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Abstract

We consider the extension of the Heisenberg vertex operator alge-
bra by all its irreducible modules. We give an elementary construction
for the intertwining vertex operators and show that they satisfy a com-
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some of our results with the example of integral lattice vertex operator
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1 Introduction

The concept of a Vertex Operator Algebra (VOA) was introduced in [1] and
2] and is essentially a rigorous algebraic approach to chiral conformal field
theory in physics. This paper is devoted to one the most basic examples,
namely the rank [ Heisenberg VOA M! i.e. the chiral CFT consisting of
free bosons. An important application is the construction of a VOA V con-
taining a Heisenberg subVOA M! where we decompose V into irreducible
M'-modules or extend V by V-modules or twisted V-modules related to the
Heisenberg structure. Thus in [3] it is demonstrated how to extend a simple
VOA V by g-twisted V-modules for automorphisms g generated by Heisen-
berg vectors [4]. It is also shown in [3] that intertwining vertex operators
constructed on the larger space form a Generalized VOA [5]. In this pa-
per we consider the extension of the Heisenberg VOA M to the space, M,
given by the union of all irreducible M'modules. We give an elementary
construction for the intertwining vertex operators on M and show that these
operators satisfy a complex parametrized Generalized VOA of a more gen-
eral type than that defined in [5]. We illustrate some of our results with
the example of lattice VOSA Vj, for even or odd integral lattice L and con-
sider the extension of V;, by twisted sectors for automorphisms generated by
Heisenberg elements.

We begin in Section 2 with definitions and some properties of VOA mod-
ules and twisted modules. We consider the creative intertwiner vertex op-
erators operators for a VOA V-module W i.e. operators whose modes map
V onto W. In particular, we describe a version of Dong’s Lemma and God-
dard’s uniqueness theorem for such operators. In Section 3 we consider the
rank [ Heisenberg VOA M! with irreducible module M, for a € C.. We
give an elementary construction of the creative intertwiner (very similar in
structure to vertex operators for a lattice VOA). In Section 4 we construct
a C-parametrized Generalized VOA on M = U,cct M, the union of all ir-
reducible M'-modules. We also discuss skew-symmetry and show that there
exists a unique invertible invariant symmetric bilinear form on M. Finally
in Section 5 we consider the example of the lattice VOSA V}, for an even or
odd integral lattice L. Using the Generalized VOA structure we construct
the g-twisted V;-module for an automorphism g generated by a Heisenberg
vector and show that this isomorphic to Li’s construction [4]. Finally, we
conclude with a generalization of one of the main results of ref. [3] for V.



2 Creative Intertwiners for a Vertex Opera-
tor Algebra

We begin with a brief review of aspects of Vertex Operator Algebras and
their modules, see refs. [1], [2], [6], [7], [8], [9] for more details. In particular,
we are interested in describing properties of creative intertwiners which can
proved by a suitable modification of standard results in VOA theory.

We define the standard formal series

() - o

neL

= 2 (2 )a )

m>0

k(k—1)...(k—m+1)

for any formal variables z,y, k where (©) = o

Definition 2.1 A Vertex Operator Superalgebra (VOSA) is determined by a
quadruple (V,Y,1,w) as follows: V is a superspace V.= Vi & Vi with parity
p(u) = 0 or 1 for u € Vg or Vi respectively. V' also has a %Z—gmdmg with
V= @TG%ZVT with dimV, < co. 1 € Vj s the vacuum vector and w € V5 s

the conformal vector with properties described below.
Y is a linear map Y : V — End(V)|[z, 27Y]] for formal variable z so that
for any vector uw € V- we have a vertex operator

Y(u,2)=> u(n)z""". (3)

ne”Z

The linear operators (modes) u(n) : V. — V satisfy creativity
Y(u,2)1 =u+0(z) (4)

and lower truncation
u(n)o = 0, (5)
for each u,v € V and n > 0. For the conformal vector w

Y(w,z) =Y Ln)z"7 (6)

nel



where L(n) satisfies the Virasoro algebra for some central charge ¢

[L(m), L(n)] = (m — n)L(m +n) + 1—62(m3 — ). (7)

FEach vertex operator satisfies the translation property
Y(L(—1)u,z) = 0,Y (u, 2). (8)

The Virasoro operator L(0) provides the 3Z-grading with L(0)u = ru for
u € V. and with r € Z + %p(u) Finally, the vertex operators satisfy the
Jacobi identity

22 — 21

50 (222 ) Vi ¥ (o) - (1P

20

) Y (v, 29)Y (u, z1)

=255 (21 — ZO) Y (Y (u, 20)0, 22) 9)

22
where p(u,v) = p(u)p(v).
Remark 2.2 (V,Y,1,w) is called a Vertex Operator Algebra (VOA) when
Vi=0.

