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Abstract. Let Λ be a radical-square zero algebra over an algebraically closed

field k with radical r and Γ =

 
Λ/r 0

r Λ/r

!
be the associated hereditary al-

gebra. There is a well-known functor F : modΛ→modΓ which induces a stable

equivalence. We show that the functor F keeps Gabriel-Roiter measures and

Gabriel-Roiter factors. Thus one may study the Gabriel-Roiter measure for Λ us-

ing F and known facts for hereditary algebras. In particular, we study the middle

terms of the almost split sequences ending at Gabriel-Roiter factor Λ-modules,

and the relation between the preprojective partition for Λ and the take-off Λ-

modules, when Λ is of s-tame type (see section 2.3.2 for the definition).

1. Introduction

Throughout the paper, we assume that k is an algebraically closed field. By
algebras, we mean finite dimensional basic connected ones over k. We denote by
Q(Λ) the ordinary quiver (with relations) of an algebra Λ. We also denote by modΛ
the category of finite dimensional left Λ-modules and by indΛ the full subcategory
of mod Λ consisting of indecomposable Λ-modules. We refer to [1] for non-explained
notions and preliminaries.

The Gabriel-Roiter measure was introduced in [8] (first by Gabriel under the name
‘Roiter measure’). We first recall some definitions.

Let N1={1, 2, · · · } be the set of natural numbers and P(N1) be the set of all
subsets of N1. A total order on P(N1) can be defined as follows: If I,J are two
different subsets of N1, write I < J provided the smallest element in (I\J) ∪ (J\I)
belongs to J.

For a given algebra Λ and a Λ-module M , we denote by |M | the length of M . Let
µ(M) be the maximum of the sets {|M1|, |M2|, · · · , |Mt|} where M1 ⊂ M2 ⊂ · · · ⊂
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Mt is a chain of indecomposable submodules of M . We call µ(M) the Gabriel-
Roiter measure (briefly GR measure) of M . If M is an indecomposable Λ-
module, we call an inclusion X ⊂ M with X indecomposable a Gabriel-Roiter
inclusion (briefly GR inclusion) provided µ(M) = µ(X)∪{|M |}, thus if and only
if every proper submodule of M has Gabriel-Roiter measure at most µ(X). In this
case, we call X a Gabriel-Roiter submodule of M and the corresponding factor
M/X a Gabriel-Roiter factor module. A Gabriel-Roiter factor module is always
indecomposable.

The Gabriel-Roiter measure has been studied in [8],[9],[3],[4]. As an interesting
application, it was showed that Gabriel-Roiter submodules can be used to build or-
thogonal exceptional pairs for indecomposable modules over representation directed
algebras [3],[10].

Let M be an indecomposable non-projective Λ-module over an algebra Λ and
0→τM→X→M→0 be an almost split sequence. We denote by α(M) the number
of the indecomposable summands of X. We say M has indecomposable middle
term if α(M) = 1. The middle term of Gabriel-Roiter factor modules over hered-
itary algebras of representation finite types and tame types were studied in [3],[4],
respectively. In particular, we have

Theorem 1.1. Let Λ = kQ be a hereditary algebra and M be a GR factor Λ-module.
(1) If Λ is of representation finite type, or tame type Ẽ6, Ẽ7, or Ẽ8, and M is not
injective, then α(M) = 1.
(2) If Λ is of tame type Ãn or D̃n and α(M) > 1, then M is preinjective with
dim M < δ, the minimal dimension vector corresponding to imaginary root. Thus,
almost all but finitely many GR factor modules have indecomposable middle terms.

By using Gabriel-Roiter measure, Ringel obtained a partition of the module cate-
gory of an artin algebra Λ of representation infinite type [10]: The module category
consists of take-off part, central part and landing part. Moreover, It was showed
that all indecomposable modules lying in the landing part are preinjective modules
in the sense of Auslander and Smalø [2]. This naturally leads us to compare these
two different kinds of partitions, obtained by Gabriel-Roiter measure approach and
by Auslander and Smalø’s method, of the module category. In [6], the following
theorem in this direction was proved.

