FACTORISED SOLUTIONS OF TEMPERLEY-LIEB ¢KZ EQUATIONS
ON A SEGMENT

JAN DE GIER AND PAVEL PYATOV

ABSTRACT. We study the ¢-deformed Knizhnik-Zamolodchikov equation in path repre-
sentations of the Temperley-Lieb algebras. We consider two types of open boundary
conditions, and in both cases we derive factorised expressions for the solutions of the
qKZ equation in terms of Baxterised Demazurre-Lusztig operators. These expressions
are alternative to known integral solutions for tensor product representations. The fac-
torised expressions reveal the algebraic structure within the qKZ equation, and effectively
reduce it to a set of truncation conditions on a single scalar function. The factorised ex-
pressions allow for an efficient computation of the full solution once this single scalar
function is known. We further study particular polynomial solutions for which certain
additional factorised expressions give weighted sums over components of the solution. In
the homogeneous limit, we formulate positivity conjectures in the spirit of Di Francesco
and Zinn-Justin. We further conjecture relations between weighted sums and individual
components of the solutions for larger system sizes.
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2 JAN DE GIER AND PAVEL PYATOV

1. INTRODUCTION

The g-deformed Knizhnik-Zamolodchikov equations (qKZ) are widely recognized as im-
portant tools in the computation of form factors in integrable quantum field theories [44]
and correlation functions in conformal field theory and solvable lattice models [26]. They
can be derived using the representation theory of affine quantum groups [24] or, equiva-
lently and using a dual setup, from the affine and double affine Hecke algebra [B]. The
qKZ equations have been extensively studied in tensor product modules of affine quan-
tum groups or Hecke algebras, and much is known about their solutions in the case of
cyclic boundary conditions [47), 46]. We refer to [22] and references therein for extensive
literature on the qKZ equations.

Recently interest has arisen in the qKZ equation in the context of the Razumov-
Stroganov conjectures. These relate the integrable spin-1/2 quantum XXZ spin chain
45, 39] in condensed matter physics and the O(1) loop model [2, 0] in statistical mechan-
ics, to alternating sign matrices and plane partitions [4]. Further developments surround-
ing the Razumov-Stroganov conjectures include progress on loop models [[6, B3| 15, 19,
20, b1, 18] and quantum XXZ spin chains [[7, B7, B8], the stochastic raise and peel models
[9, 10, B35], 36l [, lattice supersymmetry [3, 23, 48, B9], higher spin and higher rank cases
B0, 07, |1, as well as connections to the Brauer algebra and (multi)degrees of certain
algebraic varieties [8, 16, BT].

The connection to the qKZ equation was realised by Pasquier [34] and Di Francesco
and Zinn-Justin [I7], by generalising the Razumov-Stroganov conjectures to include an
extra parameter ¢ or 7 = —(q+¢~!). In particular, the polynomial solutions for level one
qKZ equations display intriguing positivity properties and are conjectured to be related
to weighted plane partitions and alternating sign matrices [34} [17), 28, 13} [1]].

In the Razumov-Stroganov context one considers the gKZ equation in a path represen-
tation for SL(k) quotients of the Hecke algebra, using cyclic as well as open (non-affine)
boundary conditions. In the case k = 2 this quotient corresponds to the Temperley-Lieb
algebra, for which there is a well known and simple equivalence between the path repre-
sentation and its graphical loop, or link pattern, representation. In this paper we study
the qKZ equation for £ = 2 in the path representation and for the two types of open
boundary conditions also considered in [T3, K1, [18].

The solution of the qKZ equation is a function in NV variables z; ¢ = 1,..., N taking
values in the path representation. The components of this vector valued function can be
expressed in a single scalar function which we call the base function. We derive factorised
expressions for the components of the solution of the qKZ equations for the Temperley-
Lieb algebra (referred to as type A) and the one-boundary Temperley-Lieb algebra (type
B) with arbitrary parameters. The factorised expressions are given in terms of Baxterised
Demazurre-Lusztig operators, acting on the base function which we assume to be known.
The formula for type A was already derived for Kazhdan-Lusztig elements of Grasmannians
by Kirillov and Lascoux [30]. We further reduce the ¢KZ equation to a set of truncation
relations that determine the base function. These relations also appear in a factorised form.
We conjecture that the truncation relations can be recast entirely in terms of Baxterised
elements of the symmetric group.
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Restricting to polynomial solutions, the factorised expressions provide an efficient way
for computing explicit solutions. We note here that polynomial solutions may also be
obtained from Macdonald polynomials [B, B4 28, 29]. Using the factorised expressions,
we compute explicit polynomial solutions of the level one qKZ equations, recovering and
extending the results of Di Francesco [I4] in the case of type A, and of Zinn-Justin [5]
in the case of type B. We would like to emphasize the importance of such explicit solu-
tions as a basis for experimentation and discovery of novel results. Based on the explicit
solutions, and in analogy with Di Francesco [I3, [[4] and Kasatani and Pasquier [28], we
formulate new positivity conjectures in the case of type B for two-variable polynomials in
the homogeneous limit (z; — 0) of the solutions of the gKZ equations. In the inhomoge-
neous case, the factorised expressions furthermore suggest to define linear combinations
(weighted partial sums) of the components of the solution in a very natural way. Special
cases of these partial sums are also considered in the homogeneous limit by Razumov,
Stroganov and Zinn-Justin [37, B8] and by Di Francesco and Zinn-Justin [I8]. We conjec-
ture identities between the partial sums and individual components of solutions for larger
system sizes.

The first three sections of this paper are a review of known results. We define the
Hecke and Temperley-Lieb algebras of type A and B, the path representations and explain
the qKZ equation in these representations. In Section 4 we state our main theorems
concerning factorised solutions and truncation conditions for the qKZ equation of type A
and B. These results are proved in Section 6 and Appendix A. The fifth section contains a
list of conjectures regarding the explicit polynomial solutions of the qKZ equation. These
conjectures relate to the positivity of solutions in the homogeneous limit, and to natural
partial sums over components of the solution. Our observations are based on explicit
solutions for type A and B which are listed in Appendices B and C.

Throughout the following we will use the notation [z], for the usual g-number

¢ —q "
€T = —
ey =

The notation [z] will always refer to base g.

Acknowledgments. Our warm thanks go to Arun Ram, Ole Warnaar, Keiichi Shigechi
and Paul Zinn-Justin for useful discussions. JdG thanks the Australian Research Coun-
cil for financial assistance. PP gratefully acknowledges a hospitality of the Department
of Mathematics and Statistics of the University of Melbourne and of the Max-Planck-
Institute for Mathematics in Bonn, where part of this work has been carried out. The
work of PP was supported by the RFBR grant 05-01-01086-a and by the DFG-RFBR
grant 436 RUS 113/909/0- 1(R) and 07-02-91561-a.

2. RELEVANT ALGEBRAS AND THEIR REPRESENTATIONS

2.1. Iwahori-Hecke algebras.

2.1.1. Type A.
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Definition 1. The Iwahori-Hecke algebra of type An, denoted by Hﬁ,(q), 1s the unital
algebra defined in terms of generators g;, i =1,...,N — 1, and relations

9i =i +a ) =0,  gigi=g9 i, j:li—jl>1,
9i9i+19i = 9i+19i9i+1- (2.1)
Hereafter we always assume
qgeC\{0}, and [k]#0 VEk=2,3,...,N, (2.2)
in which case the algebra Hﬁ,(q) is semisimple. It is isomorphic to the group algebra of
the symmetric group C[Sy] ~ HA(1).
It is sometimes convenient to use two other presentations of the algebra H4 (g) in terms
of the elements a; and s;
a; = q— gi, sit=q '+, i=1,...,N—-1

For each particular value of index ¢ the elements a; and s; are mutually orthogonal un-
normalised projectors
a;s; = s;ja; =0, a; +s; = [2],
generating the subalgebra H?(q) — Hﬁ,(q). Traditionally they are called the antisym-
metrizer and the symmetrizer and associated, respectively, with the two possible partitions
of the number 2: {12} and {2}.
The H?,(q) defining relations (EZ]) in terms of generators a;, i = 1,..., N — 1, read

a? = (2] a;, aja; = a;a; Yi,j:|i—j|>1,
Qi1 Q5 — A = Qg1 Qi1 — Qi (2.3)
and in terms of s;, ¢ = 1,..., N — 1, they read
57 =[2] s, 5i8; = s58; Vi,j: i —j|>1,
8i8i+18i — Si = Si+15iSi+1 — Si+1-
2.1.2. Type B.
Definition 2. The Iwahori-Hecke algebra of type By, denoted by H]%(q,w), s the uni-
tal algebra defined in terms of generators g;, i = 0,...,N — 1, satisfying, besides (EI),
relations
(0+d)go+q)=0,  gogi =gigo Vi>1,
90919091 = 91909190- (2.4)

If in addition to (Z2) we assume [w £ k] # 0 Vk € 0,1,..., N — 1, then the algebra
H]%(q, w) becomes semisimple. Hereafter we do not need the semisimplicity and we only
assume that [w + 1] # 0.

It is sometimes convenient to use the presentations of H% (g, w) in terms of either the
antisymmetrizers a;, or the symmetrizers s;, supplemented, respectively, by the boundary
generators

=Y =0 ¥+ 9
s s S v S S (2:5)
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The generators ag and sy are mutually orthogonal unnormalised projectors,

apsg = spag = 0, ap + S = [w] .
[w+ 1]
The defining relations (4]) written in terms ag and a; read
2 [w] .
af = a apa; = azag Vi>1,
0 [O.} + 1] 05 (01873 Aede)
apajapgal — apal = aijapajag — aiag, (26)

and written in terms of sy and s; they read
[w]

[w+ 1]

50515051 — S0S1 = S15051S0 — S150-

Sg = S0, S08; = S8;80 Vi> 1,

2.2. Baxterised elements and their graphical presentation. It is well known that
the defining relations of the Iwahori-Hecke algebras (1), (Z4]) can be generalised to
include a so-called spectral parameter (see [27, 25] and references therein). This generali-
sation is sometimes called Baxterisation and is relevant both in the representation theory
of these algebras as well as in their applications to the theory of integrable systems.

2.2.1. Type A. For the algebra ’Hﬁ,(q), the Baxterised elements g;(u), i = 1,..., N — 1,
are defined as

2u—1
. —2u gl - q
g9i(u) == ¢q ma
which we can write alternatively as
¢" —[ulgi _ [ —u]+[u]a [u]
%) = TR [+ 4] [u+ 1] @7

Here u € C\ {—1} is the spectral parameter. It can be shown that the following relations
hold

gi(u)gi(_u) =1, VueC \ {_17 1}a (2'8)
gi(u)giv1(u +v)gi(v) = git1(v)gi(u + v)gir1(u), (2.9)
gi(u)gj(v) = gj(v)gi(u) Vi, j:li—jl>1, (2.10)

The relations (E7)—I0) are equivalent to the defining set of conditions (ZII). The
relations ([Z8) and ([ZH) are called, respectively, the unitarity condition and the Yang-
Baater equation.

Notice that the unitarity condition is not valid at the degenerate points u = +1. It
is therefore useful in certain cases to use a different normalisation for the Baxterised
elements,
=] ~ [u41] R s
R 7 T

Note that now the elements h;(u) are ill-defined at w = 0. In this normalisation we have
1

hl(u)hz(—u) =1- W’ hl(l) = Sy, hi(—l) = —aj,

(2.11)
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and h;(u) still satisfies the Yang-Baxter and the commutativity equations (29)) and ZI0).
We also note that h; satisfies the simple but very useful identity

[v—u]
hi(u) = hi(v) + . (2.12)
[u] [v]
2.2.2. Type B. In this case we additionally define
wtv 2u—v
—ou +uj(go + ¢
g()(U) =4q 2 L[u2z/ ]( —2u—V) ’
(5% —ul(g0 + q )
which alternatively can be written as
k(u,v) — [2u][w + 1]ag 2u][w + 1]
= =14+ -—-—— 2.13
gO(U) k:(—u, I/) + k‘(—u, l/) 50, ( )
where k(u,v) := [F2 4+ u][“5% + u], and v is an additional arbitrary parameter.

The boundary Baxterised element go(u) satisfies relations

go(u)go(—u) = (2.14)
9o(v)g1(u + v)go(u)g1 (v — v) —gl(u—v)go( )91 (u + v)go(v), (2.15)
9o(u)gi(v) = gi(v)go(u) Vi>1,

which are equivalent to the defining relations (7). Relations (ZI4]) and (ZIH]) are called,
respectively, the unitarity condition and the reflection equation [A2]. An alternative nor-
malisation for the boundary Baxterised element is

. k(u/2,v) —w/2) =  k(=u/2,v) = s k(u/2,v)
ho(u) == Tl + 1] go(—u/2) Tl P T Wt (2.16)
In this normalisation we find
ho(w £ v) = —ag, ho(—w +v) = sq,
ho(v — u)hi(v)ho(u + v)hi(u) = hi(u)ho(u + v)hi(v)ho(v — u). (2.17)

2.2.3. Graphical presentation. For our purposes it is convenient to represent the Baxterised
elements graphically as tiles and the boundary Baxterised element as a half-tile

i—:l i i:+1 2) 1
The (half-)tiles are placed on labeled vertical lines and they can move freely along the
lines unless they meet other (half-)tiles. Multiplication in the algebra corresponds to a

simultaneous placement of several (half-)tiles on the same picture and a rightwards order
of terms in the product corresponds to a downwards order of (half-)tiles on the picture.
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In this way, the Yang-Baxter equation (Z9) can be depicted as

1 1+1 i i+1

and the reflection equation can be depicted as

For the alternative set of Baxt@risféd element§ Wé will use dashed pictures,

7\ P

7 N
hi(u) = < _u K ho(u) = u> (2.19)
N7 P
0

The picture of the Yang-Baxter equation for the dashed tiles is the same as (2I]), but
the picture of the reflection equation (ZI7) has a different arrangement of the spectral

parameters
N

IS

I\ rd ~
w_/l;\ K u %
1 s ~ |\\I’
£ v 3 ety 3
1N ’ = 1, by
1ty € kK oy
1 [N L ’
Klu 3 'v—fz;;’ (220)
e a
e v

0 1 0 1

Let us remark that expressions for the boundary half-tile go(u) and the dashed half-tile
ho(u) depend on an arbitrary parameter v which is not shown in the pictures. For the
dashed half-tile we shall exploit this degree of freedom in Section L2, see (4.

