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Abstract

S. Yamamoto developed an elegant way to represent iterated inte-
grals involving the forms dt/t and dt/(1—t) using 2-labeled posets. We
show how Yamamoto’s description leads to a “standard expansion” of
any multiple zeta-star value (*(nq,...,ng). If ng # 1, this expansion
shows that the difference between (*(nq,...,n,) and the multiple zeta
value ((ng,...,n1) is a sum of products of multiple zeta-star values
and multiple zeta values. The standard expansion also leads to proofs
of various identities for multiple zeta-star values, some known and
some new.

1 Introduction

In [12], S. Yamamoto introduced an elegant formalism for writing iterated
integrals. Let (X, d) be a 2-labeled poset, i.e., a finite poset X together with
a function § : X — {0,1}. Call (X, ) admissible if §(x) = 1 for all minimal
x € X and d(z) = 0 for all maximal elements of X. Given an admissible



2-labeled poset (X, ), the associated integral is

/ TT wseo (t2) 1)

where A(X) = {(tu)zex € [0,1]%| t, <t,ifz <yin X}, wy(t) = £, and
wi(t) = %. Then admissibility ensures the integral is convergent, and the
usual iterated integrals representing multiple zeta values are those associated

with a chain (i.e., totally ordered set). For example,

dt, (™ dt dt s qt
[{ar > 22 > &5 > 74)) / 1/ 2/ 1 3t/ L —¢31),
— 3 Jo Lz

where a bar over an element x indicates that §(z) = 1. What makes this
formalism useful is the following result of [12].

—_

Theorem 1. Suppose X is an admissible 2-labeled poset. Then
1. If Y is another such poset, then I(X 11Y) = I(X)I(Y).

2. For incomparable elements a,b € X, let X, be X with the additional
relation a < b. Then I(X) = I[(Xa<p) + 1 (Xp<a)-

3. If XV is X with the reversed order and the new labeling function §Y
given by 0¥ (x) =1 —9(x), then I(XY) = I(X).

Yamamoto pointed out that several variant types of multiple zeta values
are expressible as I(X) for appropriate X. Most important for this paper,
the multiple zeta-star value (MZSV)

1
*
k- k) = Z kiiks ik,
i1 >ip> iyl U b2y
is I(X) for
X={Z1 <@ < - <Xpy, > Tpyq1 < Thpaz < < Tpygy > -
> Ty oty 41 < Thyotby_g 12 <0 < Dy oty -

In §2 we will show how this description of multiple zeta-star values, together
with the use of Theorem 1, allows us to obtain for any admissible string s
what we call the “standard expansion” of (*(s) as a sum of terms (*(r){(s)

2



plus one (if the last element of s exceeds 1) or more (otherwise) terms ((t). In
§3 we show how the standard expansion gives simple formulas for all MZSVs
of weight n and depth n—2. We also show how to obtain identities for specific
MZSVs: in §4 for (({2,{1},}m, 1) and (({{2}m,1}n) (where {s}, means n
repetitions of the string s), in §5 for (*({2},,3) and ¢*(3,{2},), and in §6
for ¢*({3,1},,3) and ¢*({3,1},,2).

2 The standard expansion of MZSVs

We shall identify a 2-labeled poset with its Hasse diagram, with the labels
indicated by using solid points for elements having label 1 and open points
for elements having label 0. For example, the 2-labeled poset {7; < 2y <
x3 > T4} is represented by

£

From now on we abbreviate “admissible 2-labeled poset” to “poset.”
We note a particular use of parts 1 and 2 of Theorem 1. Suppose P is
a poset and u,v € P with v > u so that removal of the relation v > u
disconnects P into components U,V with v € U and v € V. Then parts 1
and 2 imply that
I(P) = I({U)I(V) = (ULLV )y,

where as before the subscript indicates an added relation. We call such a
move “cut and subtract”.

We already noted that if P is a chain, then I(P) is the multiple zeta value
((w), where w is the word formed by reading P from top to bottom with x
for each point labeled 0 and y for each point labeled 1, using the notation of
[3]. Now we consider a 2-labeled poset of the form

P={%y<m >u; >uy>- > ut,

where the u;, 1 < i < k, can be either barred or unbarred. (We call such a
poset a hanger.) By using part 2 of Yamamoto’s theorem we can see that



where w is the word formed from reading from x; to wug, replacing each by x
or y as before, and D(w) = y W w — yw (We note that D is the derivation of
$° sending = to zy and y to y?). For example,

I ﬂj\ ) = ((D(a?y)) = C(zyzy + 22%y*) = ((2,2) + 2¢(3, 1).

