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Introduction

Let M be a pure motive over Q and h = h(p, M) := [Pn p(d*%) — Py(d¥)] + 1
denote corresponding h-invariant of M. At critical points, Deligne’s conjecture
[Del] relates the value of an L-function of M to a certain period and in this case
we have formulated a conjecture [Dab], [Pal] according to which for each prime
p there exists a h{M)-admissible measure u on the Galois group G, the Mellin
transform L, of which is a C,-analytic function of the o(log") type which interpo-
lates the special values of the L-function of the motive M at the critical points. J.
Coates [Col,2] described, in the p-ordinary critical case, an invariant form of the
conjecture. At non-critical points, the conjectures of Beilinson [Bel] describe the
leading coeflicients of L-function in terms of regulators. A. Scholl [Scho] showed
how periods and regulators may be interpreted as periods of mixed motives and
gave an interpretation of Beilinson’s conjectures in terms of a Deligne conjecture
for critical mixed motives.

In this paper we describe a conjectural generalization of the above construction
of h(M)-admissible measure to arbitrary (possibly non-critical) pure motives. We
also propose a second possible construction of p-adic L-function using ideas from
[Pa2], [GrS], [MaW]. At the end we give some remarks on the central critical values
of L-series.
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1 Mixed motives (over Z)

1.1 Category of mixed realizations ,
Let M Mg denote a category of mixed motives over @ (see [Jan|, where such
a category has been constructed using absolute Hodge cycles). It is an abelian
category, containing M, a category of pure motives over {Q, as a full subcategory.
Let’s recall the necessary definitions. Associated to a mixed motive M € MMgq
is (in a functorial way ) a collection of de Rham Mpg, Betti Mp and l-adic M
(for all primes I) mixed realizations, which are respectively vector spaces (of finite
dimension d = d(M)) over Q, Q, Q; respectively (here we take for Q the algebraic
closure of @ in C). These realizations are endowed with the additional structures:
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(i) Mpg is equipped with a decreasing exhaustive filtration {F*}1ez (the Hodge
filtration ) and an increasing filtration {W,, } mez (the weight filtration ),

(ii) Mp is a mixed Q-Hodge structure, i.e. it admits an involution F and there
is an increasing filtration {Wp, } mez (the weight filtration ) on Mp and a decreasing
filtration {F*}rez (the Hodge filtration ) on Mp®qC, which induces a Q-structure
of weight m on Gr,",‘:.MB = WnMp/W,._1Mp, that is

Gr¥ Mp @ C = @y gmmMP

with
Foo(MP?) = MP9 and FPGr¥ Mp @ C = @pupM? T

(iii)V; prime M; is a Gal(Q/Q) - module with an (Gal(Q/Q)-equivariant ) filtra-
tion {Wn }mez (the weight filtration)

(iv) There is a "natural” Gal{C/R)-isomorphism of C-vector spaces I : Mg ®
C — Mpr ® C identifying the filtrations induced by the Hodge filtrations (respec-
tively, the weight filtrations) on both sides

(v) There exists comparison isomorphisms I; : Mg @ Qi — M; transforming
the weight filtration of Mp into the weight filtration of M; and F into complex
conjugation.

Remarks.

(i) Let V§ be the category of smooth quasi-projective varieties over Q and MRq
the (abelian) category of mixed realizations. Jannsen {Jan] has constructed functors
H": V% — MR, Yrez, associating to each X € Vg its n-th realization

H™(X) = (Mpr(X), Mp(X), M{"(X); o, 1)

Define the functor H : V§ = MRq by H(X) := @n3oH"(X). Then MMgq
(for absolute Hodge cycles) is (by definition) the Tannakian subcategory of MRg
generated by the image of H.

(i) We define a mixed realization H to be pure of weight m, if W, H = H,
Wm-1 =0, and the category Rq of realizations to be the full subcategory of MRq
consisting of direct sums of pure realizations. Then any H € MRq is a succesive
extension of the pure realizations Gr'V H.

(iii) WM € MMg and Grl¥ M are pure motives for any M € MMg. In
particular, any mixed motive is a succesive extension of pure motives.

We would like to say a few words how one can construct mixed motives explicitely
[Har].

The idea is in the use of Shimura varieties; the Hecke algebra of operators acting
on the Shimura variety S then cut it into the mixed motives. In general Shimura va-
rieties are not projective. So we have to compactify them; the Baily-Borel- and the
toroidal compactifications are known. One can explicitely construct the canonical
models of these compactifications (R. Pink); in the case of Baily-Borel compactifi-
cation it is a highly singular space, which has a stratification by a union of canonical
models of Shimura varieties (belonging to smaller reductive groups). To each indi-
vidual piece in the cohomology of the boundary one can attach the corresponding
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Eisenstein series of a complex variable s. To understand the Betti realisation we
have to investigate the image of the global cohomology of S(C) (with coefficients
in suitable sheaf) and it depends on whether the Eisenstein series is holomorphic
at a suitable value s,

The L-function of M is defined as the Euler product

L(M,s):= J] Lo(M,p™*),

p prime

with L,(M,p™*)"! :=det(1 —p~*- r:(Fr;l)]Mf’), ! # p (conjecturally indepen-
dent of {) and where Fr, is the Frobenius element at p, defined modulo the inertia
group I,; r; denotes the [-adic representation in the definition (iii) above.

We assume the existence of the meromorphic continuation and functional equa-
tion.

Notice, that in general, if M € MMgq then L(M,s) and []; L(GT;VM,S) will
differ by a finite number of Euler factors. The equality we have, for example, in
the following important case of mixed motives over Z.

Definition. (Scholl) M € MMy 13 a mized motive over Z if the weight filtration
on M splits over Q7" for every !, p with I # p.

The mixed motives over Z form a full subcategory MMz of MMg : M C
MMz C JWMQ.

1.2 Period conjecture
For M € M Mg we define the period maps

I;:M;®R-+%—%£®R

and

I, ME QR — (]VIDR/FIMDR) QR
in the same way as for pure motives.