2.3. Temperley-Lieb algebras. The Iwahori-Hecke algebras have a well known series of
SL(2) type, or Temperley-Lieb, quotients whose irreducible representations are classified
in the semisimple case by partitions into one or two parts (i.e., by the Young diagrams
containing at most two rows). The Temperley-Lieb algebra can be described in terms of
equivalence classes of the generators a; (different generators belong to different equivalence
classes). Below we use the notation e; for the equivalence class of —a;.
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Definition 3. The Temperley-Lieb algebra of type Ay, denoted by T]é(q), s the unital

algebra defined in terms of generators e;, i =1,...,N — 1, satisfying the relations
e? = —[2e;, eiej =eje; Vi, j:li—jl>1,
€;e;+1€; = €;. (2.21)

Definition 4. The Temperley-Lieb algebra of type By, T (q,w) (also called the blob
algebra [32]), is the unital algebra defined in terms of generators e;, i = 0,...,N — 1,
satisfying, besides (Z2Z1), the relations

[w]
[w+1]
€1ep€el = €1. (2.22)

eg = — eo, epe; =eeg Vi>1,

2.3.1. Graphical presentation. We reserve empty tiles and half-tiles for the generators e;

and eq
e = <>, ey = D (2.23)

i 0

The defining relations (Z21]) and ([Z22]) are depicted, respectively, as

1 _ _
2]
i i i1 i
and
| (2.25)
0 0 0 1 1

2.3.2. Baxterisation. Obviously, one can adapt all formulas for the Baxterised elements
from the previous subsection to the case of Temperley-Lieb algebras by the substitution
a; — —e;. We shall follow tradition and will use a special notation — R;(u) and Ko(u) —
for the Baxterised elements and the boundary Baxterised element of the Temperley-Lieb
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algebras. In the same normalisation used for g;(u) (see (), ZI3)), we have

[1—u]—[u]ei

Ri(u) := W,
Ko(u) = F000) ;fg”g; U0 sy = [ 4[5 ). (2.26)

Here we have intentionally used a different notation to denote an arbitrary additional
parameter, 0 instead of v which was used in the Iwahori-Hecke case, see (2I3)). The two
parameters ¢ and v will play different roles in what follows below (see the comment after
E12).

The elements R;(u) and Ko(u) satisfy the unitarity conditions (Z8), [ZI4]), the Yang-
Baxter equation (ZZ9) and the reflection equation (ZI3]). They are usually called the
R-matriz and the reflection matriz. This notation comes from the theory of integrable
quantum spin chains. The path representations of the Temperley-Lieb algebras, which are
introduced in the next subsection and which are used later on in the qKZ equations, are
invariant subspaces of the state space of certain quantum spin-1/2 XXZ chains, see, e.g.,

.

Remark 1. In order to make contact with other notations in thg literature? we note that
our notation here correspond to those in [[7] if we identify ¢ = €', ¢¥ — e*, @ — —elf,

and in [51] to ¢ = —¢. Further useful notations in [7] that we shall employ later are:
1
r=-Bl = VETE=Blas,  a=-gol
57147

2.4. Representations on paths. We will now decribe an important and well-known
representation of the Temperley-Lieb algebras of type A and type B on Dyck and Ballot
paths respectively.

2.4.1. Dyck path representation.

Definition 5. A Dyck path a of length N is a vector of (N + 1) local integer heights

o = (Oéo,()él,... ,aN),

such that ag = 0, ay =0 for N even and ay =1 for N odd, and the heights are subject
to the constraints c; > 0 and a1 — o; = £1.
By Dy we denote the set of all Dyck paths of length N.
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Each Dyck path « of length N corresponds uniquely to a word in w, € Tj\é(q), repre-
sented pictorially as

N even: Wo =

N odd: Wo =

N=11

where the empty tiles at horizontal position i are the generators e;, see (Z23)).

We now define an action of the algebra T]{?(q) on a space which is spanned linearly by
states |«) labeled by the Dyck paths, identifying the states |a) with the corresponding
words w,, € 7, ]{? (¢). This action is given by a set of elementary transformations of pictures
shown in (Z2Z4]). A typical example of such an action is given in Figure [I

FIGURE 1. The result of e;|a) if @ has a slope at i. If ¢ + r is the first
position to the right of an upward slope at i whose height is equal to that
at i, i.e. a;y, = a; > 0, then a layer of tiles between i and i 4+ r is peeled
off the original path and the result is again a Dyck path. A similar peeling
mechanism to the left works for downward slopes.

In doing so we find the following representation of the algebra ’Z}{?(q):
Proposition 1. The action of e; fori=1,..., N —1 on Dyck paths is explicitly given by
e Local Minimum:

ei|...,ai—|—1,ai,ai—|—1,...>:|...,o¢i—|—1,0@—1—2,0@—!—1,...),

e Local Mazximum:

€i|...,04i—1,042',01i—1,...>:—[2] |...,Oéi—1,0éi,Oéi—1,...>,

o Uphill Slope: ;1 < o < jy1-
Let j > i be such that o = o; and oy > o Vi i <l <j, then
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€i|...,0zi—1,0(2‘,0(2'—|—1,Oéi+2,...,04j,...> =

|...,ai—1,0@,0@—1,042-4_2—2,...,04]-_1—2,aj,aj+1,...>,

e Downhill Slope: c;—1 > oy > aiqq.
Let k <1 be such that ap, = a; and oy > oy Y1: k<l <1, then
el ooy im0 + Loy, —1,..0) =
oo, — 2,00 00 — 2,0 — Loy, o — 1,.0)
Remark 2. For generic values of ¢ the Dyck path representation is the irreducible repre-

sentation of the Temperley-Lieb algebra T]{?(q) corresponding in the conventional classifi-
cation to the partition {| L], | 5|}

Definition 6. We call the unique Dyck path without local minima in the bulk the maximal
Dyck path and denote it Q. Explicitly this path reads:

Qf = (01,2, [ MF L MF AR e,

where ey := N mod 2 is the parity of N.

It is clear from Proposition [0 that the maximal Dyck path plays a role of a highest
weight element of the Dyck path representation.

2.4.2. Ballot path representation.
Definition 7. A Ballot path « of length N is a vector of (N + 1) local integer heights

o = (Oéo,()él,... ,aN),

such that a; > 0, aj41 — oy = £1 and ay = 0.
We denote the set of all Ballot paths of the length N by By .

Each Ballot path « of length N corresponds uniquely to a word w, € TA]?(q, w), repre-
sented pictorially as

N even: Wo =

N odd: Wo =

N=11

where the empty (half-)tiles at horizontal position i (0) are the generators e; (eg), see

&23).
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Now we can define an action of the algebra 7, A]? (¢,w) on the space which is spanned
linearly by states |a) labeled by the Ballot paths, identifying the states |a) with the
corresponding words w, € T]\]? (¢,w). We thus find the following representation of the
algebra T2 (q,w):

Proposition 2. The action of e; fori=1,..., N —1 on Ballot paths is explicitly given by
Proposition O in the case of a local extremum or an uphill slope. In the remaining cases
we find

e Downhill Slope, Type I:
If there exists k < i such that ap = «; and oy > oy V1 : k <l <1, then
€i|...,Ozk,...,Oéi_Q,Oéi—|—1,Ozi,0é2‘ —1,...> =

|...,ozk,ozk+1—2,...,ai_2—2,ai—1,ai,ai—1,...>

e Downhill Slope, Type Ila:
If i is odd and ap > a; Vk < i, then
€i|040, ce o, + 1 a0 — 1. > =

|Oéo—2,...,0£2‘_2—2,04i—1,0@,0@—1,...). (227)

e Downhill Slope, Type I1b:
If i is even and oy > a; Vk < i, then
eilag, .. o, + 1oy, — 1,...) =
w
- ﬁ |Oéo - 2,... , O — 2,0éi - 1,0@,0@ - 1,> (228)
The action of the boundary generator eqy is given by
e Uphill Slope at i = 0:

60|Oéo,040 + 1,0(2,...) = |Oz0 + 2, a9 + 1,0&2,...>

e Downhill Slope at i = 0:
[w]
[w+ 1]

60‘0&0,0&0—1,0[2,...):— ‘Oé(),Oé()—l,O[Q,...)

Remark 3. For generic values of ¢ and w the Ballot path representation is the ir-
reducible representation of the Temperley-Lieb algebra T]\]?(q,w) corresponding to bi-

partition {| M3+ ]}, {[ 5]}

Definition 8. We call the unique Ballot path without local minima in the bulk the maximal
Ballot path and denote it by QB. Explicitly this path reads:

QB =(N,N—-1,...,2,1,0).

As follows from the Proposition B the maximal Ballot path plays a role of a highest
weight element of the Ballot path representation.
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3. ¢-DEFORMED KNIZHNIK-ZAMOLODCHIKOV EQUATION

3.1. Definition. Let us consider a linear combination |¥) of states |«) with coefficients
1) taking values in the ring of formal series in N variables ¢¥%i, i =1,2,...,N:

| (z1,...,2N)) = ZT/Ja(JUh coZN)|a).

Here a runs over the set of either Dyck (type A), or Ballot (type B) paths of length N.

The gKZ equation in the Temperley-Lieb algebra setting is a system of finite difference
equations on the vector |¥). Actually, we consider the qKZ equation in an alternative
form with permutations in place of finite differences. This is historically the first form it
appeared in literature [3]. In both types A and B the qKZ equation reads universally
fai)

Ri($i—$i+1)|\1j> :7TZ'|\I’>, Vi= 1,...,N—1, (3.1)
Ko(=21)|) = mo[ ), (3.2)
0) = mn| D). (3.3)

Here R; are the Baxterised elements of the Temperley-Lieb algebra, K is the boundary
Baxterised element in the type B case and K is the identity operator in type A. The
operators R;(z; — x;11) and Ko(—z1) act on states |«), whereas the operators m; permute
or reflect arguments of the coefficient functions

Tl ooy Ty Tig1y - o) = Uale oo, Tit1, Tiy- - .),
TV (1, .. .) = Yo(—21,...), (3.4)
TNYa(- s ZN) = Voo =X —xN). (3.5)
Here A € C is a parameter related to the level of the qKZ equation, see [22].

Remark 4. Clearly, the elementary permutations w;, ¢ = 1,..., N — 1, are the generators
of the symmetric group Sy, whereas my and 7y are left and right boundary reflections.
They satisfy the relations

2 o
m; =1, T 1T = T 1 Mg 1, mimp = mpm Vi, )i — g > 1,
ﬂg =1, MMM = WITTLTQ, mom; =TTy Vi > 1,
7TJ2V =1, TNTN-ATNTN-1 = TN_1TNTN-1TN, nnT; =mny Vi< N —1.

Therefore the unitarity conditions (ZF]), [ZId]), the Yang-Baxter relation (Z3) and the
reflection equation (EIH) for the operators R; and K are consistency conditions for the
gKZ equation.

3.2. Algebraic interpretation. In this subsection we consider the algebraic content of
the ¢KZ equation. We follow the lines of the paper [34].

3.2.1. Type A. Consider equation (BII). Here the R-matrix R;(z; — x;) acts on the states
|a), o € Dy, while the operator m; acts on the functions ¥4 (x1,...,2zx). In other words,
the qKZ equation (Bl) written out in components becomes

Y Yalzr, o an) (Riws — zig)a) = D (ra) (@1, on)|a),

a€DN a€Dy
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which can be rewritten as

Z Ya(x1, ... zN) (—ei|a))

a€DyN

[zi — Tit1] [T; — xi41]

_ Z <[l=2. — Tiy1 +1]7Ti+ [T; — i1 — 1]) Yo(21,...,2N8)|Q)

= Z (aﬂ/)a) (1‘1,...,1‘]\[)‘0[>. (36)

a€Dpn
Here we have used notation
1
T T x.ﬂ]'(ﬁi = Dzip — 2 +1]
T (A
T |
Y S Sk P R N0 ST (3.7)

[l‘z‘ - l‘z‘+1]

for symmetrising operators acting on functions in the variables x; [2I]. These operators
satisfy the Hecke relations (Z3]). Moreover, they generate a faithful representation of the
algebra Hﬁ,(q) in the space of functions in N variables x; (i = 1,...,N), thus justifying
the use of the identical notation a; in (23]) and in (BZ). The generator g; = ¢ — a; in
this representation is known as the Demazurre-Lusztig operator [B]. The alternative set
of generators s; and the Baxterised elements h;(u) (2I1]) in this particular representation
read

[@; — xip1 + 1]

5= L (1 - 772')7
[xl xz-i—l]
() = [zi — ®ip1 + u] B [; — ziv1 +1]7T'
) [u][zi — 2i41] (2 — 2i1] (3.8)

Looking back at the equations (B:f) we notice that their solution amounts to construct-
ing an explicit anti-homomorphism from the Dyck path representation of the Temperley-
Lieb algebra 7;3(q) into the functional representation (1) of the Iwahori-Hecke algebra

My (9):
|a) =1, Vo € Dy, (3.9)

where 1), are the components of the solution |¥) of the gKZ equation of type A.

