(n} -> Wh (nel) L K (217}

canon .\ /

Wh,i (w:zq}
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$ a generalization of the Swan homomorphism {cf. [21])
g{26G) (when 7 = 1 ).

where aeoey i
0t (Zq)x~*> X
A topological application of Wh?(HCZP} is as follows. Suppose

(X,Y¥) is a pair, ﬁ1ix) =1 , and X is a finite G-complex. Let

$ : GxY¥Y —> Y be a free quasisimple action, and let H*(X,Y;Zqﬁ) = 0.
Then there exists a free finite G-complex X' such that Y is an
invariant subcomplex, and there exists a 7m-simple homotopy equivalence
£: X —> Xrel ¥ if and only if YT(X,¥) = 0 in Whij(ncmxG) ,
where 1(X,Y¥) is the Reidemeister torsion of the pair (X,¥} (well-
defined in Wh1£v;zq} due to the homological hypothesis). Cf. [9]

Section I for further details.

©I.3. LEMMA: Suppose X is a finite semifree simple G-complex. Then

H*(K,XG;an} = 0 and YT(X;XG)EEth(ﬂCZﬁ x G) wvanishes, where

T o= w1(X) .

PROOF : Cf. [9] Proposition II.3.

We extend the notion of admissible splittings of [1] to non-simply
connected closed manifolds (Poincaré complexes). Let M® be a closed
manifold and let M" = M?l}mg be a splitting so that M, NM, = M, .
It is an "admissible splitting® if T, (3M,) awiiniiiﬁﬁ](ﬂ) =71 {simi-

larly for Poincaré complexes).

? —> M" be semifree and suppose that

I.4. LEMMA: Iet ¢ : Gx M
M = M, UM, 1s an equivariant admissible decomposition of {M,¢) such
that M, are simple. Let M = F and M, AF = F, . Then

H*{Mi,Fi;zqw} = 0 and yr{Mi,Fi} =0 for i 1¢2,1 = aaiM} .

i

#

PROQF: This follows from I.3.

In the next section we will show how to construct normally linear
Poincaré complexes to solve the eguivariant splitting problem for closed
G-manifolds on the level of homotopy.



SECTION II. SPLITTING UP TO HOMOTOPY:

As before, G 1is a finite group of order g . Let @ : Gx DR L
be a smooth, semifree action on a homotopy sphere. In {1] Anderson and
Hambleton studied criteria for the existance of equivariant homological
symmetry of (Zn,¢}  1.e. ? = D?EJDg where each D? is an invariant
disk and Hj({D?}G} = Hji(ng}gl for all 3j . Roughly speaking, vani-
shing of a semi-characteristic type invariant characterizes (Zn,¢)
which are homologically double in the above sense, provided that
n>—2dimEG . Anderson and Hambleton call this structure a {(strong)

balanced splitting.

Since any homotopy sphere is a twisted double, the results of [1]
may be interpreted as finding obstructions to make a {given] "non-
equivariant symmetry" into an equivariant one. Besides leading to the
discovery of a new and interesting invariant of such semifree actions,
this equivariant symmetry may be regarded as a homolocical regularity
condition {i.e. similarity to the linear actions). From this perspec-
tive, it is natural to ask if such equivariant splittings exist for
more general actions. In this section, we propose to study this gues-
tion for closed manifolds under some homological restrictions which
impose P.A, Smith Theoretic conditions on the fixed point sets of
isotropy subgroups. Qur approach is to find invariants which characte-~
rize the existence of equivariant splittings on the level of normally
linear Poincaré complexes, thus reducting the problem to an equivariant
surgery problem. Since the fixed-point sets of non-trivial subgroups
are, in general, non-simply connected, we will study the problem with
special attention to the fundamental group. The following theorem gives
necessary and sufficient conditions for the existence of eguivariant
splittings in the category of normally linear Poincargé complexes, with
semifree actions. The general case is stated separatelv and its proof
is an elaboration of the arguments for the semifree case.