Definition. A mized motive M is critical if I} is an isomorphism. If this holds,
define ¢t (M) := detl} and ¢~ (M) :=detly (e R*/Q*).

Note, that for mixed motives the notion of critical does not depend on the Hodge
numbers and the action of involution F: if the pure motives GTJWM are critical,
then so 1s M, but the converse is far from true.
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Period conjecture. (Deligne) If M is critical, then %—_‘é}%} € Q.

The conjecture has been verified in the case of Tate motives (Euler), elliptic cusp
forms (Shimura,...) and their symmetric squares (Sturm) and cubes (Garrett,...),
tensor products of two (and, in some cases, three) elliptic cusp forms (Shimura,
Garrett-Harris,...). Also the (we hope "motivic”) case of standard zeta functions
of Siegel modular forms was treated.

G. Harder showed [Har| that Anderson’s mixed motives are critical in a sense of
Scholl (see 2.2) and so conjecturally critical.

Remarks.

1. Given a Siegel cusp eigenform f of (even) degree m and of weight k (with

respect to some congruence subgroup, and with a Dirichlet character ¢); assume
that £ > 2m + 2 and f belong to the orthogonal complement to the generalized
Maass subspace. Then one expect [Pa3] that there exists a motive M} (over Q,
with coefl. in Q(f)) of rank 2m + 1, weight 0, with Hodge structure of the type
(—k+1,k-1)+..(~k+mk-—m)+(0,0)+ (k—m,—k+m)+..+(k—-1,-k+1)
such that the complex conjugation acts on the (0,0)-subspace via ¥(—1), and for
any Dirichlet character x Ly (s, f,x) = L(M}‘(x),s), where L,(s, f, x) denote the
standard zeta function of f.
By the work of Adrianov, Kalinin, Bocherer and others the function Lo (M}*(x), s)-
L,.(s, f, x) admits a meromorphic continuation for all s € C with the possible simple
pole at s = 0 in case x2¥? = 1. Description of the critical values of L,:(s, f, x) and
the shape of the corresponding p-adic L-function perfectly match with the general
conjecture on critical values and on p-adic L-functions attached to motives.

2. The Saito-Kurokawa conjecture in degree 2 may suggest that for f in the
(generalized) Maass space we may expect that there exists (mixed) motive attached
to spinor zeta function of f. For f of degree 2 let’s try to imagine relations between
(conjectural) standard and spinor motives M}, M;P. The identities for Satake
parameters may suggest that the motive M? is a direct sum of two 2-dimensional
submotives: M}p = M; @ M, in such a way that M!’-‘ = Q(0) & M, @ M2(2k - 3).

The shape of [-factor of M‘;P may suggest that, in some cases, M, = M(g,) for
¢ elliptic cusp form of weight 2k — 2 and M, = M(g2)(2 — k) for g3 elliptic cusp
form of weight 2. Acually, Yoshida’s work [Yo] partially confirm these observations.

3. I would also like to mention the following observation due to W. Kohnen.
In [Koh] he stated a general conjecture that the rational structures on spaces of.
modular forms coming from the rationality of Fourier coefficients and the rationality
of periods are not compatible. From this it follows, in particular, that for f elliptic
cusp form of level one c¢*(f), ¢™(f) should be transcendental. It is expected that
cH(fe=(f) ~< f,f > should be transcendental as well. This observation and
formulae for ¢*(Sym™f), ¢=(fi ® f2),... lead to the following

Question: In case of any (pure) motive M over Q we should have c*(M)c™ (M) ¢ Q.



2 »Universal extensions” and highly critical motives

2.1 Ext-groups
Write Eztq for the Ext-groupsin MMg, and Exziz for the Ext-groupsin MMz,
If MI,MQ (S JMMZ then E:CtPQ(Ml,Mg) = E:Bt%(Ml,Mz) = Hom(Ml,Mg), and
Ezty(My, M) is the subgroup of Ext{(M;,M;) comprising the classes of those
extensions
00— M —mM-—M, —0

such that for every p and every ! # p, the extension M; of Galois modules splits
over Qp". We should have Ezt}, = Eztj = 0 unless ¢ = 0,1. Conjecturally, the
groups Eztz will be finite-dimensional over Q.

In the case of the Tate motive we should have Ezt}(Q(0),Q(1)) = 0.

More generally, let M = h'(X)(m) for X smooth and proper over Q. Then we
should have

Exty(M,Q(1)) = Ext3(Q(0), M"(1)) = Hom(Q(m — 1 — i), A’ (X))

= CHH-"™(X)/CHM-™(X)®Q if i=2m—2

and

Extz(M,Q(1)) = Extz(Q(0), M" (1))
B { HENX, Qi +1-m))z ifi#2m-1
Tl CHHT-m(X)Y 9 Q if i=2m—1.

Here CH'*1~™(X) denotes the Chow group of codimension ¢z + 1 —m on X mod-
ulo rational equivalence, and CH*"*!'~™(X)? is the subgroup of classes of cycles
homologically equivalent to zero, and H ¢ denotes the motivic cohomology

Hiy(X,Q()) = (K3j-i X @ QO

and H},(X,-)z is the image in H},(X,-) of the K-theory of a regular model for X,
proper and flat over Z. In particular, we should have Ezt}(Q(0),Q(1)) = Z* @z
Q = 0. On the other hand, similarly the above would imply that Exztg(Q(0), Q(1))
= Q" ®z Q. Deligne [De3] conjectures that Km—1(Q) ® Q = Exts(Q(0), Q(m)).
To give meaning to this conjecture one needs not bother with the entire category
MMy, but it suffices to restrict oneself to the subcategory T Mg generated by the
objects whose graded quotients are sums of Tate motives (see [De3} for a conjectural
description of T Mg).