Theorem 1.2. Let Λ = kQ be a tame hereditary algebra. Then every indecompos-
able preprojective module lies in the take-off part.
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This paper is devoted to a study of the Gabriel-Roiter measure for radical-square

zero k-algebras. Let Λ be such an algebra and Γ =

(
Λ/r 0
r Λ/r

)
where r is the rad-

ical of Λ. Then Γ is hereditary and there is a well-known functor F : modΛ→modΓ
which induces a stable equivalence. We will see that

(1) The functor F leaves the Gabriel-Roiter measures invariant, that is, µ(X) =
µ(F (X)) for each indecomposable Λ-module X (Theorem A).

(2) F sends GR factor modules to GR factor modules, that is, if X is a GR factor
module over Λ, then F (X) is a GR factor module over Γ (Proposition 4.4).

(3) F sends indecomposable preprojective Λ-modules to indecomposable prepro-
jective Γ-modules (Proposition 5.5).

Therefore, some results concerning Gabriel-Roiter measure for radical-square zero
algebras can be obtained using F and the facts that they are known for hereditary
algebras. In particular, comparing with Theorem 1.1,1.2, we show the following
theorems.

Theorem B. Let Λ be a radical-square zero algebra and Z be a GR factor module.
Then
(1) If Λ is of finite type and Z is not simple, then α(Z) = 1.
(2) If Λ is of s-tame type, then all but finitely many GR factor modules have indecom-
posable middle terms. Moreover, if Λ is D̃n-free and Z is not simple, then α(Z) = 1.

Here s-tame means that the ordinary quiver Q(Γ) of the associated hereditary
algebra Γ of Λ contains a tame quiver but not any wild quiver; and D̃n-free means
that Q(Γ) does not contain D̃n as a component.

We also want to compare the above mentioned partitions for radical square-zero
algebras of s-tame type. An algebra is called a strong take-off algebra if all indecom-
posable preprojective modules are in take-off part. Using F and the above Theorem
1.2, one may obtain the following result:

Theorem C. Let Λ be a radical-square zero algebra, and Γ, F be as before. Assume
that Q(Γ) is a connected tame quiver. Then Λ is a strong take-off algebra.

Some preliminaries of Gabriel-Roiter measure, the preprojective partition and
radical-square zero algebras will be recalled in section 2. Section 3 is devoted to
a discussion of some new properties of the functor F . In particular, a proof of
Theorem A can be found there. In section 4, the almost split sequences ending at
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Gabriel-Roiter factor modules over radical-square zero algebras of finite type and
s-tame type are studied and Theorem B will be proved in this section. The proof of
Theorem C will be presented in section 5.

2. preliminaries

In this section, we recall some preliminaries concerning the preprojective partition,
the Gabriel-Roiter measure and radical-square zero algebras.

2.1. Preprojective partition. We first recall the preprojective partitions for artin
algebras. The main reference will be [2].

Let Λ be an artin algebra. A partition P0,P1, · · · ,Pm, · · · ,P∞ of indΛ is called
a preprojective partition of ind Λ if
(1) ∪∞i=0P i = indΛ
(2) P i ∩ Pj = ∅ if i 6= j

(3) For all m < ∞, Pm is a finite minimal cover for ind Λ− ∪j<mPj .

The indecomposable modules in P i for some i < ∞ are called preprojective.
We always denote by PΛ the full subcategory of indΛ consisting of preprojective
modules.

Proposition 2.1. Under the above notions, one has
(1) X ∈ P0 if and only if X is a projective module.
(2) If X ∈ Pm, then there exists an indecomposable module Y ∈ Pj for some j < m

and an irreducible morphism Y→X.

Dually, preinjective partition can be defined.

2.2. The Gabriel-Roiter measure. We begin to recall some basic properties and
the partition obtained by Gabriel-Roiter measure approach.

2.2.1. Properties of Gabriel-Roiter incusions. We first collect some properties of
Gabriel-Roiter incusions. For a proof of the proposition, we refer to [8],[3].

Proposition 2.2. Let Λ be a finite dimensional algebra and l : X ⊂ Y be a GR
inclusion. Then
(1) Y/X is indecomposable.
(2) Every morphism to Y/X which is not an epimorphism factors through the canon-
ical projection Y→Y/X.
(3) Every irreducible map to Y/X is surjective.
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(4) If all irreducible map from indecomposable modules to Y are monomorphisms,
then the inclusion l is an irreducible map.