II.1. THEOREM: Suppose $ : GxX —> X 1is a guasisimple semifree

action such that (X,¢}) is a normally linear finite Poincaré complex
with {x,&}e = F , v(FcX} = v , and a {non-equivariant) admissible
splitting X = Xqiixz, FNAX, = F, . Suppose (1) H{X,,F.;2 7) = 0

7 7 i i A1 g ,
and {2} yt(xi,F}) €?&H{ﬁ%:ﬁ x G} wvanishes., Then there exists a guasi-
simple semifree normally linear finite Poincaré G-complex X' with the
following properties: (a) tK‘ia = P, vwiFecX') =v ; (b} X' has an
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equivariant admissible splitting X' = X;thQ ' ij?F =P and X;
arc simple; (¢} therc exists a normally lincar isovarianit map

f : X' —> X which induces a n-simple homotopy equivalence; {d) X;
and ax; are m-simple homotopy equivalent to Xi and axi rel Fi
and aFi respectively. Furthermore, the hypotheses (1) and (2} above

are necessary for the existence of such X' .

PROOF: 8ince X is normally linear, there exists a Poincaré pair
(C,8C) with a free G-action, such that 93C = 8{v} and X = D{v) UuC
{after appropriate identifications.) Let Ci = Cf}Xi , and let

B_Ci BCI?Xi ’ 3+Ci = CiWBXi , BOCi = 3+Cif}3_Ci . Note that

3053 = Sgcz and B*C1 = a*cz ; denote them by 89 and 3+ respecti-
vely. Thus we have the following diagram

W

3.C >C
x/}ﬂ 1 //2ﬂ 1
3 53, \
0
< ‘ -}
ac \\ e > C
71 \ 71
A\Y) / Y /
9.Cy , >C,

DIAGRAM (D}

in which not all maps are eqguivariant. If X' exists with the desired
properties, we can write X'= C'yD{(v) and obtain a diagram (D'} in-
volving C‘7Ci and the analoguous boundary decompositions in which all
maps are eguivariant., Furthermore, we will get a map of diagrams

(D') —> (D) with the induced map 85 —— 80 R B; —> 3, , C' —> ac ,
and C' —> C being the identity or an egquivariant w-simple homotopy
equivalence, as it is clear from the context and the reguirements

{a) - {(d) above.

Let us use an asterisks to denote orbit spaces (e.g. X¥* = X/G)
and a bar to denote a covering with the deck transformation group G
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(c.g. C* = C in the above situation). Thus we look lor a diagram
(D'*} of orbit spaces in which the spaces C;* and 3}* as well as
the dotted arrows are to be determined:

2 FE i o o e e e e o o e o - -1 ci*
9- i >, 1
/\ / \\
’
/ A\
// \\
o o == N o o o e = " e o T Y
30 >3+ 5
~J N Y
ac' ‘\ > i
A \ 7
A 7
A 4
4 ‘
;'* “\J 7
& e e i v e o o o e e o ot e o e e o rE
2.6 > €

DIAGRAM (D'*}

The left side and the right side faces of the parallelograms in
(D) , (D') and (D'*) are push-outs with respective push-out maps,
and we denote them by (LD) , (RD), (LD'} , etc. Moreover, in (D'¥*}
we have the following equalities up to homatopy; CH* = C* ,aé* = 3%,
B”CQ* = S”CE and 98C'* = 3C* and the appropriate maps are induced
by the corresponding maps in (D)} .

In the terminology of [9] Theorem V.1, we wish "to push forward”
the free action from the push out diagram of free G-spaces (LD} to
the corresponding diagram (RD) after possibly replacing (RD} by
homotopy -equivalent complexes. Since the constructions of [9] are
sufficiently functorial, they apply to this situation. Briefly, note
that H*{C&,3+Cizzqﬂ} = H*{ci,anci;zqw} = H*{Xi,Fi;EqH} = 0 by
Poincaré& duality, excision and hypothesis (1) of the Theorem. Further,
the quasisimplicity condition ensures that the scheme of [9] applies

to construct the appropriate localizations of the diagrams

3_Cy > ¢y

) N
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and then takc push-outs. The finiteness obstruction as well as the
Whitehead torsion obstruction for choosing C; to be finite and
n-simple homotopy equivalent to C ; is the image of the Reidemeister
torsion T{Xl Fi} in Wh {nca xG) . and it vanishes by hypothesis
(2} . It follows from the duallty of the Reidemeister torsion [16] that
the corresponding obstructions for choosing 8; to be finite and
{equivariantly) wn-simple homotopy.equivalent to 2 _ vanishes as well
{cf. [9] Theorem 1.13). The existence of an equivariant w-simple homo-
topy equivalence (C',3C'} —> (C,98C) and n~simple homotopy egquiva-
lence of Cs and Ci follows from the constructions and the functo-
riality of push-outs,

The necessity of conditions (1) and (2) of the Theorem for exis-
tence of X' together with the appropriate eguivariant splitting
follows as in {9] Section IXIT.