Amongst other properties, these axioms imply locality, associativity, com-
mutativity and skew-symmetry:

(21— 20)™Y (1, 21)Y (0, 25) = (=1)PW) (21 — 2)™Y (v, 22)Y (u, 2

)
(20 + 22)"Y (u, 20 + 22)Y (v, 20)w = (20 + 22)"Y (Y (1, 20)v, 22)w, (11)
uw(k)Y (v, 2) — (—1)PVY (v, 2)u(k) = Z (?)Y(u(j)v, 2)2"9 (12)

Y(u,z)v = (:1)”(“’”)6%(’1)}/(1}, —z)u, (13)

for u,v,w € V and integers m,n > 0 [6], [7], [9].
We define the notion of a V-module [6], [8], [10].

Definition 2.3 A V-module for a VOSA V is a pair (W, Yw) where W is a

C-graded vector space W = @ W, with dim W, < oo and where W,,,, = 0
reC



for allr and n < 0. Yy is a linear map Yy : V — End(W)|[z, 27 ]| defining
a module vertex operator

Y (u, 2) = Zuw(n)z’”’l, (14)

nel

for each w € V with modes uy : W — W. For the vacuum vector Yy (1, z) =
Idyw and for the conformal vector

Yiw(w,2) =Y Lw(n)z "2, (15)

ne”

where Ly (0)w = rw for w € W,. The module vertex operators satisfy the
Jacobi identity:

22 — 21

) (21 - 22) Y (1, 21) Yo (0, 20) — (—1)P(0)§ (

20 —20

= 2515 (Zl — ZO) Y (Y (u, 20)v, 22) .

z9

A V-module W is irreducible if no proper, nonzero subspace is invariant
under all uy (n). The above axioms imply that Ly (n) of (15) satisfies the
Virasoro algebra (7) for the same central charge ¢ and that the translation
property holds:

Yw (L(—Du,z) = 0,Yw(u,z2). (17)

) Y (v, 22) Y (u, 21)

(16)

We next define the notion of a twisted V-module. Let g be a V-automorphism

g i.e. a linear map preserving 1 and w such that
9Y (v,2)g7" =Y (gv, 2),
for all v € V. We assume that V' can be decomposed into g-eigenspaces
V = ®pecV?,
where V? denotes the eigenspace of g with eigenvalue ™.

Definition 2.4 A g-twisted V-module for a VOSA V is a pair (W9,Yy)

where W9 is a C-graded vector space W9 = @ W7 with dim W, < oo
reC



and where Wyi, = 0 for all v and n < 0. Y, is a linear map Y, : V —
End W9{z}, the vector space of End W9-valued formal series in z with ar-
bitrary complex powers of z. Then for v € VP

Yy(v,2) = Y wy(n)a"",

nep+7

with vy(p+ 1w =0 forw € W9 and | € Z sufficiently large. For the vacuum
vector Yy(1, z) = Idws and for the conformal vector

Yy(w.2) = 3 Ly(m)= 2, (18)

nez

where Ly(0)w = rw for w € W9. The g-twisted vertex operators satisfy the
twisted Jacobt identity:

Z2 — X1

21 — &
50 (222 ) Vil ) (onm) = (1050 (222 oY)

= 2! (zl - Z“) s (Zl - ZO) Y, (Y (u, 20)v, 22), (19)

—Z2 —z2

forue Ve,

This definition is an extension of the standard one for ¢ of finite order where
p € Q [11], [3] or for g unitary where p € R [12]. These axioms imply that
Lgy(n) of (18) satisfies the Virasoro algebra (7) for the same central charge ¢
and that the translation property holds:

Y(L(-1uz) = 0.Y,(u.2). (20)

We lastly restrict ourselves to a VOA V' with a V-module (W, Yy ) and
introduce the notion of creative intertwining vertex operators that satisfy an
intertwining algebra of type (WWV) in the terminology of ref. [6].
Definition 2.5 A creative intertwining vertex operator ) for a VOA V-
module (W, Yyw) is defined by a linear map Y : W — Lin(V, W)|[[z, 27| with