Using Bloch’s description of motivic cohomology by means of higher Chow groups
one can unconditionally associate to elements of Ha-groups explicit extensions
of cohomology arising from the cohomology of non- compact or singular schemes
[DenS]. In the appendix to [DenS] it is shown that for smooth, projective varieties
X over Q there are natural maps (conjecturally isomorphisms) for p + 1 < 2¢

HEF (X, Qq)) — Bathypg (Q(0), H (X)(g))



and one hopes that the image of H4T'(X,Q(q))z is precisely Exth 4, (Q(0),
H?(X)(q)). On the other hand, it is shown in [Bel] that for X smooth, projective
over R there is a canonical isomorphism (for p+ 1 < 2¢ )

HZTH(X,R(q)) = Bzt mua(R(0), HE(X)(q)),

where Hj(X,R(q)) denote Deligne cohomology groups and MHg is the abelian
category of R-mixed Hodge structures with the action of a real Frobenius.
In this context, the regulator should fit into a commutative diagram

HYY(X,Q(q)) — HE"'(Xr,R(q))

! }
Ext pmgo(Q0), HP(X)(q)) — Extjys, (R(0), H5(Xr)(q))-

The conjectures of Birch-Swinnerton-Dyer, Tate and Beilinson on the orders of
L-series at integer points can be stated in terms of Ezt-groups as follows:

Conjecture. Let M € MMz. Then

ord,=oL(M,s) = dimExzty(M,Q(1)) — dimExty(M,Q(1)).

Remarks.

1. For a prime number p let Go, = GaI(@/Qp) and let Beris = Beris , p denote
the Fontaine ring of p-adic periods. Let { be a prime and V' an /-adic representation
of Gg,. We define
vies L#p

D(V) =

( ) { (Bcria ® V)GQP l= P

Let H }(Q;, V) be the sub-Qy-linear space of H!(Qy, V) classifying those extensions
Vz of Qi by V which are such that the map D(V,) = D(Qy) is surjective.

Now let V be an l-adic representation of Gg = Gal(Q/Q). For z € H'(Q,V)
denote by z, its image in H'(Q,, V). Set

H{(QV)={z € H(Q,V)¥pz, € H{Q,,V)}

Fontaine and Perrin-Riou [FoP] have formulated the following version of the above
conjecture:

ord,—oL(M, s) = dimgH }(Q, M" (1)) — dim¢H®(Q, M" (1))

where H°(Q, M) = Hom(Q(0),M) and H}(Q, M) is the Qlinear space of the
classes of extensions of Q(0) by M in MMg such that z € H}(Q, M) iff ¥V prime

number [ z; € H}(Q, My).
2. Also, let’s recall the definition of a period given by Fontaine and Perrin-Riou.
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Fix Z-structure T on M (it means: we fix lattice T in Mp s.t. image of T ® Z; in
M; under comparison isomorphism is Gg-stable). Choose a basis of a canonical Z-
structure Z (1) of @(1). Also fix bases w}. resp. w}'(l) of detzT* resp. of detzT(1)*.

Take j € Z so that F~'Mpg(y) = 0. Then one can define the period isomor-
phism
R® H;(Q, M(j)) = R® Mpr(5)/Ms(5)*,

and therefore the isomorphism
detqH(Q, M(j)) ® (detoMpr(j))* ® detqMp(j)* — R.

For w € (detoMpr(j))* ® detQH}(Q, M(j)) we define c, 7(j)(w) to be the image
of w® w;(j) under that isomorphism.

2.2 Universal extensions
Scholl [Scho] proposes the following algebraic criterion for a mixed motive over
Z to be critical:

Definition. M € MMz 13 called highly critical, if
Ve=0,1Ezt3(M,Q(1)) = Ezt(Q(0),M) = 0.
Conjecture. (Scholl) If M is highly critical, then it is critical.

Now we consider "universal extensions” of an arbitrary pure motive M by sums
of Q(0) and Q(1) in order to obtain a new motive M~ € MMz, which is highly
critical, and for which L(M™~,s) = ((s)®-((s+1)*- L(M,s). Then, up to a nonzero
rational, L(M~,0) (and ¢*(M~) ) will equal the leading coefficient of L(M,s) at
s = 0, and The Period Conjecture will then be applicable to M™.

We consider separately the cases of pure motives of weights w < -2, w > 0,
w=—-1

(i) Let M be a pure motive of weight w < —2. Then we have

Ezty(M,Q(1)) = Exty(Q(0), M) = 0.
Assume that Hom(M,Q(1)) = 0. Then for the universal extension
0-— M — M~ — Ext}(Q(0),M) ® Q(0) — 0

we have

Ezty(M~,Q(1)) = Ezt{(Q(0),M~) =0

for ¢ = 0,1.
In this case L(M~,s) = ((s)* - L(M, s), where a = a(M) = dimExt},(Q(0), M).



(ii) Let M be a pure motive of weight w > 0; assume that Hom(Q(0), M) = 0.

Then, dually to the above, there is a universal extension

0 —Q1)f =M~ —M—0
where b = b(M) = dimEzt}(M,Q(1)). M~ is highly critical and in this case
L(M~,s)=((s+1)* - L(M,s).

(ii1) Assume that M is a pure motive of weight -1. Then there is a unique mixed
motive M~ over Z, which is highly critical and for which L(M™~,s) = ((s)* - {(s +
l)b ) L(Ma 3)

Remarks. ‘

(i) "¢(3) and universal extensions”. We have Hom(Q(3),Q(1)) = 0. Let consider

the universal extension

0— Q3) — M — Q0) —0
of Q(3), where p = dimEzt}(Q(0),Q(3)) (= 1, if Deligne’s conjecture takes place
[De3, p.163]). The period conjecture then implies

¢(3
Note, that if M(n) is critical for some even positive integer n, then
((n +3) ~ 7@ (M0=0)(3).
On the other hand, if M(n) is critical for some odd positive integer n, then we can
"evaluate” ((n + 3):
((n+3) ~ 1r"(“+(M)"’)c‘(M).
(ii) "twist with Dirichlet character”. Take M € Mg; assume w(M) £ —2. Con-
sider the corresponding universal extension
0= M — M*™ 5 Q0)” = 0.
Let x be Dirichlet character. Then the extension
0 —= M(x) = M*™*(x) - Q(x)* =+ 0
need not to be universal. However, we have
L(M*™*(x),0) = L(M(x),0) L(x,0)*.
It is essential for the formulation of the Conjecture in section 3.4,

(iii) It turns out that under some reasonable assumptions it is sufficient to
consider only the cases (i) - {iii). More precisely, assume the following

Hypotheses:

(a) Ezt$,(Q(0),Q(1)) is generated by the classes of 1-motives [¢ : Z — G,

¢(1)=p
(b) If M is pure of weight -1, then

ord,=oL(M,s) > dimExzt}(M,Q(1)) = dimE:z:t%)(A/I, Q1))
(c) f M is pure of weight < —2, then the realisation map
Ezxtz(Q(0), M) @ R — Exztl, (R(0), MR)
1s injective.

