REGULARITY AND INDEX THEORY
FOR DIRAC-SCHRODINGER SYSTEMS
WITH LIPSCHITZ COEFFICIENTS

WERNER BALLMANN, JOCHEN BRUNING, AND GILLES CARRON

Dedicated to Robert Seeley on the occasion of his 75. birthday.

ABSTRACT. Dirac-Schrédinger systems play a central role when
modeling Dirac bundles and Dirac-Schrédinger operators near the
boundary, along ends or near other singularities of Riemannian
manifolds. In this article we develop the Fredholm theory of Dirac-
Schrédinger systems with Lipschitz coefficients.

INTRODUCTION

A Dirac system d consists of a bundle H — R of separable complex
Hilbert spaces together with a differential operator, its Dirac operator

where v = (7;)ser, is a family of unitary operators on the fibers H; of
H with v, ' = =, (Ap)ier . is a family of self-adjoint operators on the
fibers H; with discrete spectrum and anti-commuting with ~, and 0 is
a metric connection on H derived from these data. The Dirac operator
is symmetric on sections with compact support in (0, co).

The notion of Dirac system is traditionally connected with the finite
dimensional versions of (0.1) which derived from separating variables
in Dirac’s original equation describing the relativistic electron. A very
influential discussion of an infinite dimensional case was carried out
in the celebrated work of Atiyah, Patodi, and Singer [APS], where
manifolds with cylindrical ends are considered. More generally, Dirac
systems arise in the study of Dirac operators on Dirac bundles in the
sense of Gromov-Lawson when studying boundary value problems or
ends with special geometric features. This is the motivation underlying
the investigation of Dirac systems we present here.
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In many situations encountered in geometry, the data of the relevant
Dirac system do not depend smoothly on the parameter ¢ € R,. For
example, if M is a complete, non-compact Riemannian manifold with
finite volume and pinched negative sectional curvature, then the Buse-
mann functions associated to the ends of the manifold are only C?, so
that the tangent and normal bundles of their level surfaces are only C*.
This is the situation studied in [BB1] and [BB2]. The natural setup
seems to be Dirac systems with (locally) Lipschitz coefficients as we
consider them here. The present work leads to generalizations of the
results in [BB1] and [BB2]. We will discuss this in a future publication.

After [APS], where the so-called APS-projection is introduced, it
became customary to state boundary conditions for Dirac systems in
terms of orthogonal projections in H = Hy. The regularity theory of
boundary conditions defined by orthogonal projections in H plays a
central role in [BL2], see for example Theorem 4.3 in [BL2|, an im-
portant predecessor of this article regarding the regularity theory of
boundary conditions.

The first main contribution of the present work consists in a new way

of looking at boundary value problems for Dirac systems. Let Dy be the
restriction of D to Lipschitz sections of H which vanish at ¢t = 0. Then
Dy is symmetric and contained in Dy,x 1= Djj, the maximal extension
of Dy, with domain D,,,.. Denote by H*, s € R, the domain of the
operator (I+]Ag|?)*/2. For I C R, denote by @Q; the spectral projection
of Ay associated to I Nspec Ay and set Hj := Q;(H?®). We show that
the space H := {0(0) : 0 € Dyax} of admissible initial values is the
hybrid Sobolev space
(0.2) H=H?", g oH,.
This leads us to say that a boundary value problems or a boundary
condition for D is a closed subspace of H. By (0.2), the topology
of the space H is a mixture of the topologies of the spaces H'/? and
H~'2 and is therefore not compatible with the topology of H or the
Sobolev spaces H®, which causes considerable technical problems when
discussing boundary value problems given by projections.

Our first observation is that the closed extensions of Dy are precisely
the operators Dp max With domain

(0.3) Dpmax = {0 € Duax : 0(0) € B},

given by boundary conditions B C H as defined above. We show this in
our discussion of constant coefficient Dirac systems (Proposition 1.50),
but the same arguments also apply in the case of Dirac systems with
Lipschitz coefficients, cf. Theorem B below. This characterization of
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closed extensions of Dy is a first confirmation that our way of defining
boundary value problems is the appropriate one.

The adjoint operator, Dy .., arises from the boundary form

(Dmax01,02) 12(1) — (01, Dmax02) r2(1) = (01(0),7%02(0))
=: w(01(0), 02(0)),

a non-degenerate skew-Hermitian form on H. We show that

(0.5) Dl = D

where B® denotes the annihilator of B with respect to w.
With H,..(d) the natural Sobolev space associated to d, we show an

important regularity property of Dy,
(0.6) Diax N HL (d) = {0 € Doy : 0(0) € HY?}.

loc
Consequently we say that a boundary value problem B for D is regular
if B ¢ H'Y2. We say that a boundary value problem B is elliptic if
B and its adjoint boundary value problem B are both regular. We
prove next that elliptic boundary conditions coincide with the bound-
ary conditions introduced in [BaB] (Proposition 1.65).

We say that a boundary condition B is self-adjoint it B = B*. By
definition, a self-adjoint boundary condition is elliptic if it is regular.
In one of our main results on boundary value problems we character-
ize elliptic self-adjoint boundary conditions (Theorem 1.83 and Corol-
lary 1.84). Part of this characterization is the following result.

THEOREM A. Let H* := {x € H : iyx = +a}. Then H contains an
elliptic self-adjoint boundary condition if and only if the restriction Af

of Ag to H" is a Fredholm operator to H™ (in general unbounded) with
indez ind A = 0.

Let d = ((Hy),(Ay), (7)) be a Dirac system with Lipschitz coeffi-
cients, and denote by d° the Dirac system with constant coefficients
(Hy, Ao, 7o) and associated Dirac operator D°. Our second main con-
tribution to Dirac systems is the regularity theory for Dirac systems
with Lipschitz coefficients. The first part of our work in this direc-

tion is concerned with the regularity theory of the maximal domain
(Theorem 2.29):

THEOREM B. Let Dyax and D°.  be the domains of the mazimal ex-

max

tension of D and D°, respectively. If o € L*(H) has compact support,
then 0 € Dyax if and only if o € D

max

(0.4)

This result underlies the asserted equalities in (0.2) and (0.6) above
which we show for constant coefficients first and then extend to Lip-
schitz coefficients, by Theorem B.
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For a satisfactory analysis of the index theory of Dirac systems it is
necessary to consider extended solutions. This goes back to the work
of Atiyah, Patodi, and Singer in [APS]. Here we rely on the approach
of the third author and his related notion of non-parabolicity, compare
[Cal] and [Ca2]. The domain of the corresponding extended Dirac
operator D.y is denoted W, the operator and subdomain associated to
a boundary condition B by Dp cx and Wp, respectively.

In the second part of our work on the regularity theory of Dirac
systems we study the space of Cauchy data of the spaces ker Dy, .
and ker D.,;. Before we formulate our results in this direction, some
comments seem in order. Let M be a smooth compact manifold with
boundary N and £ — M be a smooth Hermitian vector bundle. Let
D :C*(M,E)— C>®(M,E) be an elliptic pseudo-differential operator
of order one. In [Ca, Se], A. Calderén and R. Seeley studied the space
of Cauchy data of ker D. Let C® be the space of such data which belong
to the Sobolev space H*™'/2(M, E). By the Trace Theorem, C* is a sub-
space of H*(N, F). Calder6n and Seeley showed that there is a pseudo-
differential projector P in H*(N, E) (of order 0) onto C* and that the
principal symbol of P is the projection onto the positive eigenspace
of a certain operator derived from the symbol of D . The projection
P is obtained with a single layer potential and is not the orthogonal
projection onto the L2-closure of C*. However, B. Boo-Bavnbek and
K. Wojciechowski remarked that the L?-orthogonal projection has the
same properties, see Lemma 12.8 in [BW]. Our result for Dirac systems
with Lipschitz coefficients (and its adaptation to manifolds in Chapter
5) is a generalization of this result to a non-smooth setting (Theorems
3.6, 3.7, and 3.9); we emphasize that this generalization is achieved
without any recourse to pseudo-differential techniques.

THEOREM C. Let d be a non-parabolic Dirac system with Lipschitz
coeﬂicz’epts. Let Criax and Cey be the Calderon spaces of Cauchy data
0(0) € H with o € ker Dy and o € ker Doy, respectively. Then

cY2 .—=¢. . NHY and cl/2 = Coe N HY?

max ext

are mutually adjoint elliptic boundary conditions.
Let Clpax Vand Cext be the orthogonal projections in H onto the closure

0f Crnax := Cinax NV H and onto Cey := Coxt N H, respectively. Then Clax
and Cey restrict to H® and extend to H™*, 0 < s < 1/2, and

Omax - Q(O,oo) and C'ext - Q(O,oo)

L Actually, Calderén and Seeley considered also elliptic operators of higher order
and treat the LP theory as well, see Theorem 2 in [Pa, p. 287] or Theorem 12.4 in
[BW].
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are compact in H® for all |s| < 1/2.

Recall Kato’s notion of a Fredholm pair of closed subspaces in a
Banach space [Ka, Section IV.4], compare Appendix A. Our main
index formula is formulated in terms of such pairs (Theorem 3.12).

THEOREM D. Let d be a non-parabolic Dirac system with Lipschitz
coefficients and B be an elliptic boundary condition. Then (B, Cext) is
a Fredholm pair in H and

ind DB,ext = ind(B,CeXt)7
where B denotes the closure of B in H.

The boundary value problem considered by Atiyah, Patodi, and
Singer corresponds to Baps := H (1 1 io e Another main index formula is
of Agranovi¢-Dynin type and shows the fundamental character of the

Atiyah-Patodi-Singer boundary condition (Theorem 3.14):

THEOREM E. Let d be a non-parabolic Dirac system with Lipschitz
coefficients and B be an elliptic boundary condition. Then

ind Dp ex; = ind D, pgext + ind(B, Ho,00))-

The Cobordism Theorem for the chiral Dirac operator Dt on the
space of spinor fields of a closed spin manifold M of even dimension
states that ind D™ = 0 if M is cobordant to a compact spin manifold,
compare [BW, Corollary 21.6]. We prove a version of the Cobordism
Theorem for Dirac systems with Lipschitz coefficients (Theorem 3.19).
As in Theorem A above, let H* := {x € H : iyr = +z} and AJ be
the restriction of Ag to H*, a Fredholm operator to H™.

THEOREM F (Cobordism Theorem). Let d be a Dirac system with Lip-
schitz coefficients. If the associated Dirac operator D is of Fredholm
type in the sense that d is non-parabolic with W = Dy, then

ind Aj = 0.

When cutting a manifold M into pieces M; and M, along a compact
hypersurface N = M; N M,, we may ask for the index of a Dirac
operator D on sections of a Hermitian bundle £ over M in terms of
its restrictions to the pieces. The corresponding boundary condition
along N, the so-called transmission boundary condition, requires that
sections o1 and o9 of E over M and My, respectively, coincide along N.
In terms of Dirac systems, the decomposition of M and D corresponds
to the direct sum of two Dirac systems which have compatible initial
conditions at ¢ = 0. Our first result concerning this type of boundary
value problem is of Bojarski type (Theorem 3.23):
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THEOREM G. Let dy and dy be non-parabolic Dirac systems with Lip-
schitz coefficients and Calderon spaces Ciexy and Caex, Tespectively.
Suppose that the initial conditions of di and dy satisfy

H = Hl,o = HQ,Oa A= Al,O = —A2,0, and 71,0 = —72,0-

Then (Cy ext, Coext) s a Fredholm pair in H.

Consider the Dirac operator D on d = di & dy with transmission
boundary condition B = {(x,x) : © € HY?}. Then B is an elliptic
and self-adjoint boundary condition and

ind DB,ext = ind(cl,ext; CQ,ext) .

Another convenient way of determining the index of a Dirac operator
via decompositions is by decoupling the boundary conditions on the
pieces My and M. Our relevant result in this direction (Theorem 3.24)
generalizes Theorem 4.3 of [BL1].

THEOREM H. Let dy and dy be non-parabolic Dirac systems with Lip-
schitz coefficients as in Theorem G. Then

ind DB,ext = ind Dl,Bl,ext + ind D2,B2,ext7

where B is the transmission boundary condition, By is any elliptic
boundary condition for dy, and By = Bf N H'Y?.

The above results are discussed and proved in Chapters 1-3 of the
text. Many of our arguments and results here extend and simplify what
is known from the literature. In Chapter 4, we discuss supersymmetric
Dirac systems and derive the corresponding index formulas. In Chap-
ter 5, we describe a geometric setup for non-smooth boundary value
problems for differential operators of Dirac type and explain how our
results extend to this situation. This will be important for our geo-
metric applications in a forthcoming article, in which we will extend
the results from [BB1, BB2]. We believe that it will also be useful in
further work on boundary value problems and index theory of Dirac
type operators. We derive our results not only for Dirac operators,
but for the more general class of Dirac-Schrodinger operators, that is,
operators of the form D + V', where D is a Dirac operator and V is a
symmetric potential, see Definition 2.26.

In two appendices, we derive some results which are used in the
main text and seem to be of independent interest, but are not closely
connected with the program we are pursuing here.

In all our estimates, generic constants may change from line to line.

WB and JB would like to use this occasion to refer to the article
[Kas], which already contains one of the main observations underlying
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the proof of Theorem B of [BB2] and also similar applications. We
would like to thank Tobias Ebel for pointing this out to us.
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1. DIRAC SYSTEMS WITH CONSTANT COEFFICIENTS

1.1. Generalities. Let H be a separable complex Hilbert space with
Hermitian inner product (-,-)y = (-,-) and norm || - ||g = || - ||. Let
A be a self-adjoint operator in H with domain H 4 such that, with re-
spect to the graph norm || - [|4, the embedding H4y — H is compact;
equivalently, A is discrete in the sense that spec A consists only of iso-
lated eigenvalues with finite multiplicity. The pair e := (H, A) will
be referred to as an evolution system since we will associate an evolu-
tion operator to it. To that end we note first that any local Lipschitz
function o : Ry := [0,00) — H is weakly differentiable with locally
uniformly bounded weak derivative ¢’ a.e.; this is a well known fact,
but for the sake of completeness we will give a proof below. Then we
can introduce the space

(11) ‘CIOC(G) = Liploc(RJm H) N Li)()OC(R+7 HA)
and the operator

(1.2) L=1Le):=0+A: Lic(e) — L

loc

(RJr?H)v

where 0,0 = ¢’ denotes the derivative of o with respect to t. We call L
the evolution operator associated to the evolution system e = (H, A).

1.3. LEMMA. If f : Ry — H is locally Lipschitz, then f is weakly dif-
ferentiable almost everywhere with locally uniformly bounded derivative.
More precisely, if Loy (f) denotes the Lipschitz constant of f on [a,b],
then

1@l < Liaw (),
for almost all t € [a,b].

Proof. Since H is separable, there is a countable orthonormal basis
(en)nen of H. By Lebesgue’s Theorem, there exists a measurable subset
R C Ry of full measure such that the functions t — (f(¢),e,) are
differentiable in all points of R for all n € N. Hence the functions
t — (f(t),u), where u is in the dense subspace of H generated by the
chosen basis, are also differentiable in all points of R. We have

(R (f(E+h) = f(0), w)] < Loy (F)]ull,

for all w € H and t,h € R, with ¢,¢t + h € [0,7]. It follows that
t — (f(t),u) is differentiable in R for all w € H and thus that the
function f has a weak derivative, f'(t) € H, in each t € R and with
the asserted norm estimate. U
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We will also need the spaces
(1.4) L.(e) :={0o € Lio.(e) : suppo compact},
(1.5) Lo.(e) :={c € L.e) : o(0) =0}.
On L.(e), we define the scalar product

(1.6) (01,02) = /Ooo<01(t),02(t)> dt.

and we denote by L?(R,, H) the Hilbert space arising by completion.

The formal adjoint of L in L*(R,, H) is —; + A, hence L does not
induce a symmetric operator on Lo .(e). This defect can be cured if
there is an operator v € L(H) N L(H4) which satisfies the following
two relations:

(1.7) —y=~"=~"' on H,
(1.8) Ay+~7A =0 on Hy.
Note that (1.8) implies that spec A is symmetric with respect to 0.

Then the triple d := (H, A,~) is called a Dirac system. The associated
Dirac operator is defined as

(19) D =D(d) =0 +A) : Liele) — LRy, H).
We find, for oq,09 € L.(e),

(1.10) (yo1,09) = (Doy,09) — (01, Do),

hence

(1.11) (Do, 09) — (01, Doy) = (01(0),702(0)) =: w(o1(0), 02(0)),

and therefore the restriction Dy, of D to Ly.(e) is symmetric. The
adjoint operator Dy := (Do)* of Dy is called the mazimal extension
of Dy c; its domain is denoted by Dpax. The closure Dy, of Dy . is called
the minimal extension of Dy ., the domain of D,,;, is denoted by Diy;y.
By definition,

(112) DO,C C Dmin - (Dmax)* C Dmax-

For later purposes it is useful to note that norm estimates for Lo also

hold for Do,
(1.13) |1Do(O)||r = [|Lo(®)||n

for all 0 € Lyoc(e) and t € R,
We denote by H'(e) the closure of L.(e) under the norm

(1.14) HJH%ﬂ(e) = ’|0‘|%Q(R+,H) + ’latUH%?(R+,H) + HAJH%2(R+,H)>



10 WERNER BALLMANN, JOCHEN BRUNING, AND GILLES CARRON

which is naturally associated to the data defining the evolution system?.
We will also use the space

(1.15) Hyp(e) ==
{0 : Ry — H measurable : o € H'(e) for all ¢ € Lip (R, )}.

