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NEAR SYSTEMS O - N VARIETIES.

(F. Capocasa - F. Catanese )

Introduction.

Let [' be a discrete subgroup of C™ : then the study of the I'-

periodic meromorphic functions on C" can be reduced to the study of
the space of sections of holomorphic line bundles L on the quotient

complex manifold X = C"/T" , called a quasi-torus.
Furthermore, one can reduce ( cf. eg. [C-C], expecially pages 62-
65 ) oneself to consider the case where

1) X is a Cousin quasi-torus ( also called a toroidal group ) : this
means that HO(X,OX) = € , and implies in particular that

the Z-rank of I' equals n+m, with 0<m < n,
and

2) L is a positive line bundle, ie., the alternating form
c (L) : T x ' = Z given by the first Chern class of L can be obtained

as the imaginary part of a positive definite Hermitian form H on C"
(ie., ¢, (L) = Im(H)/r < T ).

In fact, ( cf. e.g. [A-G] and [C-C]) a quotient Cousin quasi-torus X

= C"/T 1is said to be a guasi-abelian variety if the following

equivalent conditions are satisfied

i) there exists a positive line bundle L on X

ii) (Generalized Riemann bilinear Relations) there exists a Hermitian
form H such that

iia) H is positive definite on Cn .
iib) Im(H)/ - Z
I'x [

1ii) X has the structure of a quasi-projective algebraic variety
1v) there exists an aperiodic meromorphic function on X.

The main difference with the classical case of Abelian varieties,
which are the X's as above which are compact, is that here the
Picard group of line bundles can be infinite dimensional ( cf. [Ma],
[Vol) , and there are the so called non linearizable bundles. So,
whereas in the classical case the sections of line bundles can be
explicitly written down in terms of the so called theta functions,



here it is not completely solved the problem of determining the line
bundles which have non zero sections.

In [C-C] we showed that this problem would be solved if one
could prove the following conjecture ( 3.22 in [C-C])

if L is a positive line bundle, then He(X,L) = O .

Moreover, we showed that this conjecture would imply Lefschetz
type embedding theorems for quasi-Abelian varieties .

This conjecture had been proven by Cousin ( [Coul) in the special case
m = 1 by constructing explicit Weierstrass products.

With different methods (essentially Nakano's vanishing theorems
([Na]) for positive line bundles on weakly 1-complete manifolds) ,
Y.Abe ( [A2] ) reproved Cousin's result and showed moreover the
existence of a (non explicitly given ) positive integer r such that if L is

positive and ¢,(L) is divisible by an integer d = r , then Ho(X,L) is

infinite dimensional in the case where X is not compact.

The main purpose of this paper is to obtain all the analogues,
both of the classic embedding theorems of Lefschetz and of its recent
improvements, in the non compact case of quasi-Abelian varieties.

First of all, using Abe' s result and a descent trick, we show
that Abe's result can be improved to yield r = 2.

Secondly,we prove the best possible Lefschetz - type results :

Theorem A . If d | ¢cq(L), withd 2 2, then H(L) is base point free.
Theoremm B . If d | ¢4 (L), with d 2 3, then H(L) gives a projective
embedding of X.

The present theorem B is indeed even better than the
"conditional” theorem 3.26 of ([C-C]) .
But we can do even more, showing the analogue of a result of
Ohbuchi ([0O], ¢f. also [L-B], page 88) :

Theorem C . If 2| ¢1(L) then HO(L) gives a projective embedding of X

unless the linearized bundle B associated to a square root of L yields a
polarization (X,B) which is reducible with one factor (X4q,L1) yielding

a principally polarized Abelian variety.

We would like to remark that in the non compact case, as we show
in 2.4, we encounter the further difficulty that Poincare's complete
reducibility theorem does not hold.



On the other hand, although we are able (see later) to solve the
above conjecture only in special cases, we show new evidence for its
validity.

Firstly, in fact, via the descent trick, for every subgroup I ¢ T

such that the pull back of L on X' = C"/I"" has Chern class ¢,{L)

divisible by an integer d > 2, we show that there exists a

representation X: F/r'—> C* such that, if MX 1s the flat bundle on X

associated to X , then HO(L®MX) = 0 ( this follows from prop. 1.1,

cor.1.2, and thm.1.3, as remarked in 1.4 ).

This shows that the positive line bundles with sections have a
"positive probability” .

Secondly, we show that the conjecture holds true under some mild

assumption ( cf. theorem D).