Then we have the following
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Theorem. [Scho] Let M € MMyg be critical, with L{M,0) # 0. Then there is an
increasing filtration K. of M with the following properties:
(a) M; = GrX M are critical motives with L(M,0) € R,
(6)[1 L(M;,0) - L(M,0)"! € Q%,
(c) each M; is one of the following:

(i) an eztension of a pure motive M of weight > 0 by a sum of copies of Q(1),
with Hom(Q(0), M) =0,

(i) an eztension of a sum of copies of Q(0) by a pure motive M of weight < —2
with Hom(Q(1), M) =0,

(111) a motive whose nonzero graded pieces in the weight filtration are a sum of
copies of Q(1), a pure motive of weight —1, and a sum of copies of Q(0),

(iv) the 1-motive [¢p: Z — Gy, ], (1) =p

(d) in cases (i) - (3i) M; i3 a motive over Z.

(iv) For other (conjecturally equivalent) definitions of critical motive we refer to

[FoP],[Gr],[Schn].

3 A conjecture about p - adic L - functions attached to (possibly non-
critical) motives

3.1 Admissible measures and their Mellin transforms

For the rest of this paper we fix a rational prime p and embeddings of an algebraic
closure Q of Q in Q, and in C; let Z, be the ring of p-adic integers. We have
Zy = Galy, where Gal, = Gal(Q({p})/Q) denotes the Galois group of the maximal

abelian extension Q({p}) of Q ramified only at p and infinity. We denote by z, the

inclusion Z, = C,, where C, = @P is the Tate field.
Let C*(Gal,) be the space of C,-valued functions on Gal, which can be locally
represented by polynomials in the variable x, of degree less then h.

Definition. By a h-admissible measure on Gal, we mean a C,-linear form p :
C*(Gal,) — C, which satisfies the following growth condition for all0 <i < h—1:

f (2p — ap)'dp
a+(m)

By the integral in the above equality we mean the value of u on the product of the
polynomial in x, and the characteristic function of the set a 4+ (m).

sup = o(| m [}7%).

a€Gal,

p

Let X, := Homeont(Galp, C)) be the Cp-analytic Lie group consisting of all
continuous p-adic characters of the group Gal,. We regard the elements of finite
order y € &} as Hecke characters of finite order whose conductors may contain only
powers of p. To each h-admissible measure p one can associate its non-archimedean

Mellin transform L, : &, — C,,

Lu(x) = f xdp.
Galp



10

The function L, is of the o{log")-type. It is known that the special values of the
form L,(xz}p) for r =0,1,...,h — 1, x € X}°™ determine L, and p uniquely [Vi].

3.2 A new version of Deligne’s period conjecture

Let M € Mg and M~ be the corresponding mixed motive over Z (see section 2).
Put Q(eg, M™) := (2mi)" M )ceo(M~), where € = £, r(M™~) := i<k h(5, k),
h(j, k) := dimeM~7*. Define A(oo)(M™,s) i= Eeo(M™,s)L(M~,s), where the
modified Euler factor at infinity is defined as follows: Eoo(M~,s) := [], Ee(U, 3),
where U runs over direct summands of the Hodge decomposition, and E (U, s) is
given by

(a) if U= M~I"* @ M~%J, j < k then Eoo(U,s) := Lc(s — 5)P09),

(b) if U = M~** k>0, then Eo := 1

() if U = M~* k < 0 then Eo(U,s) := ;,FL:((;::‘_—+‘S_)_§;, where § = 0,1 is
choosen so that Fo, acts on M*5* as (=1)*+¢ Tc(s) 1= 2(2mi)~*T(s), [r(s) :=
A3

For the Dirichlet character x of conductor C(x) we define the Gauss sum G(x) :=
Y. x(z)exp(2miz/C(x)), where z runs over a complete set of relatively prime residue
classes modulo C(y).

Now we formulate a new version of Deligne's conjecture, which gives a natural
variation of the period as m and x vary {Col,2]. Note, that we do not assume M
to be critical.

Period conjecture (a modified form). Let M € Mgq. Then for every pair
(m, x) € ZxX,;°" such that M~ (x)(m) is critical (highly critical), and €0 = €(x)-v,
v = sgn((—1)™), we have

Aoy (M~ (m)(x), 0)(G() " M7 (60, M) ™! € Q(x)-

3.3 h-admissible and p-ordinary motives
We consider the local p-polynomial

LM, X)"' =14 Ai(p)X + ... + Aa(p)X? € C,[X]
of the motive M.

Definition. (a) The Newton p-polygon Py ,(u) = Py p(u, M) of the motive M 1s-
the convez hull of the points (1, 0rd,(Ai(p))), 1 =0,1,...,d.

(b) The Hodge polygon Pu(u) = Py(u, M) (0 £ u £ d) by definition passes through
the points (0,0), ..., (3, <; R(2',7), Do <; ?'R(1', 7), ... i.e. the lenght of the horizontal
segment with slope 1 is equal to > h(i, wi — i), where wy = w(Grl¥ M)

(¢c) We call M a p-admissible motive if Py ,(d%) = Py(d¥)

(d) h = h(p, M) := [Py p(d¥) = Pu(d*)] + 1
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Definition. We call M € M Mg a p-ordinary, if
(i) I, C G, acts trivially on each Gr¥ My, I # p
(1) ¥Ym3 a decreasing filtration F) . on V,, := Gr)Y My, of Gy-stable Qp-subspaces
such that .
Viez Gp acts on F) Vi /FitlVy

via some power of the cyclotomic character, say zp;.“("". Then ey(m) > ... >
e:(m), and the following properties take place:
(@) dimg, F;,me/F};:t,}Vm = h(e;(m), wm — ei(m)),

(b) P p(u, M) = Py (u, M).