2.2.2. Partition obtained by Gabriel-Roiter measure approach. A subset I ∈ P(N1)
is said to be a Gabriel-Roiter measure for Λ if there exists an indecomposable Λ-
module M with µ(M) = I. A measure I is said to be of finite type if there are
only finitely many isomorphism classes of indecomposable modules with measure I.
The following partition was obtained in [8].

Theorem 2.3. Let Λ be a representation infinite artin algebra. Then there are
Gabriel-Roiter measures It, I

t for Λ such that

I1 < I2 < I3 < · · · < I3 < I2 < I1

and such that any other measure J satisfies It < J < It for all t. Moreover, all
these measures It and It are of finite type.

The measures It(It) are called take-off (landing) measures and any other mea-
sure is called a central measure. An indecomposable module M with GR measure
I is called a take-off (resp. central, landing) module if I is a take-off (resp. central,
landing) measure. In [8], the following proposition was showed:

Proposition 2.4. Let Λ be a representation infinite artin algebra. Then all landing
modules are preinjective.

2.3. Radical-square zero algebras. The main reference of this part will be [1],
section X.2. Assume that Λ is a radical-square zero k-algebra. We denote by r the
radical of Λ. Let

Γ =

(
Λ/r 0
r Λ/r

)
,

then Γ is a hereditary algebra with radical square zero.

Let C be the category whose objects are triples (X, Y, s) with X, Y ∈ modΛ/r

and s : r ⊗Λ/r X→Y is a morphism of Λ/r modules, and whose morphisms from
(X, Y, s) to (X ′, Y ′, s′) are pairs of morphisms of Λ/r modules (f, g) such that the
following diagram commutes:

r⊗X
s //

1r⊗f
��

Y

g

��
r⊗X ′ s′

// Y ′
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It is well-known that modΓ is equivalent to C.

The functor F : modΛ→modΓ is defined as follows: It sends a Λ-module X to
a triple (X/rX, rX, sX) where sX : r ⊗ X/rX→rX is the canonical map given by
s(a ⊗ x̄) = ax, and sends a morphism f : X→Y to a pair (f̄ , f |) of induced maps
where f | is the restriction f | : rX→rY , and f̄ : X/rX→Y/rY satisfies f̄(x̄) = f(x).

2.3.1. Properties of F . The functor F has many nice properties which will play an
important role in our discussions. The statements here are taken from [1], section
X.2.

Proposition 2.5. Let Λ, Γ and F be as above. Then
(1) |X| = |F (X)|.
(2) F is full.
(3) X ∼= X ′ if and only if F (X) ∼= F (X ′).
(4) X is indecomposable if and only if F (X) is indecomposable.
(5) X is projective if and only if F (X) is projective.
(6) The indecomposable Γ-modules not isomorphic to some F (M) are the simple
projective Γ-modules (0, S, 0) where S is a simple projective Λ-module.
(7) F : modΛ→modΓ is a stable equivalence.

Proposition 2.6. Let Λ, Γ and F be as before. Let 0→A
f→ B

g→ C→0 is a short
exact sequence of Λ-modules such that A and C are indecomposable and A is not

simple. Then this sequence is an almost split sequence if and only if 0→F (A)
F (f)→

F (B)
F (g)→ F (C)→0 is an almost split sequence of Γ-modules.

2.3.2. Quiver of Γ. One can easily obtain the quiver Q(Γ) of Γ from Q(Λ) as follows:
For each vertex a ∈ Q(Λ), there are two vertices a and a′ in Q(Γ); and for each arrow

a
β→ b in Q(Λ), there is an arrow a

β→ b′ in Q(Γ). Note that each component of Q(Γ)
is a quiver with sink-source orientation.

It is well-known that algebras which are stably equivalent are of same repre-
sentation type (finite or infinite). In particular, if Λ is a radical-square zero alge-
bra of representation finite type, then the quiver Q(Γ) of Γ is a disjoint union of
Dynkin quivers. We say that Λ is of s-tame type if Q(Γ) consists of tame quivers
(Ãn, D̃n, Ẽ6,7,8) and Dynkin quivers as components and contains at least one tame
quiver. If Λ is of s-tame type and Q is a quiver, we say Λ is Q-free if Q(Γ) does
not contain a component Q′ such that the underlying diagrams of Q and Q′ are the
same.
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3. More properties of the functor F

Let Λ be a radical-square zero algebra, Γ =

(
Λ/r 0
r Λ/r

)
and F be the associ-

ated hereditary algebra and functor as before. In section 2.3.1, we have seen some
nice properties of F . We will see in this section some new properties of F . We
always assume in this section that Λ is a fixed radical-square zero algebra.