Equivariant splittings of actions with two isotropy types and
semifree actions can be treated in a similar fashion. This observation
allows one to generalize Theorem II.1 to actions with several isotropy
types, provided that the fixed point sets of adjacent strata are rela-
ted to each other in the same manner that the stationary point set of
G and the free stratum are related in the semifree case. The condition
of quasisimplicity as in Definition I.2 ensures that this is the case.
{The hypotheses of the following theorem may be relaxed at the expense
of introducing more complicated notions and lenger statements, but we
will not do this). The proof of this theorem uses an inductive argument
similar to II.1 and we will omit it.

IT.2. THEOREM: Let (X,¢) be a finite G-Poincaré complex. Suppose

X = X1 sz s and denote Fi{K} = XK nXi . Assume that the splittings

F, (K) ur, {K) = xX are admissible for all isotropy subgroups K cG
such that H (F K} ., F (L} ; zqw {F {X)})) ¢ and YT(FiiK) F

F (LY} £Wh {ﬁ (F {K})c:ﬁ QF {X)) xG) vanish, Then there exists a
flnlte G Po;ncaxe camplex {X‘,w) with {X’,W}E = {x,@)g and an
equivariant admissible splitting X' = X; UXé such that (a) there
exists a normally linear isovariant simple homotopy equivalence
f:x—>X extendéagwﬁﬁﬁxgnplgs;qgr”X’G = Xsczx_: (B) X, and
X' and X: nx'® are simple homotopy equivalent to xi and XiiKXK

repectively and X’Giﬁx' = XG nx, .
i i

i
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SECTION 111: A SPECIAL CASE

In the special case where M" is a homotopy sphere, an equiva-
riant splitting is obtained as an application of II.1, or by a direct
argument. This yields another proof for a Thecorem of Anderson-
Hambleton [1]. We will mention this special case separately to illus-
trate the theory in a concrete case.

n

ITY.1. THEQOREM: Let I be a homotopy sphere, ¢ : G x g —s P

a semifree action and Fk = ZG where v = vw(FaoZ) and dimv> K
Given a splitting P = F12}92 , there exists a correspending equiva-
riant splitting z® = m’;‘ ung into disks such that Di NF = F, if and

only if H*(Fi;zq} = 0 and O{Fi) = 0 in KO(ZG) .

PROQF: Choose X- i to be diffeomorphic to p" and X1rlF = E?

1 ‘
and axlfo = BF1 . This follows easily from handle body theory and

general positionality, since n > 2k , and we are working non-~eguiva-

riantly. By Theorem II.1 we have a normally linear finite Poincaré
complex X! such that (x',ax;;g = (P,,3F)) , and V(F eX]) = V|F, ,

and there is an isovariant map £, ¢ X; —> L which extends the

inclusion on D(ul?$§ . Since Hi{Fq) = 0 for ia§§~? , it follows
that X% is obtained from D(v) by adding free G-cells of dimension
at most k . Thus, f? can be deformed into an isovariant embedding
extending the inclusion of Q(vlF]} . Let R be an equivariant regular
neighborhood of f1{X§}tJB(v) in " . Then closure (R-D(v|F,)) is
diffeomorphic to 9? and IV is equivaxiantly_split as D?tJDg

n

where Dz = 5 - int{ﬂ?) . The necessity of these conditions follows

easily as in [1]) or [2] Section IX.

III.2. REMARK: The existence of X% follows from a direct argument,
by attaching free G-cells of dimension £k to S(v|F,) as in [2] II.V
or [3] Section I1I. Then the eguivariant map f1 2 Xy —> t® extending
the inclusion D(VIF1) ~—3» I® is a direct consequence of obstruction
theory, and it can be deformed rel Q(v]FQ) to an isovariant map using
general positionality of F .
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SECTION IV, SPLITTING UP "0 CONCORDANCIE:

In this Section we use the existence of equivariant splittings of
Section 11 to find equivariant splittings of a G-manifold (M,¢) based
on a given non-equivariant splitting. This illustrates the construction
of surgery problems from a given normally linear Poincaré G-complex.