3.2.2. Type B. In this case we additionally have a non-trivial operator K affecting equa-
tion (B2), which reads in components:

> dalwn,.o ) (Ko(=z1)|a) = Y (modha) (@1, zr)|a),
aEBN aeBN
where the summation is taken now over all Ballot paths. Recalling the definition

w46 w—é]

5 et =

k(u,d) = [u+
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from (Z26]), this can be rewritten as

> (@1, 2n) (—eola))

aEBN
_ l‘ , k«’(—:L‘ ’5)
a;; ( 21‘1 ;—{— ]77'0— [2$1][w1+ 1]>¢a(1’1,...,:1,‘N)|a>

= Z (a0¢a) (xl,...,arN)]a). (310)

where we have denoted

k’(—fL‘l, ) ) 1
ap = —(mo+1 = mo — 1k(—x1,9d 3.11
o= e v 1]~ Bedwra e VR0 (311
The operator ag and the operators a; from (BI) satisfy the defining relations (8] for
the type B Iwahori-Hecke algebra. Moreover, the realisation (BII), (B7) gives a faithful
representation of H% (q,w). The generator s defined in (Z5) and the boundary Baxterised
element ho(u) from (EZI6) in this realisation read

__Kk(z1,0) k(u/2,v)
[221][w + 1] [u][w + 1]

Let us stress here the difference between the parameters § and v. The “physical” param-
eter § appears in the definition of the boundary Baxterised element Ko(u) and therefore
enters the qKZ equation and the boundary conditions of related integrable models, see e.g.
[0, BI]. The parameter v is introduced here for the first time in this section. It plays an
auxilliary role and we will fix it later to obtain a convenient presentation of the solution
of the qKZ equation of type B, see (B4]) below.

Finally, the relation (BI0) states that the solution |¥) of the qKZ equation of type
B encodes an explicit anti-homomorphism from the Ballot path representation of the
Temperley-Lieb algebra 7 (¢q,w) into the functional representation (), ([BII) of the
Iwahori-Hecke algebra HE (g, w):

(1 —mo), ho(u) = so — (3.12)

la) — 1y Vae€ Bn.
3.3. Preliminary analysis.

3.3.1. Type A. Equation (B breaks up into two cases, depending whether or not a path
« in the sum on the right-hand side of (BH) has a local maximum at 4, i.e. whether or not
it is of the form v = (..., s — 1, 5,5 — 1,...). We will first look at the case in which it
does not.

Case i): a does not have a local maximum at 1.

As each term in the left-hand side of (B8l is of the form e;|a), and hence corresponds
to a local maximum at ¢,

the coefficient of |«) in the right-hand side of (B has to equal zero. Hence we obtain

— (aia) (21, .- 2N) = (hi(=1)Ya) (21, .. ,2N) = 0, (3.13)
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which can be rewritten as

(mi — DAz — i1 — Utba(z1,...,2Nn)} =0 for |a) o e;]a).

Hence, if |a) o e;]a’) the function

(i — zip1 — o (z1,..., 2N)

is symmetric in x; and x;41 which implies that [z; 11 — z; — 1] divides ¥ (21, ..., zN) and
the ratio is symmetric with respect to x; and x;41.
Iterating (BJl) we find

\I’(l‘l, sy L1, Tmy Lhs -+ -y Tm—15 Tm+1, - - .fL'N) =
Ri(zk — xm) - Rpn—1(Tm—1 — ) ¥ (21, ..., xn).  (3.14)

Consider now the component v, on the LHS of (BI4l), where o does not have a local
maximum at any i for £ < i < m — 1. This component can only arise from the same
component on the RHS of (BI4l), on which the R-matrices have acted as multiples of the
identity. Hence, if « is a path which does not have a local maximum for any k <i < m—1,
we find

U1y oy Tho1y Ty Ty« o vy Ty Tt ly - - - s TN) = —————(x1,...,TN).

i=k
(3.15)
It follows from (BID) that if o does not have a local maximum between k and m — 1,
then o (21,...,2n) contains a factor [[,; i<, [1 +2; — z;] and the ratio is symmetric

in the variables z;, k < i < m. An analogous argument can be given when considering
the boundary equations (B2), with Ky = 1, and (83]). In summarising the effects of these
considerations, it will be convenient to introduce the following notation:

Definition 9. We denote by Af the following functions:

Ai:(l'k,al'm) = H [/L—I—l’i:l:l'j],
k<i<j<m

where | 1is a parameter.

Lemma 1. The following hold:

e If a does not have a local mazimum between k and m — 1, then ¥ (21,...,2N)
contains a factor Al (xg,...,xm) and the ratio is symmetric in the variables
z;, kE<i<m.

e If o does not have a local mazimum between 1 and m—1, then o (z1,...,2N) con-
tains a factor AT (z1,...,2m)AT (z1,...,2m) and the ratio is an even symmetric
function in the variables x;, 1 <1i < m.

e If o does not have a local maximum between k and N —1, then 1o (x1,...,2N) con-
tains a factor A7 (zg, . . . ,:EN)Aj\'H(xk, ...,xN) and the ratio is an even symmetric
function in the variables (x; + A/2), k <i < N.
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Corollary 1. The base coefficient function ¢3 corresponding to the maximal Dyck path
Q7 (see Definition[B) in the solution of the ¢KZ equation of type A has the following form:

Vo (@1, an) = AT (21, 20) AT (21, 20) AT (Tnats - ZN)
A;\:_l(flfn_i_l, Ce TN I (a:l, e Tl Tt + %, oL IN F %), (3.16)
where n = [(N +1)/2] and *(z1,. .. Tn|Tni1,...,2N) is an even symmetric function

separately in the variables x;, 1 <i<mn andzx;, n+1<j<N.

Proof. The path O does not have a local maximum between 1 and n and neither between
n+ 1 and N, and the result follows immediately from Lemma [ O

In the sequel we use the following picture to represent @Z)S‘:

A xr1 T2 Tpn Tnp41 TN

Yo= |11 (3.17)

Relation (I3 for /4 can then be displayed pictorially as

I A
i~ 1 T 1Y

-1

Y (3.18)

where 1 <i < N, i # n, and we use the graphical notation (ZI9) to represent h;(—1).

(hi(~1)¥§) (@1, ... )

1 .. Tj Ti4+1 -+ Ty Tp+l TN
_ |
|

Case ii): « has a local maximum at 1.

Now (B4 gives,
(21— @) Yo = siva = hi(D)Pa= Y g = e + D Vyrr (3.19)
B k=1,2,...
e;f=a

A pictorial definition of the paths a~ and o™, k =1,2,..., is given in Figure & In the
example of Figure B the heights of the paths at” to the right of the point i are higher
than those of . This happens in case if the path « has a local minimum at the point
i+ 1, ie., if aj = a;41 + 1 = a;19. Equally well, if the path « has a local minimum at
the point i — 1 (o; = j—1 + 1 = @;_2), the sum in ([BI9) contains one or several paths
o™ whose heights are higher than those of « to the left of the point i. The number of
paths a™* appearing in the sum (BI9) depends on the shape of o and varies from 0 to

(N =1)/2].

Remark 5. An important observation is that the path o™ is absent in Figure Bl in case
a; = 1. In this case the condition a; = a; —2 = —1 implies that the path o™ is no longer
a Dyck path, and that consequently the term v~ in ([BI9) has to vanish.

A further analysis of equation (BI9) will be made in sections H] and [
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FIGURE 2. Definition of the Dyck paths a~ and at*, k > 1.
3.3.2. Type B. The analysis of the bulk qKZ equation (B in case i) is identical to that
of type A and we conclude:

Corollary 2. The base coefficient function Ll)g corresponding to the maximal Ballot path
QB (see Definition8) in the solution of the ¢KZ equation of type B has the following form:

¢g($1,... 7:Z:N) = Al_(xb al'N)A;\:-l(xl)"' al'N) £B<$1 + %7 , TN + %)7 (320)
where £B(x1,...,xN) is an even symmetric function in all of its variables x;, 1 <i < N.

Proof. The path Q8 does not have a local maximum between 1 and N, so the result follows
immediately from Lemma [l (|

In the sequel we use the following picture to represent wg:

Y= L |1 | (3.21)

Case ii): « has a local maximum at 1.
For type B, B0 gives,

hi(D) e = Y cgthp = Yo + @) aro + > Ugir, (3.22)
B#a k=1,2,...
e;B=a

where a pictorial definition of the paths o~ and o1, k > 0, is given in Figure Bl For
Y- and 9,+r the coefficients cg are all equal to 1, but cg may be different from 1. This
coefficient is defined by the following rules: co = 0 if the path o™ is not in the preimage
of o under e;, that is, 3j < i : «; < a; — 1. Otherwise, ¢y(i) = 1 if 7 is odd and
co(i) = —[w]/[w + 1] if 7 is even (this follows from the rules (ZZ1) and (ZZ8)). Further
analysis of case ii) is postponed to sections Hl and B

Now consider the nontrivial type B boundary qKZ equation (BI0). As before, the
analysis breaks up into two cases, depending whether or not a path « in the sum on
the right-hand side of (BI0) has a maximum at 0, i.e. whether or not it is of the form
a = (ap,ap — 1,...). We will first look at the case in which it does not.
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FIGURE 3. Definition of the paths o~ and a™*, k > 0.

Case i): « does not have a local maximum at 0.

As each term in the left-hand side of (BIM) is of the form eg|a), and hence corresponds
to a maximum at 0, the coefficient of |a) in the right-hand side of (BI) has to equal zero.
We thus obtain

(aolba)($1a-~-»$N) = 07 (323)
which can be rewritten as
(mo — 1) {[z1 — “’TM][:Q - “’T_‘s]zﬁa(:nl, ..,xp)} =0 for |a) o egla).

Hence, if |a) o eg|a’) the function
[z1 — ) [z1 — 2 ]alz, ... 2N)

is an even function in z; which implies that [z; + “’T_‘s][:nl + “’T""s] divides ¢4 (x1,...,2N),
and the ratio is even in x7.

Case ii): a has a local maximum at 0.

Now [BI0) gives,

([w[ﬁ]l] — a0) Yo = 50%a = Pa-0. (3.24)
Here by o~ we denote the path coinciding with a everywhere except at the left boundary,
where one has ag’ = ag — 2, so that egla™®) = |a). Relation ([BZ4) in fact implies

condition ([EZJ) as any path with a local maximum at 0 is the a~° path for a certain
path a. Therefore, the type B boundary qKZ equation (BIM) is equivalent to the relation

E23).

4. FACTORISED SOLUTIONS

We now present factorised formulas, in terms of the Baxterised elements h;(u), i =
0,1,...,N — 1, for the coefficients 1, of the solution |¥) to the qKZ equation (BII)-
B3). For type A, such formulas were obtained earlier by Kirillov and Lascoux [30] who
considered factorisation of Kazhdan-Lusztig elements for Grassmanians.
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4.1. Type A. The factorised expression for 1, is most easily expressed in the following
pictorial way. Complement the Dyck path o with tiles to fill up the triangle corresponding
to the maximal Dyck path Q#, as in Figure Bl To each added tile at horizontal position i
and height j assign a positive integer number u; ; according to a following rule:
e put u; ; = 1 if in the list of added tiles there are no elements with the coordinates
e otherwise, put Uj 5 = maX{qu,j_l,ui_Lj_l} + 1.
Algorithmically this rule works as follows. First, observe that the added tiles taken to-
gether form a Young diagram Y, (see Figure Hl). In other words, the Young diagram Y,
is the difference of the maximal Dyck path Q* and the Dyck path «. Then, act in the
following way:
e Assign the integer 1 to all corner tiles of the Young diagram Y, and then remove
the corner tiles from the diagram.
e Assign the integer 2 to all corner tiles of the reduced diagram and, again, remove
the filled tiles from the diagram.
e Continue to repeat the procedure, increasing the integer by 1 at each consecutive
step, until all tiles are removed.

Once the assignment of integers is done, define an ordered product of operators h;(u;;)
Ju
Ha = th(u”), (4.1)
i7j

where the product is taken over all added tiles and the factors of the product are ordered
in such a way that their arguments w; ; do not decrease when reading from left to right
(note that factors with the same argument commute).

[ 1 | |
|
/: 10 :>\

’

N

Z AN

FIGURE 4. Solution of the qKZ equations of type A. We use the graphi-
cal notation (ZI9) and BI7) to represent the Baxterised elements h;(k),
k =1,2,..., and the coefficient @Z)S‘. The associated Young diagram Y,
corresponds to the partition {92,6,13}.
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Theorem 1. Let o be a Dyck path of length N. The corresponding coefficient function
Yo in the solution of the ¢KZ equations ([BIN)-B3) of type A is given by

o = Ha¢éa (4'2)

where wé is the base function corresponding to the mazimal Dyck path Q* of length N
and the factorised operator H,, is defined in [{{_1]) (see also Figure[J).

The proof of Theorem [ is given in Section

4.1.1. Truncation conditions. For k =1,2,...,|N/2], let 3(k) denote the path of length
N which has only one minimum, occuring at the point 2k — 1, with B(k)y,_, = —1.
Note that B(k) is therefore not a Dyck path. The associated Young diagram Y, is
a (n—k+ 1) x k rectangle, n = [&FL]. We introduce notation H}} := Hpg,y for the
corresponding factorised operator. An example of 3(k) and its corresponding operator
H,? is given in Figure { for £ = 3 and N = 12.

FIGURE 5. The path 3(3) of the length N = 12 is drawn in bold. The cor-
responding factorised operator H. 3‘,\ is an ordered product of the Baxterised
elements h;(u;;) represented by dashed tiles on the picture. The additional
conditions ({3 require that this picture vanishes.

Proposition 3. The base coefficient function @Z)é for the solution of the type A qKZ
equation is subject to truncation relations

HA S =0 YE=1,2,...,|[N/2|. (4.3)

Conditions (BI4), @), E2), E3) together are equivalent to the ¢KZ equations (BII)-
B3) of type A.
Proof. Using the techniques described in the proof of Theorem [ see Section B.T], it follows

that the relations (EZ3]) ensure the vanishing of the contributions ¢~ in [EI9) if o~ is not
a Dyck path, see Remark B Explicit examples are given in subsection O

For a particular value of the boundary parameter A a simple polynomial solution of the
conditions (3] was found in [12]:

Proposition 4. For A = —3, the conditions ([BE3) admit the simple solution €& = 1. In
this case the coeficients of the ¢KZ equation, when properly normalised, are polynomials
in variables z; = ¢, i =1,...,N.