More generally, we call a 2-labeled poset without branch points a snake;
note that admissibility requires a snake to have label 1 at each minimum and
label 0 at each maximum. The 2-labeled poset corresponding to a MZSV is
a particular kind of snake (which we call a well-groomed snake) in which all
the labels in ascending parts are 0’s and all the labels in descending parts
are 1’s.

Given a word w € $°, there is a snake P so that (*(w) = I(P). There
are two cases.

1. The word w ends in xy. This corresponds to the case where the right
“tail” of P is pointing up.

2. The word w has the form w'y, for w’ € $°. This corresponds to the
case where the right “tail” of P is pointing down.

Now starting at the right, make a cut in P at the position farthest left so
that the right fragment is a chain. Then do a cut and subtract operation, so
that

I(P) = I(P)I(Py) — I(Py)

for Py, Py, Py snakes so that P; is well-groomed and P; is a chain. (Note
that this means I(P;) is a MZSV and I(P,) is a MZV). Now repeat the
process for Pj; although P; need not be well-groomed, it can be cut at a
point further to the left than P was so that the right fragment is a chain
and the left fragment is well-groomed. Eventually the left-over part from cut
and subtract will either be be a chain (corresponding to the first case) or a
hanger (corresponding to the second case).

We illustrate the process for the examples w; = x3yz?y’zvy = (4,3,1,2)
and wy = ¥yr?yry® = (4,3,2,1), corresponding to cases 1 and 2 above. The
respective posets are



For the first example we have

C*(AI’B’LQ)]W)IW 2)1W>
C*(4>371)<(2)_1W§ )+ I( )

= C*(4> 3, I)C(Q) - C*(4> 3)C(27 1) +1 (% g ) - I( )

= C*(47 37 1)C<2) - C*(47 3)<(27 1) + C*(4>C(27 17 3) - C(27 17 37 4)

Note that (1) each cut is to the left of a solid dot, so that number of cuts
required is £(w;) —1; and (2) the last term is (—1)““)=1¢(y R(w, )y), where
R reverses words.

For the second example we have

=301 B : >+1m>
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= ("(4,3,1)¢(2) — ¢"(4,2)¢(2,2) +f(jfn& g ) — f(/\\\)
= C*(4> 3, I)C(Q) _C*(47 2)((27 2)+C*(47 I)C(3> 2)_I ( % % )_I—] ( /N

= ("(4,3,1)¢(2)=C1(4,2)¢(2,2)+C (4, 1)¢(3,2) ~C*(3)¢(2,3,2)+1 ($ g )1 ( )

= C*(4> 37 I)C(Q)_C*(4v 2)((27 2)+C*(47 I)C(3> 2)_C*(3)C(27 37 2)+C*(2)C(37 37 2)

= ("(4,3,1)C(2)—¢"(4,2)¢(2,2)+¢"(4,1)((3,2)—¢*(3)C(2, 3, 2)+¢*(2)¢(3, 3, 2)
—((2,3,3,2)—((3,2,3,2)—2¢(4,1,3,2)—((4,2,2,2)—2¢ (4, 3,1,2)—2( (4, 3,2, 1).

Note that (1) each cut is to the left of an open dot (except the leftmost one),
so the number of cuts required is |ws| — ¢(ws) — 1; and (2) the last term is [
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applied to a hanger, which is (—1)I*2I=¢w2)=1¢(D(wyy~')) by the discussion
above.
We therefore have the following result.

Theorem 2. Let w € H°.
1. If w ends in xy, then
¢*(w) + (=)™ ¢y R(w)y),

where R(w) is the reverse of w, can be written as a sum of {(w) — 1

terms of form ¢*(u)C(v).
2. If w = w'y with w' ending in y, then
¢(w) + (=)D (), (2)

where D is the derivation defined above, can be written as a sum of
lw| — l(w) — 1 terms of form *(u)((v).