Note that the norm of H!(e) is stronger than the graph norm of D. In
particular, we have a continuous extension

(1.16) D:H'(e) = L*(R,, H).

Moreover, if the domain D of some closed extension D of Dy is con-
tained in H'(e), then the H'(e)-norm and the graph norm of D are
equivalent on D, by the Closed Graph Theorem. This fact will be used
repeatedly.

Spectral projections of A will play a specific role; we reserve the
letter () for these. For a subset J C R, Q); = % denotes the associated
spectral projection of A in H. As shorthand, we use, for A € R,

Q>r = Qaso), W>a = Qiax),

Qar = Q-o,p), Q<n = Q=0

We also use Q) := Qyoy and

Q> = Q>o, Qz = sz Q< = Q<o Qg = ng;
Q¢:Q<+Q>:[—QO-

Since v anticommutes with A, we have v*Q) ;v = @_;. In particular,

(1.19) YRy =Q<, V'Q<y=Q> and 7' Quy= Qo.

Furthermore, we set H. := Q-(H) and use a similar notation in the
other cases and for the Sobolev spaces associated to A below.

(1.17)

(1.18)

1.2. Sobolev spaces associated to A. Let H and A be as above.

For s > 0, let H® C H be the domain of |A|*. Then H = H° and

Hjy=H'. We set H® = Ns>0H*, which is a dense subspace of H.
For s € R, we define a scalar product (-,)s on H*,

(1.20) (x,y)s = (I + AQ)S/Qx, (I + A2)S/2y>.

For s > 0, the norm || - ||s associated to (-, -)s is equivalent to the graph
norm of |A|* and H*® is equal to the completion of H* with respect
to || - ||s. For s < 0, we define H® to be the completion of H* with
respect to || - ||s and set H™>° := Uger H®. The pairing

(1.21) By : H*xH™® — C, By(x,y) = (I+A»)* %z, (I1+A%)~%/%),

2The notation Hy (R, A) is also common and was used e.g. in [BL2].
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is perfect, that is, it identifies H~° with the dual space of H*. In
particular, any S € L£(H*) admits a dual operator S € L(H~°) with

(1.22) Bs(Sx,y) = Bs(z,S"y).

This defines an algebra antimorphism £(H®) — L(H~*). More gener-
ally, for S € L(H*®', H*?), we obtain a dual operator S” € L(H %2, H *');
in particular, if s = s = —s9, then S, 5" € L(H®, H™®).

Since A is discrete, the embedding 45 : H' < H*® is compact for
s<t For0<6<1andr =0s+ (1—0)t, H" is (isomorphic to)
the interpolation space [H*, H]y, see for example [Ta, Chapter 4.2]. If
S € L(H?) satisfies S(H') C H', then S : H' — H' is continuous,
by the Closed Graph Theorem. Moreover, S(H") C H" for any r as
above, by interpolation. Note also that (i) =1i_s ;.

We say that an operator S € L(H) is s-smooth, for s > 0, if both S
and S* restrict to H*®; this implies that S, S* restrict to H' and extend
(continuously) to H~* for 0 < ¢ < s. In fact, the dual of the restriction
of S and S* to H® extends S* and S to H™*, respectively.

An s-smooth operator S is said to be (—s, s)-smoothing if S maps
H~* into H*; if S'is (—s, s)-smoothing, then so is S*. In the special case
s = 1/2 we simply speak of smoothing operators. Note that S € L(H)
is smoothing if S extends to H~/? with image in H'/2.

We say that an operator S € L(H) has order 0, if S and S* restrict
to H® for any s > 0; that is, S is of order 0 if and only if S is s-smooth
for all s > 0. The space of operators of order 0 is denoted Op°(4). By
definition, all spectral projections of A have order 0.

We are primarily interested in the cases s = —1/2,0,1/2 and s = 1.
If S € L(H) extends continuously to H~'/2) then the extension is
denoted by S,

(1.23) S:H Y g2
if S € L(H) restricts to H'/2, then the restriction is denoted by S,
(1.24) S:HY? — H'.

If there is no danger of confusion, we also write S instead of SorS.
If the adjoint operator S* of S € L(H) restricts to H'/?, then S
extends continuously to H /2,

(1.25) S = (S%).

In particular, if S = S* and S(HY?) ¢ HY?, then S = §'. If Q is
a spectral projection of A, then Q(H?®) C H® for any s € R, by the
definition of H*. Since Q* = @, we have Q = @)’ for any such Q).
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The following lemma and corollary will only be used in the discussion
of regular pairs of projections in Section 1.6.

1.26. LEMMA. Let S € L(H) be 1/2-smooth. Then the following con-
ditions are equivalent:

(1) Let x € H™Y2. ]fo € H1/2 or S*x € H'Y2, then v € H'/2

(2) ker S = ker S, ker S* = ker S*, and there is a constant C' with

[|zl]12 < O(|@\$||1/2 + [[z]|-1/2)

for all z € HY?.
||35||1/2 < C'(||S>"5L“||1/2 + ||$||71/2)

(3) S and S* are Fredholm operators with ind S + ind §* = 0.
(4) There are a 1/2-smooth operator U and smoothing operators
K., K; in L(H) such that

SU=US*=1-K, and US=SU"=1-K,.
Proof. (1) = (2). The assertion on the kernels is an obvious conse-
quence of (1). Consider next S® as an unbounded operator in H~1/2
with domain and target space H'/2. Then it follows from (1) that S
is closed. The projection 7 : H~%/? x HY/? — H~1/? takes values in
H'/? when restricted to the graph of §(?) . Applying the Closed Graph

Theorem to this map we derive the asserted inequalities in (2).
(2) = (3). By Lemma A.11 in Appendix A, the a priori estimate in

(2) implies that S and 5* have finite-dimensional kernels and closed
images in H'/2. From the assumption on the kernels and duality we
deduce that

codim § = dim (im $)° = dim ker S* = dim ker S*,

codim S* = dim ker S’,
where the superscript 0 indicates the annihilator (or polar set) in H~1/2.
This establishes (3).
(3) = (4). It is immediate from the assumptions that ker S = ker S
and ker S* = ker 5. Choose a basis (eg*)) C H'Y? of ker S® which is

orthonormal in H and set

Kaa =) Baplee”)el”, e H 2

J

Then K, € L(H~'2 H'Y?) is a projection in H~'/2 onto ker S&) and
S : ker K, — ker K; is an isomorphism. It follows that there is a
1/2-smooth operator U € L(H) with

gUzI—E and US’:]—_?(;.
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Restricting to H'/? and computing the dual operators gives the remain-
ing identities in (4).
(4) = (1). Consider z € H™/? with y := Sz € H"?. Then we obtain
from (4)

v=Uy+ K,z € H/?,
since K, is smoothing; a similar argument works for S, U

Since, by complex interpolation, both S and U restrict to H*, for
|s| < 1/2, we have the following consequence.

1.27. COROLLARY. Under the conditions of Lemma 1.26, é\(*/) restricts
respectively extends to a Fredholm operator on each H®, |s| < 1/2, with
kernel and index independent of s.

1.3. The domain of the maximal extension. In our approach,
boundary conditions at 0 will play a prominent role; for that reason, the
existence of restriction maps is of interest. We begin with the following
regularity lemma; its third part reflects the usual trace properties of
Sobolev spaces.
1.28. LEMMA (Regularity I). We have

(1) Lioe(e) € COTV2(R, HY?).

(2) H'(e) C C(Ry, H'?).

(3) R: H'(e) — HY?, Ro := 0(0), is continuous.
Proof. By the Cauchy-Schwarz inequality, we have, for any x € H 4,

el < Nl el
Hence if 0 € Lioc(€e) with ||o||g, < K and ||o'||g < L on [0,T], then
lo(s) = o(O)llz22 < Nlo(s) = o (O)l[mallo(s) — o (t)]|m
< 2KL|s —t,

for all s,¢ € [0, T]. This shows the first claim.

As for the proof of the second and third claim, we choose an or-
thonormal basis, (e,)nen, for H, consisting of eigenvectors of A, i.e.
Ae,, = aye, for some a,, € R. For 0 € L.(e) we set o,(t) := (o(t), en).
Then o,, € Lip.(R) and hence, by (B.3),

|anl|on(t) — Un(5)|2 < QHU’;LH%?([S,t]) + QGZH%H%%[S,t})-

Therefore

(1.29) o(t) = a(s)] [}
< C(HO-H%Q([s,t],H) + ||U/H2L2([s,t],H) + ||AU||%2([s,t],H))‘



14 WERNER BALLMANN, JOCHEN BRUNING, AND GILLES CARRON

Since o has compact support,

(1.30) o (8)[| 172

< C(llol122(gs 0012y + 107172 (s000.01) + AT 2 s 00, )) -
In particular,
o (O)|[ 12 < Cllo||m ).
Since H'(e) is the closure of L.(e) in the H'(e)-norm, (1.29) and (1.30)
hold for all ¢ € H'(e). Claims (2) and (3) follow. O

To get a satisfactory description of the domain Dy C L*(R, H) of
the maximal extension Dy, of Dy ., we employ the solution theory of
the evolution operator L. For o € L*(R,, H) we set

(1.31) (Spo)(t) ::/0 e 5 (5)ds — /too e =045 (s)ds,

where we have written A. := AQ- and A. := AQ.. The solution
operator S, has been studied in [APS, Proposition (2.5)] via the corre-
sponding ordinary differential equations in the eigenspaces of A. The
result is that

S+ LA(Ry, Hy) — {0 € Qu(H'(e)) : 0(0) € HY*}
is continuous and bijective with inverse L. We conclude:

1.32. LEMMA. The solution operator Sp := Spv* : L*(Ry, H) — H'(e)
of D is continuous with (Q~Spc)(0) =0 and

(1.33) DSpo = Qxo
for all o € L*(R,, H). Moreover,
1.34 SpDo = Q.o
(1.34) "
for all o € H'(e) with Q~o(0) = 0. In particular, the map
(1.35) RSp: L*(R,, H) — HY?, o+ (Spo)(0),
1S surjective. U

We also use the extension operator
(1.36) Ex(t) = e AHQ0) g

which is defined for x € H=*> and ¢t > 0. We note that £x(t) € H* for
all £ > 0. The following assertions are readily verified by studying the
respective ordinary differential equations in the eigenspaces of A.

1.37. LEMMA. For any s € R and z € H®,

(1) Ex € C(R4, H?) and ||(Ex)(t)|]s < ||x||s for all t > 0.
(2) Ex € CY R, HY) with (Ex) = —(|A] + Qo)Ex.
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(3) CMlxlls—r < (Al + Qo)*Ex|| 2w, my < Csllzll,—y - u

Since ||(|A]+Qo)z||s—1 < ||z||s, the second equation implies that, for
any v € Hy = H', the extension £x : R, — H is Lipschitz continuous
with Lipschitz constant 1. In particular, Ex € Lioc(e) for any z € H4.

1.38. PROPOSITION. The map
Es H;l/z — ker Dyax, Esx:=E&ux,

s a continuous isomorphism. The restriction map R extends to a
continuous map R on ker Dy with REsx = .

Proof. Tt follows from Lemma 1.37.2 that & maps HI to ker Dy,y.

Lemma 1.37.3 implies that it extends to H. Y2 as a continuous and
injective map, where we recall that ker D, C L2(R, H) is closed.

To prove surjectivity, choose a unitary basis (e,) of H of eigenvectors
of A, Ae,, = ape,. Let 0 € ker Dy and set 0,(t) := (o(t),e,). Then
on solves the ordinary differential equation o/, + a,0, = 0 weakly, and
hence o,(t) = e "*rx,,, where z,, = 0,,(0). Since o is square integrable,
r, =0fora,<0andz =3, _ e, € H;l/z. Hence o = E- .

The assertion about R is clear. U

We note that the Dirac operator D commutes with )y and (), hence
(1.39) Dinax = @+~Dax ® QoDmax-
Moreover QoDnmax = H' (R, QoH), the standard Sobolev space.
1.40. COROLLARY (Representation Formula). The map
H'? @ LRy, Hy) © H' Ry, QoH) — Dy,
(x,7,00) — 0 =Esx + SpT + 0y,
is a continuous isomorphism with Dy.o = T + 0.

Proof. Clearly E~a+SpT+00 € Dy forallz € HS'? 7 € L2(Ry, Hy),
and og € Hi(R,,QoH). Vice versa, let 0 € Dyay and set 7 = Dyax0o
and o9 = Qpo. Then 0 — SpT — 0y € ker Dy, by Lemma 1.32. Hence

our map is a continuous isomorphism, by the continuity of Sp and
Proposition 1.38. l

1.41. PROPOSITION (Boundary Values). Let
H:=H'? & QuH & HY?.
Then R and & extend to respectively define continuous operators
R :Dpax — H and E: H — Dyx
with RE = I on H. In particular, R is surjective. 0
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Now we can derive the precise regularity properties of elements in
Dinax which will make the special role of 0 even more apparent. For
ease of notation, we set Ro =: ¢(0).

1.42. LEMMA (Regularity II). The mazimal domain Dyax has the fol-
lowing properties:
(1) L.(e) is dense in Dyax.
(2) H'(e) = {0 € Dpax : 0(0) € HY?} C Dyax.
(3) Dws  C(R,, H) N C((0, 00), H'P?)
(4) limy oo o(t) = 0 in HY? for any 0 € Dyax.
(5) If ¢ € Lip(R,) is bounded and 0 € Dpax,
then ¢o € Dyax and (¢po)(0) = ¢(0)o(0).

Proof. (1) By definition, L.(e) is dense in H'(e). Hence it suffices
to consider o € ker Dy, by Corollary 1.40. Write 0 = £.x with
T € H;l/z. Choose a sequence (z,,) in H! with x, — z in H~Y/?
and ¢ € Lip,(Ry) with ¢ = 1 near 0. Set ¢,(t) := ¢(t/n), then by
Lemma 1.37, ¢z, € L.(e). It is easy to see that ¢,Esx, — Esx in
Dmax-

(2) Clearly H'(e) C Dupax. Since the image of Sp is contained
in H'(e), the asserted characterization of H'(e) is immediate from
Lemma 1.37.3 and Corollary 1.40.

(3) Dinax € C(R., H) is clear from Lemma 1.37.1. By Lemma 1.28.2,
H'(e) is contained in C(R,., H/?), thus in C(R,, H). By Corollary 1.40,
it is hence sufficient to consider the image of &~. Now Ex(t) € H™
and Ex(t +t') = E(Ex(t))(¥') for all x € H~'/? and ¢,#' > 0. Hence
E.x € C((0,00), H/?) for all z € H~Y/2 by Lemma 1.37.1.

(4) Let 0 € Diax. It follows from (2) and (3) that o shifted by ¢ > 0,
no(t') :=o(t+1'),is in H'(e). Hence by (1.30),

le@)15r1/2 = 17 (0)[72/2 < CllImeollin e

= C/ (lo’II* + 1Aal* + [lo11%).
t

3
4
5

Hence o(t) — 0in HY? as t — oo.

(5) Let 0 € Dyax and ¢ € Lip(Ry) be bounded. Choose a sequence
(0,) in L.(e) which converges to o in Dy,.c. Then ¢o, € L.(e) and
¢, — ¢o in Dy, hence the claim. L]

Now we can extend (1.11) (cf. [BL2, Lemma 2.15]) t0 Dyax. We only
have to use Part 1 of Lemma 1.42 and to note that the §kew—}lermitian
form w defined in (1.11) extends naturally to (z,y) € H x H by

(143)  w(z,y) = B_1)2(Q>2%,YQ<-rY) + Bi1)2(Q<rx, YQ>_2Y),
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where A € R is arbitrary.
1.44. COROLLARY. For 01,09 € Dpnax we have
(Dmax01,02) — (01, Diax02) = w(01(0),02(0)). O

~ We note that w is non-degenerate on H. For a linear subspace B C
H, the annihilator of B with respect to w is

(1.45) B*:={y€ H: w(ry) =0forall z € B}

B® C H is closed, and B is the closure of B in H. The description
of B? is easy in the case where B is contained in H'/2.

1.46. LEMMA. If B C HY? C H, then B* = (yB°) N H, where
B’ ={ye 2. Bija(x,y) =0 for all v € B}.

In particular, B® N H'Y? = v(B+ N H'Y?), where B* is the orthogonal
complement of B C H in H.