22 JAN DE GIER AND PAVEL PYATOV

Using the factorised formulas we have calculated these solutions for system sizes up
to N = 10. In the homogeneous limit z; — 0 the coefficients ¥, (x1,...,zN) become
polynomials in 7 = —[2]. In fact, up to an overall factor, each 1, becomes a polynomial
in 72 with positive integer coefficients. These polynomials were considered in [[T4], where
their intriguing combinatorial content was described. In Appendix [Bl we present a table
of these polynomials up to N = 10, and we shall further discuss them in Section 5.

4.2. Type B. We will now formulate a factorised solution for type B. This result was
deduced from some exercises we made for small size systems. As we found these instructive,
we have given these in Appendix[Al Analysing the expressions for the coefficient functions
in the cases N = 2,3 we see that in order to write them as a product of the Baxterised
elements h;(u), ¢ > 0, we have to fix in a special way the auxiliary parameter v in the
definition (BI2) of hg(u). From now on we therefore specify

[k/2]][w + [(k +1)/2]]
[Klw +1] ’

I\ 3
:k\, = ho(k) := ho(k)|v=wip, = 50— (4.4)
17

/

where p, = k mod 2. Note that the Baxterised boundary element hg(u) is defined for
integer values of its spectral parameter u € Z as only such values appear in our consider-
ations.

Now we can repeat the procedure described in the beginning of Section EEIl but with
the set of Ballot paths instead of Dyck paths. For each Ballot path « we consider its
complement to the maximal Ballot path QB. This complement may be thought of as half a
transpose symmetric Young diagram, cut along its symmetry axis. We fill the complement
with (half-)tiles corresponding to the (boundary) Baxterised elements h;(u; ;) and ho(u; ;)
as shown in Figure @ The rule for assigning integers u; ; to the tiles remains exactly the

AN

FIGURE 6. Solution of the qKZ equation of type B. We use the graphical
notation (ZTJ), (4 and (EZ) to represent the Baxterised elements h;(k),
the boundary Baxterised elements hq(k) and the coefficient 5.
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same as for type A. For the half-tiles the rule is:

e put ug; = 1 if there is no adjacent tile h; with the coordinate (1,5 — 1);
e otherwise, put ug; = uy j_1 + 1.

The operator H, corresponding to the Ballot path « is given by the same formula
(ETI) as for type A, where now index i may take also value 0, thus allowing the boundary
operators hg(uo ;) enter the product.

Theorem 2. Let o be a Ballot path of length N. The corresponding coefficient v, of the
solution of type B qKZ equation is given by

Tpa = Hoﬂﬁ%, (45)

where wg is the base function corresponding to the mazimal Ballot path QB of length N
and the factorised operator Hy is defined in ([{-1]), see also Figure [@.

The proof of Theorem B is given in Section

4.2.1. Truncation conditions. For k =1,...,n = L%j, let v(k) denote the path of the

length N with only one minimum, occuring at the point 2k—ey—1 with ’y(k)%_EN_l =-1
(recall that ey = N mod 2). Note that v(k) is therefore not a Ballot path. The associated
half-Young diagram has a shape of trapezium. We introduce the notation H E = Hyx)

for the corresponding factorised operator. An example of a path (k) with N = 10 and
k = 3 is shown in Figure [@

--.
e

AN
\O
v

NS
>

- ——p - -
N

Ny
N/
7\

7/

o~ >
RN

Ny

S

o))

v

< ,

[NEPAARN L
NEIP
2N \
RORR \

ok—1=5  N=10
FIGURE 7. The path 7(3) of the length N = 10 is drawn in bold. The cor-
responding factorised operator H2 is an ordered product of the Baxterised
elements h;(u;;) represented by dashed tiles on the picture. The additional
conditions (L0 require that this picture vanishes.
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Proposition 5. The base coefficient function d)g for the solution of the type B qKZ
equation satisfies the truncation conditions

HEyS =0 Yk=1,2,...,n. (4.6)

Conditions (B20), @3) and X)) together are equivalent to the ¢KZ equations (B1)-(B3)
of type B.

Proof. Just as for type A, the relations (F6l) ensure the absence of ¥,- in [B22) if a~ is
not a Ballot path. Explicit examples are considered in Appendix [Al O

For particular values of the boundary parameter A\ and the algebra parameter w the
simplest polynomial solution of the conditions (Bl was found in [51]:

Proposition 6. In case A = —3/2 and w = —1/2 the conditions (EH) admit the simple
solution B = 1. In this case the coeficients of the ¢KZ equation, when properly normalised,
become polynomials in variables z; = ¢*, i=1,...,N.

4.3. Separation of truncation conditions.

4.3.1. Type A. The equations (3] impose restrictions on the otherwise arbitrary sym-
metric functions €A of the ansatz (BI6). Based on experience with calculations for small
N we observe that these restrictions can be written in a more explicit way. Namely, one
can separate the functional part (depending on variables x;) and the permutation part
(depending on the permutations 7;) in the operators H* in E3).

To formulate this separation in a precise way, let us first define the following set of
Baxterised elements in the group algebra of the symmetric group C[Sx] ~ Ha (1):

mi(u) =ut—m i=1,...,N—1.

Denote furthermore by H? the permutation operators obtained from the operators H ﬁ by
substituting h;(u; ;) — mi(ui ;).

Conjecture 1. The left hand side of the truncation condition (B3] for Type A can be

written in the following separated form (remind that n = 2 ])
AT (Ty ooy Tpgk A (ks ) AL (Taty - v vy Tk
vl = 21 £4) 2ol R0 (onity o Pni) ya - (y7)
A (xg, .o Tptk) AT (xgy o 2n) AT (Trg1s -+ Tosk)

Example 1. In the case N =5 there are two truncation conditions on the base function
b
e Condition () for k = 1 reads
Aa(xl,xQ,ng) A

AT T1y...,24
1( )1_[‘1A 1[)9207

hl(1)h2(2)h:~;(3)¢€2x = Ao (a1 T4) AT (21, x2,73)
o (z1,..., 1 X1, X2,

or, in terms of &4
H?{Ag(zl,xg,xg)AJ_rl(l‘l,$2,$3)A1_(1‘4,$5)
Aj\r+1(m4,m5)§A(a:1,a:2,a:3|:E4 + %,azg) + %)} =0, (4.8)
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where 11§ := (1 — m1)(3 — m2)(3 — 73). Since the function in braces in ([AX) is
antisymmetric in the variables x1, x2, x3, the operator H‘? in this formula can be
equivalently substituted by

Hf — (1 — w3 + mamy — M woWs). (4.9)
e Condition (ET) for k = 2 reads
A_(l‘g ...,1'5) AA_(Z‘Q 1‘3)A_(l'4 1'5) A
hs(1)ho(2)ha(2)hs(3)h = =122 Iy =02 07220 8 = 0.
3( ) 2( ) 4( ) 3( ) @ AO (1‘2,...,1'5) 2 Al (1‘2,1‘3)A1 (1'4,1'5) Q@

or, in terms of &4
H?{Ag(iﬂl + 1, w9, 23) AT (21, 22, 23) Ag (24, 5)

Aj\r+1(m4,m5)§A(m1,m2,x3|m4 + %,mg) + %)} = 0.

The operator I3 = (1 — m3)(3 — m2)(3 — 774)(% — 73) in this formula can be

2
equivalently substituted by
H2A — (1 — w3 + moms + T3 — WMy Ty + TTTYTS). (4.10)
Formulas ([@Y), I0) suggest the following proposition

Proposition 7. In condition () one can substitute the operator H? by a polynomial
in the permutations (—m;), i = k,...,n+k — 1, with unit coefficients. The terms of the
polynomial are labeled by the sub-diagrams of the rectangular Young diagram {k("_k+1)}
corresponding to the path 5(k), see subsection[f.1.1. Their form is given by formula (ETJ),
where one has to substitute the factors h;(u;;) by —m;.

4.3.2. Type B. In this case we found analogues of the expressions (7)) for particular
truncation conditions (L) only. To describe them we supplement the set of Baxterised
elements 7;(u) with the boundary Baxterised element

mo(u) == u™t — .

The elements 7;(u), i = 0, 1 satisfy a reflection equation of the form (EZI7).

Next, we split the operator H E into two factors according to decomposition of the
trapezium (which is a shape of H ,15’, see Figure [0) into rectangle and triangle:

HE =H ! (1) Tonk(2k — en), (4.11)

2k—en—1,n—en—1

where n = L%j , and for the rectangular and the triangular factors we use notation which

are defined in formulas (E12)) and (EI3)) in Section Bl Introducing shorthand notation
1
Bij = H; ;(Dlhom vr>0,  Ti = T0i(1)|hy(wypomp(w) ¥A20 -
we put a pair of permutation operators — Bok—en—1,n—en—1 and T,,_; — into correspon-
dence with HE. Notice a shift of the arguments in the triangular block compared to that

in HP. For instance, consider the operator HY (N = 10) shown on Figure [l In this case
the corresponding permutation operators are

B577 = 7['5(1)7['6(2)7['7(3) e 71'1(5)71'2(6)7[’3(7) y
Tg = 7'('0(1)7[‘1 (2)7[‘2(3)7‘&'0(3)7[‘1 (4)7[‘0(5) .
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Finally, we introduce the following shorthand notation

k(x,, 0) .
Ou .y = O(xy,...,xz5):= || P Vi<j,
:7) ( i) s 2Tl 1]
Ai L Ail(l‘i,...,l‘j) Vi i A:t — 1
o N

Conjecture 2. The left hand side of the truncation condition (EHl) for k = n can be
transformed to

1 (L5 )llen]
HPvg = 100,mA; yy Br-1.n-1 T — — =2 vo . (412)
Q { (1L,N)=(1,N) @(Q,N)A(Q,N) [w+1] } Q
The left hand side of the truncation condition (Gl for k =1 and N odd can be written

in the following separated form

H{Bfl[)g = 6(17H)A(_l,n) (Aa,n) Tn—l

1 B
5, n)) B, (4.13)

Remark 6. Notice that condition (BEI3]) does not actually depend on the algebra param-
eter w. If we choose ¢€B = 1, then it is satisfied for A € {—3/2, —2} only.

In the example below we present formulas for the truncation conditions also in cases
where we do not have the general expression yet.

Example 2. In the case N = 4 there are two truncation conditions on the base function.
e Condition ([ETZ) for k = 2 reads

_ 1 2)[w+2]
h3(1)ha(2)h1(3)ho(4) ¥g = { HAG 4 BssTo S % g =0,
D @(274)A(2,4) il

where Ty = (1 — m) and Bsg := (1 — m3)(3 — m2)(3 — m1), which in this formula can be
equivalently substituted by

B33 — 1—m + mo1 — 321,

where we denote m;; g 1= mm;j ... Tk,

e Condition (ET) for £ =1 can be reduced to a following form

hi(1)h2(2)ho(2)h1 (3)ho(4) ¥5 = O9A 4 {312(A(1 211 A(—ll 2))913)

[w+1] 1 [wA1][w+2] 1 B _
T e B272 TO@ 03 AT + [w+1]2 O AT }wﬂ =0,
where (2,3)=(2,3) (1,3)2(1,3)
Bis = ( )(5 —m2) = 1—my+m2,

—m) +— 1—m +m,

—771)(%—770) — (1 —=mg)(1 —mo10) = 1 —mo + 10 — o010 -

)

&

[N}

|

—~
e e
[ B
3 3 3
o [ =

~—

—
NI— N~ N

e
I
—~
=
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We notice that, as in type A, the factorized expressions for operators B; ; and T; in the
truncation conditions when expanded in powers of 7; become the alternate sums over all
sub-diagrams of the rectangle and triangle diagrams.

Example 3. In the case N = 5 there are three truncation conditions on the base function.
e Condition ([EIZ) for k = 3 reads

- 1 2w +3] 1 B
@(LS)A {B474 Ty - -1 w1 - Yo =0.
(15 0525 e OusA s

e Condition (1) for k = 2 can be reduced to a following form

1 1
CRWIYAYS Bos( AL T
(1,4)=(1,4) { 273( (1,2)" 1A= )@(34 A~

(172) ’ ) (3)4)
g T 1 4 o2t 1 WB —0
[wF1] 73,340 @(2 4)A_ W+ @ A~ Q ’
where 4)T(2,4) (1,4)=(1,9)

By = (1—m)(3 —m3)(3 —m)(3 —m) — 1—mo+mo+ms2 — miz2 + Tor32 -

e Condition ([ETJ)) for k = 1 reads

_ 1 B
O3l (Aa,g)T2 A )TZJQ =0,
where (1,3)

T, = Ty (%_772)(%—7['1)(%—7['0) — 1 (1+77010210)

= 1—mp + m10 — To10 — T210 + T0210 — T10210 + 7010210 -

From these examples, the generals structure of the separated truncation conditions
becomes clear: they are certain sums with the coefficients being some rational functions
of w. However, we don’t yet have the explicit expressions for these rational functions.

5. OBSERVATIONS AND CONJECTURES

In this section we consider explicit polynomial solutions of the gKZ equation described
in Propositions Hl and B and we consider the homogeneous limit z; — 0. We would like
to emphasize the importance of these explicit solutions for experimentation and for the
discovery of many interesting new results. In this section we formulate some of these ob-
servations. We present new positivity conjectures and relate partial sums over components
to single components for larger system sizes. Furthermore, based on our results we have
been able to find a compact expression for generalised partial sums in the inhomogeneous
case.

5.1. Type A. In Appendix [Bl we have listed the solutions described in Proposition B up
to N = 10 in the limit x; — 0, ¢ = 1,..., N. These solutions were obtained using the
factorised forms of the previous section.
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In the following we will write shorthand v, for the limit z; — 0 of ¥4 (x1,...,zN).
The complete solution is determined up to an overall normalisation. We will choose
A = (=1)™=D/2 wwhere n = [ (N + 1)/2] for which we have

P = T INRIN2I=1/2
An immediate observation was already noted in [14]:

Observation 1. The components Vo (x1,...,2N) of the polynomial solution of the ¢KZ
equation of type A in the limit x; — 0, i =1,..., N are, up to an overall factor which is
a power of T, polynomials in T2 with positive integer coefficients. Here T = —[2].