In the examples above, w; = 23yx?yxy has y ' R(w,)y = xy*x23y (just
the reverse in the sequence notation), and wy = z3yx?yzy? has

D(wh) = zyrlyriyry+atyryatyry 223yt yry+adyeyry ey + 203yt yt ey
+ 2x3yx2y:c2y2,

corresponding to the expansions above.
Remark. The expression (2) above can be written in the alternative form

¢F(w) = (=) g (ywy ™),

where (, is the shuffle regularization [§].

3 MZSVs of large depth

The usual expansion of MZSVs in terms of multiple zeta values, e.g.,

¢*(4,3,2) = €(4,3,2) + ¢(7,2) + ¢(4,5) +¢(9) (3)

grows longer with depth. Using the standard expansion of MZSVs we can
get results that are the opposite, i.e., they are simplest when the depth is

7



large. We shall also need the sum theorem for multiple zeta values, which

implies that the sum of all MZSVs of weight n and depth d is (Zj)( (n).

Now for n > 2 there is only one MZSV of weight n and depth n — 1, namely

(2 {1 1), 50 G2 {1ha1) = ("0)¢(n) = (n — 1)C(n). Corresponding to
weight n > 3 and depth n — 2 there are n — 2 MZSVs, i.e.,

C*(Sv {1}n—3)7 g*(27 27 {1}n—4)7 ] C*(Qv {1}n—57 27 1)7 g*(27 {1}n—47 2)

We can use the standard expansion to find three-term formulas for all of
these. First, the standard expansion of (*(3,{1},_3) = (*(z*y"?) is

C*(3,{1}ns) = ¢*(2)¢(n = 2) = ((D(2’y" ™))
=¢(n) +¢(2,n = 2) +¢(n = 2,2) = C(zyzy" 7 + (n — 2)¢(2"y" 7))
=¢(n) +¢(2,n = 2) +¢(n = 2,2) = (2" Pyay) — (n = 2)¢(a" %)
=) +¢(2,n=2) = (n-2)C(n—1,1).

Similarly, for ¢*(2,2,{1},_4) = ¢*(zyzy"3) we have
2

¢*(2,2,{1}n-1) = C*(2,1)¢(n — 3) — {(D(zyzy™ ™))
3)¢(n—3) = (Ray’zy" " + (n — 3)zyzy" ™))

¢
2
2
2

n)+2¢(3,n—3)— (n—3)¢(n—2,2),
and the pattern continues down to
C2An-52,1) = (n = 3)C(n) + (n = 3)¢(n — 2,2) = 2¢(3,n = 3).
If we add the n — 3 equations obtained so far, noting cancellations, we have
G 3 ham) + €22 () €2 {12 1) =

(" 7)ot + c2in=2) — (n = 2)¢(a - 1.0

Now the sum of all n — 2 MZSVs of weight n, depth n — 2 is (Z:;)C(n) =
("_1)C(n), so it must be the case that

2 A1 n-1,2) = (n = 2)¢(n) + (n = 2)¢(n — 1,2) = ((2,n — 2).

This proves the following result.

¢l
¢(n) +2¢(3,n — 3) +2¢(n — 3,3) — 2((a""ya"y) — (n — 3)¢(x
¢

"Syzy)



Theorem 3. Let n > 3 be a positive integer. Then for 0 < j <n — 3,

¢y’ 2y 7)) = (1)) +(G+1)C(+2,n—j—2)—(n—j=2)¢(n—1—j, j+1).

Remark. The same strategy works for weight n, depth n — 3, etc., but
the results don’t fit such a simple pattern. The following, however, is true:
MZSVs of weight n and depth n — d can be written in terms of multiple zeta
values of weight n and depth at most d. As a demonstration of the utility of
this technique, we give in the Appendix formulas for all MZSVs of weight 9
as rational polynomials in {(2), ..., ((9), based on existing tables of multiple
zeta values (as computed by Bigotte et. al. [2]). While these could have been
computed from equations of the form (3), this would be extremely tedious
for the larger depths. In fact we used the standard expansion for depths
exceeding 4.

4 Formulas for (*({2, {1},}m, 1) and ¢*({{2},n, 1},)

In this section we give a new proof of a result first proved by Zlobin [15]
using generating functions; it also follows from the cyclic sum theorem for
multiple star-zeta values of Ohno and Wakabayashi [10]. We then give a
“pictorial” proof of a result of Zhao [13] on the way to establishing a formula

for C*({{2}m, 1}n).