When the appropriate obstructions for the existence of an equiva-
riant splitting in the category of normally linear Poincaré complexes
vanish, we obtain (X',¢'} which is isovariantly w-simple homotopy
equivalent to (M,¢} . Next, we return to the category of G-manifolds
by smoothing (X',¢') eguivariantly, while preserving the splitting up’
to equivariant homotopy. The result will be (M',¥) which is isovari-
antly n—simple homotopy equivalent to (M,9) {relative to an eguivari-
ant regqular neighborhood of MG = M‘G }. Rather than a detailed analy-
sis of the relevant surgery exact seguence (leading to the surgery
obstructions in order to arrange (M',Y¥) to be G-~diffeomorphic to
{M,¢) and inherit the desired splitting from (X',¢')), we pass to a
restricted concordance in order to get a positive answer. Namely, we
change the action on the free part of {(M,¢} rel S(u(MG}) to get
(M,¢) concordant to (M,4){rel MG) such that (M,y) is equivariant-
ly split as desired.

If m,(M) = 1, then this change in action is merely taking the
equivariant connected sum of (M,4) and an "almost linear" sphere
(Sn,o) . Thus in this case, the G-homeomorphism type of (M,4}) is not
changed in order to be eguivariantly split. Again we give the proof in
the case of semifree actions and only state the general case.

IV.1. THEOREM: . Let ¢ : G x MY —> M" be a gquasisimple smooth semi-
free action with {M,@}G = Fk, viFcM) = v and a (non~equivariant)
admissible splitting of the closed manifold M = M?%}ME, Mi!?F = Fi .
Assume that™ {1) H*£Mi,Fi;Zqﬂ) = 0 , and {2} YT{Mi,Fi}£EWh?(w<:ﬁ x G}
vanishes, Then there exists a quasisimple semifree G-action on M ,

say ¢ : GxM —> ¥ , such that: {a) (M,¥} is concordant to (M,¢)
relative to F ; (b)) (M,y¥) has an equivariant splitting M = M;LJMé
where M;, are simple, M;wa = Fi and Mi and 3M§ are m-simple
homotopy equivalent to Mi and Smi respectively., Furthermore, con-
ditions (1) and (2) are necessary for the existence of (M,¥) .
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PROOF: §Since by Theorem 1I1.1 the conditions (1) and (Z2) arc necessary
for the existence of equivariant splittings in the category of normalliy
linear Poincaré complexes, {cf. II.1) we need to show only their
sufficiency.

First, we construct the concordance on the level of normally
linear Poincaré complexes. Thus we have an egquivariantly split G-com-
plex X' which satisfies all the stated properties if we replace X
by M in Theorem II.1.

IV.2. PROPOSITION: Under the hypotheses of IV.1, there exists a
normally linear G-Poincaré& pair (¥,9Y) such that: (1) ¥ =r x[0,1]
and V(YG<:Y) = vwx[0,1} ; (2) 8Y = MUX' where the induced action

on M is ¢ and on X' is the action given by Theorem II.1.

PRQOF: Let £ : X —> M be the isovariant map of II.1, and let ¥
be the mapping cylinder of £ .

We continue the proof of IV.1 by finding a normal invariant for
{Y,9Y) which restricts to the natural one given on M« 2Y . Using the
normal linearity, let Y = D(v=x[0,1]) uY' where
3Y' = CUS(vx[0,1]) uC' wusing the notation of II.1, and Y¥' has a
free guasisimple G-action.