Proof. For z,y € H with € H'/?, we have w(z,y) = Bijo(z,vy). O

1.4. Boundary conditions and Fredholm properties. With any
linear subspace, B C H, we now associate various extensions of Dy .
We define:

(1.47) Lp.le):={oeL.e) : 0(0) € B},
Dg.:= D|Lp.(€);
(1.48) Dp:={0 € Dpax : 0(0) € BN H1/2}
={o € H'(e) : 0(0) € B},
Dg : = D|Dg;
(1.49) Dpmax : = {0 € Dpax : 0(0) € B},
DB,max = Dmax’DB,max-

Since the restriction map R : Dpax — H is continuous, Dp max is a
closed operator if B is a closed subspace of H. Vice versa, we have:

1.50. PROPOSITION. Let D C Dhax be a closed extension of Do, and
D be the domain of D. Then D = Dpg yax, where B = {c(0) : 0 € D}
is a closed subspace of H.

Proof. Since D is a closed extension of Dy, the closure of Lo.(e) in
the H'(e)-norm is contained in D,

Hj(e) :={o € H'(e) : o(0) =0} C D.
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Since the difference of any two elements from D,,,, with the same value
at 0 is in H}(e), by Lemma 1.42.2, we conclude that

D = {0 € Dpax : 0(0) € B},

hence that D = Dpg pax. Suppose now that (,,) is a sequence in B such
that , — « in H. Then, by what we just said, (z,) is a sequence
in D and £x,, — £z in Dy, by Proposition 1.41. Since D is a closed
operator and R is continuous, we get that x € B. O

1.51. DEFINITION. A (linear) boundary condition for a Dirac system is
a closed linear subspace B C H.

1.52. REMARK. Since the seminal article [APS] of Atiyah, Patodi, and
Singer, it is customary to state boundary conditions for Dirac systems
in terms of projections in H. In our setup, the boundary condition
introduced by Atiyah, Patodi, and Singer is given by the subspace
Baps = H < of H. We will discuss boundary conditions given by pro-
jections in Section 1.6. Our approach to the description of boundary
conditions for Dirac systems, however, does not only seem to be more
general but will also lead to a more satisfying analysis of the corre-
sponding operators, as we are going to explain.

For any o € L.(e), 0(0) € Hy = H'. Vice versa, for any x € Hy
there is 0 € L.(e) with ¢(0) = x. Similarly, for any z € H'? there
is 0 € H'(e) with 0(0) = z. Let B C H be a boundary condition.
We conclude, using (1.44), that the adjoint operators of the above
operators are

(153) (DB,C)* == DBl,max with B1 = (B N HA)a,
(1.54) (Dp)* = Dp,max  With By = (BN H'?)*,
(155) (DBJHaX)* = DBa,max-

Since the closure of a linear subspace of H is the annihilator of its
annihilator, the closures of the above operators are

(156) DB,min - (DB,C)** = DCl,maxa
(157) (DB>** - DCg,maxa
(158) (Z)B’,max))'<>|< = DB,max-

where C; is the closure of BN Hy in H in (1.56) and Cj is the closure
of BN HY?in H in (1.57). In particular,

(1.59) Dpmin = Dpmax <= BN Hy is dense in B.
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1.60. DEFINITION. We say that a boundary condition B C H is reqular
it Dpmax = Dp. We say that a boundary condition B is elliptic if B
and B® are regular.

By the representation formula 1.40, the boundary condition Bpg =
H < of Atiyah, Patodi, and Singer is the most natural regular boundary
condition. The following reformulations of regularity are immediate
from the definition of regularity and the properties of the maximal
domain.

1.61. PROPOSITION. A closed linear subspace B of H is a regular
boundary condition iff any of the following equivalent conditions s sat-

isfied:

(1) DB,max = DB-

(2) Dpmax C Hl(fa).

(3) BCc H'? C H.
A closed linear subspace B of HY? is a regqular boundary condition iff
one of the following two equivalent conditions is satisfied:

(4) The HY? and H-norms are equivalent on B.
(5) For some or, equivalently, any A € R, there is a constant C
such that, for all x € B,

1Q>nzl|12 < C(|Qsam|[—1y2 + ||Q<az||1/2). O

1.62. LEMMA. Let B C H be a reqular boundary condition and A € R.
Then the map Q<p : B — H;/f 15 a left-Fredholm operator, that is, has

finite-dimensional kernel and closed image. Moreover, (Hi/AQ,B) s a
left-Fredholm pair in H'? with

null(HY}, B) = dimker(Q<y : B — HY}) = dim(H.{ N B),
def(Hi/AQ, B) = dim coker(Q<p : B — H;/AQ) = dim(Hs_, N BY).

Proof. We use Hormander’s Criterion, see Lemma A.11. Suppose that
(x) is a bounded sequence in B such that Q< (x,) converges in H i/AQ :
Since the inclusion HY2 — H='/2 is compact and (z,) is bounded in
H'? we may assume, by passing to a subsequence if necessary, that
(z,) converges in H~'/2. But then (Q-,) is a Cauchy sequence in
H'/2 by Proposition 1.61.5. It follows that Q< : B — Hi/AQ is a left-

Fredholm operator and hence, by Proposition A.12, that (H i/AZ ,B)isa
left-Fredholm pair. The formulas for the nullity and the first formula
for the deficiency of the pair (H 2 B ) are clear. As for the last equality,

>A)
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we have, using (A.6),
(HY}+B)° = (HY)nB = H_,”nB°
={zr e H</1\/ : B_yjo(x,y) =0 for all y € B}
=~v({x E}?Z_A c w(z,y) =0 for all y € B})
=(H>-xNB"). O

1.63. PROPOSITION. Let A be a real number, U C Hi/AQ be a closed

subspace, FAC H1/2A be a finite-dimensional subspace, V= FoﬂHiﬂA,
and let g : U — V be a continuous linear map. Then

B=vF&{u+~ygu : ueU}

15 a reqular boundary condition, and all reqular boundary conditions
arise in this way.

Proof. 1t is clear that any boundary condition B of the given form is
regular. Conversely, let B C HY? be a regular boundary condition.
By Lemma 1.62,

U= 1m(Q<A B — H1/2)
is a closed subspace of HY, A 2 and
Fi=~(BnHYY) =(ker(Qep : B — HZY))

is a finite-dimensional subspace of H i/f - It follows that G = (yF+)NB
is a complement of vF' in B and that Q<p : G — U is an isomorphism.
Hence there is a continuous linear map g : U — H_ 12 4 such that

G={u+vgu: uelU}
Since G C vF*, g takes values in V. O

1.64. REMARK. In Proposition 1.63 above and Proposition 1.65 below,
the roles of weak and strong inequalities can be interchanged.

1.65. PROPOSITION. Let A be a real number and let
HSAIE@U and H<_A:FEBV

be orthogonal decompositions, where E, F' C Hi/EA are finite-dimensional
subspaces, and g : U — V be a 1/2-smooth linear map. Then

B=~yF®{u+~gu : ue UNnHY?
s an elliptic boundary condition with
B*=~E® {v+~g*v : veVnHY?}
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All elliptic boundary conditions arise in this way.

1.66. REMARK. In previous work, but in a different context, the first
author and Christian Bar considered boundary conditions of precisely
this form. For details see the forthcoming article [B&B|.

Proof of Proposition 1.65. With data as in Proposition 1.63, write

B=~F&{u+~yju : ueU},
where the map g there is decorated with a hat here. Since F' C H_ 1/ 2
is of finite dimension,
FeV=H."? FeV=H_, FeV=HY"
where

V=F'nH"} V=F'nH.,, V=FnH/",.

<-A>
Let # € vyB® ¢ H~Y2. Then there exist f € F and v € V with
Q<_az = f+v. We compute B_y5(z, f) = |f|*. Since f € 7B, we
conclude that f = 0 and hence that
Q<7A(’YBO) cV.
Conversely, let v € V. Then B_y(v + yw, f) = 0 for all w € H_ 1/2
and f € F, by the definition of V and since F C Hl/2 With u € U,
we compute
B_1/2(v +yw,yu — gu) = B_yp(yw,yu) — B1)2(v, gu)
= B_l/g(w, U) — B_l/g(v, Qu)
= B_1p2(w,u) — By (v, u)
for some appropriate v’ € H<1/2 by the duality (HI/Q) = H_l/2 We
conclude that v +vu’' € yB°. In particular,
V= Q<—A(VBO)~
Since H = Hl/QAEBH>11\/ , we have v-+~u' € H if and only if v € H_
We now use that B is elliptic. Then B* = (yB°) N H is regular and
hence (yB°) N H = (yB%) N HY2. Tt follows that v + yu' € vB° as
above belongs to H'/? if and only if v € HY/?, and therefore
V = Q<—A(Ba)-
By the symmetry of the roles of B = (B*)* and B* and switching the
roles of weak and strong inequalities, see Remark 1.64, we get

U=Qcn(B)=E" nHY,

1/2



22 WERNER BALLMANN, JOCHEN BRUNING, AND GILLES CARRON

where £ = v(B* N H;/AQ ). By Lemma 1.62, E' is finite-dimensional.
Hence the sesquilinear form B_,/, identifies U=E'NnH ;/1\/ ? with the
dual space of U. In particular, in the above v+u', we may take u' = §'v,
where ¢’ : V' — U is the dual map of g.

We now recall that v’ = §'v is in H'/? if v € HY/?, by the regularity
of B®. By interpolation we get that ¢’ is the extension of a 1/2-smooth
linear map g* : V' — U. By symmetry, ¢* is the adjoint of a 1/2-smooth

map ¢ : U — V and g is the restriction of g to U. O

1.67. COROLLARY. Let B C H be an elliptic boundary condition and
A € R. Then yB™t is the closure of B in H and

(1) BNHsx=BNHY, B'nH.y=~(B"nH),

where B denotes the closure of B in H. Moreover, (B, Hsy) is a
Fredholm pair in H with index

(2)  ind(B, Hsp) = dim(B N Hsp) — dim(B+ N H_y)
= dim(B N HYY) — dim(B*n H?)). O

It is natural to ask whether the index formula in (1.67.2) gives the
index of Dp max for suitable A; this is in fact true for A = 0 if ker A = 0.

1.68. PROPOSITION. Let ker A = 0. If B C H is a reqular boundary
condition, then Dp = Dp max 15 a left-Fredholm operator with

(1) (im Dp)* = ker Dpa max-
If B is elliptic, then Dy is a Fredholm operator with
(2) ind Dg = dim BN H> — dim B+ N H_.

Proof. We again use Hormander’s Criterion from Lemma A.11. Since
the kernel of A vanishes, we have the representation formula

0 =EQ~0(0) + SpDnaxo,
characterizing elements o € Dy.x. Furthermore,
Sp: L*(Ry, H) — {0 € H'(e) : Q=0(0) = 0}

is an isomorphism, by Lemma 1.32. Let (0,,) be a bounded sequence
in Dpmax such that Dy,..0, converges in L?*(R,, H). Then (0,(0))
is a bounded sequence in B and (SpDyax0,) converges in H'(e). It
follows that the sequence (Q<0,(0) = (SpDmax0n,)(0)) converges in
HY?. By Lemma 1.62 and Hérmander’s criterion again, (0,(0)) has
a convergent subsequence in B. Hence (0, = £Q~0,(0) + SpDpmax0y)
has a convergent subsequence in Dpgax. This shows that Dp is a
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left-Fredholm operator. Now D} = Dpga max, see (1.54), therefore
(im Dg)t = ker Dga max as claimed. O

We note that the image of Dp ax is not closed if ker A # 0 while the
index formula in (1.67.2) holds in general. This suggests a possible ex-
tension of Proposition 1.68 which we achieve by conveniently enlarging
the domain of Dp,.. We recall that @y and @ commute with Dyax
and that Dy, splits perpendicularly with components H'(R,, Qo H)
and Q+Dyax. As is well known, the source of trouble is the part

Dyax : H'(Ry,QoH) — L*(Ry., QoH).

of Dpax. We restore Fredholm properties of D by enlarging H* (R, Qo H).
Our discussion is motivated by the work of the third author on non-
parabolic Dirac operators, compare [Ca2| and Section 2.3 below.

By Corollary 1.40, we have equivalences of norms on Dy,

||0||2Dmax ~ ||Q>0<0)||2—1/2 + HT||%2(R+,H#) + ||UO||12L11(R+,QOH)
(1.69) = |Q>0(0)[1%1 /2 + || Dmax 72w, 1y + ool Z2m, o)
(1.70) ~ ||U(0)||12q + ||Dmax0||%2(R+,H) + ||0-0||%2(R+,Q0H)7
where 7 = Dyax@20 and o¢g = Qoo and where we note, for the last

equivalence, that R is continuous on D,,.,. We now introduce a con-
tinuous seminorm || - || on Dpax,

(1.71) o1l = 1o ()15 + [1Dnaxo |12, 1y < C - [lo][D,,,-

Corollary 1.40 implies that || - ||y is actually a norm on Dy,.y. Clearly,
|| - ||lw and the graph norm of Dy, are equivalent if ker A = 0. On the
other hand, if ker A # 0, then || - ||y is strictly weaker than the graph
norm of D,... However, one easily verifies that for any 1" > 0 there is
a constant Cr such that

(1.72) HUHL2([0,T],H) < Orllollw,

for all o € D,k

We now let W be the closure of Dy, under the norm || - ||w. By
Lemma 1.42.1, L.(e) is dense in W. By definition, Dy, extends to a
continuous operator

(1.73) Doy : W — L*(Ry, H).
We observe now that

(1.74) W = QW @& QoW = Q_-Diax ® QoW.
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The linear map Sy : QoH & L*(R,, QoH) — QoW defined by

(1.75) So(z,7)(t) =2+~ /tT(s)ds,
0
is an isomorphism with DeSo(z,7) = 7. In particular,
(1.76) QoW C Hypo(Ry, QoH).
With R(So(x, 7)) := x we obtain a continuous extension
(1.77) R:W — H, Ro=:0(0),
of R to W. For a boundary condition B C H, we set
(1.78) Wg:={ceW :0(0) € B} and Dpgex = Dext|Wp.

We see from the above that L*(R,, QoH) C im Dp e, irrespective of
the boundary condition B.

1.79. THEOREM. If B is regular, then Dp ext 15 a left-Fredholm operator
with (im Dp et )™ = ker Do max-

Proof. Use the representation Ex + SpT + So(y, p) of elements of W,

where € HS'? 7 € L3R, Q.H), y € QoH, and p € LA(R, QuH),

and adapt the argument from the proof of Proposition 1.68. U
For any boundary condition B C H,

ker DB,max = DB,max N ker Dmax;

1.80
( ) ker Dp ext = Wp Nker Dexy = W N (ker Dypax + Qo H ).

In particular, we have isomorphisms

R :ker D max — BN H,

(1.81) .
R :ker Dpexy — BN Hs.

Recall that a boundary condition B is elliptic if B and B* are regular.
As above, we let B denote the closure of B in H.

1.82. COROLLARY AND DEFINITION. If B is elliptic, then Dpcx 15 @
Fredholm operator with index

ind Dp ox; = dim(B N Hs) — dim(B- N H.) = ind(B, H>),
the extended index of Dpg, also denoted by indey Dp
Proof. Immediate from (1.81), Theorem 1.79, and Corollary 1.67. O
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1.5. Self-adjoint boundary conditions. We say that a boundary
condition B C H is self-adjoint if B = B®. By definition, a regular
self-adjoint boundary condition is elliptic.

We say that (Hg,w) is a Hermitian symplectic vector space if the
+1-eigenspaces of the involution iy of Hy have equal dimension. Then
a subspace L C Hy is Lagrangian if L L vL and L & vyL = H,.

1.83. THEOREM. Regular self-adjoint boundary conditions exist if and
only if (Ho,w) is a Hermitian symplectic vector space (where Hy = 0 is
not excluded). Then reqular self-adjoint boundary conditions are given
by the following data: a Lagrangian subspace L C Hy, an orthogonal
decomposition H. = F &V, where F C Hi/Q 1s of finite dimension,
and a 1/2-smooth map g : V & L — V & L with g* = g. The regular
self-adjoint boundary condition B given by such data is

B=~F&{w+ygw : we (VaL)nHY?).

Write H = H* @ H~, where H* is the £1 eigenspace of 7. Since A
anti-commutes with v, A maps H* to HT so that the restriction of A
to HT is a Fredholm operator (in general unbounded) to H~. Since 7y
intertwines eigenspaces of A with opposite eigenvalues, it follows easily
that (Hp,w) is a Hermitian symplectic vector space if and only if the
Fredholm operator A" has index 0.

1.84. COROLLARY. With H* and A* as above, H contains elliptic self-
adjoint boundary conditions if and only if ind AT = 0. O

Proof of Theorem 1.83. Any data as in the assertion give rise to a reg-
ular self-adjoint boundary condition. As for the existence, if L C Hy is
a Lagrangian subspace, then L & H_ is a regular self-adjoint boundary
condition.

To prove the asserted characterization, we first observe that regular
self-adjoint boundary conditions are elliptic, so that we can use the
description of elliptic boundary conditions given in Proposition 1.65.