Lemma 3.1. Assume that X ⊂ Y is a GR inclusion of Λ-modules. Then the fol-
lowing are equivalent:
(1) X is simple.
(2) Y is a local module.
(3) top Y is simple.
(4) X is contained in rY .

Proof. It is easily seen that X is simple if and only if Y is a local module with Loewy
length 2, thus (1) and (2) are equivalent since r2 = 0.

Assume that X is contained in the radical rY . Then r2 = 0 implies that rY is
semisimple. It follows that X is semisimple, thus is simple since X is indecompos-
able. Therefore, Y is a local module and topY is simple. �

Lemma 3.2. Assume that topY is simple, then µ(Y ) = µ(F (Y )).

Proof. Let P
π→ Y be a projective cover. Then π̄ : P/rP→Y/rY is an isomorphism

and π| : rP→rY is an epimorphism. It follows that

F (π) = (π̄, π|) : (P/rP, rP, sP )→(Y/rY, rY, sY )

is an epimorphism. On the other hand, F (P ) is indecomposable and projective
since P is (Proposition 2.5). Therefore, topF (Y ) is simple and µ(Y ) = {1, |Y |} =
{1, |F (Y )|} = µ(F (Y )). �

Lemma 3.3. Let X
l→ Y be an inclusion of indecomposable Λ-modules such that X

is not simple and X * rY . Then F (l) is a monomorphism.

Proof. Since X * rY , the composition of l and the canonical projection Y
π→ Y/rY

is not zero and the kernel of the composition πl is X∩rY . It follows from r(X∩rY ) ⊂
r2Y = 0 that X ∩ rY is a semisimple submodule of X. Thus X ∩ rY ⊆ soc X ⊆ rX.
The second inclusion holds since X is not simple and X is indecomposable. Then
X ∩ rY = rX and the induced map l̄ : X/rX→Y/rY is injective. It turns out that
F (l) = (l̄, l|) : F (X)→F (Y ) is a monomorphism. �
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Lemma 3.4. Let F (X)
g→ F (Y ) be a monomorphism for indecomposable Λ-modules

X, Y . Then there exist a monomorphism X
f→ Y such that F (f) = g.

Proof. Since the functor F is full, there is a morphism X
f→ Y such that F (f) = g =

(g1, g2). By the definition of F , we get a commutative diagram of exact sequences:

0 // rX //

f |=g2

��

X //

f

��

X/rX //

f̄=g1

��

0

0 // rY // Y // Y/rY // 0

Therefore, f is a monomorphism since g1, g2 are both injective. �

Now we can prove the main theorem of this section.

Theorem A. Let Y be an indecomposable Λ-module. Then µ(Y ) = µ(F (Y )).

Proof. We may assume that topY is not simple (Lemma 3.2). For an inductive step,
we assume that for any proper indecomposable submodule X of Y , µ(X) = µ(F (X)).
We want to show µ(Y ) = µ(F (Y )).

Let X be a GR submodule of Y . Since topY is not simple, X is not contained
in rY and the inclusion X ⊂ Y induces an inclusion F (X) ⊂ F (Y ) (Lemma 3.3).
We claim that F (X) is a GR submodule of F (M). Let T ′ be a GR submodule of
F (Y ). Then T ′ is not simple since top F (Y ) is not simple (otherwise topY is simple).
Note that the indecomposable Γ-modules which are not of the forms F (M) for some
Λ-module M are simple projective modules. Thus there is an indecomposable Λ-
module T such that F (T ) = T ′. The inclusion F (T ) = T ′ ⊂ F (Y ) induces an
inclusion T ⊂ Y (Lemma 3.4). By induction we have

µ(F (T )) = µ(T ) ≤ µ(X) = µ(F (X)) ≤ µ(F (T ))

since X is a GR submodule of Y and F (T ) = T ′ is a GR submodule of F (Y ). It
follows that µ(F (T )) = µ(F (X)) and F (X) is a GR submodule of F (Y ). Therefore,
the following equalities hold

µ(F (Y )) = µ(F (X)) ∪ {|F (Y )|} = µ(X) ∪ {|Y |} = µ(Y ).