V(w,z) = Zw(n)z‘"‘l, (21)

neL

6



for eachw € W with modes w(n) : V. — W. The intertwining vertex operator
satisfies creativity

V(w,2)1 =w+ 0(2), (22)

for each w € W and lower truncation
w(n)v =0, (23)

foreachv € V,w e W andn > 0. The intertwining vertex operators satisfy
the Jacobi identity:

Z2 — 21

z ' <Zl — ZQ) Yw (u, 21)V(w, 25) — 2516 (

20

) V(w, 22)Y (u,21)

=25 (Zl — zO) Y (Yiv (u, z0)w, 25) (24)

22
forallu eV andw e W.
These axioms imply that the intertwining and module vertex operators

satisfy the following form of translation, locality, associativity, commutativity
and skew-symmetry:

YVLw(—Dw,z) = 0.V (w,z), (25)

(21 — 20)"Yw(u, 21)V(w, 29) = (21 — 20)"V(w, 20)Y (u, 21), (26)

(20 + 22)"Yw (u, 20 + 22) V(w, 22)v = (20 + 22)" Y (Yw (u, 20)w, 22)v,(27)
(28)

uw (B)Y(w, 2) — Y(w, 2)u(k) = Z(’;)y(uw(j)w,z)z’f—j, 28

>0

y(’lU,Z)U = €ZLW(71)YW<U7_Z)w> (29>

for u,v € V, w € W and integers m,n > 0.

We may obtain creative intertwining versions of Dong’s Lemma and God-
dard’s uniqueness theorem for VOAs. The proofs are omitted since they are
easily modified versions of standard VOA methods e.g. [7]. Define an inter-
twining normal ordering for u € V and w € W

Y (u, 2)Y(w, 2) == Y (u, 2) _Y(w, 2) + Y(w, 2)Y (u, )4, (30)



where

Y(u,2)- = > un)z"',  Y(u,2), = Zu(n)z‘”_l, (31)

n=>0 n<0
Y(u,2)- = 3 uw(n)z™7, Yi(u,2)s =Y uw(n)z"" (32)
n20 n<0

Theorem 2.6 (Dong’s Lemma for Intertwiners) For v € V and w €
W then : Yy (u, 2)Y(w, z) : is local in the sense of (26) i.e. for each v € V

(z1 — 20)"Yw (v, 21) : Y (u, 20)V(w, 25) :
= (21— 20)" : iy (u, 22) Y(w, z2) : Y (v, 1), (33)

for m > 0.

Theorem 2.7 (Goddard’s Uniqueness Theorem for Intertwiners) Let
W(z) € Lin(V,W)|[[z, 2 !]] be local in the sense of (26) i.e. for eachu €V

(z1 — 22)"Yw (u, 21)W(22) = (21 — 22)"W(22)Y (u, 21), (34)
for m > 0. Suppose that for some w € W
W(2)1 = eEw "y, (35)
then W(z) = Y(w, z).
Theorems 2.6 and 2.7 imply

Proposition 2.8 Foru €V and w € W we have

Yw(u, 2)Y(w, 2) = Y(uw(—1)w, z). (36)

3 Heisenberg Intertwiners

In this Section we explicitly construct the creative intertwining operators for
the irreducible modules of the rank [ Heisenberg VOA M! generated by [
weight one Heisenberg vectors a’, i = 1,...,l with modes obeying

[a'(n),a’(m)] = népn,_m0i - (37)



M is spanned by the Fock basis
ail(—l{d)ah(—k’g) Ce. CLir(—l{?,«)l, kz > 0, (38)

for Virasoro vector w = 3 31 a?(—1)%1 with central charge [.
The irreducible modules for M!, denoted by M, = M! ® e* (with M =
M) are indexed by a complex [-tuple a = {a?, ..., o'} € C! with

ay (0)(u®e®) = a'(u®e”), (39)
ay, (n)(u®e®) = (a'(n)u) @ e, n#0, (40)
for Yy (a',z) = >, cpah, (n)z7"! and v € M'. From now on we will

employ the standard abbreviations of writing Y (u, z) in place of Yy, (u, 2),
u(n) in place of uy, (n) and u in place of u ® €°.