We also hope that the conjecture can be attacked in this way from
the point of view of representation theory of finite groups , although
in some infinite dimensional spaces .

Finally , in section 2, we pose some new guestions.
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1. Sections of 1li b - i ifo

Proposition 1.1 Let L be a positive line bundle on X and let " C I be a

discrete subgroup s.t. Ho(m*(L))= 0 on X' = Cn/I"" where m: X' — X
is the canonical projection. Then there exists a representation

x: T/T'—= C* such that, if M, is the flat bundle on X

associated to Y , H°(L®MX) = 0 ( and indeed infinite dimensional if

He(mt*(L)) is such) .

Proof. Let G = '/ be the kernel of m . Then the bundle L' = n*(L) is
G-linearized ( cf. [Mul]) and



Ho(L") = Ho(m*(L) ) = Ho(Lem (0,)) = & H°(L®MX)

XSGV
where GV is the group of characters of G, GY = Hom (G,C*) and My

1s the flat line bundle associated to the representation of Wl(X) =T
induced by ¥X: G . C C* via the epimorphism I' : =G = /.

We can conclude that there exists a X € G s.t. H9(LeM_,) = 0.

X
Q.E.D.
Corollary 1.2, Let L be a positive line bundle. Then there exists a flat

torsion bundle F s.t. HO(L®F) = 0 (and it is indeed infinite dimensional
if X is not compact).

Proof. Letr : X — X be the multiplication by an integer r. By the
result of Abe ((A2], thm .64 ) L' = r*(L) has non zero sections (and

has infinite dimension if X is not compact) if r >> 0, since ci(L') B’
ci(L). We can thus apply proposition 1.1.
Q.ED.

With a similar technique we can prove the following result :

Theorem 1.3, Let L be a positive line bundle on X s.t. d | ¢,(L), with

d > 2. Then Ho(L) = 0(and it is indeed infinite dimensional if X is not
compact).

Proof. Recall first of all that any line bundle L is associated to some
cocycle In gl (r, @*ﬂ:n) of the Appell-Humbert normal form

kU(Z) = p(¥) exp(-i n [ H(z,¥) + 1,5 H{x,¥) | + lJJb,(z) )

where we have chosen coordinates in C" such that " = Z' @ Az™M

and LPb,(Z) is F + Z™ periodic , F being the maximal complex

subspace contained in Rel’ ¢ C? (F = (Im A) €™ ),
The cocycle of L is sald to be linearized if by = 0 for all ¥el.

[t is known (cf. eg. [C-C] , thm 2.4.) that a linearized line bundle has
an infinite dimensional space of sections if it is positive.

In particular, a flat line bundle is linearized with Hermitian form

H = 0 ( p is here a character and not merely a semicharacter ).



Under our hypotheses, we can write L = Blder , where B 1s linearized
with Chern class equal (1/d ) cl(L).

By the above result HO(Bd-1@ & ®MX) = 0 for a suitable flat torsion

line bundle MX. But, being B linearized, B®(MX)_1 is also linearized

and thus, by the previously quoted results, it has non zero sections.

Therefore also B4 1ol ®I\/IX®B®(I\/I%)_l = [ has non zero sections,

as we wanted to show.

QED.
Remark 1.4. As a corollary, in proposition 1.1. , the hypothesis
HO(n™(L))= 0 can be replaced by the condition that c, (m*(L)) is

1
divisible by d > 2.

This remark supplies us with many examples of subgroups of I
which satisfy these hypotheses.

Let { € s By s By fi’ — fh+k } be a Frobenius basis of T,
le., a basis in which Im(H)/r <« T is expressed by an alternating
matrix A

0O 0 O

A = 0O 0 D

0 -D O
where D is a diagonal matrix of order h+k , D = diag( dl’ ., th{ ),
s.t. di | di+l , and we assume dl’ o dh =1,d = dh+1 > 1.
If " is the subgroup of T generated by { e @ dgi, o dgh’gh+l’

o Bl ,fl,... ’fh+k} , then is easy to check that ¢, (m ™ (L)) is divisible

by d.

1

[heorem A. Let L a positive line bundle on X. If d | Cl(L)’ with d 2 2

then HO(L) is base point free.
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Proof. Write L = Bder , where B is linearized and &£ is a topologically
trivial line bundle.
By virtue of Prop. 1.2, there exists a character X s.t.

HO(B® L ®MX) = 0 ; moreover also HO(B®MX_1) = 0 and HC(B) =0,

since they are positive linearized bundles.
Let F as above be the maximal complex subspace contained in R®T".
Here and in the following we shall often, by slight abuse of notation,

use the same symbol for vectors and subsets of C" and and their
image in X under .