Proposition. If M € Mg 1s p-ordinary, then M~ 1is p-ordinary.
The proof follows from the definitions.

Remarks. .
(i) h(p, M) does not change if we replace M by its Tate twist, by its dual M,
and by its twists with Hecke characters of finite order whose conductor is prime to
p-
(ii) the quantity h*(p, M) := Py p(d%) — Py(d¥) can be considered as general-
ization to motives of the classical Hasse invariant of elliptic curve: it distinguishes
p-ordinary and p- supersingular cases. '

(iii) In the case of the motive of elliptic curve E over Q we have the theorem
of Elkies [El]: there exists an infinite number of supersingular prime numbers for
E. In fact we have even more: in the CM-case approximately half of primes
are supersingular; in the case of elliptic curves without complex multiplication we

expect about C l:g p

(Lang-Trotter [LaT]).

Now let’s consider the case of elliptic cusp forms with respect to the congruence
subgroups. Here the situation is more complicated.

- In the well examined case of unique normalized elliptic cusp form A = ¥ 7(n)q"
of weight 12 with respect to SL(2,Z) we have the Lehmer conjecture 7(p) # 0 for
every prime p (checked for p < 10'%), so the most supersingular case (hypotheti-
cally) does not appear. On the other hand, it is known that p fr(p) for every prime
2 < p £65063, p # 2,3,5,7,2411.

- Let

supersingular primes up to z, where C > (0 some constant

Or:= Y U g(2) i= n(2)n(32)n(52)n(152)
m,ncl

Then f := g0, € S3(15,(55)) is normalized Hecke eigenform. Peters, Top and
van der Vlugt [PTV] proved the following result.

Proposition. . Let f =3 -, a,q" be as above. Then

(a) ap =0 iff (&) = -1,

(b) ap, for p > 5, p = 1,2,4,8(modl5) can be computed by means of the following
algorithm
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(i) p = 1 or 4(1modl5): find an integral solution of the equation z° +zy+4y? =
p; then a, = 2z% — Ty? + 2zy.

() p = 2 or 8(modl5): find an integral solution of 2z% + zy + 2y* + p; then
ay, = z? 4 8zy + y2.

It is easy to see that, in this case, the most supersingular case doesn’t appear.
Indeed, let (z,y) be an integral solution of (i). Then a, = 2p — 15y*, and pla, =
ply = p|z = p*|p. Analogously for (ii). Therefore only two extremal cases appear.
Also note that in our example f is with CM and this may suggest that, as in the
C M-elliptic curves case, only extremal cases appear.

In the general case of motives over § we may consider the attached F-cristals
and the results and conjectures probably should be formulated in these terms.

(iv) it is plain that h(p, M) = h(p, M~) where M~ denotes the universal exten-
sion described in section 2.

(v) any p-ordinary motive is p-admissible.

(vi) note that B. Perrin-Riou [Pel; 2.3.1} has given another characterization of
the p-admissibility condition for a motive M: there exists p-adic subrepresentation

M of M, such that FOD(M;) =0, D(M,/M,)= F°D(M,/M,).

Now we give examples of p-admissible pure motives which are not p-ordinary.

(a) It is easy to see that the motive M(f) ® M(g) (where f, g are elliptic cusp
forms such that w(f) > w(g) and f is p-ordinary) is of this type. Note, that
M(f) ® M(g) is p-ordinary iff f and ¢ are p-ordinary.

(b) More generally, we have the following facts:

Proposition. Let f be p-ordinary CM- elliptic cusp form of weight k and M €
Mg be pure motive of weight w and of rank d. Assume k > 0. Then the motive
Sym?*™tIM(f) ® M is p-admissible, where m = 0,1, ....

Proof: As h(p, M) = h(p, M(r)), we can suppose that w > 0 and Mp® C =
MO @ ... M*¥C. Let a,8 denote p-roots of f, ordpa = 0, and ay,...,aq are
inverse p-roots of M indexed in such a way that ordpa; < ... < ord,aq. Then,
under the above assumption, we have

ord,(a*™tlay) < ... < ordp(az""*'lat_z) < ordp(az’"ﬁal) < ... < ordp(az’"ﬂad) <
. Sordp(@™T1f™ay) < ... S ordp(a™t ™ ay).

Now
d¥(Sym*™ M(f)@ M) = (m+1)d

and

Py p((m + 1)d, Sym*™ 1 M(f) @ M) = 2t _t;"_-'l Ordp(azm+l_iﬁiaj)

=(m+ 1) ordya; + d(ord,f + ord, 8% + ... + ord,f™)

= $(m + L)dw + ym(m + 1)(k — 1)d
(here we use the property Z:Ll ordya; = Zdw).

On the other hand

(Sym2m+1M(f) ®M)B ®C = O™, B Mitrlk—1),(2m+1-r)(k—1)+w—i @ the con-
jugate part; here i are the same as in the Hodge decomposition Mp®C = M
of M. Put d; = dim¢M"*~*. Then
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Py((m+ 1)d, Sym* ™ I M(fl@M) =Y idi+ > (i +k—1)di + 3,1 + 2k —
2)di + ...+ Y (i+mk—m)di = (m+ 1) idi+(1+..+m)k-1)),di =
3(m+ 1dw + im(m + 1)(k - 1)d.

Similarly one can prove the following

Proposition. Let f be p-ordinary elliptic cusp form of weight k and M € Mg be
pure motive of weight w and of rank d. Assume k > 0. Then the motive M{(f)@M
13 p-admissible.

Note, that in non-CM case Sym”M(f) is irreducible.

We also note the following result, due to N.M. Katz.

Proposition. ([Kal]) Let My, M; € Mq. Then My ® M, is of Hodge-Witt type
iff My is p-ordinary and M, is of Hodge- Witt type.