We next construct the creative intertwiner for Y(u®e®, z) for u®e® € M,
for all a € C'. Much of the discussion is similar to the standard construction
of lattice vertex operators e.g. [2], [7]. We first introduce the standard
operators ¢' conjugate to a’(0)

[ai(n),qj} = 0,005 5, (41)

and identify
u® e =e*(u®e) = e*u,

where - ¢ = Y1, a’¢’ for a € C'. We also define

Yi(a,z) = exp (:F Z a(£n) z”) , (42)

n
n>0

where a(n) = a - a(n). These operators obey the following [4], [3]

Proposition 3.1 For all « € C! and w € M" we find

—~
=~
(1NN

Z9 o

G = (1-2) vGalien). @)

Y(Vi(a,—21)u, 21)Y_(a, 22) = Y_(a,29)Y(Yi(av,—21 + 22)u, 21), )
( ) = Y(Y+(a7 21— Z2)“> 22)Y+<aa 21)7 )
( ) Z;a(O)(ZQ + 20)°OY_ (=, 2)Y_(, 21 + 22)

Y(u, )Y (e, 29 + 21). (46)



We also have

Proposition 3.2 For all « € C! and w € M" we find

L S T P e R VY (47)
1

o1Vl — Y, (g, 7), (48)
z

e Y (u,2)e*? = Y(Yi(o, —2)u, 2). (49)

Proof. From (41) it follows that [ L(—1),q"] = a’(—1). Hence we find

gm0 (D aa _ r(L(=1)+a(-1)

= Y (a,z)e? Y,

from refs. [4], [3] giving (47). (48) follows similarly.
To prove (49) we first show that

[qi, Y (u, z)} =Y (Xi(z)u, z) , (50)

where X' (2) = >, #(—z)" Assume that (50) holds for every Fock
vector v with m Heisenberg modes and consider u = a/(—k — 1)v for k > 0.

Then (41) gives

(.Y (u,2)] = —[¢.:05Y (!, 2)Y (v,2) 1]

!

[qi,ﬁfY(aj,z)_] Y (v, 2)

1 . -
+H L OY (o, 2)Y (X (2)0, 2) -
= Y (Xi(2)a! (—k —1)v,z).
using [¢',0LY (d/,2); | = 0 and

% [q',05Y (7, 2)_ ] = (—2)* 16 = [ X1(2),d (—k — 1)].

Hence (50) holds by induction in m. The general result (49) follows on
exponentiating and using Y (a, —z) = e~ X+G) [

We may now construct the creative intertwiner in much the same way as
for a lattice vertex operator e.g. [7]:

10



Theorem 3.3 The creative intertwiner for u ® e® € M, for any o € C is
given by

Yuoe,z) = e, Y- (a,2)Y (u,2)Yy(a, )220, (51)

where ¢, = Idyu.

Proof. Using Proposition 3.1 and skew-symmetry (29) we find that

Yu@e*, 2)v = VY (v, —2)(u® e?)
= LDy (v, —2)er
= Y (a, 2)eP VY (Y (a, 2)v, —2)u
e Y (o, 2)Y (u, 2)Y (o, 2)v,

for all u,v € M!. This implies that

V(u®e® z) =eY_(a, 2)Y (u, 2)Yi (e, 2)ba(2), (52)
where b, (z) € End(M")[[z, 271]] with

bo(2) = Idp,  [a'(n),ba(2)] =0, bo(2)v =0, (53)
for all v € M!. Translation (25) and L(—1)(1 ® ¢®) = a - a ® €* imply

0:.Y1®e%z2) = V(a-a®e, z2).
Using (52) we find that 20.b,(z) = a(0)b,(2) giving
bo(2) = cqz®©, (54)

for z independent operator c,. Applying (53) we conclude that ¢, = Id,p
and hence the result follows. [

4 Generalized Vertex Operator Algebra for
Heisenberg Intertwiners

4.1 A Generalized Vertex Operator Algebra

Let M = Ugcc My denote the union of all the irreducible modules for M! =
M. Using (40), the creative intertwining operator Y(u® e®, z) has a natural

11



extension to an intertwiner vertex operator in Lin(M, M)[[z, z!]] where now
Ca acts on My as a scalar

cau® e’ =e(a, Blu® e’,

for e(a, ) € C* and €(a, 0) = €(0, ) = 1. As for lattice VOAs (e.g. [2], [7]),
we define a cocycle system over C! as an additive group. Define

e = e"e,, (55)
for all @ € C' so that
Vu®e,z) = e*Y_(a,2)Y(u,2)Y,(a,2)220. (56)