Let B be an elliptic boundary condition. By Proposition 1.65, there
are orthogonal decompositions

He=E®U and H.=FaV,

where E,F C H'Y? are of finite dimension, and a 1/2-smooth linear
map b: U — V such that

B=vF®{u+~ybu : ueclUnHY?,
B*=~E® {v+4bv:veVnH?}
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From now on we assume that B = B?® Then the H-closure B = yB*,
and hence any element in B can be written in any of the following two
ways:

v+ u+vbu =vf + uc + up + Ybu,
where u. = QQ-u and ug = Qou, and

ve + v+ yb*v = ye. + veg + v + Yb'v,

where e = Q)<e and eg = Qpe. We are going to compare the H., Hy,
and H- components of elements of B in the above two representation:

We observe first that V = Q- (U) = {u< : v € U}. Since F and F
are the orthogonal complements of U in H< and V' in H_, it follows
that
Let L :=U N Hy and

Br:={u+~bu : we L} C B.

Let v € L. Then u + vbu € B and hence there exist e € E and v € V
such that

u+ ybu = ye + v + ybv.
Clearly v = 0, hence b*v = 0, and hence u = yey and bu = e.. We get
yu — bu = —e and hence

vBr ={yu—bu:uwe L} CE.

Let e € E. Then ve € B and hence there exist f € F and v € U such
that

ve =~f + uc + ug + ybu.
We obtain u. = 0, hence yeg = ug = u € L and e. = f + bu. Since
F C E, we get

E=F®&{yu—bu:uel}=F&~ByL.

Since U is the orthogonal complement of F in H< and Qo(E) = L, the
orthogonal complement of vL in H, belongs to U, that is, to L, by the
definition of L. We conclude that we have an orthogonal decomposition

Hy=L&~L.

It follows that (Hp,w) is a Hermitian symplectic vector space and that
L is a Lagrangian subspace of (Ho,w).
Since B = vB* and E = F & vB;,, we have orthogonal sums

B=yEd{v+b*'v : veV}=~vF® B, ® By.
Let W :=V & L. Then H decomposes orthogonally as
H=FoWo~FoyW.
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For a subspace K C H, let Qi be the orthogonal projection in H onto

K. Then QW = QV + QL-
Let x € By, @ By and write x = u + ybu 4+ v + vb*v with v € L and
v € V. Since Qr(b*v) = Qr(yb*v) = 0, we have

YRWY v = YQrewb™ = (I — Qrew )7b™v = (I — Qw)7b™v.
Therefore
xr=u+ybu+v+yb*v
— u+ QuAb v + v+ ybu + (I — Qu )b
=u+ Qwyb v+ v+ y(bu + Quwb*v).
Since vb*v € H>, we have Qwyb*v = Qryb*v. Hence
z = (u+ Q™) + v+ v(b(u + Qryb™v) + (Qwb" — Q0" )v)
= (Qr + Qv)r +79(Qwz) = Qwz + v9(Qwz),
where g : W — W is the 1/2-smooth linear map given by
gw =bQrw + (Qwb" — bQrYb")Qvw.
We conclude that
B=~vF @ {w+ygw : we€ W}

Now
YB=B*=F @ {yw—g'w: weW},
hence g = g*. U
1.85. EXAMPLE. Let §: H — H be 1/2-smooth with
(1) gt =671 =5,
(2) 8+ By =0,
(3) AB+BA=0.

Then B = {z € HY? : Bx = x} is a regular self-adjoint boundary
condition.

For example, given a Dirac system d = (H, A, ), consider the Dirac
system

d= (H D H? (A7 _A)a (77 _’Y>>’
Then 8 : H@® H — H& H, B(z,y) = (y,x), satisfies (1)-(3). The
corresponding boundary condition B = {(z,z) : » € HY?} is regular
and self-adjoint. It arises as the transmission boundary condition when
cutting a manifold along a hypersurface.
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1.6. Regular pairs of projections. Let P and @ be 1/2-smooth
projections in H. We say that the ordered pair (P, Q) is reqular if

(1.86) re HY? Pr=0,Qre H/? =z e H'/?

Roughly speaking, this means that () is close to I — P; compare Propo-
sition 1.93 below.

1.87. LEMMA. Let (P,Q) be a pair of 1/2-smooth projections in H.
Then (P, Q) is regular if and only if

T € H’1/2, Pr e H1/2, Qaz e H'? — z € Y2

Proof. Assume that (P, Q) is regular. Consider = € H~'/? with Pz
and Qx in HY2. Set y := (I — P)x € H™'/2. Then Py = 0 and

Qy: Qx—@ﬁ’x = Qm—@ﬁx e H'/2.
By regularity, y € H'/2 and hence x = Pz +y € H'Y2. O

1.88. COROLLARY (Symmetry and Stability).
(1) The regularity relation on pairs of 1/2-smooth projections is
symmetric.
(2) The regularity relation is stable under smoothing perturbations,
i.e. if Py, Py, Q1,Qo are 1/2-smooth projections in H with P, —
P, and Q1 — Q2 smoothing, then (P, Q1) is reqular if and only
if (P2, Q2) is regular. O

We need stronger regularity conditions: The pair (P, Q) is called
strongly regular if both (P,Q) and (I — P,I — () are regular.

1.89. THEOREM. Let P and Q be 1/2-smooth projections in H. Then
the following conditions are equivalent.

(1) The pair (P, Q) is strongly regqular.

(2) The operator

T=TPQ):=P-Q=PI-Q)—-(I-P)Q
satisfies half of the condition 1.26.1, i.e.,
re H'Y? Tee H/? — 2z € HY.

Proof. Assume that the pair (P, Q) is strongly regular. Let 2 € H~1/?
with Tx € HliQ. Then (I —P)Pzx =0and (/ —Q)Pz = (I -Q)Tx is in
H'2. Hence Px € H'/?, by the regularity of (I — P,I — Q). A similar

argument shows that Qz € H'Y/2, Hence x € H'/2, by the regularity of
(P, Q). The other direction is obvious. U
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In order to link strong regularity to Fredholm properties of suitable
operators, as in [BL2], we have to require regularity of the adjoint
projections, too.

1.90. THEOREM. Let P and @ be 1/2-smooth projections in H. Then
the following conditions are equivalent:

(1) The pairs (P,Q) and (P*,Q*) are strongly regular.
(2) With T = T(P,Q) = P — Q as before, the operators T and T*
are Fredholm in H'/? with ind T + ind T* = 0.

If any of these conditions holds then both T and T~ restrict to Fredholm
operators in each H®, |s| < 1/2, with kernels independent of s.

Proof. From Theorem 1.89 we know that the strong regularity of the
pairs (P, Q) and (P*, Q%) is equivalent to the condition 1.26.1 for 7" and
T*. By Lemma 1.26, this condition is equivalent to Condition (2) of the
theorem. The Fredholm property of the restrictions and the constancy
of their kernels follows from Corollary 1.27. U

1.91. REMARKS. 2) (I — P*, I — Q") is (strongly) regular if and only if
(Py, Q) is (strongly) regular.

1) If P and @ are orthogonal, that is, P = P* and @ = Q*, then (P, Q)
is strongly regular if and only if (P, @) and (P,, Q) are regular.

1.92. COROLLARY. For any pair P,Q of orthogonal 1/2-smooth projec-
tions in H, the following conditions are equivalent.

(1) The pairs (P, Q) and (Py,Q.) are reqular.
(2) T is a Fredholm operator, necessarily of index 0, in HY/?. [

With any projection @) in H, we associate the involution J(Q) :=
1—20.

1.93. PROPOSITION. If there is a representation P =1 — @ + Ry + R»
in L(H'Y?), where Ry and R} are compact in H'? and

1 T(Q) Rall gravzs [ By T (@) e < 1,
then (P,Q) and (P*,Q*) are strongly regular.
Proof. We show that Condition 2 of Theorem 1.90 holds. We have
T=JQ)+R+ R =JQ)I+ J(Q)Ry) + Ry

and, similarly,
T = (I+ R1J(QY)J(Q") + Ry.

The bound on the norms now implies that both T and T* are Fredholm
operators in H'/? of index 0, hence the assertion. 0
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In [BL2, Theorem 1.3] a criterion for regularity is given which uses
only properties of P and ) in H, without referring to other Sobolev
spaces, at the expense of introducing more conditions on P and Q).
This result is a special case of our analysis as we will show now.

1.94. LEMMA. Let S be a 1/2-smooth Fredholm operator in H and de-
note by K,y the orthogonal projections onto ker S and ker S*, respec-
tively. Then the following conditions are equivalent:

(1) S admits a 1/2-smooth parametriz U € L(H) such that
US=1-K, and SU=1-K,.

(2) S and S* restrict respectively extend to Fredholm operators in
each H®, |s| < 1/2, with indez independent of s.

Proof. (1) = (2). If U restricts to H'/2 then K, = I — US and K; =
I — SU as well. Since both projections have finite rank and since H'/?
is dense in H, it follows that both projections are actually smoothing.
Now (2) follows from Lemma 1.26 and Corollary 1.27.

(2) = (1). This follows from the explicit construction of K, in the
proof of Lemma 1.26.4. O

This lemma gives a useful criterion for linking the regularity of a
1/2-smooth projection P to Fredholm properties of T = P — Q- in H,
provided that we can control the mapping properties of parametrices.
To construct a parametrix U satisfying Condition (1) of Lemma 1.94,
we start with the polar decomposition 7' = V|T| of T', where

T| = (T"T)"?, VV=I-K, VV'=I-K,.

Now 0 is an isolated point in spec(T*T") if T' is a Fredholm operator,
hence {Rez > 0} N spec(T*T) is a compact subset of (0,00). The
function f = f(z) = 1/y/z is holomorphic in {Rez > 0}. Thus we can
define the operator |T|~! := f(T*T) by the Dunford-Taylor integral of
f along a simple closed curve in {Re z > 0} surrounding spec 7*7"\ {0}
(cf. [Yo, p.225]). Then we have |T||T|™' = I — K,, which implies that
U:=|T|"'Vv*

satisfies UT' = I — K, and TU = I — K;. Now it is apparent that
this parametrix construction leads to a 1/2-smooth parametrix for all
Fredholm operators inside an operator algebra, A C L(H), if A has
the following properties:

(1) A is a *-algebra with identity,

(2) A admits holomorphic functional calculus, i.e., is closed under

forming Dunford-Taylor integrals,
(3) A is contained in the space of 1/2-smooth operators.
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We combine these facts in the following result which generalizes The-
orem 1.3 in [BL2].

1.95. THEOREM. Let P and @Q be 1/2-smooth projections in H and
assume that P and Q) are contained in some operator algebra A C L(H)
which satisfies the above properties. Then the following conditions are
equivalent:

(1) The pairs (P,Q) and (P*,Q*) are strongly reqular.

(2) The operator T := P — @ is Fredholm in H.

The conditions imposed on the algebra A are not unnatural; e.g.,
they are satisfied for the algebra of pseudodifferential operators of order
zero on a compact manifold.

We now come back to Dirac systems and study the more traditional
boundary conditions defined by projections in H. Let P be a 1/2-
smooth projection in H. Then P induces a continuous projection in H
iff QSISQ> is smoothing. In any case,

(1.96) Bp :=ker PN H

is a closed subspace of H, that is, a boundary condition in the sense
of Definition 1.51. Furthermore, ker P is a closed subspace of H. In
their work, Atiyah, Patodi, and Smger consider the boundary condition
given by Paps := @, see (2.3) in [APS].

1.97. REMARK. Let P be a 1/2-smooth projection in H that induces a
continuous projection P in H. Since H'/?is dense in H and P(H'/?) C
H'Y2 Bp N HY? is dense in Bp = ker P. Hence Bp is equal to the
closure of Bp N HY? in H.

Suppose there is an 2 € im P\ HY? and set B = ker P @ Rz, a
closed subspace of H. If z = y+ax € Bisin H'/?, then also Pz = ax,
hence av = 0. It follows that H'/? is not dense in B. By what we just
said, B is a boundary condition that is not realizable as the boundary
condition Bg of a 1/2-smooth projection R that induces a continuous
projection in H.

The Dirac operators and domains corresponding to the boundary
condition Bp posed by a 1/2-smooth projection P in H will be denoted
as above, except that we substitute the subscript P for Bp.

1.98. DEFINITION. We say that a projection P : H — H is reqular if
it is 1/2-smooth and Bp is a regular boundary condition.

1.99. PROPOSITION. For a 1/2-smooth projection P in H , the following
are equivalent:
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(1) P is regular.
(2) Bp = ker P.
(3) For some or, equivalently, any A € R, we have

z€ H V2 Pr=0Qcpr € H/? = 2 € H/2

Proof. The condition in (2) expresses that Bp C H'/2, hence that Bp is
a regular boundary condition, by Proposition 1.61.3. Since H is equal
to the direct sum H;/f ® H;}\/ ?, the condition in (3) is just another

way of saying that Bp C H/2. 0

Part 3 of the preceding result is the regularity criterion introduced
in condition (4.6¢) of [BL2].

We note that for a regular projection P in H with corresponding
boundary condition Bp = ker P, the adjoint boundary condition is
given by

(1.100) (Bp)* =ker P, H with P, :=~*( — P*)y.
We say that P is elliptic if P and P, are regular. Then
(1.101) (Bp)* = ker P, = vim P*.

1.102. COROLLARY. If P s an elliptic orthogonal projection in H, then
Dpext 15 a Fredholm operator with extended index

ind Dp ey = dim(ker PN Hs) —dim(im PN H.). O
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2. DIRAC-SCHRODINGER SYSTEMS

2.1. Dirac systems with Lipschitz coefficients. In this section,
we construct and describe a model for the geometric operators we are
interested in; this model will be introduced axiomatically.

Let H be a separable complex Hilbert space. For t € R, let (-,-);
be a family of scalar products with norm || - ||; compatible with the
Hilbert space structure of H.

[. AxioMm. For all T" € Ry, there is a constant Cr such that
[{u, V)r = (u, 0)s] < Crl|ulle][v][e]r — s]
for all u,v € H and r,s,t € [0,T].

It would be equivalent to require the estimate for ¢ = 0 only instead
of requiring it for arbitrary ¢ € [0, 7).

In the following we will write (o, 7) for the function ¢t — (o (t), 7(t)):,
and similarly for related expressions.

Our data define a Lipschitz Hilbert bundle H over R, with fibers
H, = (H,{(-,-);), t € Ry. Any bundle H = (H;)er, of Hilbert spaces
which is (locally) Lipschitz over R, is isometric to such a model bundle.

For t € R, , define a positive definite operator G; € L(H) by

(21) <Gtu,’u>0 = <U7U>t7 u,v € H.

The operators Gy and G ! are locally Lipschitz functions of ¢ in £(H).
An easy application of Lemma 1.3 gives the following result.

2.2. LEMMA. The operator function G is weakly differentiable almost
everywhere in Ry with symmetric derivative G, € LS. (Ry, L(H)).

loc

More generally, if H; and H, are separable Hilbert spaces, then any
function in Lip,.(Ry, L(H1, Hs)) is weakly differentiable almost every-
where, and the norm of the derivative is locally uniformly bounded.

Now we set

(2.3) = %G;IG; € Liv (R4, L(H)).

If 0; denotes the derivative with respect to t, 0,0 = o', then
(2.4) 0:= (0, +7T) : Lipoo(Ry, H) — LS. (R4, H)

is a continuous metric connection, where metric means that
(2.5) (01,02) = (D01, 09) + (01, 009),

for all oy, 09 € Lip,,.(Ry, H).
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2.6. REMARK. Any other continuous metric connection

5 : Liploc(RJraH) — Ly, (R+7 H)

loc

is of the form & = @+ T, where I € L. (R, L(H)) takes values in the
space of skew-Hermitian operators.

II. AxioM. There is a family A of self-adjoint operators A; on Hj,
t € Ry, with common domain H,4 and graph norm || - || 4, such that

(1) with respect to the graph norm || - ||4, on Ha,
the embedding H4 — H is compact;
(2) for all T € R, there is a constant C7 such that

[(Aru, v)r — (Asu, v)s| < Crllul|a,]|v]]elr — s]
for all u € Hy,v € H, and r,s,t € [0, T].

As above in Axiom I, it would be equivalent to require the estimate
for ¢ = 0 only instead of requiring it for arbitrary ¢ € [0, 7.

2.7. REMARK. It would be tempting to use the metric connection 0 to
identify ‘H with R, x Hy. But this parallel transport may not preserve
H, if T does not, and this happens indeed in important examples.

A pair e := (H,.A) satisfying Axioms I and II will be called an
evolution system. To any evolution system e we can naturally associate
a family of constant coefficient system €', ¢ € R, defined by

(2.8) e’ := (Hy, Ay).

For any evolution system e, we introduce the Hilbert space L*(H) as
completion of the space L£.(e) under the norm

(2.9 el = [ lloliar
Then we can form the linear operator
(2.10) L:=0+A: L") — L*(H),

which we call the evolution operator associated to e. Note that the
domain of L only depends on the constant coefficient system e'.