3.4 A formulation of the Conjecture
We use the following notation:

N~ :=M~(x)(m) ,
m, := maz{j|3;x j < k such that h(j, k) # 0} + 1,
m* := min{j|3;x 7 > k such that h(j, k) # 0},

d i -
Hi=d+(N~)+] (1 - X(P)a( )(P) P m)
dH(N™)

ANy = TTie (= x(p)'aO(p)™ - p™7t) if p fO(X)
I () it pIC(x)

where inverse roots of the local p-polynomial L,(M™~,X)~?! are indexed in such a
way that ord,aV(p) < ord,a®(p) < ... < ord,a¥(p).

Conjecture. For every eo € {£} there ezists a C,-analytic function LE:‘;) X —
C, such that

(i) For all but a finite number of pairs (m,x) € Z x X;°" such that N~ =
M~(x)(m) is critical at s =0 and eg = €(x) - v, v = sgn((—1)™), we have

AP(NN) i A(oo)(MN(X)(m):O)
G(x)de M) Ueo, M~)

Ly (xey) =

(i) LE::;)(X) is holomorphic on X, if M** = 0; otherwise there erists a finite subset
= C X, and natural numbers n(£), £ € = such that Vg, € G, the function

I (x(g0) = €(90)"® - L{S (x)

g€z
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i3 holomorphic on X,.
(113) The functwn in (ii) is holomorphic of type o(log").
(iv) If h < m* — m, + 1 then the above conditions (i) and (i) uniquely dctermme

the function LEP‘;).
v) If the motive M is p-admissible then there ezists an unique bounded C,-analytic
q

function Lé;‘)’) satisfying the conditions (1) and (ii).

Remarks.

(a) In the p-ordinary critical case the conjecture was formulated by J. Coates
and B. Perrin-Riou [Col,2].

(b) In the critical case the conjecture was formulated in [Da], [Pal].

(c¢) The conjecture has been verified in the case of Tate motives (Kubota-
Leopoldt), elliptic cusp forms (Manin, Vishik), symmetric squares (Schmidt, Pan-
chishkin) and tensor products of two elliptic cusp forms (Hida), symmetric powers
of elliptic cusp forms of CM-type, "standard motives” attached to Siegel cusp
eigenforms (Panchishkin).

(d) 3.3. gives us the examples of p-admissible (not necessary p -ordinary) mo-
tives, for which it should exist a bounded C,-analytic function as described in (v)
above.

(e). For motivic Iwasawa theory and its relation to p-adic L-functions, p-adic

Bloch-Kato, etc. we refer to [Fo],[FoP],[Gr1,2],[Ka],[Pel,2],[Schn].

3.5 An invariant form of the Conjecture

QOur aim here is to formulate an invariant analogue of the conjecture 3.4 using
certain complex representations of the Weil-Deligne group. In the case of p-ordinary
critical pure motives such a description was done by J. Coates [Co2].

Suppose M € Mgq. For any prime number p let W, C G, be the Weil group.
We fix an element ¢ € G,, whose image in G, /I, is the geometric Frobenius. For
each s € C let

ws : W, = C

-

be the homomorphism which is trivial on [, and such that w,(®) = p

We also fix a prime number [ # p.

Let W, be the Weil-Deligne group of Q,. Recall (see [De2]) that a finite-
dimensional representation of W, over Q, is, by definition, a pair @ = (v, N),
where V is a finite-dimensional linear space over Q; and

(i) ¥ : W, = GL(V) is a homomorphism, whose kernel contains an open sub-
group of I,

(1) N is a nilpotent endomorphism of V' such that

Yo € W, v(0)Nv(o)™! = wi(o)N

Consider [-adic representation of W, given by its natural action on M;. Then,
by Grothendieck theorem, this representation gives rise to a unique representation
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© = (v, V) of the Weil-Deligne group W, (see [De2}, sec.8). Put

L,(M,s)
M = P
Bo(M.s) = ) L (M 1 =)
and similarly
Ry(0,9) 1= —=—20:0)

T p(0,9)Lp(0", 1 - 3)
where L,(M,s) denotes the Euler factor at p, and L,(©,s) := Z,(0,p™?), for

Z,(8,X) := det(l — v(3) X |ker(N)7)~!

and £,(M, s),€,(0, s) are defined in [Co2], [Del,2].

Lemma. [Co2] There ezists a representation &' = (v, N') of the Weil-Deligne
group in M), which satisfies

(i) N'=0

(i) If we eztend scalars from Qq to C via a fized embedding Q; — C, then +' is
a semisimple complez representation of W,

(111) we have

Ry(M,s) = R,(©', s).

Let v : W, = GL(Y), where Y = M ®q C. be the semisimple complex
representation of the Weil group given by the above Lemma. Let Y = U be the
decomposition of Y into irreducible complex representations of W,. By [De2] it is
known that each such U is of the form £y ® wyy), where s(U) € C and £y is a
complex representation of W, such that {y(W}) is a finite group. Consequently, the
inverse roots of the polynomial P(X,U) = det(1—®- X|y) are all of the form a root
of unity times one fixed root. Assuming that these roots are algebraic numbers, we
define ord,(U) := ord,(a) for any inverse root a of the above polynomial, where
ord, is normalized so that ord,(p) = 1. Note, that ord,(U) does not depend of the
choice of . Define R,(U, s) by the same formula as for R,(M,s).

Basic for what follows will be the following

Hope. It should ezist a "natural” filtration {F}} of W,-subspaces of Y which
agrees with the Hodge filiration {F*} on Mp ® C in the sense that dimcF* =
dimcFfF.

In CM-case it is given by comparison isomorphisms. In general case it seems to
be no natural candidate.