IfaeF,let T :X —X be the traslation by a and set (Ta)*(B) =B,
Notice that (Ta)*(ﬁ) =L because the cocycle of L is given by F-
periodic functions, and also (Ta)*(MX) = MX'

Let o be a non zero section in HO(B® L ®MX)’ S, a non zero section

in HO(B®MX_1) , and Sz, .. 54 TION Zero sections in HO(B) .

It is straightforward to see that ﬂi=2,..d 3 (z—a.1 ) - 0(z+a2 tay )

.a,inF.

1s a section of L for each choice of a q

2 ]
Assume that exists a point z s.t.

> - - - N d._l
(=) TTiz2,..d s (z a ) cr(z+a2 *lay )= 0 for all (a2 , Ay )in F

Then one of the d above holomorphic functions must be identically
zero on z+F, call it s . But, since F has dense image in K = RI[" /T (cf.
[Mo] ), and the smallest (complex) analytic set containing z + K is X |
s should be identically zero on X, which is a contradiction.

QED.

[heorem B, If L is positive and d | Cl(L)’ with d 2 3, then H°(L) gives

an embedding of X In a projective space.

Proof. We can first decompose L as L = Bdel with B linearized and

positive and then , setting L' = Bi®Ll ®MX where i=lor 2,1 =d

(mod?2), and ¥ is a suitable character , decompose L = L' ® N2

where N is linearized and positive and H°(L") = O .
Note again that , forain F, if i + 2§ = 4, then

~ E AL * 2
L= (T, )" @ (T_ )" N)



Claim [ Let B_ be the base locus of H°((T_a)*(L')), aekF:
then the intersection A= N B = &.
atlk Ta
Proof. ‘Ba = BO +a,whence, ifzeA, thenz+tF C A |, [2]+K C

[A] and finally [A]= X , a contradiction.

a
Claim Il . The sections of L give a local embedding at any point x of
X. .
Proof. We can assume that a is generic, thus if s is a non zero

section of H%(L) by claim I, s ( x + 2ja ) is non zero.

[t suffices thus to show that for generic a , the sections of
HO((T_ia)* N) 2) give a local embedding at x .

By the same argument as in claim 1, it suffices therefore to know

that the locus Z of points where the sections of H®( N2 ) do not give a
local embedding is a proper analytic subset of X.

Otherwise the sections of HO(N?) would give a map with positive
dimensional fibres . This is contradicted by the following

Claim II' . The sections of HO(N?) give a map with no positive
dimensional fibre .
Proof. Let x and y be points in one such fibre.

Since N 2 = (Tb)*N ® (T_b)* N , for each b in X (N being linearized),

we find that for each divisor D of a section of N, for each b in X , if %
liesin D + b , then either D - b contains v, or D + b contains y.

le., for each d in D ( set b=x-d ) then D contains either v + x -d , or
y - x + d . Whence either (TY+X) (-D) =D, or (Ty_x) (D) = D.

The conclusion is that the group of translationsof D, {t| D+t =D}
has positive dimension for all such D.

Let now X' be a quotient Abelian variety of X such that the linearized
bundle N pulls back from X', and let D be the pull back of a divisor D’
of a section of N' on X' ( cf. e.g., prop. 2.8 of [C-C] ). Then also D' should
have a positive dimensional group of translations, contradicting the
fact that this group is well known to be finite, N' being a positive line
bundle . ad

Claim 111 . The sections of L separate'pairs of points x = vy of X.



Proof. Similarly, it suffices to show that for generic a the sections of
Ho((T_ia)* N) 2) separate x and y , i.e., the sections of HO(N?2)

separate x+a and y+a for generica in F .

Otherwise, for every section f of H°( N ) , let D be its divisor.

Then one would have that for each a in F and each b, if D +b
contains x+a , then either

i) D + b contains y + a , or

ii) D - b contains y + a .

Incaseil) , for eachdin D, and each ain F |, if we set b = x +a -d,
then y+atb = y+x+2a -d lies in D , whence D contains a translate of F,
what is a contradiction as usual.

Thus 1) holds, thus for each din D ,d + y -x liesin D, that is, D is
(y-x) periodic.

If X is compact , this is not possible, otherwise ( ¢f. [L-B! ) all sections

of H°(N) would pull back from a quotient of X, contradicting the
Riemann-Roch formula. In the non compact case, we use prop. 2.8 of
[C-C] , by which there exist quotients Xl’ X2, such that

1) N is a pull back of a line bundle I\Ii on Xi

2) ker ( X —>X1XX2)=O.