We now conjecture a partial combinatorial interpretation, by considering certain natural
sums over subsets of Dyck paths. Let us first define the paths Q(N,p) € Dy whose local
minima lie on the height p, where

p=LN-1)/2] —p.
Figure B illustrates the path (12, 3).

N=12

FIGURE 8. The minimal path ©(12,3) € D23 .

For later convenience we also define, in the case of odd N, the paths S~)(N ,p) € Dn whose
first p — 1 local minima lie on the height p, except for the last minimum which lies at
height 0. Figure [ illustrates the path ©(13,4).

p=4

Sasa

N=13

FIGURE 9. The path Q(13,4) € D3 .
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We define the subset Dy, of Dyck paths of length N which lie above Q(XV, p), i.e. whose
local minima lie on or above height p. Formally, this subset is described as

Dnp ={a € Dy| o > Qi(N,p) = min(,5)},

where Q; = min{i, N + ey — i}, ey = N mod 2, are integer heights of the maximal Dyck
path QA = Q(N,0). We further define an integer c,,, associated to each Dyck path in the
following way (see also Appendix [B). Let o = (ap, @1, ...,an) € Dy, be a Dyck path of
length N whose minima lie on or above height p. Then ¢, is defined as the signed sum
of boxes between o and Q(N, p), where the boxes at height § + h are assigned (—1)"~! for
h > 1. An example is given in Figure [T} and an explicit expression for ¢, is given by

(—1)7 [N/2] [(N-1)/2]
Cap =~ D (a2 —Qi(N,p)) = D (@2it1 — Qoina(N,p))
i=1 1=0

Q(12,4)

N=12

FIGURE 10. Definition of the number ¢, as the signed sum of boxes be-

tween the o and the path 5(12,4). In this figure N = 12 and p = 4 and
Ca74:4—3+1:2.

Consider the partial weighted sums

Se(N,p)= Y rHerqp,,. (5.1)

C‘feDN,p

It was noted in [36, B3] that for 7 =1 (¢ = e2m/ 3), these partial sums for system size
N, correspond to certain individual elements for size N + 1. Here we observe that this
correspondence holds also for arbitrary 7: the partial sums S (N, p) are up to an overall
normalisation proportional to certain individual components 1), of the solution for system
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size N + 1:

S+(47 1) = UJAKZ S—(47 1) = 7-_271Z)AAA

S_(5,2) =72 o

We formalise this observation in the following conjecture:

Observation 2.

N even

S+(N,p) = vYaw41p), N even
—N/2

S_(N,p) =7 wﬁ(]\f—i—l,p—i—l)’

S_(N,p) =7 NV 4q i1, N odd,

The weigthed partial sums were defined in (B]) in an ad-hoc way. This was the way
they were discovered when searching for relations as in Observation Bl In fact, these partial
sums arise in a natural way as we will show now:

Observation 3. The partial sums S+(N,p) are obtained from factorised expressions. In
particular, let

¥
L

hii2ii(1+7),
i—1

3
|
".:l"s

<
Il
—_
.
=l
|
— |

hptaivi(=1),
1

=3
I
-E"@

<
I
—_
-
I

i=]
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where the product is ordered as in Figures [l and I3 Then we have
S:(N.p) = lim PEy8. (5.2)

Z AN

Z AN

FIGURE 12. The partial sum S_(10, 3) in factorised form.

In fact, we conjecture that (22) with (BJ) remain valid in the presence of the variables
T

Observation 4. Define

p p-l1
Pn(u) = H H hjpy2ivj(u+j—1).

j=1li=j—1
The weighted partial sums are special cases of the following identity for polynomials in
L1+ 3TN,

S(N,p,u) = Pu(w) 6 (or, .. on) = 3 <[1—“]>C“”’%(x1,...,x]v). (5.3)

OCE'DNyp [U]

Note that (B3) has many interesting specialisations, such as © = 0 and v = 1 which,
when properly normalised, correspond to the single coefficients o, (v-1)/2)) and
Yo(n,|(N-3)/2)) Tespectively. The standard sum rule where one performs an unweighted
sum, corresponds to u = 1/2. Interestingly, a special case of the generalised sum rule
(B3) is closely related to a result of [I8], were a similar generalised sum was consid-
ered, based on totally different grounds and in the homogeneous limit x; — 0 and for
p = [(N —1)/2]. By computation of a repeated contour integral, it was shown in [I8]
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Z AN

FIGURE 13. The partial sum S(10,3,u) in factorised form.

that in this case, S(N, | (N — 1)/2],u) is equal to the generating function of refined ¢, 7-
enumeration of (modified) cyclically symmetric transpose complement plane parititions,
where t = [1 —u]/[u]. Because of the natural way this parameter appears in (E3)), we hope
that this result offers further insights into the precise connection between solutions of the
qKZ equation and plane partitions.

5.2. Type B. In Appendix Bl we have listed solutions of the qKZ equation for type B
from Proposition Bl up to N = 6 in the limit x; — 0, ¢ = 1,..., N. These solutions were
obtained using the factorised forms of the previous section. As in the case of type A, we
again find a positivity conjecture, this time in the two variables 7/ and a which are defined
by
1/2
T/2:2—T:2—|—[2]:[2]21/2, a:%.
7] 1

The complete solution is determined up to an overall normalisation. We will choose
€8 = N2 (—72)NIN=1)/2 " for which we have

Observation 5. The solutions ¥ (21, ...,xN) of the ¢KZ equation of type B in the limit
zi —0,i=1,...,N are polynomials in "> and a with positive integer coefficients.

For a = 1 this conjecture was already observed in [5I]. As was conjectured in [I1] for
7/ =1, the parameter a corresponds to a refined enumeration of vertically and horizontally
symmetric alternating sign matrices. A sum rule for this value of 7/ was proved in [BI].
We suspect that the parameter 7/ is related to a simple statistic on plane partitions, as
it is for type A. We thus have an interesting mix of statistics, one which is natural for
ASMs, and one which is natural for plane partitions. In a forthcoming paper we hope to
formulate some further results concerning the solutions for type B.

6. PROOFS

6.1. Proof of Theorem 1. We have to show that the vector |¥) whose coefficients are
given by the formulas (BI0l), and {Jl), [E2) satisfies the qKZ equations (BI))-B3) of
type A. Following the preliminary analysis of Section B3] we divide the proof of (BI])
into two parts, depending on whether or not the word corresponding to the path a begins
with e;.
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1. « does not have a local mazimum at i. We have to show that, see (BI3),
- (aiwa)('rh s 7$N) = (hl(_l)wa)(wla s 7$N) =0 (61)
for 1, given by (2.
If o does not have a local maximum at 4, then either h;(—1) acts on a local minimum,
or on a slope of a.

e hi(—1) acts on a local minimum of «.
In this case v, is divisible by h;(1) from the left and (G1I) follows directly from

hi(=1)hi(1) = —a;s; = < = 0.

e hi(—1) acts on a slope of a.
In this case we use the Yang-Baxter equation (ZI8) to push h;(—1) through the
operator H, () in the expression for ¢, ([Z). Then h;(—1) vanishes when
acting on 1/13, see (BI8). This mechanism is illustrated in Figure [[4l

FIGURE 14. Action of h;(—1) on a slope of a Dyck path «. The first
equality follows from the Yang-Baxter equation (ZI8]) and the second fol-
lows from (BI8]). For the operators H, of a more general form (like, e.g.,
the one shown in Figure ) the first part of this transformation should be
repeated until h;(—1) commutes through all the terms of H,.

2. o has a local mazimum at i. The harder part of the proof of Theorem [, to which we
come now, lies in proving (BI9) when h;(1) acts on a component 1, where the path « has
local maximum at ¢. If this maximum at ¢ does not have a nearest neighbour minimum
at ¢ — 1 or i + 1 then (BI9) becomes simply
hz(l)wa = Vo,

and the action of h;(1) is the addition of a tile with content 1 at ¢, which is just the
prescription of the Theorem [I, see Figure

We will now look at the action of h;(1) on ¢, [Z), where the Dyck path « satisfies
conditions (see Figure [IH)
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N4
N
7
L Mo
N/ ’
;{ v+l N
N N , N P
. N s N
’ v ¥ u ’”~
AN 7 N VAN
N ’ N N, . 7
Nz ’ N ,
s v-1 1 K -1
N
VARERN , .
N 7

FIGURE 15. Graphical representation of the equation h;(1)y, = ¥,- cor-
responding to the addition of a tile with content 1 at a maximum without
neighbouring minima. In this case u > 1 and v > 1.

i i1 i+r i+2p+1 i+2r41

FIGURE 16. The Dyck path « satisfying conditions a) and b). Between
i+1 and i+ 2r+1 this path contains exactly one local minimum at ¢+2p+1
which has the same height as the minimum at ¢ + 1.

a) « has a maximum at ¢ with a neighbouring minimum at i + 1;
b) « crosses the horizontal line at height «;4+1 = a; — 1, for the first time to the right
of i,ati+2r+1, 7> 1 ayqor — 1 = qjyors1 = Qigorya + 1 = q41.
In this case we observe that the factorised expression (E2)) for ¢, contains a strip of tiles
Hi+1,i+r(1), where
Hi1ier(u) == hizi(whizo(u+1) X -+ X hiyp(u+1r—1). (6.2)

This strip is shown shaded on Figure
We are going to rewrite the term h;(1)H;y1,i4,(1) in the product h;(1)1, in such a way
that we obtain the components ¢~ and 1+ from the right hand side of ([BI9), see also
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Figure B defined according to the rules (El), (E2). As a first step we prove the following
proposition:

Proposition 8. Let X be an arbitrary element of the algebra Hﬁ,(q) taken in its faithful
representation [B1), BF). We denote by A, ;, i < j, the linear span of terms Xaj =
Xhi(—1) Vk:i<k<j. We define additionally A;;—1 :=0, H;;—1(1) := 1.

The following relation is valid modulo A;i4r—1 :

[’U] Hi+1,i+r(1) mod Ai,i—l—r—l Vr > 0. (63)

Hi’H_r(u) = Hi,i—l—r(u + U) + m

For the proof of Proposition ] we need the following two simple lemmas.

Lemma 2. One has
L hi(u)Hip1ier(u+1) = Hijyr(u);
2. Hijyr(whizrpr(u+r+1) = Hijrri1(u);
3. for generic values of uw and v

Hiirr(u) = Hijir(u+v)

s [
Histi- H ' 1). (6.4
+1§)[u+k”u+v+k] iitk—1(u + V) Hip g1 ipr(u+k+1). (6.4)

Proof. The first two parts of the lemma follow immediately from the definition of H; ;1 (u)
in (E2). To prove (G4]) we use induction on 7. For r = 0 equation (B4) reduces to (ZI2).
Now we shall make the inductive step by assuming (G4 is true for some r, and prove it
for r + 1:

Hi7,~+r+1(u) = Hi,i+r(u)hi+r+1(u +7r+ 1) = Hi7i+r(u + v)hi+r+1(u +7r+ 1)

y [0
Hiivi H; ' Dhitr 1
+kZ:0 [u+k][u—|—v—|—k] i,i+k 1(U+U) z+k+1,z+r(’l£+k‘+ ) + +1(U+’l“+ )

= Hijiyr(u+v) <hi+r+1(u+”+r+ A P 1][5)]+v+r+ 1])

- [v]

Hiiyr- Hivpots .
[t k[uto+k ok 1(u+0)Hijhi1ipr1(u +E+1)

+
k=0

r+1
[v]
= ii4r HZZ — H@ i+r k 17
7++1(u+’u)+k§:0 o Rl 0 ] e 1w+ v)Higpy1irr(u+k+1)

where we used (ZI2) and the induction assumption. This completes the proof of Lemma

Lemma 3. One has
1
Hi,i—i—r(u) = % mod Ai,i—i—r, (6.5)
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In particular, the coefficient 77[’3 @BI8) of the mazimal Dyck path Q* satisfies the relations

Hi por(u) 0 = W%, (6.6)

in case the indices v and © are chosen within the limits 0 <r<n—-—1, 1 <i<n-—r,
where n = | L
Proof. From [BIX) and ZI2) we find that
[u+ 1]
hi(u) =
=T

which implies formula (H). Relation (EH) for the coefficient 14 then follows from (EIS).
]

+ hi(—l) = mod Am’ s (67)

Proof of Proposition [8. By applying (6.4]) twice, first with the arguments {u, v}, and then
with the arguments {u,v} substituted by {u + 1, —u}, we find:

[v]

[u][u + v]

[v]
+Z u—{—k: To+ k‘] H@i_,_k_l(u—f‘U)Hi+k+17i+r(u+k+ 1)

Hiiir(u) = Hyjr(u+v) + Hi1ier(u+1)

[]
[u+ 0]

o [ ] u+k—}[—U]][k+ ]Hz—I—l z+k(1)Hi+k+27i+r(u+k+2)

= Hijrr(u+v) + —————=Hi11r(1)

~3.—\
Q
,_,._.

Hivp H; i Eal
Zu+l~z Jfut+ov+k o 1(u 4 V) Hipppripr(u + k4 1)

k=
= Hiitr(u+0) + %Hiﬂ,iw(l)
~_[v]
+ p [u + K] Hitpiripr(u+k+1) (m iitk—1(u+v) — mHi+l,i+k—l(1)> .

(6.8)

It lasts to notice that, by Lemma B the operators between parentheses in the last term of
([EX)) become c-numbers modulo A; ;1,—1 and in fact cancel:

<m iivk—1(u+v) — mHﬂ—Li—&-k—l(l))
_ 1 [u+ v+ k| B 1 @ o
- <[“ +v+k [udto] [u+ v][k] [1] > d Aiipr

=0 mod Ai,i—l—r—l .