We assume that the operators (55) satisfy an associative algebra for 2-cocycle
¢(a, #) such that
e’ = e(a, B)e™ P, 0 =1. (57)

Associated to the cocycle system is the commutator function C(«, ) with
e“e? = C(a, B)ee?,

where

Cla.8) = C(pa) = 521 59

Associativity implies C(q, [3) is skewsymmetric and bilinear:

Cla,8) = C(B,a),
Cla+p8,7) = Cla,7)C(B,7),
Cla,B+7) = Cla,B)C(a,7). (59)

Q

2

Example 4.1 Suppose | = 2m and let a = (a*,a?) and 8 = (3, 5°) for
al, 37 € C™. Then .
Cla, B) = ¢ 78

for any ¢ € C* satisfies (59).

Lemma 4.2 The cocycle factors e(a, ) can be chosen such that €(a, —a) =
1 for all o € C'.

12



Proof. Apply associativity to e*e™“e® to find
e(a,—a) =e(—a, ), Cla,—a)=1. (60)

As for lattice VOAs (e.g. [7]), we may redefine e® to be €,e® for the same
commutator function C(«, 3) for any ¢, € C* with ¢g = 1 where €(a, 3)
is redefined as eaeﬂe;}rﬁe(a,ﬁ). Define an ordering on ( € C with ¢ > 0 if
R(¢) > 0 orif R(¢) =0 and I(¢) > 0. Choose

e(la,—a)™t ifal>0o0rifal =...=a™!=0and ™ > 0,
€q = .
1 otherwise.
(61)
Hence €(a, —a) is redefined as unity. [

We also define the operator [4], [3]
Ala, 2) = 220V, (a, —2). (62)
Using (49) and the cocycle structure (57) and (58) we immediately find:
Lemma 4.3 For all 3 € Cl and u® e® € M,

()Y (u® e, 2)e’ = Cla, HV(AB, 2)(u @ e?), 2). (63)

The operators (56) with the above cocycle structure satisfy a natural ex-
tension from rational to complex parameters of the notion of a Generalized
VOA as described in Chapt. 9 of [5] and utilized in [3]. In this case, the op-
erators (56) obey creativity and translation with Heisenberg Virasoro vector
and satisfy a generalized Jacobi identity as follows

Theorem 4.4 The vertex operators Y(u® e®, z) € Lin(M, M)|[[z, z7]] sat-
1sfy the generalized Jacobi identity

_ —CM’ﬂ —
W (052) (B2 e veeda

20 20

20 —20

I _
—C(a, B)zy* (22 Zl) J (22 Zl) V(w®e 2) YV(u® e, )

= 8 (TR Yos e e e ) (2 Z°)Q(O) (o)

22 22

for allu®e®, v ® e’ € M with cocycle structure (57) and (58).

13



Proof. The proof is similar to that of Theorem 3.5 of [3]. Using (49)

Vu®e* )V, z)(wee)
= 22 800 BY (a0, 20)Y (Y (B, —21)u, 1)
Y (o, 20) Y (B, 22)Y (0, 22) Y (8, 22) (w @ €7)
= 297207 (2 — 2)*P e2ePY (a, 20)Y (Y (B, —21)u, 21)
(5 22)Yi (o, 21)Y (v, 22)Y (B, 22) (w @ €7)
= ziw D7 (21 — 2)*P eePY (a, 21)Y_(B, 22)Y (Y4 (B, —21 + 22)u, 21)
Y(Vi(a, 21 = 22)v, 22)Yi(a, 20) Yo (B, 2) (w @ €7),

using (43) and (44). Thus

—ap
! ( - ) 5 ( - ) V(s e, )V (0@ P, 29)(w @ )
_ 0720076V (0, 2)Y (B, 20)

Y(Y (67 _ZO)u ZI)Y(YJr(C“?ZO)/U’ZZ)

@0 (*57)

Yoo, 21)Y4 (B, 22) (w @ €7),

0

using & (“;—”) (z1—2)" =0 ( - Zz) 2y for any integer n. Similarly, we find

= Zgﬁsz y e ﬁ a,21)Y_(0, 22)

Y (
_15( — )Y(Y+(a 20)v, 22)Y (Y (B, —20)u, 1)
Yia, 20)Y5(B, 22) (w @ e7).