For the rest of this section we shall assume the Hope takes place.
We define modified Euler factor at p:

EP(M:5)= H EP(UES):

U irred
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where

. _{1 ifU ¢ FP
p(Uys) = R,(U,s) fUcCF®’

Let x € f‘f';f"”. For every irreducible summand U C Y we put

AP(U(X)s {Flk}:s) -

( [1pa,uy=0(l — a(p)p™*) if U ¢ FP and x trivial
HP(Q,U):O(]' —a(p)~'p*™) fU C F," and x trivial
11 if U ¢ FF and x nontrivial

—dim U o (o C) E .
| G(x) HP(Q'U)=0 (;PG)‘) if U C Ff and x nontrivial

Then we have the following (conditional) result (compare [Co2], Lemma 7):

Proposition. Assume M has good reduction at p. Then

iy = I1 AW F).)

ll'l'cY

Proof: Using the same argument as in [Co2] we obtain
E,(U(x),s
YU, (FE), 5) = 22010
The assertion follows.

We propose the following
Definition.

h~(p, M) =1 Y (dim U)-ord,U — Py(d*)] + 1.
UCF?

Note that h(p, M) < h™(p, M).

Proceeding as in [Co2] we define the modified L-function

Moo (M AFf),8) 1= Aao(M,5) - E(M,{F}},s) - [T La(M,5)

q#p,00

Now we are ready to formulate an invariant form of the conjecture 3.4 (compare

[Col,2}).



17
Conjecture. For every eo € {x} there ezists a C,-analytic function LE;‘;) : Xp —
C, such that
(i) For all but a finite number of pairs (m,x) € &Z x X;"” such that N~ =
M~(x)(m) 1s critical at s =0 and €9 = €(x) - v, v = sgn{(—1)"™), we have

(€0) my _ A(P;DO)(MN(X)(m)a{FkLO)
Hop ) = =g )

(ii) L{:S (x) is holomorphic on X, if M** = 0; otherwise there ezists a finite subset

= C X, and natural numbers n(£), £ € = such that Yy, € G, the function

TT (x(g0) = €g0))™@ - LIS (x)

£EE

is holomorphic on X,.

(1) The function in (i) is holomorphic of type o(logh™ ).

(tv) If h~ < m* —m, +1 then the above conditions (i) and (11) uniquely determine
the function Lg;‘;).

(v) If the motive M is p-admissible then there ezists an unique bounded Cp-analytic

function LE;‘;) satisfying the conditions (1) and ().

4 p-adic families attached to motives

Hida {Hi1,2] obtained some p-adic analytic families of p-ordinary cusp forms, and
corresponding L-functions. A conjectural generalization of the Hida’s construction
to arbitrary critical pure motives has been formulated in a recent paper of A.A.

Panchishkin [Pa2].

4.1 p-adic families of Galois representations attached to motives

Let ), := Hom,_.om(Z; X Galp,C;‘) be the C,-analytic Lie group consisting of
all continuous p-adic characters of the group ZX x Galp, which contains the C,-
analytic Lie subgroup ), (the cyclotomic line} via the projection Z7 x Gal, —
Gal,. Y, contains the discrete subgroup A of arithmetical characters of the type
x-n-zy = (x,n,m), where x € y;,"”, n is algebraic character of Z, m € Z. Let
O, denotes the ring of integers of the Tate field C,. For any P = (x,n,m) € A we

have a homomorphism
I/:Z: x Gal, = O,

defined by the corresponding group homomorphism
P:Zy x Galp = OF = CJ.
For a Op([Z ¥ x Galy]] - module N and P € A we define "the reduction of N modulo

P
Np:=N X Op.
0,l(Z} xGaly]] , v
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Then for each Galois representation
rn : Gal(Q/Q) — GL(N)
we have defined its reduction mod P as the natural composition

Gal(Q/Q) — GL(N) = GL(Np).

Conjecture. (compare [Pa2]). For every M € MMz there ezists a free O,[[Z) x
Galp]]-module M, of the rank d = rank M, a Galois representation

re : Gal(Q/Q) — GL(M.)

an infinite subset A’ C A of "positive” characters, and a distinguished point P, € A
such that
(a) the reduced Galois representation

Te P Gal(Q/Q) — GL(M.,p,)

13 equivalent over C, to the p-adic representation rprp, of M,
(b) for every P € A’ there ezists a motive Mp € MMz such that its Galois
representation is equivalent over C, to the reduction

r+.p : Gal(Q/Q) — GL(M. p).

4.2 Families of p-adic L-functions

Now we are ready to describe some families of p-adic L-functions associated
with p-adic families of Galois representations coming from (possibly non-critical)
motives.

For M € Mg denote by M~ the associated "universal extension”; put

A(p,co)(M(m)(x), 8) = G(x) ™MD A, (M(m)(x), ) - Aooy (M(m)(X), ).

Conjecture. (compare [Pa2]). For a canonical choice of periods Q(P) € C*,
P € A’, there ezists a C,-analytic function

Lpy: Y =2 G

such that
(i) for almost all P € A" we have

Ap,0o) (M™(x)(m),0
Ly(P) = X )(Q(}Sic)( ), 0)

(ii) For arithmetic points of type

P={(x,n,m)e A
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with o fized there ezists a finite subset = C Y, and natural numbers n(f), { € =
such that ¥y, € G)p the function

IT ((g0) = &(g0))™® Lipy(z - P)

=

18 holomorphic on Y.

(i11) The function in (ii) is holomorphic of type o (log"®) where ho = h(Mp) for P
as in ().

(iv) Consider arithmetic points of type

P= (X,onm) € A’

with 1o fized. If the motive Mp is p-admissible then the function in (i1) is bounded.

Examples of p-adic families satisfying conjectures 4.1 and 4.2 are given by the
work of Katz [Ka2|, Hida [Hil,2]; see also [GrS],[MaV].

4.3 YFalse” p-adic L-functions attached to motives

Let 7 denotes the Hecke algebra, and let A : T — @p be a continuous homo-
morphism of weight k, £ > 2 an integer. Let P = kerA, O = T/P = Z,, F =
the field of fractions of 0. Assume that the residual representation attached to P
is irreducible. Hida [Hil] has shown that the corresponding two-dimensional repre-
sentation pp : Gg — GL2(F) is a Deligne representation attached to a cuspidal
newform of weight k. Let L(,)(k,s), k,s € Z,, denotes a two variable p-adic L-
function attached to ordinary A-adic cusp form (GrS]. Then L,(k, s) is analytic on
Z? and interpolates the one variable p-adic L-functions L,)(M(fi), s) associated to
the newforms fi, k > 2, in the following sense: Vk > 2 there is a "period” Qi € Qp
such that L,y(k,s) = Qr - L) (fx,s).