Hence, (68)) implies ([E3). O
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Consider a path o whose all local minima between ¢ + 1 and ¢ + 2r + 1 lie higher then
a;+1. For such paths Proposition B implies the following

Corollary 3. Let a = (ap,...,an) be a Dyck path satisfying conditions a) and b) on
pageF3. Assume additionally that o has no local minima at height c;y11 between i+ 1 and
i+ 2r + 1. Let further a~ (respectively, at') denote the path obtained from a by raising
(resp., lowering) the height cv; (resp., ;1) by two, see Figure[d. Then for the coefficients
Yoy Vo, Yot1 defined by [EZ) we have:

hi(D)pa = Yo + gt .
Proof. As we noted before, the product h;(1)i, contains the factor h;(1)Hit1i4r(1). Ap-
plying (63)) and (E71) for u = v = 1, we can transform this factor in the following way
1
2
= Hiir(1) + Hig2i-(1) mod Ajip 1. (6.9)

Upon substitution of this result back into h;(1)1, the terms containing the expressions
H;i+r(1) and Hjj24,-(1) both assume the form of the ansatz (BZ2). They correspond,

respectively, to the paths a~ and o1, The terms from A; ivr—1 vanish due to the same
mechanism as in Figure [[4l This calculation is graphically displayed in Figure [ O

hi(D)Hiy1,i40(1) = hi(1)Hiz1,i10(2) + hi(1) Hip2,i10(1) mod Aiyyirr

FicURE 17. Diagrammatic presentation of the Corollary Bl The transfor-
mation (B9) is displayed in details.

Consider now a path a which has exactly one local minimum between i+1 and i+2r41 of
the same height as the minimum at i+1, see Figure I8 In this case the following Corollary
holds.

Corollary 4. Let a« = (o, . ..,an) be a Dyck path satisfying conditions a) and b) on page
[Z3. Assume additionally that o has one local minimum placed at the point (i + 2p + 1),
0 < p < r, which has exactly the same height as the minimum at 1 + 1: oj1op41 = Qg1
see Figure [IA. Let further the paths o=, o™t be defined as in Corollary [3, and denote by
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a™? the path obtained from « by raising the heights aiq1, . . . , Qipopt1 by two, see Figure Q.
Then for the coefficients Vq, Vo-, Yo+1 and Yo+2 defined by [EZ) we have:
hi(D)a = Yo + Yo+t + Pa+e - (6.10)

Proof. We copy the transformation of h;(1), from the proof of Corollary Bl till the end of
(E3). As before, the term H; ;4,(1) in the last line of (E3) gives rise to the coefficient v,
in (BI0) whereas the term A; ;.1 vanishes upon substitution into h;(1)1s. This time
however the term H;2 ;4,(1) when substituted into h;(1)t, does not give an expression

fitting the ansatz (E22). We continue its transformation using again (E3)) for u =p, v =1,
and (63)) for u = 1:

Hiyoiv0(1) = Hiz2irp(1) Hizpy1,itr(p)

1
= i+2,i+p(1)<Hi+p+1,i+r(p +1) + T Hz‘+p+2,z'+r(1)) mod Ajipi1itr—1

1
= Hiy2i1p(D)Hiypyri0r(p+1) + mHi+p+2,i+r(1) mod Ajy24r—1. (6.11)

The first term in (EI]) upon substitution into h;(1)t, gives rise to the coefficient 1,+1,
whereas the last term vanishes. It remains to consider the effect of the second term.
Let us introduce a further extension of the notation (E2),

H Z'_S(U) = Hz',z'—}—r(u)Hi—Li—&-r—l(u + 1) X oo X Hi_87i+,~_5(u + 8) VT, s > 0, (6.12)

i,04r

i—s | i1 g

ii—1 - Hiipr =
Graphically H Zf;f (u) can be displayed as a rectangular block of tiles of a size (r+1)x (s+1)
with the bottom corner tile corresponding to h;(u). We also use the following shorthand
symbols for uphill and downbhill strips (the case of block with either s =0, or r = 0):

Hyl(u) = Higpo(w),  H%(u) = H*(u).

7 2,7
We now notice that in the assumptions of the Corollary the strip of tiles Hjj1 4,(1) in

expression (2 for v, is in fact multiplied from the left by the block of tiles H, +2p +1’§i§i§ (1).
Therefore, we can continue the transformation of the second term in (EI1]) by multiply-
ing it from the left by the term H, ,, +1,;I£IE (1). The transformation is essentially a
permutation of these two terms which makes use of the Yang-Baxter equation (ZI):

; 1
+p+2
Hijopitivpir (1) (m Hz‘+p+2,z'+r(1)>

1 i+p+2 i+r-+1
= m Hi+2p+2,i+p+w(1) Hi+2p+1,iz+5+7"—1(2) HZI;ir (1)

i pt2
:Hi+2p+2,;—|—£—tr(1) mod Ay i1 itpir- (6.13)

Here in the last line we evaluate factor H ;i;ﬂ(l) using (EH). The transformation (EI3)
is illustrated in Figure

Substitution of the result of (EI3]) back into h;(1)v, gives exactly the expression for
the coefficient ¥,+2. The whole calculation is graphically displayed in Figure O
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FIGURE 18. Diagrammatic presentation of the transformation (EI3]) for
the case p = 4 and r = 7 (this situation occurs in the third line of the
calculation in Figure [[d). Using the Yang-Baxter equation one moves the
strip Hypy2,i+r(1) down and right. The contents of the tiles in the block

H, 2pt2 zigﬁ(l) are shifted cyclically in the uphill layers during the per-

mutation. The shaded downhill strip Hfi;i},(l) equals [p + 1] modulo
Ai+r+1,i+p+r-

The general structure now is clear and we can formulate

Proposition 9. Let « = («g,...,an) be a Dyck path satisfying conditions a) and b)
on page [T Assume additionally that o has K > 1 local minima placed at the points
1+ 2pp+1,0=p1 <--- <pg <r, which have the same height h = a1 = oyop,+1 Yk,
see Figure[d. Then for the coefficients Vo, Yo, Yok, k =1,... K, defined by [ED) we
have:

K
hz(l)wa = wa* + Zwoﬁ”ﬂa

k=1
where o~ and o are the Dyck paths defined in Figure 3.

For the proof of Proposition @ we need a generalisation of the formula (E3]) for the case
of blocks (but now for v =1 only):

Lemma 4. For generic values of u one has

H 75w =H,*(u+1) +

i, i,04r

———— Hip1 (1) HZS (1) H, 2
[UHU"‘H +1,+ ( ) z—l( ) z,z+r—1(u+ )

mod Ai—s,i+r—s—l S Ai+r—s+17i+r . (614)

The graphical presentation of relation (BI4]) given in Figure Bl is probably more clari-
fying.

Proof. We use induction on s. For s = 0 relation (GI4]) reduces to (64]). We now check it

for some s > 0 assuming it is valid for smaller values of s:

H; i (u) = Higr(WH;_y 07 (w+ 1)

= (Hi,i—l-r(u +1) + ] Hi+1,z‘+r(1)>H,~_17;;f_1(u +1) mod Aj—gitr—s—1

[u][u+1



40

JAN DE GIER AND PAVEL PYATOV

i itr i+2r41

it+2 42 idp itp+2  i+2p+1

1/}0(* + ¢a+1 + 77[)04+2

FIGURE 19. Diagrammatic illustration for the proof of Corollary El The
path « is taken from Figurel8l Each time the transformation is applied to
the strips which are shown shaded on the pictures. The second line on the
Figure represents transformation (E9). The third line corresponds to the
transformation (EI1]). The shaded uphill strip in this line can be evaluated
as [4] (cf. with the last equality in (EI1)). The shaded downhill strip has
to be moved up and right (see Fig.[[8) and then evaluated as [5].

Hijr(u+1) Hi—l,z-i_-:—l(u +2)
| N -
— (Hiin 1H,-Z-,,_1>H?51H i—s+
+ [u+1][u+2]< it (u+ ) i+ 1( ) 1—2( ) 2—1,2+r—2(u+3)
1

[u][u + 1]

i—s+1
z‘,;+f—1(u +1)
1

[u][u+1]

Hi+1,i+r(1)H-_17;;:_1(u +1) mod A; sitr—s—1® Aipr—st1itr1

(2

+

[u] i—s i—s i—s+1
Hi+1,i+r(1)<mHi—2(1) + HZ{(u+ 1)>Hi,i+r—1(u +2)
m()dA; D, 01@/4;“1 1
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FIGURE 20. Diagrammatic presentation of relation (EI4]). The colored
vertical lines on top of the tilted rectangles symbolize annihilator of the
terms Aj_giyr—s—1 and Aj4y—sy1i+r. In the expressions for 1, @2) this
role is played by the coefficient wé.

Here in the second line we used (E3)) for v = 1 and take into account the fact
Aigsr—1 Hy 7 (ut 1) C Ajgirsa.

When passing to the third line we used the induction assumption and then permuted two
terms in parentheses in the fourth line using the Yang-Baxter equation (EZI]]). The result
of this permutation contains the rightmost factor h;i,(u + 1) which can be evaluated as
[u + 1]/[u] modulo A;y,. Finally, we notice that by obvious symmetry arguments the
mirror images of relations (B3] are valid for the downhill strips H;(u). Therefore, the
term taken in parentheses in the last line equals [ Z:f (1). ]

Proof of Proposition[d. The simpler cases K = 1,2 were already considered in Corollaries
and @l In general the calculation of h;(1)1, can be carried out in the following steps:

Step 1. Using the transformation () we extract the term .- from h;(1)y,. The
residual term equals v,+1 in case K = 1, see Corollary Bl

Step 2. In case K > 1 the residue needs further transformation. Namely, to fit the ansatz
(E2) one has to rise by one the arguments in all tiles of the strip contained between the
uphill lines starting at height h = a;41 at points ¢ — 1 and ¢ +2p; +1 =i+ 1 and the
downhill lines starting at the same height h at points i + 2ps + 1 and i + 2r 4+ 1 (see the
dashed strip in the picture in the second line of Figure [d). Acting in this way we extract
the coefficient ¥,+1 from the first step residue, see (&I1]), and the rest, in case K = 2, can
be easily transformed to the form of +2, see Figure

Step 3. In case K > 2 the residual term of the second step does not fit the the ansatz (E2)
and has to be further transformed. This time one has to rise by one the arguments in the
block of tiles contained between the uphill lines crossing the points ¢ — 1 and ¢+ 2ps+ 1 at
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i-1 i+2pa+1 i+2ps+1 i+2r+1

FIGURE 21. The case K = 3, a typical diagram of the second step residue.
The term which needs further transformation is the shaded block of tiles.

NgaW N2 N7 N

—_— PASE: =G A 2N . =
N£EGINATGIN N
2/\1,\5,\3,\3/>\ ’

1

FIGURE 22. Transformation of the third step residue in case when the
second step residue is given by Figure 21l Using the Yang-Baxter equation
(21]) shaded uphill/downhill strip can be moved up and left/right (see
explanation in Figure [[])) and then evaluated with the use of (EX). Since
K = 3 in this example, the third step residue equals 9, +3.

the height h and the downhill lines crossing the points ¢+ 2p3+1 and i+ 2r+1 at the same
height. An example of the second step residue is given in Figure ZIl. We can raise the
arguments in the block using the result of Lemma M, see (EI4]) and Figure The first
term from the right hand side of (6I4]) gives rise to the coefficient 1,+2. The second term
is the third step residue which can be further simplified using the Yang-Baxter equation
(ZI8) and the evaluation relation (GIH). In case K = 3 the result of the transformation
coincides with 1,+3. For the example of Figure Il the transformation is illustrated in
Figure

From now on the consideration acquires its full generality and we continue the trans-
formation until it ends up at Step K. O

Up to now we have finished the proof of the bulk qKZ equation (BI9) for the coefficients
1P, whose corresponding Dyck paths « have a local maximum at ¢ and a neighbouring local
minimum at ¢ + 1. Consideration of the cases where « has a neighbouring local minima
at ¢ — 1, or both at ¢ — 1 and ¢ + 1 is a repetition of the same arguments.
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It lasts to check the type A boundary qKZ relations (B:2)) and (B3)). By Corollary [[lthese
conditions are verified by the coefficient ¢é of the maximal Dyck path. We then notice
that none of the factors of the operator H, (Il) affect the coordinates z; and xy and
hence commute with the boundary reflections 7y and my, see (B4) and(B3H). Therefore,
each of the coefficients v, = Ha15 D) also satisfies the conditions (2) and [F3).

This completes the proof of Theorem [

6.2. Proof of Theorem 2. The proof is analogous to that of Theorem [0 for type A,
except that now we also have to make use of the reflection equation (2220) for hy. Again,
following the preliminary analysis of the Section B3] we divide the proof of (BIl) into
two parts.

1. In case a does not have a local mazximum at i we have to show that (G is satisfied
for 1, given by (H). The working is identical to that in type A, see Section Bl except
for the case when h;(—1) acts on an uphill slope starting at the left boundary. In this
case we additionally use (Z20) to reflect hi(—1) at the boundary, see the illustration on
Figure

FIGURE 23. Reflection of hj(—1) at the origin. The first equality follows
from the reflection equation (2220 and the second one is a property of @Z}g

@BZ0): h(-1)¥g =0.