Since Xi is compact, there exists an aperiodic section of HO(Ni) for

1=1,2 ; whence (x-y) maps to 0 in Xi’ and it follows from 2) that x=vy.

QE.D

One may ask whether the above results (Theorems A,B) are the best
possible ones . The answer is yes, and it suffices to look at the case
where X is compact and L gives a principal polarization, i.e., when all
the elementary divisors di are equal to 1 .

In fact, in this case, H°(L) has only one non zero section, whereas

HO(L?2) yields a 2 to 1 map (more precisely,c.f. [L-B] , pages 99-101, for
suitable choice of the origin, an embedding of the quotient of X by
multiplication by -1).

This exception reproduces itself as follows :

Definition 2.1  Let (X,L) be a pair, consisting of a quasi-Abelian
variety and a positive line bundle . Then (X,L) is called a polarized
quasi-Abelian variety , and is said to be reducible if there exists two



similar pairs (Xi L ) i=1,2 such that (X,L) E(Xi,L1)®(X2,L2) , what

means that there exist homomorphisms T X —>Xi such that nt

*(L,) .

1

X1, 1s an isomorphism , and L E‘l'cl*(Ll)@‘rr

Otherwise, (X,L) is said to be jrreducible.

2 2

Remark 2.2 Let (X,L) be E(Xl,L1)®(X2,L2) , where Xl is compact
and L2 1s trivial . Since X2 is quasi-Abelian , there are no noncostant

functions on it, and by the Kunneth formula (or by the Leray
theorem) H°(X,L) -“—.'HO(Xi,L

space. This example shows that theorem 8.2 of [A2] is incorrect, the
error lying in the unproven assertion that , for each n, L is the pull
back from an Abelian variety of a line bundle with Pfaffian bigger
than n .

1) which 1s a finite dimensional vector

It follows easily that any (X,L) can be written as a product of
irreducibles (Xi'L1)® ...... ®(Xr’I"r) . Moreover, by the Kunneth

formula, such a decomposition gives to the space of global sections the
structure of completed tensor product

o] ~ Q ~ A0
H°(X,L)= H (Xl,L1)® ...... ®~H (Xr,Lr) .

Therefore, if one such factor is a principally polarized Abelian
variety, then again the generalized Lefschetz theorems A, B cannot
be improved. To obtain improvements , it suffices in the classical case
to assume that the pair (X,L) is irreducible ( or that it does not have
a reduction with a principally polarized factor).

But, in order to show that in some cases a polarization is reducible,
an important tool to study Abelian varieties is Poincare's reducibility
theorem . We show here a partial extension of it , and in the
following example we show that it does not hold in general for quasi-
Abelian varieties.

Proposition 2.3 Let (X,L) be a polarized quasi-Abelian variety, and
assume that X" is a sub-Abelian variety. Then there is a closed sub
quasi-Abelian variety X' of X such that the natural map of X"xX" to
X is onto and with finite kernel.

Proof. Let X = V/T", X" = V"/T"" , and let V' be the orthogonal to V"
with respect to a positive definite Hermitian form representing c4(L) .

Since ['" spans V" as a real vector space, if weset " =T n V', I"
equals to the orthogonal to I'" with respect to cl(L) . H being positive
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definite on V" | the rank of I'" plus the rank of ["" add up to the rank
of ' , thus I' / ' + ['" is finite and our assertion is proven.

QED.

Example 24 lLet X be a generic C* -extension of the product of two
elliptic curves, and consider the projection f : X = E , where E is the
second elliptic curve. Then

i) X is a quasi-Abelian variety

i1) X" = ker(f) is a Cousin quasi-torus , whence quasi-Abelian

iii) f does not split

iv) if L' is a line bundle of degree 1 on E , and L is the pull-back of L,

then ho(L) =1.
v) X is not isogenous to X" x E.