Therefore, in the naive sense, the limit case & = 1 should correspond to a
"twisted” modular form of weight one. More precisely, put formally

Ly (s) == Ly (L, s)

Question. Does ezist an invertible function Q(s) such that L7, (s) = Qu(s) -

Lpy(s), where L(p) 13 the product of twisted p-adic L-functions of Kubota-Leopoldt-
ITwasawa ¥

Note, that Mazur and Wiles [MaW] gave examples when the specialization to
weight one cannot be the p-adic representation attached to a classical modular form
of weight one. They show that in these examples the corresponding p-adic Hodge
structure is not even semi-simple. On the other hand from their work we also know
that for £ = 1 the A -adic Hodge twists of pp are (0,0).

In general, the weight one specjalization of the two variable p-adic L-function
is a new one-variable p-adic L-function. As R. Greenberg informed the author, in
some cases a specialization of the 2-variable p-adic L-function should be related to
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a product of two Kubota-Leopoldt p-adic L-functions. But the appropriate spe-
cialization is then some p-adic value of k, where the A-adic specialization becomes
reducible as a Q,-representation.

Our idea is to try to produce some motivic p-adic L-functions by applying the
Conjecture from section 4.2 to appropriate family of Galois representations.

First let’s consider the following fact which can be considered as a generalization
of a result of Blasius ([Bl] ) where the case M = M(f1) ® ... ® M(f,) was treated.

Proposition. Let M be any pure motive over Q (with coefficients in Q) and fi be
fized elliptic cusp form of weight k. Then we have, for k > 0:

(M @ M(fi)) = ct(f) Me(£) Ms(M),

(M @ M(fi)) = () Me(fi) M)

Proof: By the assumption we have
F*(M ® M(fi)) = Hpr(M) ® F*(M(fi))

Let {u*} (resp. {v1,...,um}) be a basis of HE (M(fi)) (resp. of HE(M)). Let {e~}
be a basis of F~(M(fi)); take et so that {e*, e~} form a basis of Hg(M(fi)). Let
{d1,...,dm} be a basis of Hpr(M). Let :

Iy, - Hg(M(f)) ® C = Hpr(M(fi))®C, In: Hs(M)®C — Hpr(M) @ C

be canonical isomorphisms. Then Iy, (ut) = zy1eT + z12e™ , If (u™) = z91et +
zoze”, Im(vi) = 100, yijd; and e (fi) = 211, ¢ (fi) = 221, (M) = det(y;;).
Let {v1,...,v¢} (resp. {vet1, -, Um} ) be a basis of Hf (M) (resp. H5(M) ), where
t = d*(M). Then d; ® et mod F~(M @ M(fi)), 1 <1 < m, form a basis of
HE (M ® M(fi)). We have

(IM ® Ifk)(v,- ®u+) = Zyuﬂ:n(dl ® 6+) modulo F_(M ® M(fk)) ®C

=1

(IM®@Ip)vi®u™) = Zyi1$2l(dl ® e*) modulo F~(M @ M(f)) ®C

=1

Therefore

e M) = det (70 1), 000 M) = et (20 )

21 },2 T21 Yl

Y,
where (yij) =Y = ( l) , Y, € Mtxfn(C), Y: € M(m—t)Xm(C)
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Corollary. Under the above notation if M™" =0 for k > 0,

cE(M @ M(f1)) =< f, f > §(M).

Now the idea is to include a motive M into p-adic (critical) family and to apply
4.2. Let fir denote fixed elliptic cusp form of weight k. We assume that 3 4= 45
Vi>a M ® M(fi) have critical points.

Let’s specialize the conjecture from 4.2 to our situation

Conjecture. There ezists a two variable p-adic L-function L,\(M;k,s) on Zf,,
which interpolates the one variable p-adic L-functions L) (M ® M(fx),s), k >
A(M).

Similarly, one can ask if a specialization to some p-adic value of k of L(,)(M, k, s)
should be related to a product of twisted p-adic L-functions attached to M.

4.4 ”False” p-adic L-functions attached to motives I1

Let A be a fixed algebraic Hecke character of an imaginary quadratic field K.
It turns out that the algebraic part of central critical values of Hecke L-series
L(M\*+1 k 4-1) are (up to the standard factors) squares in a fixed finite extension
of Q (a theorem of Rodriques-Villegas and Zagier [R-VZ] provides a formula for the
square roots). Recently A. Sofer [So] proved that these squares can be p-adically
interpolated (such a posibility was conjectured by Koblitz [Kob]).

Now take any M € Mg. Assume that there exists A = A(M) such that [A\T]@ M
have critical points for r > A. It is interesting to ask whether exists any analogue
of a result of Sofer.

In a case of three cusp forms we have the following result of Harris - Kudla

Theorem. [HaK]. Let f,g,h are elliptic cusp forms satisfying w(f) > w(g)+w(k);
put w = w(f) + w(g) + w(h) — 3. Then

Lf@g®h,i(w+1))
<f,f>?

x a product of bad local factors
13 a square in Q(f,g,h).

Harris and Tilouine recently proved that these squares can be p-adically inter-
polated in the following sense: the corresponding p-adic L-function is a function on
Hida’s family containing f.

We suggest the following question:

Conjecture. (1) Let M € Mg, w(M) even. Then there ezists p-adic continuous
function which interpolates the square roots of algebraic part of special values

L ([A?“+1]®M,k+1+ %) L k>0,
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(ii) Let M € Mg, w(M) odd. Then there ezists p-adic continuous function which
interpolates the square roots of algebraic part of special values

L([Azk]®M,k+E;—l), k> 0.

Here one can consider any Hida’s family instead of {A™}.

Acknowledgement. 1 would like to thank the Max-Planck-Institut fir Mathematik
in Bonn for hospitality and support.
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