This finishes the proof. �

Remark. This proposition gives examples that different algebras have the same
set of GR measures. Since F induces a stable equivalence which sends indecom-
posable modules to indecomposable modules, the following equality counting the
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isomorphism classes of indecomposable modules with the same GR measure holds
for each GR measure I distinct from {1}.

|{X ∈ ind Λ : µ(X) = I}/iso| = |{Y ∈ ind Γ : µ(Y ) = I}/iso|.

We now give an easy application of the theorem.

Corollary 3.5. Let Λ be a representation finite radical-square zero algebra and Y

be an indecomposable Λ-module. Then up to isomorphism, Y has at most 3 GR
submodules.

Proof. In [3], it was showed that each indecomposable module over a representation
finite hereditary k-algebra has, up to isomorphism, at most 3 GR submodules. Let Γ
and F be the associated hereditary algebra and functor. If topY is not simple, then
from the proof of Theorem A, we have that F sends a GR submodule of Y to a GR
submodule of F (Y ). Therefore, F (Y ), thus Y , has at most 3 GR submodules up to
isomorphism. If topY is simple, then topF (Y ) is simple and µ(F (Y )) = {1, |F (Y )|}.
Since up to isomorphism, F (Y ) has at most 3 GR submodules, we have |F (Y )| ≤ 4
and thus |Y | ≤ 4. Now it is easily seen that Y has at most 3 GR submodules up to
isomorphism. �

4. Gabriel-Roiter factors over radical-square zero algebras

Let Λ be a radical-square zero algebra, Γ =

(
Λ/r 0
r Λ/r

)
and F be the asso-

ciated hereditary algebra and functor as before. Since F keeps the GR measures
and GR inclusions except for the simple-top cases (this can be seen from the proof
of Theorem A). Thus the problems concerning the GR measure for radical-square
zero algebras can be reduced to those for hereditary ones. Thus when studying
the almost split sequences ending at GR factor modules over a radical-square zero
algebra Λ, one may start with the hereditary cases and then deals with the general
cases using F .

4.1. Hereditary cases. The following lemma will paly an important role. For a
proof we refer to [3].

Lemma 4.1. Let Λ = kAn be a hereditary algebra and Z be a GR factor module.
Then Z is a uniserial module.

As a special case of Theorem 1.1, the following theorem can be obtained.
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Theorem 4.2. Let Λ = kQ be a radical-square zero hereditary algebra with Q a
Dynkin quiver or a tame quiver of type Ẽ6, Ẽ7 or Ẽ8. Let X ⊂ Y be a GR inclusion.
If Z = Y/X is not simple, then α(Z) = 1.

Proof. We have seen that in these cases, if Z is a GR factor module which is not
injective, then α(Z) = 1. Thus we need to show that if Z is an injective module
such that α(Z) ≥ 2, then Z is simple. We show for Dn case, and the other cases are
similar.

Assume for a contradiction that Z is injective and not simple such that α(Z) = 2.
Then there is an irreducible map Z→Y1. Since Λ is with radical square zero, i.e.
Q is of sink-source orientation, thus there is another irreducible map Z→Y2 with
Y1 � Y2. Without loss of generality, we may assume that the full subquiver of the
Auslander-Reiten quiver is of the following form where Ij is an injective module for
each j and T is indecomposable such that α(T ) = 1:

I1

  @
@@

•

@@����

��=
==

=
// I2

// I4

I3

>>~~~

  @
@@

Y1

Z

>>}}}}

  A
AAA

•

??����

��@
@@

@ Y2

•

@@�
�

��>
>>>

•

=={{{{

T

??~~~
•

>>}
}

Since Y2 is not zero, then the composition of irreducible maps from T to Z is a
monomorphism. It follows from Proposition 2.2(2) that there is a homomorphism
from T to Y . Thus there is a path T→Y→Z in the Auslander-Reiten quiver. In
particular, it is easily seen that dimHom (Y, Ij) = 0 for indecomposable injective
module Ij . We may consider Y as a kAm-module where Am is obtained by deleting
the vertices of Dn corresponding to Ij for 1 ≤ j ≤ 4. Thus Z is GR factor module
over kAm. However, Z is clearly not a uniserial module since Y1, Y2 are different
simple factor modules. This contradicts Lemma 4.1
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The possibility of α(Z) = 3 can be easily excluded. The proof is thus finished. �

Proposition 4.3. Let Λ = kQ be a radical-square zero hereditary algebra of type
Ãn (with n ≥ 1 an odd number). The Gabriel-Roiter measures of indecomposable
Λ-modules can be calculated as follows:
(1) Each indecomposable preprojective module has length 2m + 1 and GR measure
{1, 3, 5, · · · , 2m + 1}.
(2) Each indecomposable exceptional regular module has length 2m and GR measure
{1, 2, 4, 6, · · · , 2m}. The GR measure of a homogeneous regular simple module H1 is
µ(H1) = {1, 3, 5, · · · , n, n+1}. Thus each homogeneous module Hi of length i(n+1)
has GR measure {1, 3, 5, · · · , n, n + 1, 2(n + 1), · · · , i(n + 1)}.
(3) The GR submodules of an indecomposable preinjective module are regular modules
(exceptional regular modules if n > 1). Each indecomposable preinjective module has
length 2m + 1 and GR measure {1, 2, 4, 6, · · · , 2m, 2m + 1}.
(4) The GR factor modules with decomposable middle term are exactly the injective
simple modules.

Proof. We outline the calculations, for details we refer to [5].
1. Since all irreducible maps between indecomposable preprojective modules are
injective, the GR submodules of an indecomposable preprojective module are given
by irreducible maps (Proposition 2.2(4)).
2. Every exceptional regular simple module X is of length 2. This can be seen from
the statements for string algebras and Auslander-Reiten sequences involving string
modules with indecomposable middle terms. Thus µ(X) = {1, 2} > µ(Y ) for all pre-
projective module Y . Thus the exceptional sequence of irreducible monomorphisms
X = X1→X2→· · ·→Xj gives rise to a GR filtration for each Xj .
3. If H1 is a homogeneous regular simple module, then the GR submodule of H1 is
preprojective. Each indecomposable preprojective module with length smaller than
|H1| = n+1 is isomorphic to a submodule of H1, thus µ(H1) = {1, 3, 5, · · · , n, n+1}.
It is clear that µ(H1) > µ(X) for every indecomposable preprojective module X.
4. Every GR submodule of a non-simple preinjective is regular.
5. A GR factor module Z with decomposable middle term is preinjective. Then
the corresponding GR inclusion X ⊂ Y with Y/X = Z satisfies that either X is
preprojective and Y is regular, or X is regular and Y is preinjective. Then from the
list of the GR measures, it is easily seen that Z is a simple injective module. �

4.2. General cases. In this section, we start to deal with the general cases. Let Λ

be a radical-square zero algebra, Γ =

(
Λ/r 0
r Λ/r

)
and F be as before. We will
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see that the functor F sends GR factor Λ-modules to GR factor Γ-modules. Using
this fact and the consideration in 4.1 of hereditary cases, one may obtain a proof of
Theorem B.

Proposition 4.4. Let Λ be a radical-square zero algebra and Γ, F be as before. Let
l : X ⊂ Y be a GR inclusion of Λ-modules. Then the Γ-module F (Y/X) is also a
GR factor module.

Proof. First assume that topY is simple. Let P
f→ Y be the projective cover

of Y and π : Y→Y/X be the canonical projection. Then P is indecomposable
since topY is simple and the composition πf is a projective cover of Y/X. Thus
π(rY ) = πf(rP ) = r(Y/X), and π̄(Y/rY ) = πf(P/rP ) = (Y/X)/r(Y/X). If follows
that the induced maps π|, π̄ are both epimorphism. That is, F (π) : F (Y )→F (Y/X)
is an epimorphism. The kerF (π) is thus a simple Γ-module since |ker F (π)| =
|F (Y )| − F (Y/X)| = |Y | − |Y/X| = |X| = 1. Since topF (Y ) is also simple, the
inclusion kerF (π) ⊂ F (Y ) is a GR inclusion and F (Y/X) is a GR factor module.