Hence on applying the Jacobi identity for the Heisenberg VOA, the left hand
side of (64) applied to w ® e gives

210 (le_zo) 2y e PY (v, 20) Y (B, 22)
2

Y (B, z2)Yi(a,21) Y (0, 20)(w @ €7). (65)

for B=Y (Y, (0, —z20)u, 20) Yy (v, 20)v.

14



In a similar way

YV (V(uw®e, 2)(v® e?), 2) (w®e?)

= 25 e(0, B)Y (Y-(a,20) B® e, 25) (w @ €7)

= 0P AT VexeBY (B, 20) Y. (a, 22)Y (Yo (v, 20) B, 22)
Yi(a,20)Y (5, 22)(w @ €).

Employing (46) the right hand side of (64) applied to w ® e therefore gives

-y
21 — & 21 — % . . .
2yt ( ! 0) ) (—1 0) 208 (2 + 20)* 7 257 e%e”

z9 Z9
Y (B, 29)Y_ (a0, 20 + 20)Y (B, 22) Yy (v, 20 + 20) Y1 (5, 22) (w ® €7).(66)

Finally, using the identity

5 Z1 — 20 Z1 — 20 H_(S Z1 — 20 Zo + 2o "
z9 z9 N z9 21 ’

for k € C, we find that (65) and (66) are equal. Thus the theorem holds. [J

4.2 Skew-Symmetry and an Invariant Form

In order to formulate a generalization of skew-symmetry (13) and (29) ap-
plicable to Y(u ® e*, z) we firstly define for formal parameters z, K

(_Z)n — eiﬂ’Nﬁzn’ (67)
where N is an odd integer parameterizing the formal branch cut.
Lemma 4.5 The operators Y(u ® e®, z) satisfy the skew-symmetry property
Vu® e, 2)(vee?) =e ™80 (a, B)e VYW@’ —2)(u®e®). (68)
Proof. Using (29), (47) and (63) we have V(u ® e, 2)(v ® €°) is given by
V(u®e®, 2)efv
= Cla, )" V(A(B, 2)(u @ €%), 2)v
= C(a, B)e’ e VY (v, —2) A(B, 2) (u © e®)

= C(a, B)eHVPY (B, =2)Y (v, =2) Y (8, —2)2" P (u @ ¢*)
= ¢ mNOBC (@, ﬁ)eZL(_l)y(v ®e’, —2)(u®e*). O

15



We next introduce an invariant form (, ) on M associated with the Mdbius
map (6], [13], [14], [15]

0 A A2
< em™N A1 ) s mﬂ (69>

for A # 0 and with N of (67). Usually for a VOA we have e~ = —1 and
one takes A = £+/—1 since only integral powers of formal parameters occur.

In the present case we define the adjoint of the vertex operator Y (u ® e®, z)
by

2,(0
VWuoe,z) = Y[ IO ,)\ v (u® e*) .)\2 . (70)
’ eimN 5 T i 5

In particular, for a Heisenberg generating vector a* we have

Y(al, 2) = Z a”(n)z‘”_l, a”(n) = (=1)"*"IA\*"q'(—n). (71)

This implies

Vi(a,2) =Y <a, —%2) . (72)

We also note that e==2"*L() (em—’\Nz)QL(O) (u ® e%) is given by

a2 2L(0)
A _ A
(e—m‘N_) e 2L(1) (<__) u) ® e
z z
a? 2L(0)
DY _ A
_ <€—z7rN_> e—z)\ 2L(1)604'q (__> U
z z
2 2L(0)
_ A
>e—z)\ 2L(1) (__> U
z

oG 22
_ (e—mN_> e 1Y, (a, —
z zZ
a? 2 2L(0)
_ (J@) (n (% A_) R (_3) ) e
z z zZ

16



where a? = o - @ and using (48) Hence we find

Y(ue )(w®6”)

— ( —iTtIN > < —itN > aY, (&,_A_2>
y4
2L(0) 9
% <Y+ ( ) efz)\ 2L(1) ( i) u, _)\_)
z z ¥4

Y, (a, —/\;) (w®e)