Let BG be Stasheff's classifying space for stable spherical
fibrations. As before, we denote the orbit space by an asterisk:
X*=X/G . Let o : ¥Y'* —> BG be the classifying map for the Spivak
spherical fibration of Y¥'* . Then o |C* 1lifts to BO since C* is
a manifold. Also this lift extends over 8(v=x[0,11)* . The obstruc~-
tion to extending this to a lift of o to BO is an element
XER*{(Y'*,C*uS{vx[0,1]1)*) , where h* = generalized cohomclogy theory
of G/0 . Since H*(Y',CUS{v x{0,1};;zq) = 0 by excision, the Cartan-
Leray spectral sequence for the covering pair (¥',C) —3 (¥'%,C%)
collapses and H°(B Lh¥(YY,C)) = h*{Y'*,C*) , From the hypothesis of
quasisimplicity, it follows that € acts trivially on h*(Y',C)

{cf. [9] 11.6 and Lemma II.10) and h*{¥Y'*,C*) sh*(¥Y',C} . Thus ¥ is
g~divisible. On the other hand the transfer tr(X) € h*{¥',C}) vanishes,
since Y' is (non-equivariantly) homotopy equivalent to Cx {0,1] .
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Thercfore ¥ = 0 and o lifts to BO .,

This yields the desired normal invariant, say
£ ("', W) —> (¥'%,0Y'*) such that W = C*US(vx[0,11)* uV"
and f | C*US(vx[0,1])* is the inclusion. The splitting
Cr#* = C;*t5C§* {as given in II.1} induces an eguivariant decomposi-
tion V =V, UV, , V.0V, =V = 3V, = 3V, . Let fi}vi , i=0,1,2 .
The surgery obstruction to making £, 2 (vy,0V,) —> (C3*,3C %) into
a homotopy equivalence rel S(v=x 1)* such that ?1 :151,353}—~¢»{C{,8C;)
is a m-simple homotopy equivalence rel S{v x 1) vanishes by [22]
Theorem 3.3 (cf. [9] Theorem II.7}. Let _N?*i be this normal cobordism,
and add ,N?+1 to v°H! , to obtain a new normal map (after
smeothing'cerners, etc.}, Then £' ; W' —> ¥'* with

W' = c*us(vx[0,1N*uv' , V' =Viuv, , and

along V

£ IV1 2 (V],3V)) —> (C1%,3CH%) is?a homotopy equivalence

rel S{v x 3)*:33C% {and the induced map on the G-coverings is w~simple).
Next, we can do surgery on f£' rel C* U S{vx {9,1}}*%3V% to make it
into a homotopy equivalence of pairs, applying again Wall's Theorem
{[22] Theorem 3.3) since w}{C§} %'HTKY’) 27 . Call the new map

£% : W' —> V' , where W' = C*US(vx[0,1])*UV" and V"=ViUVj ,
vy = vy and f" (V§ is also a homotopy eguivalence (and £" :V"—>C!'
and f£" i?g are T-simple equivalences). Adding - D{v=x [0,1]) back
to W" along S(v=x[0,1]) yields the desired concordance. (The reader
can easily verify that W" is an s-cobordism with a free G-action, and
M} = ViUD(V=x1| F,) and M) = ?giiﬁ(v x 1| F,) yield the eguivariant
splitting required by the Theorem).

1v.3.3 THEOREM: -Suppose T,(M) =1 in IV.1. Then there exists an

almost linear sphere {s®,0) such that the equivariant connected sum
M,¥) = (M,9).# (sT,0) admits an equivariant splitting as in the con-
clusion of Theorem IV.1.

PROOF: ILet ?f:WhiiG} be the torsion of the relative h-cobordism W”
with respect to C/G . Choose xgsﬁg and the linear sphere

S(TXMJBR) = s where the tangent space T M has the linear represen-
tation induced by ¢ . Let k®*!  pe the concordance S§" x [0,1] ob-
tained by adding free 2~handles and 3-handles to the free stratum of
$" so that the resulting G-h-cobordism has torsion -7 . The new
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cquivariant concordance Mx [0,1] # s x [0,1] (where the connected
sum is along an arc {X)} x[0,7] in the stationary point sets) is
actually an equivariant s—cobordism, and hence a product. But

3(Mx [0,1] # 8" x[0,1] with the induced action is G-diffeomorphic to
(M, ¢) U (M,p#0}) where o is the "alomost linear" action induced on
s™ x {1} in the concordance S" x [0,1]1 . (see [51]).

IV.4. COROLLARY: Given (M,¢) as in IV.1, and so that ﬁ1(M) =1,
there exists a smooth action ¢ : GxM —> M such that (M,y) has
an eguivariant splitting as in the conclusion of Theorem IV.1, and
{M,9) 1is G-homeomorphic to (M,y) .