Proof. We can assume that X = C3 /T, where ' = Z3 @ Z(b,t’, O)t

®7(d,0,7)t . Then f is induced by the third coordinate function in C3 .
By pulling back a polarization on E'xE |, we get a hinearized bundle
whose Hermitian form is positive definite on the maximal complex
subspace F of RI" (spanned by the imaginary parts of the last two
given basis vectors of I' ) . Whence, i) and ii) are verified if both X,
and X" are Cousin, which follows ( ¢f. eg. [C-C]) , 1.5) if b and T are
linearly independent over Q.

ii1) : if f would split, then there would be two vectors in ' whose third
coordinates would respectively equal 1,7 , and which should be C-
linearly dependent. In particular ,if we assume that multiplication by
T does not give an endomorphism of E', there should exist integers
n,n such that n"'t = n +d , which can be excluded by assuming
T,1,d to be Q-linearly independent.

iv) follows now from ii) since L is trivial on the fibres of { (isomorphic
to X") , and every holomorphic section is constant on the fibres of f
whence every section of L pulls back from a section of L' on E.

v) : otherwise X is isomorphic to X"xE" where E" is a finite covering
of E, and then there would exist an integer h such that there would
be two vectors In [' whose third coordinates would respectively equal
h, ht , and which should be C-linearly dependent. We proceed as in
step iii). '

O
The preceding example shows moreover ( by iv)) that in the next
proposition neither the result of 2) can be improved,nor can be
relaxed the hypothesis of positivity in 3).

Proposition 2.5 Let D be the divisor of a linearized line bundle L on a
quasi-Abelian wvariety. Then
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1) if D is reducible as D':L + e + D'r, then there is another divisor in |D|

reducible as Di + o + Dr’ with Di the divisor of the linearized bundle

Bi assoclated to D'i )

2) If IDl = {D} ( ho{L) =1) , then there is a principally polarized Abelian
variety (X',D'), and a holomorphic map f : X— X' with connected fibres
such that D is the pull back of D" .

3) If D is positive and ID| has a fixed part, then the polarization (X,D)
is reducible with one factor being a principally polarized Abelian
variety.

Proof. 1) :if D'l. is the divisor of a bundle Li , then (cf. [C-C], pp. 64-
65), there is a semi-positive definite Hermitian form Hi of maximal
rank , representing the first Chern class of Li , such that the image

Fi of I" into '\/'/kerHi 1s discrete. Then , if X'i = (V/kerHi)/Fi , Li pulls

back from a positive bundle Li' on X'i (the pair (X'i, L'l.) is called the
reduction of Li ) : the same holds for its linearization Bi ,which
therefore has a non zero section, whose divisor we choose as Di .
2) : As in 1), consider the reduction (X',L') of L. L' is linearized and

positive, and with ho(L') =1 ,therefore (X'|L") is a principally polarized
Abelian variety. Assume that the projection f of X to X' has
disconnected fibres. Then ( the fundamental group of X' being Abelian)
f factors through an Abelian variety Y which 1s a finite covering of X'

of positive degree . This contradicts ho(L) =1.
3) : let H be a positive definite Hermitian form corresponding to the
linearized bundle of L .
By prop. 2.8 of [C-C], there exist lattices I, I'" , whose intersection is
[', such that the imaginary part of H is integral on those lattices.
It follows that there are projections of X to polarized Abelian varieties
X' (resp. : X") such that L is a pull-back of the respective polarization.
Let ® be the fixed part of [D| . By 1) , @ is a linearized divisor and if
p: X —Y is the reduction of ® , then, by 2), Y is a principally
polarized Abelian variety.
Since p factors through both projections to X', resp. X", it follows by
the decomposition theorem ( cf. [L-B] , pp. 77 and foll. ) , that there
are splittings of both the projections ' : X' =Y , " : X" =Y .

Write X = V/T' , Y = W/A : then these splittings give an

isomorphism of W with the H-orthogonal of V° ( V° being the tangent
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space to Z = ker p) and this isomorphism carries A into the
intersection of I'" with I'" .

Whence, we have obtained a splitting ¥ — X of p, giving an
isomorphism of X with Z x Y. So L is a tensor product of two pull
backs of linearized bundles from the two factors . The second cne
must be the given principal polarization, whence 3) is proven.

QE.D.

Theorem C . If L is a positive line bundle, then the sections of HO(LZ2)
give a projective embedding of X if and only if the linearized bundle
B associated to L does not yield a polarization (X,B) which is reducible
with one factor (Xl’Ll) being a principally polarized Abelian variety.

Remark 2.6 The corresponding result for Abelian varieties was
proved by Obuchi ([O], cf. also [L-B], page 88).

Proof of theorem C As usual, by virtue of Prop. 1.2, there exists a
character ¥ s.t. HO(Bo L ®MX) =0 , and HO(B®MX_1) = 0.

Moreover, by our assumption, both spaces have dimension at least 2
(infinite in the non compact case). We let D' be the divisor of a

generic section of HO(B®L ®MX) = 0 , and D the divisor of a generic

section of HO(B®MX-1) .