Now assume that topY is not simple. Then X is not contained in the radical
rY and not simple. From the proof of Theorem A, one obtains that F (X) is a GR
submodule of F (Y ), and cokerF (l) = (coker (l̄), coker (l|), s) is indecomposable and
not projective. We obtain the following commutative diagram:

0

��

0

��

0

��
0 // rX //

l
��

X //

l
��

X/rX //

l̄��

0

0 // rY //

��

Y //

��

Y/rY //

��

0

0 // coker (l|) //

��

coker l = Z //

��

coker l̄ //

��

0

0 0 0

Note that coker l̄ is not zero since otherwise, the composition of the canonical maps
X

l→ Y→Y/rY is an epimorphism, and this implies X+rY = Y which is impossible.

Moreover, coker l̄ is semisimple since Y/rY is. Thus coker (l|) contains rZ. It
follows that coker (l|) = rZ and coker l̄ = Z/rZ. Thus F (Z) = (Z/rZ, rZ, sZ) =
(coker (l̄), coker (l|), s) and F (Y/X) ∼= F (Y )/F (X) is a GR factor module. �

After this preparation, we can formulate the following theorem:
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Theorem B. Let Λ be a radical-square zero algebra and Z be a GR factor module.
Then
(1) If Λ is of finite type and Z is not simple, then α(Z) = 1.
(2) If Λ is of s-tame type, then all but finitely many GR factor modules have in-
decomposable middle terms. Moreover, if Λ is D̃n-free and Z is not simple. Then
α(Z) = 1.

Proof. (1) Let 0→τZ→X→Z→0 be an almost split sequence. Assume that τZ is
simple, and X = ⊕m

i=1Xi is a decomposition of X into indecomposable summands.
Then |Xi| > |Z| holds since each irreducible map Xi→Z is surjective (Proposition
2.2). Then 1 = |τZ| =

∑m
i=1 |Xi| − |Z| ≥ 1 implies m = 1. If τZ is not simple,

then Proposition 2.6 implies 0→F (τZ)→F (X)→F (Z)→0 is also an almost split
sequence. Since F (Z) is also a GR factor module (Proposition 4.4), from Theorem
4.2 and the fact that F (Z) is not simple, one can conclude that the middle term
F (X) is indecomposable and therefore, X is indecomposable.

(2) We may use the same arguments as those in the proof of part (1) and Propo-
sition 4.4. In addition, Proposition 4.3 should be used to deal with Ãn case. �

Remark. An example that a non-simple GR factor module over Λ = kD̃n with
decomposable middle term is still missing. Thus, it is not clear if the condition
D̃n-free can be omitted .

5. preprojective modules and take-off modules.

For a representation infinite artin algebra Λ, Ringel obtained in [8] a partition of
ind Λ, namely, take-off part, central part and landing part. On the other hand, there
is already a preprojective partition (preinjective partition) obtained by Auslander
and Smalø [2]. It is natural to compare these two different kinds of partitions. In
[8], Ringel showed that all landing modules are preinjective modules.

It is interesting to study the dual case, that is, for a representation infinite algebra,
if all indecomposable preprojective modules are take-off modules. However, it is not
true in general. This leads to the following definition.

Definition 5.1. A representation infinite algebra is called a take-off algebra if all
indecomposable projective modules are take-off modules and is called a strong take-off
algebra if all indecomposable preprojective modules are take-off modules.
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In [6], we have seen that all indecomposable preprojective module over tame
hereditary algebras kQ are take-off modules, that is, algebras kQ with Q tame
quivers are strong take-off algebras. We want to give some more examples of take-
off algebras, namely, radical-square zero algebras of s-tame types.

Let Λ be a radical-square zero algebra, and Γ, F be as before. Then it is easily
to get the following lemma since F does not change GR measures.

Lemma 5.2. Let Λ be a radical-square zero algebra and Γ, F be as before. Let
X be an indecomposable Λ-module. Then X is a take-off (resp. central, landing)
Λ-module if and only if F (X) is a take-off (resp. central, landing) Γ-module.

Theorem C. Let Λ be a radical-square zero algebra and Γ, F be as before. Assume
that Q(Γ) is a connected tame quiver. Then Λ is a strong take-off algebra.