The evolution operator L introduced above is not symmetric on the
dense subspace Lg.(e") of L?(H). A modification as in the case of

constant coefficients leads to a symmetric operator.
III. Ax1iom. There is a section

v € Lipy. (R—i—a ﬁ(H)) N Lig, (RJ”ﬁ(HA))’

loc
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such that the following relations hold:

(1) M= = 7;1 on Hy,
(2) Ay + 1A =0 on Hyu,
(3) [87 ’V] =0 on Liploc(R-l-a H)

Note that vL.(€°) C L.(€°), by assumption.

A triple d := (H, A, ) as above satisfying Axioms I-1II, is called a
Dirac system. Now we are ready to introduce our first model operator,
the Dirac operator

(2.11) D=0+ A) : Lioe(e”) — LS (Ry, H),

associated to the Dirac system (H, A, 7).
For later purposes it is important to note that, pointwise,

(2.12) | Dal| = [|La]|

for all o € Lyc(€°), so that estimates for the usual norms of Lo also
hold for Do.

The restriction Dy . of D to the domain Dy, := 5076(60) is symmetric;
we denote by Dy, with domain Dy, the closure of Dy . in L*(H), and
by Dmax, With domain D,,.., the adjoint operator. In order to define
self-adjoint extensions of D,;,, we will introduce boundary conditions
as in Chapter 1. Again, this approach is based on integration by parts
and the boundary form w: (1.10) and (1.11) translate literally in view
of the following computation, valid for all o1, 09 € L.(e%),

(2.13) (yo1,02) = (yd0o1,09) + (yo1,00%) = (Doy, 09) — (o1, Do),
which is an easy consequence of our axioms; therefore, we also get
(2.14) (Doy,09) — (01, Dog) = w(o1(0), 02(0)).

In particular, we have £.(€°) C Dyax.

2.2. Comparison with constant coefficients. Let d be a Dirac sys-
tem with Lipschitz coefficients. Our strategy in dealing with d aims at
some kind of comparison with constant Dirac systems, where we have
substantial control over the solution theory. Any such attempt meets
with two difficulties, firstly that we lack any a priori control on the
domain of the maximal operator Dy, = (Do.)* and secondly, that the
domain of the adjoint operator to A; in Hy varies with ¢.
For any t > 0, we introduce the Dirac system

(215) dt = (Ht7At7/yt)
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with constant coefficients and the Dirac system d with coefficients

ct
Hst

C
Hs

( ) < ) >s)7 A(S:t - As; ,.}/;:t = Vs fOI' S S t,

H, (.
(2.16) (H,(.,)), A®=A, ~%=~, fors>t.

Objects associated to d' and d* will be decorated with a superscript ¢

and ct, respectively. We think of d as a kind of interpolation between
d® = d® and d.

2.17. THEOREM. The Dirac systems d°* compare with d° as follows:

(1) For allt >0, we have D&, = DO, and D, = DY

min min max max*

(2) For all T >0, there is a constant Cr such that

Cr Il Mpg < I+ Ilpgt, < Orll - llng

for all t € [0,T].

The proof of Theorem 2.17 will be given below. In preparation, we
will study the operators G D, which are symmetric in L*(H°) with
domain L.(e%).

We start with some estimates. Axioms I and III imply that, for any
t > 0, there is a constant C7 such that, for all ;s € [0, T7,

(2.18) 1Gys7t — Grllo < Crlr — s,
(219) HGT’YTFTHO < CT7
(2.20) 1G 7 llo < Cr.

We will also need estimates on the operators A;. From Axiom II we
get, for 0 < s,t <T and x € Hy,

[Asz]]? < Cpll]|a, || Aszl]e + (Aez, Agz),
< Crll@|[ 4] [Asz|[e + [| A |[e] [ Asz] 2
< CTHxHAt”Ast&

where the constant C7 may change from line to line. Therefore

(2.21) - 14, < Crll - la,
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for all s,t € [0,7]. In other words, the graph norms || - ||4, are locally
uniformly equivalent. For all r,s,t € [0,7] and = € H 4, we also have

| Are — Agz][f < Or||Ax — Aga]];
=Cr- (Ax — Agx, Ay — Agx),
+ Cr - (Ase — Asz, Apx — Agz) s
< Crlr — sl|z||a || Arz — Asz|ls
+ C’T|<Asx, Arr — Asx), — (A, Apr — Asx)s|
< Crlr = s|([|z|]a, + [[Asz[|) || Arz — Aszl];
< Cplr — |- [|zl|a || Arz — Aszlfs,
where we use Axiom I and (2.21) in the last two inequalities. Therefore
(2.22) 1Avz — Agalle < Crlr — 51 - llalla,

forall 0 <r,s,t <T and x € Hy.
The main estimate we need is of Kato-Rellich type:

2.23. LEMMA. Given T > 0, there is a constant Cp such that, for all
r<sin[0,T] and o € L.(e°),

|G D & — G D] 2300,

< Crllol[2g0) + Crlr — s| - [|GT D0 || 2 30).
Proof. We start by comparing the coefficients of the two operators
G D and G*D*. On |0, r], they coincide. At t € (r,s], we have
(GZD)|; = Geye(Or + Ty + Ay)
= Gy, ' D7 + Gyl + Giy(AL — 4,).
At t € [s,00), we have
(G=D®)|s = Go7s(0 + As) = Goveny ' DT + Goye(As = Ay).

Let 0 € L.(e°). Then G D¢ and G D*0 coincide on [0,7]. Using
(2.18), (2.19), and (2.20), we get
HGCTDCTU - GCSDCSU||L2(H0) < CT’T — S’ : HDCTO'HLQ(HO)
(224) cr cs
+ CT||U||L2(H0) + CTH(A — A )UHL?(HO)-
By Axiom I,

1D 0|20y < Cr||GT D || L2340,

hence the first two terms on the right in (2.24) are under control as
desired. It remains to get a good upper bound for ||(A” —A%)o || 12(30).
By (2.21) and (2.22),

(AT — A%)a |20y < Crlr — ] - ||o]| 20y + Crl|0 Aol L2y 5,),
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where ¢(t) = inf(t —r,s —r) for t > r and p(t) = 0 for t < r. It
remains to estimate the second term on the right of this inequality. We
compute

[(po) + @A,0|l2 = ||(¢a)||2 + ||Aral]? + (A0, po)..

Now po € L.(e?) vanishes at 0, hence

1D (w022, i,y = (00 IT2m, 1) + [10A O L2 2, a1,
Since D" (¢o) = ¢’y o + pD"o, we conclude

||80Ar0||L2(R+,Hr) <Cr- ||<7||L2(H0) + ||DT(900)||L2(R+,HT)
< Or - lol|zeoy + |8 = r[[| D" ol L2 (my 1,
S CT . HO’HLz(HO) + OT‘S — 7"‘ . ||GCTDCTO||L2(HO). D

Proof of Theorem 2.17. We note first that the Hilbert spaces L*(H)
and L?(H") coincide as vector spaces of (equivalence classes of ) maps.
The operators D and G*D have the same minimal and maximal
domains. Hence we may as well consider the family of operators G¢ D¢
on L*(H°). We introduce operators

0 GctDct O GctDct
(2.25) S'= (Gd Dg. 0 ) and T" = (Gct Det OW)

in L?(H°) & L*(H°) with domain Lo .(e°) ® L.(e°) and D, & D

respectively. We note that S* is symmetric and that 7" is self-adjoint
with S* C T*.

Fix T > 0 and assume that, for some r € [0, T], the closure of S” is
equal to T" with domain DY, &D? . By the results of the first section,
this holds for » = 0. By the Kato-Rellich Theorem, see Theorem V.4.4
in [Ka] and Lemma 2.23, we get that the closure of S® is self-adjoint
with domain DY, @ DY for all s > r in [0,7] with (s —r)C < 1/2,
where C' = C7r is the constant from Lemma 2.23. Since S® C T° and
T* is self-adjoint, we conclude that the closure of S® is equal to T* for
all such s. By the connectedness of [0, 7], we get that the closure of S”
is equal to 7" with domain DY, & D2 for all r € [0, T]. This proves
the first assertion.

As for the proof of the second assertion, we note that Lemma 2.23
implies that D;" and D¢ = have equivalent graph norms on their com-

mon domain DY as soon as |r—s|C' < 1. Again by the connectedness
0

of [0,T], the graph norm of D is equivalent to the one of D

max max"*

Hence there is a constant as claimed. O

For applications it is useful to pass to a somewhat more general class
of systems and operators.
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2.26. DEFINITION. A Dirac-Schridinger system is a pair (d, V) con-

sisting of a Dirac system d with Lipschitz coefficients and a potential
Ve LY (L(H)) with V' = V*. The associated Dirac-Schréidinger op-

loc
erator is given by

D =D+ V : L1,e(?) — L2 (H),
where D? denotes the Dirac operator of d.

2.27. REMARK. It is not really necessary to assume that the potential
is Hermitian, V' = V*. However, assuming V' = V* keeps the notation
a bit simpler. For most purposes, passing to the Dirac-Schrédinger

system with operator
0 D+ v+
D' +V 0

reduces the general case to the case where V' is Hermitian.

In what follows, D is the Dirac-Schrodinger operator associated to a
Dirac-Schrodinger system (d, V). From (2.14) we get

(2.28) (Do, 09) — (01, Dog) = w(01(0), 02(0)),

where o1, 09 € L.(e”). Therefore the restriction Dy . of D to the domain
Dy . is symmetric. We denote by Dy, with domain Dy, the closure
of Dy in L*(H) and by Dyax := (Dp0)*, with domain Dy, the adjoint
operator of Dy . in L*(H).

We let D° be the Dirac operator associated to the constant coefficient

Dirac system d° and DY, be its domain. The following result is crucial.

2.29. THEOREM. If 0 € L*(H) has compact support, then o € Duay if
and only if o € DY

max*

Proof. Suppose that ¢ € L*(H) has compact support in [0, R|. Since
Ve L (L(H)), V is uniformly bounded on [0, R], and hence we may
assume that V' = 0. Choose ' > R. For any t € (R, T), the coefficients
of D and D coincide on [0, R] C [0,¢], compare (2.16). Hence o €
Doy if and only if o € D, and from Theorem 2.17, D = DO

max’ max max*

O

2.30. PROPOSITION (Regularity). The mazimal domain Dy satisfies:
(1) L.(€°) is dense in Dyax-
(2) 0 € Duax is in H (%) if and only if 0(0) € H'?.
(3) Duax € C(R4, H) N C((0, 00), H'/?).
(4) The restriction map on L.(e°) extends to a continuous
surjective map R : Dmax — H and Dpin = R1(0).
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(5) For 01,09 € Dyax, we have
(Dmax01702)L2(H) - (01, Dmax02)L2(H) = W(Ul(o),az(o)).

Proof. The first assertion follows from Lemma 1.42.1 and Theorem 2.29.
As for the proof of the second and third assertion, multiply ¢ € Dyax
by a Lipschitz cutoff function y which is equal to 1 on some interval
[0, R] and equal to 0 after 2R. Then xo is in DY, , by Theorem 2.29,
and yo has the asserted regularity properties, by Lemma 1.42. By The-
orem 2.29, multiplication by x defines a continuous operator from D,y
to DY ., hence the fourth assertion is immediate from Proposition 1.41.

By (1) it is enough to check the last assertion for 01,09 € L.(e"). This
case was already observed in (2.28). O

2.3. Boundary conditions and Fredholm properties. We now
turn to the description of closed extensions of D, following closely the
outline given in Section 1.4; most proofs carry over easily via the link
given by Theorem 2.29. In what follows, we fix a Dirac-Schrodinger
system (d, V') and define the Sobolev spaces H* and H with respect to
Ap as in Section 1.2.

As before, a boundary condition is a closed linear subspace B C H.
Associated to a boundary condition B, we consider extensions of Dy .
as in Section 1.4:

(2.31) Lp.:={0¢c L") : 0(0) € B},
DB,c = D‘£B7c;
(2.32) Dp := {0 € Dyax N Hy, () : 0(0) € B},
Dp := Duax|Dp;
(2.33) Dpmax := {0 € Dpax : 0(0) € B},

DB,max = DmaX|DB,max-

As before, since the restriction map R : Dy.x — H is continuous and
B is closed in H, Dpmax is a closed operator. Moreover, any closed
extension of Dy, with domain contained in Dy,ay is of this form.

2.34. REMARK. The same formulas for the adjoint operators and the
closures as in (1.53)—(1.58) continue to hold and for the same reasons.
We do not repeat them here.

As before, we say that a boundary condition B C H is regular if
Dp max = Dp. It is immediate from Proposition 2.30.2. that

(1) in the case of constant coefficients with potential V' = 0, the
present definition coincides with the one in Section 1.4;
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(2) a boundary condition B is regular relative to (d, V) if and only
if it is regular relative to d°.

As in Section 1.4, we say that a boundary condition B is elliptic if B
and B? are regular.

In the case of constant coefficients with potential V =0, Dp is not a
Fredholm operator whenever ker Ay # 0, even if B is elliptic. However,
we may look for an analogue of the space W which worked so nicely in
the constant coefficient case. From the continuity of R, established in
Theorem 2.30.4 we get that there is a constant C' such that

(2.35) o1l = Nlo (O[5 + [ Dmaxo 1207 < Cllollp,,-

for all 0 € Dyax. The converse of (2.35) is not available in general, as
we know, but a localized version may hold. This requires the inequality
(1.72) which we now introduce as an additional axiom.

IV. AxioM. For each T' > 0 there is a constant Cp such that
||0||L2([0,T],H) < CTHO'HW for all o € ,CC(GO).

Following G. Carron (cf. the introduction to [Ca2]) we will call a
Dirac-Schrodinger system (d, V') satisfying Axiom IV non-parabolic (at
infinity). We say that a Dirac-Schrodinger system (d, V') is of Fredholm
type, if there is a constant C' such that

(2.36) o |lr2@e < Cllollw  for all o € L.(e°).

If (d, V') is non-parabolic, then (d, V') is of Fredholm type if and only
if, for some 1) € Lip.(R) which is equal to 1 near ¢t = 0,

(2.37) (1 = )ol|2a0 < Cyllollw  for all o € L.(e°).

In the geometric setting considered by Carron, it is enough to work with
smooth sections supported near infinity, hence the space H does not
enter his discussion. However, the two formulations of non-parabolicity
here and there are equivalent in the following sense.

2.38. LEMMA. The inequality of Aziom IV holds for all o € L.(e°) if
it holds for all ¢ € Lo .(€?).

Proof. Choose v € Lip.(Ry) with (0) = 1. Let D° be the Dirac
operator and £° be the extension operator for d°, see (1.36). Let o €
L.(e") and set

0o :=E%(0) and o) :=0 — 0p.
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Since o(0) € Ha, we have oy € L.(€"); hence o1 € Ly (). Now we
can estimate, using the assumption, Lemma 1.37, and Theorem 2.29,

ol 2o,y < lollz2qo.ry,m) + o]l 2o, m)
< Cry (|| Dmaxo1|| 23y + || (0)[[-1/2)
< Cry (|| Dmax0 || 200 + || Dinaxt® €2 (0)[ 2230y + (|0 (0)[] -1/2)
< Cry (|| Dmax0 || 1200) + || D€ ()| 22030y + 1|0 (0)[] -1/2)
= Cr,y(|[Dimax0|| L2 n)
+1[(Ao = [Ao] = Qo)¥E o (0)]|L2¢0) + [l (0)]] 1/2)
< Cry(|[Dmaxo ||z + [|o(0)][ ),

where we allow the constant Cr,, to change from line to line. U

As a first implication of non-parabolicity we note that the seminorm
| - ||w, as defined in (2.35), is actually a norm on Dyax. Thus we
can introduce again the space W as the completion of D,,,, under this
norm. Since L.(e%) is dense in Dy, with respect to the graph norm of
Dinax, Lc(€%) is dense in W with respect to the W-norm.

2.39. LEMMA. If (d,V) is a non-parabolic Dirac-Schridinger system,
then we have:

(1) The restriction map R and Dp.x extend to continuous maps
Rext and Doy on W, respectively; Rexs tnduces an isometry

from ker Dy into H.
(2) If ¢ € Lip,(Ry) and 0 € W, then 1o € Dyax C W. Moreover,

there is a constant Cy such that

190 Dpex < Cyllow-

In particular, W can be viewed as a space of locally integrable
functions and W N L*(H) = Dyax-

(3) W = Dpax if and only if (d,V) is a Dirac-Schréidinger system
of Fredholm type; that is, there is a constant C such that

l|o]2¢) < Cllollw  for all o € L.(e°).

Proof. (1) and (3) are immediate from the definition of W. As for (2),
we note that, by non-parabolicity, there is a constant Cy such that

190 Daas < Cyllollw

for all o € L.(e"), hence for all ¢ € W by the density of L.(e°).
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Let 0 € W N L*(H) and 7 € L.(e°). Choose ¢ € Lip,(R;) with
11 = 7. Then, by the first part of (2) and the choice of 1,

(Dext0_7 7—)LQ(H) = (Dext(wa)a 7_)LQ(H) = (Dmax(wa—)a 7—)LQ(H)
= (’(ﬁO’, DT)LQ(’H) = (O', DT)LZ(H),

and hence o € D,.x. The converse inclusion is clear. O

(2.40)

2.41. LEMMA. Let U be a bounded subset of W. Then U is precompact
if and only if Dew(U) C L3(H) and Q>R(U) C H are both precompact.