By our usual argument, for fixed x and generic a in I, x does not
belong to D + a (neither to D' + a).
Step | : let x and v be distinct points of X . [f x and y are not

separated by the sections of HO(L2) | then, for every a in F, and D,D'
as above, it follows that if D+a contains x , then either

i) D'-a contains v , or

ii) D+a contains y .

Sublema 2.7 : Let A be a k-dimensional linear system of divisors C
IDl,where k > 1, and let F be as usual the maximal complex subspace
of RTC . Thenif A = {(D,a) ID+acontainsx} C A xF 6 Alis
irreducible if A restricted to x + F has a fixed part B which
contains no divisor.

In any case, A contains a unique irrreducible component Ahor
mapping onto F.
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Proof : A is a Pk-1-bundle over F - B' . Let B be the base locus of A
and set in =FnNn(x-B). Since A is a divisor in A x F , the only

possibility that A is reducible is that ‘.BX has a component which has

codimension 1 in F . .
In this case, though,where B N (x + F) = B' contains a divisor, we let

Ahor he the closure of the above Pk-l-bundle over F - B' .
O
There are only two cases :

Case A) : A is irreducible .

Case B) : A is reducible and the analytic Zariski closure of B' in X
does not contain a divisor ( else , [D| would have a fixed part,
contradicting 3) of proposition 2.5) .

In both cases, either i) holds for each pair (D,a) in A hor or ii) does.
1) is absurd, since then y-a belongs to the base locus of |D'| for each a ,
and this base locus should be the whole of X, a contradiction.

We can thus assume that ii) holds for each pair (D,a) in A hor |
In case A), this means that for each D in ID| , if x-a is in D , then also
y-a is in D . Equivalently, translation by (y-x) carries D N (x+F) to D
N (y+F) . By lemma 2.8, both sets are analytically Zariski dense in D.
Therefore, any such divisor D is (y~x) periodic. As we saw in claim III
of theorem B, this is impossible.
In case B) , the above holds if we replace D N (x+F) by D n (x+F) - B".
But, since the analytic Zariski closure of B’ does not contain a divisor,
this smaller set is again Zariski dense in D.

O

Step Il : Assume that the sections of HO(L2) do not give a projective
embedding of X at x,and let v be a tangent vector at x which is in
the kernel of the differential . Since for generic D' and a , D' + a does
not contain x, it follows that for all a in F in case A) , for all points in
F - ‘BX in case B), it holds that if D contains x-a, then v is tangent to

D at x-a. But since we have thus ,as we saw, a Zariski dense set in D,
it follows that D is invariant by translation by the subgroup exp(v).
This should hold for any D in the linear systemn |D]. But since D is
linearized, it suffices to take a divisor D which is a pull back of a
positive divisor on an Abelian variety to derive a contradiction.

Q.E.D,
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Lemma 2.8, If D is an irreducible divisor in a quasi-Abelian variety,
then D N ( n(F) ) is analytically Zariski dense in D (whence the same
conclusion holds for every divisor).

Proof The proof will be carried out in three steps .

Step 1. DN ( n(F)) is not empty.
Step 2. If K is the maximal compact subgroup of X , K = RI'/T,
DN ( t(F) ) is dense in DNK.

Step 3. If D N K is not empty, its analytic Zariski closure is a divisor,
whence it equals D ( by irreducibility) .

1) : it suffices to show that the volume of F N m~1(D) is infinite.
To this purpose, we consider the line bundle L associated to D , and

we consider a cocycle in nl (T, G*G:n) in Appell-Humbert normal
form

k (2) = p(¥) exp(-i/5 [ H(z,¥) + 1,9 H(¥,¥) ] + qu’(Z) ) .
D is the divisor of a section of L , i.e., of a function f(z) solving the
functional equation f (z + ¥) = kb,(z) f(z) .
The existence of a non zero section f implies that the Hermitian form
1s semi-positive definite and non zero on the maximal complex

subspace F contained in ReC ¢ C" ( cf. eg. [C-C], thm .3.20) .
In particular, the trace of a Hermitian matrix representing the
restriction of H to F is strictly positive.

We choose now ( cf. [C-C], page 49) apt linear coordinates (u,v) in C",
i.e., such that F is the subspace {u=0}, R[C ={Imu=01},and I =
7™ @ Q7?™ | with the matrix Q = (Q %, Q Yt such that Q
defines a lattice in F .