2
_ )\2a-(a+7)*a2 (6i7rNZ>fa-(a+'y)Y7 <a7 _)\_)
z

2L,(0) 2
Y <€—z>\—2L(1) (_i) u, _)‘_>
z z

)\2
Y, (a, ——) e*(w®e)
2

2 2
= 2 Oy_ (a —)\—> Y (u, 2)Yy (a —)\—>
z z

'e—z'7rNOc(0))\204(0)—042 e® (w ® G’Y).
Thus using (71) and (72) we have
Vi e, z) = 2207y (o, 2)Y T (u, 2) Y (a, 2)e, (73)

where we define

af

e — e—inoa(O))\2oz(0)—o¢ e (74>

Definition 4.6 A bilinear form (,) on M is said to be invariant if for all
u®e*, veel, w®e’ € M we have

(V(u®e®, 2)(v@e?), w®e? ) = e ™PC(a, B)(v@el, YV (ue®, 2)(w®e) ).
(75)

We choose the normalization (1,1) = 1. For a = 8 = v = 0 (75) reverts
to the standard definition® of an invariant form on the Heisenberg VOA M!
which is unique, symmetric and invertible [13]. In general, we have

Lup to an additional A\ dependence arising from definition for the adjoint in (71).
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Proposition 4.7 The bilinear form (,) on M is unique, symmetric and
wnvertible with

(0@ weer) = e(B,—B)IN " dgm0(v,w). (76)
Remark 4.8 From Lemma 4.2 we note that we may choose €(3,—(3) = 1.

Proof. Since (a(0)(v ® e®),w ®@e’) = —(v ® €, a(0)(w @ €7)) it follows
that

(vl wee)=0ds,0{veel wee”).
Applying (74) we obtain

(vl we”) = (fr,ue™®)
(v, (w@e))
= €3, =N (v, w).
But €(8,—p8) = e(—=f3,5) from (60) and (v,w) is symmetric, unique and
invertible so the result holds. [J

Remark 4.9 The necessity for the external factors on the right hand side of
(75) is apparent when we consider

(o, ) v @e*P wee)
(o, B)e(a+ B, —a — BN D5 o (v, w).

On the other hand (75) implies that this is also given by

(e*(v@e’)uee’) = e
€

e ™NBC (a, ) (v @ e’ e T (w @ e))
_ €—i7rNa~ﬁO(a7 ﬁ)e—inou(a—H/))\a2+2a-76(a’ ,7)< VR 6’6, we ety >

= C(a, B)e(a, —a — B)e(B, =N D50 gim0(v,w).

The equality of these expressions is equivalent to the identity (e®ef)e =P =
Cla, B)e’(e¥eF).

18



5 Lattice Vertex Operator Superalgebras

In this section we apply Theorem 4.4 to the example of a lattice VOSA V, for
an integral Euclidean rank [ lattice L. We construct the g-twisted module for
a Vp automorphism g generated by a Heisenberg vector in terms of Heisenberg
modules so that the twisted Jacobi identity (19) is satisfied as a consequence
of Theorem 4.4. The relationship between this and Li’s construction [4] for a
g-twisted module is discussed We also consider a generalization from rational
to complex parameterized twisted V;, modules VOSA of a related generalized
VOA discussed in [3].

Let L be a Euclidean lattice of rank [ and define V;, = @, e M, with
standard cocycle commutator e.g. [7]

Cpr, pz) = (—1)rretwines, (77)

for uu1, 2 € L. Define parity on V7 by p(u®e*) = pu*> mod 2 for u®@et € Vr.
Then Theorem 4.4 implies that (Vz, ), 1,w) is a VOA for L even and a VOSA
for L odd with invertible invariant form (75) obeying

(Vu®e", 2)(v@e™), we™) = (~1)1(vee, Yiuee), 2)(wed)).
Consider the automorphism
g = e—27ria(0)’ (78)

generated by the Heisenberg vector —a - a € V;, for any a € C'. Clearly
M, is a g eigenspace for eigenvalue e ?™**#. Let Vi, = ®uerM,tq so that
e :Vp — V. We then find using Definition 2.4 that:

Proposition 5.1 (V1,,)) is a g-twisted V-module.