Proof. Let X be an indecomposable preprojective Λ-module. If F (X) is a pre-
projective Γ-module, then F (X) is a take-off module by Theorem 1.2. Therefore,
by the above lemma, X is a take-off module.

Thus to finish the proof, it is sufficient to show that the functor F sends an
indecomposable preprojective Λ-module to a preprojective Γ-module. For this we
need some more considerations.

The following proposition in [7] gives, in some sense, a characterization of prepro-
jective modules over radical-square zero algebras.

Proposition 5.3. Let Σ be an algebra which is stably equivalent to a hereditary
algebra and M be an indecomposable non-projective Σ-module. Then the following
are equivalent:
(1) There is a projective module P and a chain of irreducible maps of indecomposable
Σ-modules P = C0→C1→· · ·→Cn = M .
(2) There are only a finite number of non-isomorphic indecomposable modules X

such that Hom (X, M) 6= 0.

Corollary 5.4. Let Λ be a radical-square zero algebra and Γ, F be as before. Then
the following are equivalent:
(1) There is a projective module P and a chain of irreducible maps of indecomposable
Λ-modules P = C0→C1→· · ·→Cn = M .
(2) There are only a finite number of non-isomorphic indecomposable Λ-modules X

such that there exists f : X→M with F (f) 6= 0.
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Proof. Let P(X, M) be the subset of Hom (X, M) consisting of morphisms which
factor through projective Λ-modules. Then P(X, M) = Hom (X, rM) (see [1], sec-
tion X.2) is the set of maps which are sent to zero by F . Thus Hom (X, M) 6= 0 if
and only if there is a nonzero map f ∈ Hom (X, M) such that F (f) 6= 0. �

Now we can finish the proof of Theorem C by showing the following proposition.

Proposition 5.5. Let Λ be a radical-square zero algebra and Γ, F be as before.
Let X be an indecomposable preprojective Λ-module. Then F (X) is a preprojective
Γ-module.

Proof. We denote by P0
Λ,P1

Λ, · · · ,Pm
Λ , · · · the preprojective partition of indΛ. In

Proposition 2.1, we have the following characterization:

If an indecomposable Λ-module X is contained in Pm
Λ , then there exists an inde-

composable module Y ∈ P i
Λ with i < m and an irreducible map Y→X.

Assume that Y ∈ Pm
Λ is an indecomposable preprojective Λ-module. We use

induction on m. If m = 0, then Y is projective and thus F (Y ) is projective. Assume
that for all i < m and all X ∈ P i

Λ, F (X) is a preprojective Γ-module. Then
Y ∈ Pm

Λ implies that there is an indecomposable Λ-module X ∈ Pj
Λ with j < m and

an irreducible map X
f→ Y . By induction, F (X) is a preprojective Γ-module. If

j 6= 0, i.e. X is not projective, then F (f) is an irreducible map, and thus F (Y ) is
preprojective since Γ is hereditary.

If j = 0, then X and F (X) are projective. Assume for a contradiction that
F (Y ) is not preprojective. First note that F (f) 6= 0. Namely, let g : Q→Y be
a projective cover. Then the irreducible map f : X→Y factors through g since
g is an epimorphism, say f = gh for some h : X→Q. However, f is irreducible
and Y is not projective imply that h is a split monomorphism and thus Q = X ⊕
Q′ g=(f,g′)−→ Y is a projective cover. In particular the induced map f̄ : X/rX→Y/rY is
a monomorphism which implies F (f) is not zero. Then using the facts that F (X) is
projective, F (Y ) is not preprojective and the property of left minimal almost split
morphisms, we obtain an infinite sequence of indecomposable Γ-modules X ′

i with
F (X) = X ′

0 and non-zero homomorphisms X ′
i

gi→ F (Y ). Since F is full and X ′
i is

not simple projective Γ-module for any i, we obtain a sequence of Λ-modules Xi with
X0 = X and morphisms fi : Xi→Y such that F (Xi) = X ′

i, F (fi) = gi. In particular,
we obtain infinitely many non-isomorphic indecomposable Λ-modules Xi with non-
zero maps fi such that F (fi) = gi 6= 0. This contradicts Corollary 5.4 since there is
an irreducible map X→Y with X projective. Thus F (Y ) is preprojective. �
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