We let, for q in (z2m )2m P(q) C F to be the fundamental
parallelotope Qv - q- (Q), Q being the unit cube .

F n m-1(D) is defined by the equation f(0,v) = 0, and if P' is a

parallelotope, the function w(P) = vol (P' N F n ©w1(D)) is
calculated, by the Poincare’ Lelong equation , by

(2.9) w (P) =(1/2mi) Iap' ( dlog (f) ~ nm-1) | n being the standard

Kahler form on F .

Now , call Fk the k-th initial face of P = P(q) , and Fik the

codimension 2 initial face of P ( that is, the image of the points of Q
where the i-th and k-th coordinates are zero) .
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We can split the integral w(P) as a sum over the corresponding initial

and final k-th faces of P, Fk and F'k ( they differ by translation by

Qv Tq = (b’k)V ). We can actually find a ¥, in [ such that ¥, =

k k
(b’u,QV . qk) with ¥, n the unit cube.
We can write our volume as follows

w (P) = Z oy (1721 [—ij + jF.k] ( dlog (f) ~ mm-1)
and the individual integrals can be written as

(1/2mi) ka ( (dlog (f(O,v + Q, qk)— dlogf(0,v)) ~ pnm-1),

Whence, rewriting the last integral as
(1/27i) IFk ([dlog £(0,v+Q  q)- dlogf((0,v+Q  q))-¥ )] +

{dlogf(-(ls’k)V , v)-dlogf(0,v)} ) ~ nm-1 we see (as in [Coul) that the

second term is bounded by a constant times the volume of Fk times

the diameter of Fk times the norm 1(b’k)v | ( this follows by the

functional equation and uniform continuity on the unit cube) .
Whereas, by the functional equation, the first term equals

(1/211) IFk ([dlog k_,((0,v+Q g )] ~ nm-1) =

¥
(1/4m) J‘Fk dH((0,v+(¥)) )8 ) ~anm-1) =

~ -1

(1/4m) IFk dH((0,v),¥, ) ~nm=1).

In turn , we can use again Stokes' theorem and write the last
integral as a sum on the codimension 2- faces of Fk , thus we get

z ) Anm-1)

i =k i=1 .2m (1/4) jFik H((Ki) , ¥

\% k

We multiply now the matrix q by an integer h , and we look at the
asymptotic behaviour of the volume w ( P(hq)) .

Then , since by the density of m(F) the lim inf of I(?fk)V | is zero, the
first term is such that its lim inf is o ( h2m),
Whereas the first term 1s asymptotic to
2
Zl. <k ik=1,.2m (1/4m) H((b’i)v , (Kk)v) VOI(Fik ) h2m,



16

The leading term 1s homogeneous in the vectors (b’i)v ,and

semipositive definite being a volume calculation ( minus a lower
degree term , when we take the lim inf).

We only need to show that it is not identically zero.

But if it were so, then it would be identically zero for all choice of 2m
vectors (Vi) in F . In particular , we choose an orthonormal basis

(Vi) for the Euclidean metric on F for which the symmetric bilinear

form S given by the real part of H is diagonalized.
In this particular case, our expression reduces ¢

Zl. +k  ik=1l, . 2m (1/4m) H((v.l) , (vk)) , whose real part is just the

trace of the symmetric semidefinite form S .
But since H is non zero, also S is non zero, whence this trace is
strictly positive.

0O

2) : assume that we have a point of DNK . By changing the u-
coordinates up to translation, we assume this point to be (0,0).
Since f(0,v) is not identically zero, by the Weierstrass preparation
theorem we can assume that f is a pseudopolynomial around the

origin (v = (v, ..v)), fluv)=v 4+ % aluv)v d1 with the
m-1 m 1 m

ai(u,v') 's vanishing at the origin .

By the density of n(F) in K, there are points X, = (uv ’Vv) in m(F)

tending to (0,0), i.e, locally at the origin the subspaces { u =uv] belong

to m(F).
Fix now any v, ,and v’ : since f 1s monic in Vo ,there is a root which

tends to O as soon as u,, ,and v’ tend to zero.

But this proves that our peint in D NK belongs to the closure of
m(F)ND.

3) : Take a point in DNK , notation being as above.

Let 8(u,v') be the discriminant of f(u,v) with respect to v_ -

Since D is reduced, § is not identically zero, whence it is not
identically zero for u real and v’ arbitrary.

Assume that g (u,v) is holomorphic and vanishes on DNK.