Proof. Theorem 4.4 with commutator (77) implies that

25 (222 ) Yuw e )y e ) w @ o)
0

— (=1 <Z2—_ Zl) V(@ e, ) V(e z)(wo et

_ pa-o _
=5 (B20) (B0 e e e s s )
(79)
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for u®et, vRet2 € Vi, and w®e!3t* € Vi . The result holds on comparison
with (19) where p = —py - . O

Using Lemma 63 we immediately find that Proposition 5.1 is equivalent
to Li’s construction for the g-twisted module for V7, [4]:

Corollary 5.2 (Vii,,Y) = (V5. Y,) as g-twisted Vi,-modules where
Yy(u® e, 2) = V(Ao 2)(u ® ), 2)

For the Heisenberg basis and Virasoro vector we obtain g-twisted modes

ag(n) = (") 'a'(n)e”
= az(n)+o/‘ n0; (80)
Ly(n) = (e")"'L(n)e”

1
= 52 ag(n+m) - ay(—m) :

= L(n)+an)+ 50425”70, (81)

satisfying the original Heisenberg and central charge | Virasoro algebras. In
particular, the grading is determined by L,(0) = L(0) + a(0) + 2a?.

For each Heisenberg vector « - a we may also construct a C-graded VOSA
(V,V,1,w,) with the original vector space and vertex operators but with a
new ‘shifted’ conformal vector w, = w — a(—2)1 [16], [17]. The C-grading is
determined by L,(0) = L(0) + «(0) with twisted Virasoro modes

Lo(n) = L(n) + (n+ 1)a(n),

satisfying the Virasoro algebra with central charge ¢, = [ — 12a2. Thus we
find [17]

Co, )

2 L(0) — —

24 s(0) 24’

a fact that has been usefully exploited to relate shifted and twisted partition
and n-point functions [17], [18].

La(O) -

We conclude with a generalization of one of the main results of ref. [3]
where a generalized VOA is constructed from an extension of a simple VOA V'
by Heisenberg generated g-twisted modules with rational parameters via Li’s
construction. Applying this approach to V7, the generalized vertex operators

20



act on g-twisted modules {V,,} in our notation. Applying Definition 3.3 of
ref. [3] to the VOSA V, with ¢, = e=*? we define the vertex operator

Yo(u®@ e, 2)(v @) = o gV (0, 2)V(WalA(B, 2)(u @ ), 2)
Ao, —2)p(v @ e77), (82)

for pu1, ptp € L. Since A(a, —2) = Y, (a, 2)(—2)*® we must employ the formal
branch parameterization of (67) to find

Ya(u ® 6a+#17 Z)(U ® e#2+ﬁ> - eiﬂNa.lQE(:U’h M2)Y— (:ul +a, Z)Y(U, Z)

e N2 e (11 1)
€(p1 + a, g + )

Substituting into Theorem 4.4 results in

Proposition 5.3 The vertex operators Y,(u®e“*, z) satisfy the generalized
Jacobi identity

20 20

n
Zo—l <21722> 12 ) <Z1722> Ya1 (u ® 6‘“1+a1, Zl)YOcQ (U ® 6‘”2+a2, 22)(10 ® 6#3+a3)

V(u® e 2)(v® et2th),

n
—Chazy <M> “s <M> Yo, (v ® €272, 29) Yy, (u @ e 2 ) (w @ ets73)

20 —Z0

_——
— 251 <zl—zo> 3 5 <z1—zo> Ya1+a2 (Yal(u ® €u1+a17 zo)(v ® 6“2"'0‘2), 22)(w ® eu3+a3)

z2 z2

where

Na = —Qp-0g— Uy~ 02— H2-Qq, (84)

s = —0q- Q3 — 103 — Uz - 0aq, (85)
and with commutator
Cig = elmN(@rna—azm) (_q)uing, (86)

Choosing the branch? (67) with N = 1 Theorem 5.3 extends Theorem 3.5 of
ref. [3] from rational to complex parametrized twisted modules of a VOSA

2This branch choice is an unstated assumption in eqn. (3.30) in the proof of Theorem 3.5
of ref. [3]

21
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Vy.. Furthermore, it is clear that the commutator factor of e™N(1#2—a2:m)
arises solely from the branch choice made in (82). In fact, we may modify
Defn. 3.3 of [3] and (82) by replacing the A(a, —z) operator by Y, (a, )z
in order to define a new vertex operator

Yalu® e+ 2)(v@e'™) = yo gV (0, 2) V(a8 2)(u® e +1), 2)

Yo (a,2)22 (0 @ e210). (87)

These operators satisfy the generalized Jacobi identity (83) with the standard
lattice parity commutator Cyp = (—1)##3,
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