If M' is a homotopy sphere, then we get an equivariant decom-
position into disks, thus generalizing the Anderson-Hambleton Theorem
[1] Theorem A. Note that the methods of [1] which are based on general
position arguments do not apply here, since codimensions could be quite
small,

IV.5. THEOREM: TLet ¢ : GxI® —> I” be a semifree action with
(£2,6) = F and v(FeD) = v, dimv > 2 . Assume that £ =D} uD;
with D?f1? = Fi is a non-egquivariant splitting. Then there exists
a smooth semifree G-~sphere (I,y) such that (I,¥) is G-homeomorphic
to (£,0) , (Z,))¢ =F , y|Gxv=¢|Gxv, and (I,y) has an equi-
variant splitting into disks I = D" uD" with (™€ - F, 1if and

i ~ 3 = i % ( i =
only if jiﬂ( 1)- o4 {Hj{Fi)) 0 in Kp{zG) , i 1, or 2 .

IV.6. REMARK: Suppose Fk is a modg homology sphere. Then Anderson

and Hambleton prove that the necessary and sufficient conditions for
existence of a "balanced splitting” of Fk {i.e. F is homologically
a double)} is that a certain semicharacteristic type invariant vanishes
{cf. [1] Theorem B). Thus Theorem IV.5 can be applied to generalize
this result of Anderson-Hambleton and improve their dimension hypothe-
sis in Theorem B of [1] from dimv2 k+2 to dimv >2 .

As in Section II, we can generalize the above results to actions
with many’ isotropy subgroups. The proofs of the semifree cases can be
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adapted to serve as the jinductive step of the following theorem. The
normally linear Poincaré G-complex which is the homotopy model in this
case 1is provided by Theorem II1.2. We omit the details.

IV.7. THEOREM: Let (X",¢) be a smooth closed G-manifold with an
admissible splitting X = X1tix2 , satisfying all the hypotheses of
Theorem II.2, Then there exists a smooth G-action ¥ : GxX —> X such
that (X,y) is concordant to {(X,¢) relié; and (¥,¢) has an equi-
variant splitting X = X;i)xé which satisfies the conclusions (a) and
(b} of Theorem II.2.

SECTION V. REALIZATION OF OBSTRUCTIONS:

One may use normally linear Poincaré complexes to construct actions
with admissible splittings which do not admit necessarily egquivariant
splittings. Again, the results of this section may be specialized to
the situation considered by Anderson-Hambleton [1] to give an alterna-
tive proof of their Theorem C. The impertantﬂaigebraic calculations of
the hyperbolic map in the Rothenberg-Ranicki exacﬁ sequence for the
quaternionic groups are due to Anderson-Hambleton ([1] Proposition 5.2
and [13] Lemma 6.1) who applied it in their examples of actions on
spheres without balanced splittings. These calculations are used to take
care of the case where the 2-Sylow subgroup is the gquaternion group of
order 8, denoted by Qg .

V.1. ‘THEOREM: ILet M be a simply~connected‘clcsed manifold, and
M? = M?iJMg be an admissible splitting. Suppose that chzm is a
closed submanifold with normal bundle v which admits a G-bundle
structure with a free representation on each fibre, where G 1is a sub-
group of 8SU(2) whose 2-Sylow subgroup is either (i} cyclic or (ii)
QS and K # 1 mod 4 . Assume that {Mg+1,Fg+§} is a manifold pair
such that B(MD,FG) = [M,F) satisfying the hypotheses:

{1} for i =1,2 ﬂ1£Mi} = 1 and (2) H*{Mi,Fi;Zqé = 0 , where

Fi = MifiF + 1 = 1,2 . Then there exists a guasisimple semifree action
$ : GxM' —> M' such that M‘G = F , where M' is homotopy equiva-
lent to M . Further, (M',¢) has an equivariant splitting

k3 5 - 3 4 o 3 o
H{iiﬁé + MIOF =F, if and only if ZI{-1}) agﬁjiﬁi,fa} = 0 in K, (2G) .
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The proof of this theorem and further applications of normally

linear Poincaré complexes will appear elsewhere,
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