We know that, modulo (f), g is equivalent to a pseudopolynomial r of
degree < d-1. Now r is identically zero on DNK , but for generic u
real, v’ arbitrary, f has d distinct roots : whence r 1s identically zero.
This shows that the analytic Zariski closure of DNK contains an open
piece of D, and thus the whole of D being D irreducible.
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QE.D,

Problermn 2.9 Given a positive line bundle L on a quasi-Abelian
varlety, does there exist a section of L. whose divisor of zeroes is
aperiodic 7

Problem 210 Let (X,L) be an irreducible polarized non compact

gquasi-Abelian variety . Do the sections of HO(L) give a projective
embedding of X 7 Or, at least, a generically injective map 7

Remark. The last problem is motivated by recent interesting work of
Debarre, Hulek and Spandaw, ( [DHS] ) concerning polarizations of
type (1,.1,d) on Abelian varieties.

For every subgroup [ of [ as in 1.3, there exists, as we saw, a flat

torsion bundle M st. HY(L®&M _,) = 0. If one believes in some sort of

X X

continuos dependence upon L of this X , this implies evidence for the
above quoted conjecture 3.22 of [C-C).

At least this fact shows that in the set of line bundles with a given
positive Chern class ( which, in the non linearizable case, is
parametrized by a complex quasi-torus times an infinite dimensional
vector space ( cf. [Vo])) , the set ¥ of bundles admitting a non zero
section 1s such that its translates by certain points of 2-torsion fill

the whole space , thus its "probability” is bigger than 2™n .
To prove the conjecture, it would suffice to show that

HO(m™ (L) = & v HO(L®MX) , as a representation of the abelian

X €@
group G, contains all the characters of G¥ = (I'/T")

We can prove the conjecture under a mildly restrictive
hypothesis.
Given a positive line bundle L , with elementary divisors dl’ s

dh+k’ with dl’ e dh =1,d-= dh+1 > 1, we choose a Frobenius basis

{ € v s € By s By fl, o, fh+k } as we did after remark 1.3,
and we let ' be the subgroup of I' generated by { €1r s 8 dgl, -,
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dgh,gh+1, o Bk ’fl"“ ’fh+k} , 50 that, if X' = Cn/T" and m: X — X

is the natural projection with kernel G = I'/T" = (Z/d)h then
cl(‘rr*(L)) is divisible by d.

Definition 3.1 Given a positive line bundle L on X call a covering m :
X' — X as above a big covering .

[f we have a big covering with kernel G as above, associated to a

Frobenius basis, we have an embedding of the dual group G~ of G
inside the maximal compact subgroup K' of X' and ,via m , in K C X .
In fact, it suffices to let

-1 -1
& s e - d fl‘ .., d fh’fh+1"” ’fh+k} , and then

>/ = Gy, I'*/I"=Gx Gv .
If the line bundle L is linearized, then L' = m™(L) is isomorphic to

Ty*(L') for yin Gx Gv ¢ X

[*={ €, @

In the general case ,this holds in particular if, given a cocycle In
Appell-Humbert normal form
k,(2) = p(¥) expl-ijp [ Hz¥) + 1,5 HON T+ ¢ (2)),

the additive cocycle QJK(Z) is d-1 f, -periodic for i=1, .., h.

3

Theorem D. Let L be a positive line bundle on X such that there
exists a Frobenius basis of [ for whose associated big covering m : X'

— X , with kernel G, the line bundle L' = m*(L) is isocmorphic to
Ty*(L') for yin G x G¥ .Cc X' . Then Ho(L) = 0 (indeed, infinite

dimensional if X is not compact).

Proof. As usual, consider the standard Heisenberg group H'(G) =
{(v,p) | yin G x G¥C X',p an isomorphism of L' with Ty*(L')}.

We have a central extension 1 — C* —-H'(G) —» G x Gv — 0.
Correspondingly, we have the finite Heisenberg group H(G) ,a
subgroup of H'(G) for which, Mg C C* being the group of d-th roots of
unity , we have another central extension

1—>ud—>H(G)—> G xG¥y - 0.
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Clearly Ho(L') = 0 is a representation of H'(G) and of H(G). Every non
zero section of Ho(L') lies in a (finite dimensional) irreducible

representation W of H(G) . Since the centre of H'(G) acts on HO(L') by
the standard character , it follows , by the Stone-von Neumann

theorem ( cf. [Mu3]) , that W is the representation L2(G) .
In particular, there is a non zero G-invariant section in W . This

section descends to a non zero section of Ho(L), as we wanted.

QED,.
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