2. If a has a local mazimum at i, then we need to prove that Theorem B implies (B:22]).
Here again, the working is identical to that in type A except for the case where « has a
local minimum at ¢ — 1 and has no lower local minima between 0 and ¢ — 1. In this case,
(B22) contains the term 1),+0 which originates from reflections at the left boundary. The
proof still follows basically the same lines as in type A although the calculations become
quite elaborate. Therefore we decided to collect the necessary technical tools in the Lemma
below and then to illustrate the idea of the proof on a few examples in pictures.
Let us introduce the following notation:

Hoi(u) = ho(u)Hyi(u+1), H?(u) :== H}(u) ho(u+1),
T()J'(u) = H()J'(u) X H07,~_1(u + 2) X oee X Hoyl(u + 21 — 2) X Bo(u + Qi) . (615)

Pictorially Hp;(u) and H?(u) can be displayed as uphill and downhill strips starting with
the half-tile at the left boundary, and T ;(u) is a right triangle whose hypotenuse lies on
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FIGURE 24. Diagrammatic presentation of (GI4l). The coloured vertical
lines on top of the tilted triangles annihilate the term Aj ;.

the left boundary vertical line. We also extend the domain of definition for ho(u) (B2
demanding that

ho(0) == sg — % (6.16)

For the newly introduced quantities the following analogues of equation (£9) and Lemmal
hold

Lemma 5. One has

1L hi(1)HY (1) = HY(1)+ H{ (1) +co(i) modAy; Vi=12,..., (6.17)
where co(i) =1 if i is odd, co(i) = —% if i is even, and we assume H®{(1) = 0;

2. for nonnegative integers i and u

Toi(u) = Toi(u+1) + f(u,w) H1;(1) Toi-1(u+2), (6.18)
wherell W]
w .
— m Zf u = 0,
flu,w) = pllp — ] if uw=2p is even positive, (6.19)

2p][2p + 1][w + 1]

[Pllp + w]
2p — 1][2p][w + 1]

and we assume Hy (1) = Tp —1(u) = 1.

if u=2p—1 is odd.

Equation (GIF]) is displayed graphically in Figure

Proof. Equations ([E17) follow easily from (the mirror images of) (63)), (EX), and from
(). Relations (EI8)) can be proved by induction. The considerations are standard and
we just briefly comment on them.

'In principle one can choose a regularisation for ho(0) which is different from (BIH), but then the
prescription for f(0,w) should be changed correspondingly.
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o+0

FIGURE 25. Diagrammatic presentation of relation (2ZI). In the case
shown on Figure ¢ = 3 and, hence, the coefficient in front of ¥,+0 equals 1.

For i = 0, (EI8) follows from (EAl). To check the induction step i — i 4+ 1 one makes a

decomposition
T07Z-+1(u) = ho(u) H17i+1(u + 1) TO,i (u + 2)

and applies formulas (63]), (4] and the induction assumption to rise consecutively the
contents by one of the factors Hy;1(u+ 1), ho(u) and Tp;(u + 2). Recollecting the (half-
)tiles in the resulting expressions with the help of the Yang-Baxter equation (ZI8) and
the reflection equation (Z20), and using the evaluation formulas (B3] and [4]) together
with its consequence

ho(u)ho(u+2) = aho(u+2) + b (for some numbers a and b),

one finally reproduces the term Ty ;.1(u + 1) and a combination of terms Hi;yq1(u +
1)To,i(u + 2) and Ha;11(1)To;(u + 2). The latter can be simplified to Hy ;41(1)Tp,i(u +
2), thanks to the relations (62]). The unwanted terms Ho ;11(1)H1;(u + 3)Tpi—1(u + 4)
appearing at the intermediate steps cancel in the final expression.

We mention here that all manipulations with g-numbers, which one needs during the
transformation, can be easily done with the help of the following identities

[u+Ek|[vE£k] = [ul[v] + [k][vE (u+k)]. (6.20)

We now continue the proof of (B222). -
Consider the action of h;(1) on the Ballot path o which has a local minimum at ¢ — 1
and all the local minima in between 0 and ¢ —1 are higher then a;_;. In this case, applying

relation (1), we find
hl(l)wa = wa* + woﬁl + woﬁov (621)

where the paths o=, at%! are defined in Figure Bl and their corresponding coefficients are
given by (EEH). Note that, according to Lemma[l1, in the case i = 1 the term 1 ,+1 should
be absent from the right hand side of (EZII). Altogether these prescriptions are identical
to those of [B2ZZ). The transformation (EZI]) is illustrated in Figure

We now consider the case where the path a contains m > 1 local minima between 0
and ¢ — 1 which are of the same height as the minimum at ¢ — 1. The proof can be carried
out in K = m + 2 steps (cf. the proof of Proposition). To explain the first three steps
we consider the case m = 1, i.e., a path « with the two local minima placed at i — 1 and
t—2p—1,p>0: a_9,-1 = a;—1. Examples of such paths are given in Figure The
calculation of h;(1)y, for the path shown on Figure Blc) is illustrated in Figures 2ZZH30
Step 1. Eztraction of coefficient o~ from hi(1)1a, see Figure [Z7
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FIGURE 26. Ballot paths « with two local minima of the same height, one
at i — 1 and another one at i —2p — 1. In these cases one calculates h;(1)v,

in K = 3 steps.

[4][4 — ]
B][9][w +1]

Yoto + Ry
FIGURE 27. Extraction of the coefficient 1,- from the expression h;(1)1,,.

We use ([E3) to raise by one the contents in the shaded strip H} ;(1) on Figure The
result is a sum of two terms. The second term is a residue of the first step which is to
be further transformed at the second step. We denote it by R;i. Here we transform the
first term raising by one the content of its top half-tile ho(i) (shown shaded on Figure E1)
with the help of (GI8]). This results in a sum of 1,- and a term proportional to 1,0,
see the second line in Figure The factor [9] in the coefficient of 1,+0 comes from the
evaluation of the top strip H}(1).

Step 2. Extraction of coefficient ¥ ,+1 from the first step residue, see Figure [Z3.

Again, we use (EJ) to raise by one the contents in the shaded strip H}_p_l(p) on
Figure The result is a sum of ¢,+1 and a term which we continue transforming. Using
the definition of hy (@) we lower the content of the top half-tile (shown shaded) from i
to i —2p — 2 (from 8 to 2 in the particular case shown on Figure 28)):

ho(8) = (i — i) + ho2) (6.22)
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FIGURE 28. Extraction of coefficient 1,+1 from R;.
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FIGURE 29. Reflection of a strip at the boundary. Here we use the Yang-
Baxter equation (ZI8)) in the first and the last equalities and the reflection
equation (ZZ0) in the second equality. The shaded downhill strip equals
[3] modulo A; 5.

The constant term resulting from this procedure gives a contribution proportional to @ZJOﬁO,
see the second line of Figure The factor [5] appearing in the coefficient of ¥,+o is due
to the evaluation of the top strip H}(1) (in general one evaluates Hil_p_z(l) — [i—p—1]).

Lowering of the content in the top half-tile allows us to reorder the (half-)tiles of the
last term in the first line of Figure Namely, analogously to the case considered in
Figure [[§ we can push the uphill strip H;_9,_1,;—p—2(1) (shown shaded) up and left using
the Yang-Baxter equation until it touches the left boundary. Then we reflect the strip at
the boundary as shown on Figure BJ, which is possible because we changed the content of
ho from 8 to 2 in (622). Finally, after reflection, the strip can be evaluated, cancelling the
numeric factor in front of the picture. We call the result of this transformation a residue
of the second step and denote it by Rs.

Step 3. Extraction of coefficient ¥ +2 from the second step residue, see Figure [30.

We use (BI8), see also Figure Pl to increase the contents of the triangle T (i — 2p — 2)
(shown shaded on the figure). The result is a sum of ¢, +2 and a term which in fact is
proportional to ¥,+0. To prove this, one has to push up the downhill strip H il_zp_z(l)
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Ficure 30. Extraction of coefficient ¢,+2 from Rs.

(shown shaded on the figure) and then evaluate it in the same way as it was done in the
transformation (B3, see Figure
Finally, collecting the terms 1 ,+0 from all three steps we find

hi(l)d)a = ¢a* + CO(Z.) zzboﬁo + ¢a+1 + ¢a+27 (623)

LI for the particular case considered in Figures Z7H30l This value holds

w+1
for all cases with[ i e\]/en, while ¢y(i) = 1 for all cases with i odd. In general, the coefficient
co(7) can be calculated with the help of (G20).

Equations (E23]) coincide with the prescriptions of (BZ2Z2) in case the path « contains
m = 1 local minimum between 0 and 7 — 1 of the same height as the minimum at 7 — 1.
Before we proceed to cases with m > 2 let us comment on two particular cases with m = 1:
these are the cases a) and b) on Figure 28l where the local minimum of the height a;_;
appears at 0, or at 1. Similar exceptional cases appear for all values of m.

a) i odd and p = % In this case the residue Ry vanishes so that the calculation
of hi(1)y, finishes in two steps. The term t,+2 does not appear in (E23]) which is in
agreement with (B22]). The contributions to 9,+o from the first two steps sum up to give
the correct value of the coefficient ¢(i) = 1. The mechanism how the residue Ry vanishes
for the path shown on Figure 2fla) is explained in Figure Bl

b) i even and p = % — 1. In this case, in the second step, the content of the top
half-tile has to be changed from i to ¢ — 2p — 2 = 0. This is why we extended in (ET6])
the domain of definition for h(u) and derived ([EIX) and EI9) for the case u = 0. With

these extensions the calculation of h;(1)1, goes the standard way.

where ¢o(i) =

Consider now a path with m > 2 local minima preceding the minimum at ¢ — 1 which
all have the same height «;_; (recall that we do not care about higher preceding minima
and do not allow lower ones). In this case the transformations of the third step described
earlier are not enough to extract the term ,+2 and so we continue the transformation.
We explain this for the case of the path shown on Figure
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FIGURE 31. Vanishing of Ry in h;(1)y, for the path « given by Fig-
ure Z0a). In the second step we already changed the content of the
top half-tile from ¢ = 5 to i — 2p — 2 = —1. Now we apply the reflec-
tion equation ([ZZ0) to move the shaded tile h;(2) up and evaluate it us-
ing (). The two shaded half-tiles then meet together and annihilate:

Bo(l)flo(—l) = S()(—ao) = 0.
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FIGURE 32. The result of the transformations described in Figures 27H30l
in the case m > 2. The path « has local minima of the same height at
points ¢ — 2pp, — 1, k = 1,...,m, and at ¢ — 1. In the particular example
shown here we have i = 10, m = 2, p; = 2 and py = 4. The term R} in the
right hand side comes in place of ¥+2 in Figure
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Continuation of the Step 3. As can be seen on Figure B2 the terms ¢, , ¥ +0 and 9 +1
are already fixed. The term R, displayed in Figure B3l appears in the place of 1,+2 and
we now continue its transformation. To extract the term ¢ ,+2 we increase by one the
contents of the (half-)tiles in the shaded trapezium in the first equality on Figure This
trapezium is a composition of a rectangle and a triangle and we consecutively use (14
and (BI]]) to increase their contents, see also Figures Blland 24]). As a result, besides 1,+o
we get two more terms whose pictures are shown in the second equality on Figure Using
the by now standard procedures of lowering the content of the boundary half-tile (from
i—2p1 — 1 to i — 2py — 2 in general, and from 5 to 0 in the specific example on Figure B3)
and pushing up, reflecting at the boundary and evaluating the strips of tiles, we extract
the third step residue R3 from the middle picture in Figure All the other terms can
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FIGURE 34. Definition of the term x,+o and calculation of the third step
residue Rz in the case m = 2.

be reduced to the same form y,+0. Both terms R3 and x,+o are shown in Figure B4l (note
that y,+o is composed of the same factors as 1,+0 but the contents may be different).

Step 4. Further transformation of Rj3 is identical to the calculation of Ro, see Figure B
and the result, for the case m = 2, is presented in Figure B4 We obtain the term t),+3
and the term y,+o which cancels similar term in the preceding transformation (cf. the
second line in Figure B3 and the right hand side in Figure BZ).

Collecting the terms in Figures we eventually find that for the case m = 2 the
factorised formulas (A indeed satisfy the type B qKZ equations in the bulk (B2Z).
Consideration of the cases with m > 3 goes along the same lines.

It lasts to check the type B boundary qKZ relation (B24]) (the boundary relation (B3)
is valid due to the same arguments used in the proof of Theorem [). Indeed, rewriting

B29) as
Bo(l) Yo = wa—o
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one makes the assertion obvious.

This completes the proof of Theorem
APPENDIX A. FACTORISED SOLUTIONS FOR TYPE B

A.1. Case N = 2. Here we have two paths, QF = k and /\. From the preliminary
analysis we know that 1, is given by ([20) and satisfies equation
—aﬂ/)k = hl(_l)wk = 0. (Al)

Now we may apply the boundary generator to obtain the component function v ., and

from ([B24]) we find

Notice, that acting by hi(1) on ¢ we can get back to ¢, , see (B22),
hl(]‘)wA = ¢k7
which can be equivalently written as
1
m(0)(s0 = 5y ). = O (A.3)

where we used (A1), (A2)) and relation ([ZI2). Equation (A3 is the truncation condition
to be satisfied by 1), .

A.2. Case N = 3. In this case there are three paths: Q8 = ‘ , KX and DA\
As before, we start with the component function & = 1/1& given by ([B20) and satis-

fying relations

M-y = ha(~1)g = 0. (A4)
Then we act with the boundary generator and obtain
so¥p = Yo (A.5)
Next, we apply h1(1) and find
MW = by + Y (A.6)
This can be rewritten to give the following expression cf. (A3]),
v = (50— ) (A7)

where we have used ([(A4), (AH) and (ZTIZ). Finally, we act by operators sg and ha(1) to
the rightmost term in ([Af)) and obtain

sop =0,

DA

ho(W)p =t — %1?&

DA
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The latter relations can be rewritten as the truncation conditions on wEA:

soh1(2) ( e )w& (A.8)

hg(l)hl (2) (30 [3w:—i2-]1]>1/}&
where we used (A4), [(AH), (A0) and, again, [ZI2) to find factorised expressions.

Analysing the factorised expressions for the component functions in the cases N = 2,3
we see that a proper definition for the dashed boundary half-tile is

[[k/2]][w + [(k +1)/2]]
[Klw + 1] ’

. _
kS = ho(k) == ho(k)|v=w+ip, = S0 —
d

\N— = =7

where pp = k mod 2. Note that the Baxterised boundary element hg(u) is defined for
integer values of its spectral parameter u € Z as only such values appear in our consider-
ations.