Proof. If U is precompact, then also its image under the continuous
maps Deyt and Q>R.

Vice versa, assume that Dey(U) C L?(H) and Q>R(U) C H are
both precompact. By the definition of W, it suffices to show that
R(U) is precompact in H.

Let D° be the Dirac operator associated to d°. Let ¢, € Lip,(R.)
such that oy = 1. The operator Spoy is the norm limit of the Hilbert-
Schmidt operators SpoQ[_n ) on L*(Ry, Hy), hence Spog is a compact
operator. On the other hand, U C DY, and D°(U) is bounded

in L*(Ry, Hy), see Theorem 2.29 and Lemma 2.39.2. It follows that
Spop(D°(U)) is precompact in L*(R,, Hy). By Corollary 1.40,

WU C P(0)E°QSR(U) + Spop(D°(¥U)) + Qo(¥U),
hence U is precompact in L*(R,, Hy).
Now choose ¢, 1 as above with ¥ smooth and equal to 1 in a neigh-
borhood of 0. We have
Dexi(YU) C yp'U + ¢ Do (U).

Since ¢’ is in Lip, (R ) with oy’ = ', ¢'U is precompact in L*(R, , Hy),
by the first part of the proof. By assumption, 1) Dey(U) is precompact
in L*(Ry, Hy). Hence 9U and Dy (¢U) are precompact in L*(R ., Hy),
hence U is precompact in Dp,y. We conclude that R(U) = R(¢U) is
precompact in H, and hence that U is precompact in W. O

For a boundary condition B C H, set
(2.42) Wg:={ceW :0(0) € B} and Dpgext = Dext|W5.

2.43. THEOREM AND DEFINITION. Assume that (d,V') is non-parabolic
and that B is reqular. Then Dpey : Wp — L*(H) is a left-Fredholm

operator with (im Dp ey )™ = ker Dpa jmay and index
ind Dp ext = dimker Dp eyt — dim ker Dpga max,

called the extended index of Dpg, also denoted indey Dp.
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Proof. Let (0,) be a bounded sequence in Wg such that the sequence
(Dext0y) converges in L?(H). By the continuity of R, the sequence
(Rc,(0)) is bounded in B C H. By the regularity of B, the sequence
(Q>Ra,(0)) has a convergent subsequence in H~/? and hence in B.
Therefore, (0,) has a convergent subsequence in W, by Lemma 2.41.
Finally, since Dp max is dense in Wg and (Dp max)* = Dpe max, We also
have (im Dpg ext) " = ker Dpae max- O

We note some important consequences of Theorem 2.43.

2.44. COROLLARY AND DEFINITION. [f (d, V') is non-parabolic and B
15 elliptic, then the kernels of Dg and Dpga have finite dimension, and
we can define the L*-index of Dg to be the number

L?-ind Dg := dimker Dg — dimker Dgo. O

Suppose that (d, V') is non-parabolic. For A € R, let Dop max =
Dpmax and Dy exy i= Dpext, where B = Hoy = HY?, and similarly
with < substituted for <. The boundary conditions B = H., and B =
H <a are elliptic with B* = H i/f rand B = H i/f A, Tespectively. Hence
Dopy = Dopmax and, furthermore, Dop exy and D<p exi are Fredholm
operators with

(2.45) (im DSA,ext)L =ker Do_) C ker Do _p ext,
see Theorem 2.43.

2.46. PROPOSITION. If (d,V') is non-parabolic, then there is Ay > 0
such that Do_p ext 15 injective and D<p exs 15 surjective for all A > Ay.

Proof. For any A € R, D_j ex is a Fredholm operator. In particular,
E = 7zfext (ker D<0,ext> C H1/2

has finite dimension, and hence all H*-norms are equivalent on E for
|s] <1/2. Let A >0, 0 € ker Do_p ext C ker D ext, and suppose that
0(0) # 0. Since 0(0) € EN H._,, we can estimate
07 [lo(0)|[i)2 < CEllo(0)]12 o
= CH{(I + A7) "20(0),0(0)) < CE(1 + A*)"H[o (0)][F 2,
a contradiction if
A> Ay = (C% —1)Y2

Therefore o(0) = 0 if A > Ay, and then o = 0, by the non-parabolicity
of (d,V). Hence D._ oxt is injective for A > A,. O
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Next we would like to write the index formula in Theorem 2.43 in a
way analogous to Corollary 1.82. For this, we need the Calderon spaces

(2.47) Cimax = R(ker Dya)  and  Ceyy := R(ker Deyy).

Since R : ker Doy — H is isometric, Coy is a closed subspace of H. For
|s| < 1/2, we let

(2.48) c:

max

= Crax N H® and C*

ex

t éext N H?.
If B is a regular boundary condition, then R induces isomorphisms

ker Dp max = BN Coax = BNCY?

max’

ker D ext 2 BN Coe = BNCYL]

ext *

and CY

ext’

(2.49)

We will write Cyax and Ceyt instead of C°

A respectively.

2.50. COROLLARY. If (d,V) is non-parabolic and B is elliptic, then
Dp ext is a Fredholm operator with (im DB@Xt)L = ker Dpa and index

ind Dp exe = dim B N C7 — dim B N ~CL/2

max*

= dim B N Coyy — dim B N YCrax.

Proof. The assertions follow easily from Theorem 2.43 and Lemma 1.46,
except for the last identity. Since B is elliptic, we have B ¢ H'/? and

B*=(vBYYnH c HY* c H.
Therefore

B*NCY2 = BN Chax = (YB) N Crnax = (YBL) N Conax. O

max

2.51. COROLLARY. Assume that (d,V') is non-parabolic and that P is
an orthogonal elliptic projection in H. Then Dpey is a Fredholm op-
erator with (im Dp.e, )" = ker Dp, and index

ind Dp ey, = dimker P N CY? _ dimim P N 7C1/2

ext max

= dimker P N Cexy — dimim P N YCppax-

Proof. The boundary condition associated to P is Bp = ker PNH, see
(1.96). Since Bp is regular, Bp = ker PN H = ker P and therefore

Bp N Coxt = ker PN Coxy = ker P N Coyy = ker P N CY/?

ext *

The remaining identities follow from Corollary 2.50 since im P is the
orthogonal complement of ker P in H. O
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2.4. Some examples. The first two examples are Dirac systems on
R, which are not non-parabolic. In the first example, ker Dp, ¢ max iS
infinite-dimensional so that Dp, . ext cannot be a Fredholm operator.
In the second example, the assumption of non-parabolicity would lead
to the contradiction that ker Dp, . ext has infinite dimension. These
examples are modelled on the Gauss-Bonnet operators of real hyper-
bolic spaces of even and odd dimension.

2.52. EXAMPLE. For t e R, and k € Z, let

1 ike™"
Bt(k):(—iket 1 )

and consider the evolution equation
o' + By(k)o = 0.

Solutions o of this equation satisfy (||c||*) < —2(1—|k|e™")||o]|?, hence
belong to L?(R,, C?). Eigenvalues and eigenvectors of By(k) are given
by

Bdm<D:41—@<D aM.BdM(EJ:%1+@(EJ.

On L*(R,,C?* @ C?), consider the Dirac system

(b Bk
DW—(¢+awﬁ

- ) (% —5w) ()
= (0 + Ay(k))o
For any k € Z, let

o) = (Té{) with 7, 4+ Bi(k)7, =0 and 74(0) = (1) :
Then o), € L*(R,,C?* & C?), Dyop = 0, and Ag(k)o(0) = (1 — k)oy.
Hence o}, belongs to the negative eigenspace of Ay(k) for & > 2.

We can now sum these Dirac systems to obtain a Dirac system

d=(H,0,, Ay = ®A(k),7) on H=R, xI*Z,C*qC?

with associated Dirac operator D = ¢ Dy. For this Dirac system, there
is a family (o) of orthogonal non-zero L?-sections of H with Doy, = 0
and Agor = (1 — k)op. Hence, with Q>, the corresponding spectral
projection of Ay, the L*-kernel of Dy, has infinite dimension, for any
A € R. In particular, d is not non-parabolic.
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2.53. EXAMPLE. For k € Z, consider the Dirac system on R, x C? with
Dirac operator

mo= (0 3) (o (%5 £)) ()
=: 7(0; + A (k))o.

Solutions of the equation Dyo = 0 are obviously uniformly bounded
and, therefore, admit an upper bound

/0 lo(t)|Pdt < CT|jo(0)]

Moreover, for k > 1,
0
)= )

satisfies Dyor = 0 and Ag(k)ok(0) = —kox(0). Again, we sum all these
Dirac systems to get a Dirac system on L*(R,[*(Z,C?)) given by &,
Ay = ®A (k) and @y.

Let )>¢ be the spectral projection of A, onto the non-negative
eigenspaces of Ag. We obtain that the space of o € L*(Ry,l*(Z,C?))
with

T
Do =0, Qs00(0)=0 and /0 l|lo(t)||?dt = O(T)

has infinite dimension. The following lemma implies that this Dirac
system is not non-parabolic.

2.54. LEMMA. Let d be a non-parabolic Dirac system. If o € HL (e)
satisfies Do =0 and

T—>oo

=0,

then o € W.

Proof. Tt suffices to find a sequence (o,,) in H}(e”) such that
I [1D(0 = 32) l1200 + [10(0) = 32 0)] [ = 0.

Let ¢ be a Lipschitz function on R, with compact support such that
1 =1 in a neighborhood of 0, and set ,,(t) := ¢ (t/n) and o, := ¥,0.
Since ¢(0) = 0,(0) and

Dio — au)(t) = 3/ (t/n)o,

we obtain that [|D(0 — 0,)[|72(, = o(1) as n tends to infinity. O
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2.55. EXAMPLE. For 1 € R, let d,, be the Dirac system on L?([1, 00), C?)
with Dirac operator

D(oy,0.):=(—0" + %U,, o + %mr).
Clearly, d,, is not of Fredholm type. On the other hand, since the
equation Do = 71 corresponds to a linear ODE in the finite dimensional

space H = C?, d,, is non-parabolic. We have

R e
and similarly for o,, where all the minus signs turn into plus signs.
Now W is the closure of the space of Lipschitz sections with compact
support with respect to the W-norm. Hence, if p > 1 and 0 = (04,0_)
is in W, then |o/t|? is integrable with integral uniformly bounded by
the W-norm of 0. (This also shows non-parabolicity in the case u > 1.)

The space of solutions of the equation Do = 0 is given by the space
of sections (at™*,bt*) with a,b € C. For > 1 and b # 0, (at™*, bt")
does not belong to W since (at™*,bt*)/t is not square integrable. It
follows that, for ;1 > 1, W-solutions of the equation Do = 0 are square
integrable, hence that Cpax = Cext, although d,, is not of Fredholm type.

The above analysis can be refined. By (5.3) in [Ca2] and by what is

said in the two lines above it,

o0 1 ©
2ty s 2
/1 (17" Tl ) —/1 4t2(1nt)2|T‘ ’

for all 7 € Lip,([1,00)) with 7(1) = 0. Since

1 1 (b —1/2)° Il
-l b+ 2 e By,
we get the following inequality

> PR VY > (N_ 1/2)2 2 /OO 1 2
_ B2 AUl eV -
/1 =57 —/1 e . 4t2(lnt)2‘7|’

for all 7 € Lip,.([1,00)) with 7(1) = 0. It follows that Cpax = Cext if
\p| > 1/2 (and, again, that d,, is non-parabolic for all 1 € R).

o= L = P -
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3. CALDERON PROJECTIONS AND INDEX FORMULAS

3.1. The Calderdn projections. Recall the definition of the Calderon
spaces in (2.47) and (2.48).

3.1. THEOREM. Let (d,V') be non-parabolic. If Ag > 0 is the constant
from Proposition 2.46 and A > Ay, then we have a direct sum decom-
position

éext = KA > GAv
where Ky = {2 € Cexy : Quax = 0} € HY? is of finite dimension and
Gy is the graph of a continuous linear map

Ty:H.® — HY,

where T = TA0|H;/1\/2. The finite rank and remainder parts Q_x a)Ta
and Q_aThx, respectively, satisfy

1QanTalls < CA>™  and ||Qe_aTalls < CA™Y,

where C' is a constant independent of A > Ny and s € [-1/2,1/2]. In
particular,

ngt = KA ©® Gf\?
where G4 = GANH*® is the graph of TA|H% ,, and hence C3, is a closed
subspace of H®, for all A > Ay and s € [-1/2,1/2].

Proof. Throughout the proof, we assume A > Ay, where Aj is the
constant from Proposition 2.46.

Let 2 € Hop = H;}\/Q. Choose a function ¢ € Lip,(R) which is
equal to 1 in a neighborhood of 0 and set o := ¥&%2. Then 0 € Dyax C
W, by Theorem 2.29. Since D<j o is surjective, there is 7 € D<p ext

with D7 = Dego. Hence 0 — 7 € ker Dy, and

z = Q>a((0 = 7)(0)) € Q> (Coxst)-
Therefore Qsp : Coxt — H ;/1\/ % is surjective. We have
Ky = Rexs(ker Doxe) N HYY = Rexi(ker D ext),
hence K, is of finite dimension, by Theorem 2.43. Let G A, be a com-
plement of K,, in Coxi. Then Q= - G Ao — H;}\é % is an isomorphism,

hence G Ao is the graph of a continuous linear map

Tag - Ho\) — Heny = HIY .

This is the place where we gain regularity: By the very structure of H,
Ty, extends naturally to a smoothing operator.
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Let |s| < 1/2. Since the image of T}, is contained in HY? z =
y+ Thy € G, isin H* if and only if y = Qsp,z is in H?, i.e.,
Gf\o = GAO NH:= {y+TA0y TS Hi/\o}‘
For A > Ay, we define
GA = {QJ S éAo : Q(AO,A]JJ = 0}
= {y+Thy : y € HL).

Let |s| < 1/2. Then G3 = G N H® is the graph of Ty := Ty, |HS,.
Hence G4 is a closed subspace of H”.

We show next that G% is a complement of K, in C5, = Cex N H°.
Since K, C K and, clearly, Ky NG} = 0, it is enough to show that
G3, C Kx +G3. Now for y € G}, thereis z € G, With Qsp,2 =
Q(roAYs by the surjectivity of Q=ao|Ga,. It follows that z € K, and
y—z € Gyi.

For z € H;}\/z,

QranTar|[1y2 < |[Taz|li2 < Cllx||-1/2,

where C' = ||Th, ||z, and similarly for Q- _rThx. For r <t and y € H*
with Qa,a)y = 0, we have

(3.2) yllr < A7yl
Hence
|QrnaTaz|ls < ||Q-anTaz||i/2

(3:3) < Cllzl-a2 < CATY27 2],
1Q<-aTazlls < A7V2|QcaTazll1yo
(3.4) < ON 2 |l|-rj2 < CATY2ls,
for all |s| <1/2 and z € HE,. O

3.5. DEFINITION. The orthogonal projections in H onto (the closure
of ) Crax = C,.. and onto Ceyxy = C2, will be called the Calderdn pro-

max

jection and the extended Calderén projection associated to the Dirac-
Schrodinger system (d, V') and will be denoted by Cpax and Cey, re-
spectively.

3.6. THEOREM. Let (d,V') be non-parabolic. Then there are constants
Ao, C > 0 such that, for A > Ay,

Cext - Q> + RA + SA7
where Ry and Sy are smoothing, Ry has finite rank, and
[1Salls + 11531l < CAT
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forall|s| < 1/2. In particular, Ceyx is 1/2-smooth, Cexy—Q~ is compact
in H® for all |s| < 1/2, and Ce, is elliptic. Furthermore, D¢, ext :
We... — L*(H) is an isomorphism.

ext

Proof. We use notation and results from Theorem 3.1. Since T, maps
H;}\/Q to H;/Az, the dual operator of T) maps H;X/Q to Hi/f We
recall that the dual operator of T is the extension of the adjoint 7%

of Ty|Hs. In particular, Ty is smoothing as well and, considered as a

linear map from H;}Xﬂ to Hi/f, it satisfies

NTRI = [ITAll < [|Th |l = €.
Arguing as in (3.4), we obtain that TT} : H;}\/Q — Hi/f satisfies

|TXTazlls < A 2| TRTaz ]|
< ON Y Ja]|-1jp < CA7Y 2,
forall|s| <1/2and x € HS,. Hence ||T;T4||s < CA ' forall |s| < 1/2.

In particular, if I denotes the identity of Hs 5, then I+T7%T)} is invertible
with 1/2-smooth inverse as soon as A > C, and for A > 2C' we find

(I +TRT0) 7 ls < 2.
Clearly,
(I+TTy) =1 —TXTA(I+T3Ty) " =T+ 1T,

where T is smoothing with ||T%||s < 2CA~! and the superscript z
means that this object will not survive the end of the proof.

In accordance with with our convention H = H°, we let G) = GY.
Then G is the graph of the restriction of T to H-,, for short also
denoted by Tx. We recall that

Gy ={(-Txy,y) : y € Hep}.
Hence the orthogonal projection Py onto G in H is given by

Py — (I + T;{TA>_1 ([ + TA*TA)_ITA*
AT NTNI + TETy) ™Y TaI 4+ TETy)"'Tx )

where the operator matrix arises from the decomposition H-y & H<p
of H and I denotes the identity of H., as above. We now get a
representation

Py = Qs + Ry + S
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analogous to the asserted representation for Cey, where

RE = 0 (I +TE)(Qr-anThr)*
A Q[—A,A}TA(I +TKTA)_1 Q[—AA}TA(I +TKTA)_1TX ’

) = Ty (L + T)(Q<nTh)*
Qe aATa(I + TXTA) ™ QeaTa(I + T{Th)'T )

Obviously, R} and S, are smoothing, R} has finite rank, and the
operator norms of Sy satisfy the desired inequalities.

The orthogonal complement of G in Cey is (I — Py)(Ky) € H'Y? so
that Cey — Pp is smoothing of finite rank. This implies the asserted
formula for Cexe with Ry = RY + Cexg — Pr — Q0,0)-

By Proposition 2.46, Dy : W — L%*('H) is surjective. By definition,
the kernel of D¢, ext is trivial. The theorem follows. ]

3.7. THEOREM. Assume that (d,V') is non-parabolic. Then

Cmax = Uext,y — 7* (] - Cext)’y'

In particular, Chax is elliptic, Chax — Qs is compact in H® for all
|s|] <1/2, and ind Dg,,,, ext = 1K(Cext — Cinax)-

Proof. Let & € Cmax and y € Cexy. Choose o € ker Dy, with o(0) ==
and 7 € ker Doy with 7(0) = y. Let (7,) be a sequence in L.(e°)
which converges to 7 in W. Then D7, — 0 = D7 in L?(H) and
7,(0) — 7(0) in H. By Theorem 2.30.5,

w(z,y) — w(c(0),7,(0)) = (Dwmax0, Tn) r2(1) — (0, D7) 12(2) — 0.

We conclude that Cey C (Crax)® and hence that Coyy C 7(Crnax) ™

Suppose now that Cey is not equal to (Cuax)t. Then there is a
vector z of norm 1 in v(Cpax)®™ which is perpendicular to Cey. Choose
y € HY? with ||y — 2||g < 1/2 and set @ := (I — Ceyy)y. Then z
is non-zero, r ¢ fyCIln/a%(, and is perpendicular to Cey. Furthermore,
x € H'Y? since Cuy is 1/2-smooth. Let P := Cey + R, where R is the
orthogonal projection onto Cx in H. Then P is an elliptic orthogonal
projection, by Lemma 1.88, since Cly is elliptic and z is in H'/2. By
Corollary 2.50,

ind Dp ey = dim(ker P N Cl/z) — dim(im P N~yCY2)

ext max

= —dim(im P N yCY2).

max

Let y € Coxt and a € C, and suppose that y + ax € 'yCrln/fX. Since
Cext is perpendicular to *yCIln/aQX and x, we get y = 0. This implies
that ar € WCrln/aQX and hence that a = 0, by the choice of z. Hence
im P N VCél/fX = 0 and, therefore, ind Dpe = 0.
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On the other hand, the inclusion ip : Dpexi; — Dc,.ext 1s a Fredholm
operator of index -1. Since Dpeyi = Deyyext © tp and De,, ext 1S an
isomorphism, we get ind Dpc = —1, a contradiction. We conclude
that Cex = 7(Cmax)™ and hence that Chax = Cex -

Since Cey is elliptic Crax = Cext,y 1s elliptic as well. Moreover,

Cmax - Q> = 7*(1 - Cext - Q<)7 = 7*(622 - Cext)’}/a

hence Ch.x — @~ is compact, by Theorem 3.6.
Finally, since Chax is elliptic, D¢, ext is a Fredholm operator. Now
im Chax C Cext, hence

ind D¢, .ext = dim(ker Cipax N Coxi) — dim(im Cpyay N YCY2)

max

= d1m(ker Cmax N Cext) = rk<Cext - Cmax)~ O

3.8. COROLLARY. If (d,V) is of Fredholm type, then Cexy = Cex,, that
is, ker Coyt 15 an elliptic self-adjoint boundary condition.

Proof. Since (d,V') is of Fredholm type, we have W = Dy, and hence
C'ext = Cmax- O

3.9. THEOREM. Assume that (d,V') is non-parabolic. Then

(1) CH2 = im Cax = im Cipax N HY2.

max

If B is an elliptic boundary condition and B®) denotes the closure of
B in H*, where |s| < 1/2, then (B®),C5.) is a Fredholm pair in H®

with nullity and deficiency independent of s. More precisely, we have

(2) null(B®,C5,) = dim(B N YY),

) Yext ext

(3) def(B®,C2,) = dim(B* N CY/2).

) Yext max

Proof. Clearly, CalZ C im Croax N HY2. 1t they are not equal, there
is a vector y € im Cpay \ Ca%. and then z = vy € HY? is non-zero,

x ¢ 'yCIln/aQX, and is perpendicular to Cey. Arguing as in the proof of
Theorem 3.7, we arrive at a contradiction.

Let B be an elliptic boundary condition and |s| < 1/2. Choose A,
according to Theorem 3.1 and let A > Ay. Write

B={z+y+by:ze€FycUnH?}

as in Proposition 1.65, where F' C Hi/f is of finite dimension, U C
1/2

H<y is the orthogonal complement of a subspace £ C H/ of finite
dimension, and b: U — V = F+ N H., is 1/2-smooth. In particular,

B® ={z4+y+by:axzeFyecU9},
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where U®) is the closure of U N H'? in H* and, simultaneously, the
annihilator of £ in HZ,. By Theorem 3.1 we have, on the other hand,

Co ={u+v+Tv:ue Kyve H;/lx/2}v

where K, C H;/Az and T : H;}\/Q — H;/AQ In particular, Q<pz € H'/?
for any z € Cext. We conclude that B®) NC2,, is contained in H'/? and
hence that

(3.10) B®ncs, =BNC?

ext ext *

By the above characterization of B®, (B®), H? ) is a Fredholm pair.
Now I — Ceyt — Q<p is compact, by Theorem 3.6, hence (B®),C3,) is

a left-Fredholm pair, by Proposition A.13. By Theorem 3.7, we have
(C: )p(’l =~yimC_’

ext max)’
where the superscript ‘pol’” indicates the annihilator of a subset of H*
in H*. Using (A.6), we obtain

(B(s)+cs )pol

ext

)pol N (CS

ext)pOI

( B®)
B Ay im Oy

(
7(7(3(5))1’01 Nim C,;

= )
We also have
imCf CimC =C.% CCox C H.
By the ellipticity of B,
(BN H cyB°NH = B*c HY?,
where B? denotes the annihilator of B in H~/2. In conclusion,
(3.11)  (BY 4+ )P =4(B*Nim C5) = ~v(B*NCY2). O

ext max max

3.2. Some index formulas. Theorem 3.9 and Corollary 2.50 have the
following consequence:

3.12. THEOREM. If (d,V) is non-parabolic and B is elliptic, then
indexy Dp = ind Dp ey, = ind(B , Coxt),
where B denotes the closure of B in H. 0
3.13. THEOREM. If (d,V') is non-parabolic and B is elliptic, then
ind Dp ext + ind Dpa eyt = dim(Cext/ im Chyax ),

where im Chay 18 the closure of Cpax in H.
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Proof. Since Coyy — Chnax is compact in H and Ceyy = im Ceyi, we have
ind(B, Cext) = ind(B,im Cpay) + ind(ker Ciyay, Coxt ),

by Proposition A.13. Since Cei = 7(im Chax ), we have, by Theorem
IV.4.8 in [Kal,
ind(B,im Cpay) = —ind(B~, (im Crax) )
= —ind(yB*,im Cey) = — ind Dpa ey

Furthermore, im Cl.x = Cinax C Cext, hence
ind(ker Cyax, Coxt) = dim(Cext/ im Cpax)- dJ

Theorem 3.12 implies the following index formula of Agranovi¢-Dynin
type, which corresponds to Theorem 23.1 in [BW].

3.14. THEOREM. If (d,V) is non-parabolic, B is elliptic, and A € R,
then )
ind DB,ext = 1nd DSA,ext + 1Ild(B7 H>A).

Proof. Since Cyyy — Q<4 is compact, we can apply Theorem 3.12 and
Proposition A.13 and get
ind D ex; = ind(B,im Cey) = ind(B, Hop) + ind(Hep,im Coy) O
Note that in the notation of Proposition 1.65,
(3.15) ind(B, Hs) = dim F — dim E.
In the corresponding form, the index formula in Theorem 3.14 was also

observed in [BaB] (in the case of Dirac operators on smooth manifolds).

3.16. COROLLARY (Discontinuity formula). If (d, V') is non-parabolic
and A € R, then

ind DSA,ext =ind D<A,ext +dim Hy. O

In one of its versions, the Cobordism Theorem for Dirac operators
states that the index of the Dirac operator DV of a closed spin manifold
M of even dimension vanishes if M bounds a compact spin manifold.
As an application of our results, we derive a general form of this. Let
(d, V') be a Dirac-Schrédinger system. Set

(3.17) H* :={x € H : iyx = +x}.
Since v and A anti-commute,
(3.18) B* = H*nH=H*NnHY

Since H™* is the orthogonal complement of H~ in H, we conclude that
BT and B~ are mutually adjoint elliptic boundary conditions.
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3.19. COBORDISM THEOREM. If the system (d, V) is of Fredholm type,
then the restriction AT : Hf — H~ of A= Ay satisfies ind AT = 0.

Proof. Since (d,V') is of Fredholm type, ker Ceyy is an elliptic self-
adjoint boundary condition, by Corollary 3.8. Now Theorem 1.83 im-
plies ind AT = 0 (compare also Corollary 1.84). O

We now consider Dirac-Schrodinger systems together with a bound-
ary value problem which models the decomposition of a manifold M
into two pieces M; and M, along a closed hypersurface N = M; N M.
This requires the transmission boundary condition for sections of bun-
dles over M and Dirac-Schrodinger operators acting on them; compare
Example 1.85.

Let (dy, V1) and (dg, V3) be Dirac-Schrédinger systems with the same
initial Hilbert space H at t = 0 (after some appropriate identification).
Suppose that, at ¢t = 0,

(320) Al»O = —A270 =:A and Y10 = —72,0 = 7Y-

We consider the Dirac-Schrédinger system (d, V') = (dy, Vi) @ (da, V)
with the boundary condition

(3.21) B={(z,r) : v € H/*},

where we use A to define H'/2. We already observed in Example 1.85
that B is elliptic and self-adjoint. The Calderén space of d is the direct
sum of the Calderén spaces of d; and ds,

(322> éext - él,ext S éQ,ext and Cext - Cl,ext > CQ,ext‘
We then arrive at the following index formula of Bojarski type.
3.23. THEOREM. If (d1, V1) and (dq,Va) are non-parabolic, then (d, V)
is non-parabolic, (Cy ext,Coext) i a Fredholm pair in H, and

ind DB,ext = ind(cl,exta C2,ext)~
Proof. The first assertion is clear. By Theorem 3.9, (C ext, H<) is a
Fredholm pair, where we use spectral projections and spaces associated
to A. By Theorem 3.6, Cyexy — Q< is a compact operator. Hence

(Cy ext, Co.ext) is & Fredholm pair, by Proposition A.13. As for the index
formula, we note that

BNCoi={(r,2) EHDH : 7€ Cie and z € Coens }
2 Cy ext N Coext

={(z,—x) e HOH : x L Ciext and & L Coext}
= (Cyext + CQ,ext)J_'

Btnct

ext
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Therefore
ind DB,ext = 1Ild(B, Cext) = ind<cl,ext7 CZ,ext)- U

Using Theorem 3.14 and Corollary 3.16, we get a splitting formula for
the index, which generalizes Theorems 23.3 of [BW] and 4.3 of [BL1].

3.24. THEOREM (Splitting formula). If (di, V1) and (d2, Vo) are non-
parabolic, By is an elliptic boundary condition with respect to A, and
By is an elliptic boundary condition with respect to —A, then

ind Dp ext = ind D1 B, ext +1nd D2 B, ext
—ind(Hs, By) — ind(H<, Bs).
In particular, if By is any elliptic boundary condition with respect to A
and By, = B N H'Y?, then
ind Dp ext = ind Dy g, ext +10d Do B, ext-

Proof. By Theorem 3.14 and Corollary 3.16,
ind Dp ext = ind Dy < ext + ind Do > ext + ind(B, H- @ H.)

=1ind Dy < ext +ind Dy 5 ext

= ind Dy p, ext — ind(H>, By) + ind Dy B, ext — ind(H<, By).

If B, = B N H'Y/? then the second and last term on the right hand
side cancel each other. O

Besides modeling the case mentioned in the beginning of this section,
the above results also apply to a Dirac-Schrodinger system d defined
over the whole real line, decomposed into pieces d; := d|R and dy :=
d|R_, where we need to turn the latter into a Dirac-Schrédinger system
over R, in the appropriate and obvious way.
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4. SUPERSYMMETRIC SYSTEMS

Our treatment so far does not allow to treat the usual index theorems
since Dy is symmetric. To adjust this we formulate a further axiom,
introducing a supersymmetry, i.e. an involution which anticommutes
with Dpax.

V. AxioM. There is a section
QS Liploc(RJr? ‘C<H)) N Ly, (R+7 ‘C(HA))a

loc

such that the following relations hold:
(1) o =af =a;" on H,
(2) Y + Ve = 0 on HA,
(3) [aa Oé] =0 on Liploc<H)7
(4) [Ay, ) =0 on Hy,
(5) oV +Viay =0 on H;.

A supersymmetric Dirac-Schrodinger system is a Dirac-Schrodinger
system (d, V') together with a supersymmetry « as in Axiom V.

Let (d,V,«a) be a supersymmetric Dirac-Schrodinger system. Then
we have, for each t > 0, an orthogonal decomposition

(4.1) Hy=H ®H , Hf ={rxcH: oqr==+z}
Since A; commutes with oy, we get an associated decomposition
(4.2) Hy=H}, & Hy, Hi,:=HyNH,

which is orthogonal with respect to the graph norm of A; and such
that A; maps Hjit to Hf. There are analogous decompositions of the
associated Sobolev and function spaces. We also have

(4.3) aD+ Da =0

on Liee(€°). Tt follows that D is an odd operator, that is, maps locally
Lipschitz sections of H* to locally essentially bounded measurable sec-
tions of HF. We let D* be the corresponding parts of D so that D is
represented by the matrix

0 D-
(1. ()
with respect to the above decomposition of Eloc(eo). We obtain orthog-

onal decompositions

(4.5) Dupax =D} ®D,,. and W=WTapW",

max
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and Dy and Dgy are odd operators with respect to these with corre-
sponding parts D and DE. | respectively. Since ker D,ax and ker Dy

max ext)

are a-invariant, we have

L6 ker Dy = ker DY @ ker D,
(4.6) ker Dyy = ker D;;t @ ker D_,,

respectively. Since R commutes with ag, Cihax and Ceyy are ag-invariant
and hence decompose accordingly,

(4.7) Conax = C.f

max

®Cr. and Coq=Cl, ®C,

ext”

We are interested in boundary value problems that are compatible with
the supersymmetry. That is, we require that boundary conditions B
are ag-invariant, and then we have a decomposition B = BT @ B~ as
above. In other words, we pose the boundary conditions separately for
the + and — parts of the elements in the corresponding domains and
get corresponding domains and operators

(4.8) Diy Wi — L*(HT),

BE ext

and similarly for D and D .

4.9. PROPOSITION. Let (d, V') be a non-parabolic supersymmetric Dirac-
Schrodinger system with supersymmetry o« and B be an ag-invariant
elliptic boundary condition. Then

ind Dp eyt = ind Dt

BTt ext

+ind D, UJ

B~ ,ext”

If C is an op-invariant subspace of H, then C* and vC are invariant
under o as well and we have

(4.10) (YCH)F =(CHT) =1((CT) N HT).
In particular, from Theorem 3.7,
(4.11) (im Cona) ¥ = (10e) ™ = 7(Caid).-

If P is a projection in H, then ker P and im P are invariant under ay
if and only if [P, o] = 0, and then P decomposes as

(4.12) P:%(a+[)P+%(a—I)P = PT+P.
Clearly [Py, ap] = 0 if [P, ] = 0, and then
(4.13) Pr =y (IT — P*7)y.