Using this notation, the expressions for the coefficients 1, and the truncation conditions
take a simple form. For example, formulas ([AH), (A7), (AF) read

b = ho(l 1/1& Y = hl(l)ﬁo(2)¢&y Eo(l)h1(2)ﬁo(3)’¢f& =0.
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APPENDIX B. TYPE A SOLUTIONS

Using the factorised expressions of Theorem [[, we have computed polynomial solutions
of the qKZ equation for type A from Proposition Bl in the limit z; — 0 up to N = 10.
These solutions are, surprisingly, polynomials in 72 with positive coefficients, up to an
overall factor which is a power of 7. The complete solution is determined up to an overall
normalisation we have chosen so that

Y = 7INV2N2I=1)/2,

Let o = (ap,aq,...,ay) € Dy, be a Dyck path of length N whose minima lie on or
above height p—1. Then we define ¢, as the signed sum of boxes between « and Q(N, p),
where the boxes at height p + h are assigned (—1)". An example is given in the main text
in Figure [l The explicit expression for ¢, is given by

(2 v-1)/2
Cap =5 D (a2 = Qi(N,p) = D (@ig1 — Qira(N,p))
=1 =0

We furthermore define the subset Dy, of Dyck paths of length /N whose local minima
lie on or above height p = (N —1)/2| — p, i.e.

Dyp ={a € Dy| o > min(Q;,p)}.
These definitions allow us to define the partial sums
S:I:(Nv p) = Z Tica’pl/)ou
aG'DN,p

for which we formulate some conjectures in the main text.

B.1. N =4.
« ‘ sz)a Tica’l
A1+ 72 1
PON T r+l
_470):7— S+(4,0):7’
S (4,1)=2+712 S,(4,1) =1+ 272
B.2. N =5.
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S_(5,0) =71 S+(5,0) =71
S_(5,1) =2(1 +72) S (5,1) =1+ 372
S_(5,2) =721+ 572 + 41 +7%)  S,(5,2) = 7%(6 + 572)
B.3. N =6.
a Yo 7ECa2  pEca
AV e e
POVN (2 + 272 + 7 e
AL (14372 + 74 T+l
AN 272(1 + 72) T+2 1
& 73 N
S_(6,0) =73 S, (6,0) =73
S_(6,1) = 72(3 + 272) S.(6,1) = 72(2 + 372)

S_(6,2) =6+1372 + 67 + 75 5,(6,2) =1+ 872+ 127 + 576

From now on we abbreviate polynomials of the form P(7) =77 > ", _, arT?* by
P(r) = 7"(ag, a1, ..., ar).

For example,
672 + 1374 4+ 67° + 7% = 72(6,13,6,1)
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B4. N =T1.

a Vo rteas  pEcaz  pEean

AAAA|T3(6,13,6,1) 1

Axna | 74(5,4,1) !

AL | 74(3,4,1) 7l

A~ A0 72(6,13,6,1) !

A4 | 75(3,2) %2

AXA& 7'6 7':|:1

ANAD | 73(5,3,1) %2

AL 7(3,11,10,2) 2

AAXZ 72(3,5,1) T

A0 ,8,12,5) 1

AXKZ 7(2,3,3) 712 T+

AKXZ 7(1,6,3) 712 T+l

4222 72(2,3) rE! TE2 1

A@Z 3 7_:|:2 7_:I:l +1
S_(7,0) =73 54(7,0) =
S_(7,1) = 12(3,3) S (7,1) = 12(2,4)
S_(7,2) = (6,21,18,5) S4(7,2) = (1,11,24,14)
S_(7,3) = 1773(1,14,49,62,34,9,1) S, (7,3) = 73(24, 76,56, 14)

55
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B5. N =8.
o Ve sECas ez  sEcan
Ao | (1,14,49,62,34,9,1) 1
Ao | £(3,15,29,20,7,1) 7
AL 7(2,15,27,19,7,1) rE
AnAN | 7(1,12,28,25,8,1) 7!
AN | 726,21, 18,9, 2) 7%
AXAA 73(5,5,3,1) Tl
AN 72(3,9,12,5,1) 7%
AN | 72(2,15,24,13,2) £
AAXA 73(1,6,6,1) Tl
SO | 73(6, 21,18, 5) B
AXKA 74(5,6,3) 732 i
AKXA 74(3,8,3) 732 Tt
@2& 75(3,3) el E2 1
S_(8,0) =7° S, (8,0) = 76
S_(8,1) =7°(4,3) S.(8,1) = 75(3,4)
S_(8,2) = 73(17,39, 24, 5) S4(8,2) = 73(6,29,36, 14)
S_(8,3) = (24,136,234,176,63,12,1) S (8,3) = (1,20,108,219,200, 84, 14)
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B.6. N =09.
« ¢a Tica’4

Ao | 74(24,136,234,176,63,12,1) 1

A | 75(28,84,94, 43,10, 1) 7E
A A~ 75(20,72,84, 41,10, 1) .
A A 15(12,58,74, 41,10, 1) rE

A A0 13(24,136,234,176,63,12,1) 75!

A~ | 1(28,65, 45,15, 2) 7E2
AN A4 79(14,31,23,7,1) 7E2
Ao A0 | 7428, 84,90, 40,10, 1) 7E2
A A | 16(12,41, 41,16, 2) 72
~AANAD | 7420, 68,74, 34,9, 1) 7E2

A A0 12(12, 86,208, 213,103, 22,2) 72

P 77(14,13,6,1) 7l
AL 77(4,10,7,1) T
AAAXZ 73(12,62,88,51,11,1) Tl
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Ya rEca
A | 77(17,39,24,5) S
A A0 | 75(28,59, 33,12, 2) S£3
A A0 | 73(14,56, 84,54, 15, 2) 743
A A 1(4,46,160,230,154,47,5) 753
AR 78(9,9,3) i
AXXAA 78(6, 10, 3) L£2
A4 04,3 a1
P ”
@AAZ 76(14,9,4,1) SE2
A 74(14,28,25,7,1) S£2
AAXXZ 72(8,40,68,61, 26, 3) £
AL 72(4, 38,96, 84,28, 3) .
AL 73(8,40,56,27,3) Sl
AA&Z 74(4,14,9,1) L£2
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o o rECaa pEcas  pEcCa2  pEcan

A (1,20,108,219,200,84,14) 754 1

A0 7(3,19,58,69, 38,9) |
AXQXZ 7(2,27,67,75,47,10) sE3
peeste 7(1,18,75,106,51,9) "
AR5 72(6,29, 36,30, 11) TR
AM 7%(3,13,33,21,6) L2
O 22,97, 60,51,11) TR
A@KZ 73(5,7,6,4) TR
AX& 73(1,12,17,4) S48
42222 73(6,29, 36, 14) S R .
m 7-4(5,8,6) 12 FE2 S
m 74(3,12,6) 12 FE2 S+
A@Z 75(3,4) 13 L1 SE2 )
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=75(4,4)

= 73(17, 54,48, 14)

= (24,196, 520,624, 372,112, 14)

= 77%(1,30,273,1042, 2006, 2121, 1321, 501,117, 16, 1)

=7°(3,5)

= 73(6,37, 60, 30)

= (1,26, 189,524, 660, 378, 84)

= 7%(120, 920, 2242, 2440, 1305, 360, 42)
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B.6.1. N = 10.
« Va FEca
sanaa | (1,30,273,1042,2006, 2121, 1321,501, 117,16,1) 1
A | 7(4,56,294, 738,977, 735, 327,89, 14, 1) 7l
AL | 7(3,49,269, 683,912, 691, 312, 87,14, 1) _
AL | T(2,47, 267,686,915, 688, 313,88, 14, 1) 7E1
oA | 1(1,28,220,669, 996, 820, 384,101, 15, 1) 7
Ao | 72(12,116, 396, 684, 648, 348, 117, 23, 2) 72
ANAN | 72(8,60,206, 350, 329, 176,58, 11, 1) S£2
AN | 72(4,48,210, 394,403, 230, 72, 13, 1) S£2
LA | 72(6,89, 368, 665, 618, 342,120, 24, 2) 7E2
AANAN | 72(3,43,184, 343, 349,200, 64, 12, 1) S£2
A | 72(2,47,264, 632, T44, 469,159, 27, 2) -
A An 73(14,70,151,180,111,43,10,1) s}
AL A 7(5,57,156,174,111,46,11, 1) L
AL 73(1,22,102,197,172,72,13,1) s}
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75(1, 10,20, 10, 1)

T,Z)a 7_:I:co¢’4
AN | 73(24, 196,520, 624, 408,174, 44,5) 753
AXNAN | 73(12,92, 216, 276, 198, 76, 18, 2) T3
AN | 73(8, 60, 194, 286, 226, 94, 20, 2) T3
AN | 73(6, 89, 368, 649, 564, 256, 53, 5) T3
AXXAA 74(28,112, 187,140, 69, 21, 3) 712
AXXAA 74(20, 118,189, 142, 71,22, 3) 712
AXXAA 75(28,84, 73,42, 16, 3) 1
A&A& 76(14,14,9,4,1) 712
PN 74(14,42,64,57,25,7,1) 72
AAAXA 74(4,24,63,70,39,9,1) r£2
A@& 74(5,58,166,190,111, 32, 3) T2
AAXXA 74(3,42, 147,206, 126, 33, 3) 712
A@QA 7°(3, 34,90, 85,31, 3) T+
AA&A +2
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a Yo 7ECaa  pEcas  pEca2  pEca

AN | 74(24, 196,520, 624, 372,112, 14)  7%4 1

A0 7°(28,112,191, 144, 55,9) T

R (20,122,209, 162, 65, 10) TE

OO 7°(12,88,192,174,64,9) T pE

LR 76(28, 90, 90,48, 11) T 2

LA 70(14, 45, 60, 29, 6) T pE2

O 79(12,71,110,63,11) I

A&& 77(14,18,12,4) 4

AX&A 77(4,20,20,4) T

JoteteeN 77(17,54,48,14) =L E 1
A&XA 78(9,12,6) =2 pE2 ol
@&A 78(6,15,6) (S
A@A 79(4,4) T+3 T+l T+2 1
A@A 7_10 7_:|:2 7_:|:2 7_:I:l 7_:I:l
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S_(10,0) =
S_(10,1) =
5_(10,2) =
S_(10,3) =
S_(10,4) =

S.(10,0) =
S.(10,1) =
S.(10,2) =
S.(10,3) =
S.(10,4) =

JAN DE GIER AND PAVEL PYATOV

9( 4)
77(36, 86,60, 14)

74(155, 811, 1490, 1306, 592, 140, 14)
(120, 1400, 5754, 11584, 13071, 8900, 3805, 1044, 186, 20, 1)

( 5)
77(17,69, 80, 30)

74(24, 256,914, 1496, 1230, 504, 84)
(1,40,508,2799, 7940, 12652, 12026, 6967, 2430, 480, 42)
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APPENDIX C. TYPE B SOLUTIONS

Using the factorised expressions of Theorem B, we have computed polynomial solutions
of the qKZ equation for type B from Proposition [ in the limit ; — 0 up to N = 6. In
the following variables,

—

w+ 1]
[52][5

I

)

see also Remark [0, and up to an overall normalisation, these solutions become polynomials
with positive coefficients. We choose the normalisation such that

Y8 = N2,
C.l N=2.
a | Ya
A1
> a
C2. N =3,
a | Ya
b1+ 72 4 a
| 2
NP
C3. N =4,

Ya

5477 +a(2+77)

a3+21% + 1) +a*(2+7?)
2+ 77

2a(2 4 7/?) 4 2a*

3a

e 2343k
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Va

STEPPES Y b

9+ 177" + 67 + 7/ + a(16 + 1777 + 37) + a*(7 + 277)
24572 + 37"+ 70+ a(d + 672 + 20'1) + a%(2 + 772)
12+ 17772 4+ 47" + a(12 + 5772 4 74)

a(14+72) (54372 + 74 + a2(5 + 372 + 7'4)

24 + 87 + 7' + a(8 + 377%)

a(12 + 772 4 27') + 2a2(3 + 77?)

8 + 3772

3a(3 4 77%) + 3a?

4a
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C.5. N = 6.
a Yo

AN 149 410772 + 277" + 377 4 a(126 + 131772 + 4574 4 970 + 778)
+a%(32 + 3672 + 97'* + 779)

AN B84 BT 4 147+ 776 4 a(32 + 44772 4 217 4 676 + 7%)
+a?(1472)(8 + 417 + 1)

A | 5245072 4+ 2174 4 677 4 778 4 a(32 + 36772 + 971 + 776)

AN 220 + 2472 4 Tr" 4 75) 4 a1+ 72)(8 4 472 4 ')

& (14 72)(8 + 4172 + 1'%)

| a(81 4 101772 + 7074 + 2670 + 778 + 710) 4 a2(94 + 127772 + 720" + 1776 4 278)
+a*(32 + 367" + 97 + 770)

AN | a(26 + 37772 + 2570 + 1177 + 4778 + 7110) + a2(12 + 2072 + 1474 + 570 + %)
+a3(1 4+ 72)(8 + 4772 + 1'4)

DA | (72 + 104772 + 81774 + 2576 4+ 47'8) + a2(84 + 10772 + 557/ + 9776)

+a*(2+7%)(12 4 577)

a(39 + 587" + 497" +107°) + a®(2 + 7%)(17 + 872 + 7)

a?(11+ 1972 + 1974 + 770 + 7%) 4 a®(2 4+ 72) (5 + 377 + )

a(104 + 12872 + 447" + 976 + 7/8) + a?(104 + 9272 + 227/* + 2779)
+a?(32 4+ 1177 + 74)

3a(l +72)(8 + 477 + 7)) + a?(3 4+ 27%)(8 + 37%) + (14 + 37)
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Va

a(84 4 787" + 197" + 7/0) 4 a? (50 4 207" + 374)

202 (2 + 72)(T 4+ 472 + 7'*) 4 2a3(24 + 672 + 277%)

a(75 + 2672 + 37) + 2a(10 + 372)

a?(31 + 1572 + 37") + 3a(4 + 7'?)

A28

2a(10 + 37%)

4a(4 + 7'%) + 4a®

5a2
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