The following index formulas are immediate from Theorems 3.12, 3.13,
and 3.14.
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4.14. THEOREM. Let (d, V') be a non-parabolic supersymmetric Dirac-
Schrodinger system with supersymmetry o« and B be an ag-invariant
elliptic boundary condition. Then

ind DE, . =ind(B*,Cl,)

) Yext
=ind D}y, +ind(B" 1Y),
t = dlm(cej;t/ lm Cgax)

=dim(C_,/imC_,.). O

ind DT,

BT ext

+ind D

B2~ ex

Recall the setup in Theorems 3.23 and 3.24. Let a; and ay be super-
symmetries of the Dirac-Schrodinger systems (dy, V1) and (ds, V2), re-
spectively, that agree at ¢t = 0. Consider the Dirac-Schrodinger system
(d,V) = (dy, V1) @ (da, V2) with the induced supersymmetry (aq, ).
The boundary condition B from (3.21) is (aq, as)-invariant with

(4.15) B* ={(z,2) : x € H¥} n H'2.
We also have
(416) éeixt = Cvli,ext D Cin,ext'

Arguing as in the proofs of Theorems 3.23 and 3.24 we get the following
index formulas.

4.17. THEOREM. Assume that (di, V1) and (ds2, Vs) are non-parabolic.
Then
ind Dg“’ ext ind<ciext7 C;Cext)'

If By is any aq-invariant elliptic boundary condition for di and By any
as-tnvariant elliptic boundary condition for ds, then

. Jr _ + . Jr

ind DB+,ext = ind Dl,B;L,ext + ind D2,B;,ext

—ind(H:, Bf) —ind(HZ, BY).
In particular, if By is any ai-invariant elliptic boundary condition for
dy and By = B1L N H'Y2, then
ind DEJF oxt = ind Dt +ind D U

1,B] ext 2,B jext’
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5. MANIFOLDS WITH BOUNDARY

In this last chapter, we explain how our results can be applied to
obtain formulas for the index of Dirac type operators on manifolds
with boundary. Such formulas are well known in the case of compact
manifolds with smooth boundary and Dirac operators with smooth co-
efficients, see for instance [BW]. However, in applications one often
faces the problem that the boundary of the manifold is not smooth or
that the coefficients of the operator are not smooth. We will encounter
such a situation in a forthcoming article on L2-index formulas on man-
ifolds with finite volume and pinched negative curvature in which we
extend the results of [BB2]. Here we concentrate on a rather general
case which sets the stage for the applications we have in mind, but
should also be useful in other situations.

5.1. The geometric setup. Let M be a CY' manifold with com-
pact boundary N = M and with a Lipschitz continuous Riemannian
metric. Let £ — M be a C%!' Hermitian vector bundle and D be a
differential operator on E of order one with L coefficients. Then we
obtain a linear operator

(51) D : Liploc<M7 E) - Li;)c(Ma E)

Let Lip, (M, E) be the space of Lipschitz sections of £ with compact
support in M, which vanish along the boundary N, and set Dy, :=
D|Lip, (M, E), considered as an unbounded operator on L*(M, E).
We assume that Dy, is symmetric, that is,

(5-2) (DUl, U2)L2(M,E) = (017 DU2)L2(M,E)

for all 01,09 € Lipy (M, E). We let Dy, be the closure of Dy, and
Diax be the adjoint of Dy . in L*(M, E). We denote by Dy and D
the domains of D ;, and D,,.y, respectively.

VI. AxioMm. There is a Lipschitz function p : M — R, and a con-
stant r > 0 such that N = p~1(0) and O := p~*([0,r)) is rela-
tively compact in M. Moreover, there is a Dirac-Schrodinger system
(d,V) = (H,0,A,~,V) with Lipschitz coefficients, and a unitary iso-
morphism U : L*(O, E) — L?(H|[0,r)) such that

(1) U((pop)o) =pUo for all 0 € L*(O,F) and ¢ € L (Ry).

(2) (1 —@op)o € Dy for all 0 € Dy and ¢ € Lip(Ry) with
compact support in [0,7) and equal to one close to zero.

(3) U(Lip,(O, E)) is contained and dense in L.(H]|[0,7)) with re-

spect to the graph norm of DY,
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(4) U(Lip, (O, E)) is contained and dense in Lo .(H|[0,7)) with
respect to the graph norm of D<.
(5) DYUc) = U(Do) for all o € Lip.(O, E).

Here L.(H][0,7)) denotes the space of sections in L.(H) with com-
pact support in [0, 7). We also use a superscript d to distinguish quan-
tities belonging to (d, V') if necessary.

5.3. REMARK. Axiom VI is tailored to fit the geometric examples which
we will discuss in our next article, notably the case of Dirac-Schrodinger
operators over the ends of complete Riemannian manifolds with finite
volume and pinched negative sectional curvature, see [BB2].

For o € Lipy,.(M, E), let Ro := RYU((¢ o p)o)), where R? denotes
the restriction map of d and ¢ € Lip(R ) has compact support in [0, )
and is equal to one close to zero. By Axiom VI.1 above, Ro does not

depend on the choice of . As before, we also write 0(0) = Ro. Using
(2.14), (5.2), and Axiom VL5 we get

(5.4) (Do, 03) — (01, Do) = w(01(0), 02(0)) =: w(o1(0), 02(0)),
for all oy, 09 € Lip(M, E) with compact support.

5.5. LEMMA. Suppose o € L*(M, E) has compact support in O. Then
0 € Drax if and only if Uo € D¢ and then D¢ (Uo) = UDpaxo.

max’ max

Proof. We need only to test against Lipschitz sections of E with com-
pact support in O and vanishing along N respectively Lipschitz sections
of H with compact support in [0,7) and vanishing at 0. To these, (4)
and (5) of Axiom VI apply, and the lemma follows. O

Using Axiom VI and Lemma 5.5, we get the following characteriza-
tion of the maximal domain D, ay.

5.6. COROLLARY. For any ¢ € Lip(Ry) with compact support in [0,7r)
and equal to one close to zero and any o € L*(M, E),

d and (1 —(pop))o € Dy O

max

0 € Dpax <= @Uo € D
5.7. PROPOSITION (Regularity). The mazimal domain Dy.x satisfies:
(1) Lip.(M, E) is dense in Dyax.
(2) The restriction map on Lip. (M, E) extends to

a continuous surjective map R : Dpyax — H.
(3) For 01,09 € Dpax we have

(Dmaxal> 02) - (01, Dmax02) = W(Ul(O), 02(0))
Proof. Apply Proposition 2.30, Corollary 5.6, and Axiom VI. 0



DIRAC-SCHRODINGER SYSTEMS 63

For a boundary condition B C H, we set
(5.8) DB max : = {0 € Diax : Ro € B},
DB,max L= DmaX|DB,max-

Then Dpg max is closed with adjoint Dpga max, see Section 1.4.

5.2. Fredholm properties. We now discuss Fredholm properties of
and index formulas for the operators Dg. As in the case of Dirac-
Schrodinger systems, we need the non-parabolicity condition of the
third named author:

VII. AxtoMm. We say that D is non-parabolic if for any compact subset
K C M there is a positive constant C'x such that any o € D,,., satisfies
lollz2) < Cx (IRl g7 + | Dinaxo | 20, 1)) -

Assume from now on that D is non-parabolic. Let W be the com-
pletion of D,,.x with respect to the norm appearing on the right hand
side of the equation in Axiom VII. There is the following analogue of
Lemma 2.39.

5.9. LEMMA. If D is non-parabolic, then we have:

(1) The restriction map R and Dyax extend to continuous maps
Rext : W — H and Doy : W — L*(M, E),

respectively; Rexe tnduces an isometry from ker Dqy into H.
(2) If ¢y € Lip. (M) and 0 € W, then 1o € Dyax C W. Moreover,
there is a constant Cy such that

||¢o]

In particular, W can be viewed as a space of locally integrable
functions and W N L*(M, E) = Dyax.
(3) W = Dpax if and only if there is a constant C' such that

lol|z2¢0y < Cllollw  for all o € Lip (M, E).

Dmax S C¢||U||W

Proof. (1) and (3) are clear. As for (2), use Lemma 5.5 and argue as
in the proof of (2) of Lemma 2.39. O

Similarly, there is an analogue of Lemma 2.41:

5.10. LEMMA. Let V' be a bounded subset of W. Then V' is precom-
pact if and only if Dey(V) C L* (M, E) and Q>Rext(V) C H are both
precompact.

Proof. 1t is easy to adapt the arguments in the proof of Lemma 2.41
to the present situation. [
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For a boundary condition B C H, set
(5.11) Wg:={ceW :0(0) € B} and Dpext := Dext|Ws.
We arrive at the following generalization of Theorem 2.43, Corollary 2.44,
and Proposition 2.46

5.12. THEOREM. Assume that D is non-parabolic and that B is reg-
ular. Then Dpexy : Wg — L*(H) is a left-Fredholm operator with
(im Dp ext) ™ = ker Dpa max and extended index

indexy Dp := ind Dp eyt = dimker Dp oy — dimker Dpa max.

If B is elliptic, then the kernels of Dg and Dpga have finite dimension
and the L*-index of Dp is well defined,

L?-ind Dg := dimker Dg — dim ker Dga.

Moreover, there is Ng > 0 such that D._ ex is injective and D<p exs
1s surjective for all A > Ag. O

We define Calderén spaces and projections as in the case of Dirac-
Schrodinger systems, see (2.47), (2.48), and Definition 3.5. If B is a
regular boundary condition, then R induces isomorphisms

ker Dp max = B N Cax = BN CL2

max’

ker Dpext = BN Coxe = BNCYE

ext *

(5.13)

As before, we write Cpax and Cey instead of C° . and CY.,, respectively.

max ext?

We have the following analogue of Corollary 2.50:

5.14. COROLLARY. Assume that D is non-parabolic and that B is ellip-
tic. Then Dp ext is a Fredholm operator with (im DB,ext)L = ker Dpa max
and index

max*

= dim B N Cexy — dim BT N YCpax. O

ind Dp exe = dim BN Y — dim B N ~CY?

It is a routine matter to check that the arguments developed in
Chapter 3 also work under Axioms VI and VII imposed here; hence all
the results obtained there have their analogues here. We arrive at the
following version of Theorems 3.6, 3.7, and 3.9.

5.15. THEOREM. Assume that D is non-parabolic. Then:

(1) The Calderdn projections Ceyy and Chax are elliptic with Ciyax =
Oext,’y-
(2) Chax — Q> and Cey — Q~ are compact in H® for all |s| < 1/2.
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(3) If B is an elliptic boundary condition, then (B, Cex) is a Fred-
holm pair in H and

BNCoi=BNCYLE and (B+Ceu)- =B NyCY2. O

ext max"*

With the same arguments as in Chapter 3, we get the analogues of
the index formulas in Theorems 3.12, 3.13, and 3.14:

5.16. THEOREM. Assume that D is non-parabolic and that B is an
elliptic boundary condition. Then
ind DB,ext = 1nd(B7 Cext)
= ind Dp_ exq + ind(H, B),
ind DB,ext —+ ind DBa,eXt = dim(CeXt/ im Cmax) O

5.17. REMARK. The further results from Chapter 3 and Chapter 4 are
consequences of the results on the Calderén projections and the index
formulas from Theorems 3.12, 3.13, and 3.14. Therefore they have their

exact analogs here, and we refrain from repeating the corresponding
statements.
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APPENDIX A. FREDHOLM PAIRS

T. Kato has developed the notion of Fredholm pairs of closed sub-
spaces, cf. [Ka, Ch.IV, Section 4]. Consider a Banach space E and a
pair of closed subspaces F' and G. Introduce nullity and deficiency of
the pair (F, G),

(A1) null(F, G) : = dim(F' N G),
F.G

(A.2) def(F, G) = codim(F + G),

and recall that def (F,G) < oo implies that F'+ G is closed. We say
that the pair (F,G) is a left- or right-Fredholm pair, respectively, if

(A.3) F + G is closed
and
(A4) null (F,G) < oo or def(F,G) < oo,

respectively. We say that (F,G) is a semi-Fredholm pair if it is a left-
or right-Fredholm pair, and that it is a Fredholm pair if it is a left- and
right-Fredholm pair. For any semi-Fredholm pair (F,G), its index,

(A.5) ind(F,G) := null (F, G) — def (F,G),

is well defined as an extended real number. The index of (F,G) is a
rough measure of the non-complementarity of F' and G in F.

Let £’ be the dual space of E and F°,G° C E’ be the annihilators
(or polar sets) of F' and G, respectively. By [Ka, Theorem IV.4.8],
F° + GY is closed if and only if F + G is closed,

(A.6) (FNGY =F'+G°, (F+@G)=F"nG°,
(A.7) null (F°,G%) = def (F,G), def (F°,G°) = null (F,G).

For Banach spaces E1, F5 and an operator T € L(E}, E»), we recover
the Fredholm properties of T' by considering

(A8) E = E1 X EQ, F = E1 X {O}, G = graph T.

To that end we note that F' 4+ G is closed in E' if and only if im 7T is
closed in F5 and that the canonical inclusions £, — E and Fy — FE
induce isomorphisms

(A.9) kerT =2 FNG and cokerT = E/(F + G).
In particular, if T" is semi-Fredholm, then the index of T' is
(A.10) ind 7" = dim ker 7" — dim coker T = ind(F|, G),

where F' and G are as above. Next we quote a criterion for left-
Fredholmness of T" which is used several times in this work; for a proof,
see for example [HO, Proposition 19.1.3].
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A.11. LEMMA. The following conditions are equivalent:

(1) T € L(E1, Es) is a left-Fredholm operator.
(2) If (z,,) is a bounded sequence in Ey with (Tx,) convergent in
Es, then (x,) possesses a convergent subsequence. 0

Traditionally, the results on Fredholm pairs we have mentioned are
applied to subspaces with topological complements, i,e. to pairs of
spaces of the form F' = im P, G = im (), where P, () are projections
(continuous idempotents) in E. We need the more general case of a
pair formed by a closed subspace and the image of a projection.

A.12. PROPOSITION. Let B be a closed subspace and P be a projection
in E. Then
(I — P)(B) =ker PN (B+imP),
and (I — P)(B) is closed in E if and only if B +1im P is closed in E.
Furthermore, the codimension of (I — P)(B) in ker P is equal to the
codimension of B+1im P in E. In particular, (I — P): B — ker P is a
left-Fredholm operator if and only if (B,im P) is a left-Fredholm pair,
and then
ind((/ — P) : B — ker P) = ind(B,im P).

Proof. Let x € ker P and suppose that © = y + Pz for some y € B.
Thenx = (I—P)x = (I—P)y € (I-P)(B). Conversely, ifz = (I-P)y
for some y € B, then v = y — Py € B + im P. This shows the first
assertion.

If B4im P is closed in E, then also (I — P)(B) = ker PN(B+im P).
Vice versa, suppose that (I — P)(B) is closed and let (z,, = y, + 2,)
be a sequence in B + im P converging to x € E. Then

(I_P)yn:<I_P)$n_>(I_P)$a
hence thereis ay € B with (I — P)y = (I — P)xz, by assumption. Hence
r=(I—-Plyy+Pr=y+Plr—y) € B+imP.

It follows that (I — P)(B) is closed if and only if B 4 im P is closed.
The natural linear map ker P — E/(B + im P) is surjective with
kernel ker PN (B + im P) = (I — P)(B). Hence the codimension of
(I — P)(B) in ker P is equal to the codimension of B+1im P in E. The
remaining assertions follow. O

A.13. PROPOSITION (Stability). Let P, Q be projections in E such that
P — Q is compact. Then (im P, ker Q) is a Fredholm pair.

If B is a closed subspace of E, then (B,im P) is a left-Fredholm pair
if and only if (B,im Q) is a left-Fredholm pair, and then

ind(B,im P) = ind(B,im Q) + ind(ker @, im P).
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Proof. 1t is immediate from Lemma A.11 that (I — P) : ker@Q — F is
a left-Fredholm operator. Applying Proposition A.12 to B = ker ) we
get that im P 4 ker @) is closed in E. The annihilator of im P + ker ()
in the dual space £’ is ker P’ Nim Q’. Now P’ — Q' is compact, hence
ker P"Nim @' is of finite dimension. It follows that (ker @,im P) is a
Fredholm pair. We also have

-PI-Q)=U-P)-(I-P)Q=(I-P)+C,
where C' = (P — Q)@ is compact. Now Proposition A.12 applies. [

APPENDIX B. AN INEQUALITY

In the proof of Lemma 1.28, we need a special case of the Sobolev
inequality, cf. Theorem 3.9 in [Ag]. For the sake of completeness, we
give a very simple proof here.

Let o0 be a complex valued Lipschitz function on some interval I C R.
Then

(B.1) (|o]?) = 2Re(0’5).
Hence, if I = [s,00) and o has compact support, then
(B.2) alo(s)1? < 10"1 72 (gs.00p) T @101 Z2 (s ,00)):

for any constant a > 0. A corresponding estimate holds for bounded
intervals: Let s < t and o be a complex valued Lipschitz function on
[s,t]. Then, for any constant a > 0,

(B.3) alo(s) = o()* < 2[10"[[ L2y + 20°[lo1[L2 (e

Proof of (B.3). By shifting [s, t] if necessary we can assume s = —t.
Since even functions are perpendicular to odd functions in H'([—t,1]),
we can assume that o is odd. Then the left hand side of the inequality
is equal to 4a|o(t)]*. Using (B.1) and ¢(0) = 0, we derive the asserted
estimate. U
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