Theorem 4. For nonnegative integers n and positive integers m,

CH2Antm 1) = (n+2)¢(m(n +2) + 1).

Proof. We induct on m, with m = 1 being (*(2,{1},11) = (n + 2)((n + 3):
this follows from the sum theorem for multiple zeta values. Now suppose
the result holds for m < M, M > 1, and consider the standard expansion of

({2, {1} }ar, 1) = C((ay™t1)My). This can be written

-1

Z Y2 A )+ 23) + (=DM D ((@y™ M) (4)

J=1
Now

@((Iyn+1)M) — (n + 2)x"+2y(:1:y"+1) -1
+ (n + 2):):"+1y:)3"+2y(:)3y"+1) -2 N (n + 2)($yn+1)M—1xyn+2



whose dual is
(n+2)[(z"+1y)M_19:y"+2 + (:c"+1y)M_2x"+2yz"+1y+- X -+x"+2y(z"+1y)M_1],

so by duality of multiple zeta values the last term of expression (4) can be
written

(=DM (n+2)[¢C(n+3, {n+2}ar— 1)+ (n+2,n+3, {n+2}pr—o)+- - - +C({n+2}ar—1, n+3)].

The preceding term of (4) is (—1)M72¢*(2, {1}41)C({n + 2}as—1), which by
the induction hypothesis and stuffle product is

(=DM (n+2)¢(n+ 3)C({n + 2} 1) =
(=DM (n+2)[¢(n+3, {n+2} -1 +C(n+2, 43, {n+2} ar_a)+ - -+ ({n+2} ar_1, n+3)
+C2n+5,{n+2}y o)+ -+ {n+2}y_9,2n+5)],

and combining the two leaves
(=D +2)[C2n+5,{n+2}y—2) + -+ (({n+ 2}ar—2, 20 + 5)].

Now combine this with the next term in (4), namely

(=DM CE{2 A 2, DC(n+2}a-2) = (=) (n42)¢(2n+5)C ({n+2}ar-2),

and continue in this way to obtain the conclusion. O

We now give a pictorial proof of [13, Theorem 10.9.4] which, unlike the
proof in [13], does not rely on the two-one formula (for which see below).
We use two facts: (1) part 3 of Theorem 1, which says that I(P) doesn’t
change when P is flipped top-to-bottom; and (2) I(P) = I(P), where P is
the left-to-right reversal of P (since P and P represent the same poset).

Theorem 5. For positive integers m,n,
1o ({2hm, 1L {2}n) = C({2}m, D ({2}0) — C({2}n-1, 3, {2}m)
2. ({2t 1, {2}0, 1) = ({2}, ({2}, 1) = ({2}, 1, {2}, 1)
3. C({2hm, 3, {2}, 1) = ({2 )C({2}n1) = C ({21, 3, {2}, 1).

10



Proof. To keep the pictures simple we assume m = 2, n = 1. In each case
we make a single cut and subtract move. For the first part,

c*<z,z,1,z>=z<m\p>=1<M2>—I<W>=

I(Mi)—f(% >:1<M2>—I<jW’ ) = C(2,2,1)¢7(2)—C*(3,2,2).

For the second part,

C*(272717271):](% ):I(M &)_I(M ):

I(M .P\. ) - I(% ) = C*(2727 1)C*(27 1) - <*<27 172727 1)

For the third part,

C2.2321) = TIRRE ¥ ® )= (AR % ) (AR ) -

](W f\.p ) - ](W ) = C*(27272)C*(272) - C*(273727271)'

O

Taking n = 0 in Theorem 4,

C({2hm, 1) =2¢2m + 1). (5)
Using this with part 2 of the preceding result, we have

C{2bm, L A2t D) + ({2}, 1, {2}, 1) = 4C(2m + 1)C(2n + 1)

which in the case n = m becomes

C({2hm 12}, 1) = 2¢(2m + 1)*. (6)

Using the two-one formula of Zhao [13, Prop. 10.8.3], we can extend Egs.
(5) and (6) as follows.

11



Theorem 6. For positive integers m,n,

1941 13%4315%45! - - -

C{{2tm 1}n) =

11+3i3+5i5+--=n

Proof. By the two-one formula,

C({{2}ms 1}0) = 2°C2({2m + 1},.),

where we have expressed the right-hand side using Yamamoto’s interpolated
multiple zeta values [11]. Since by [4, Eq. (8.7)]

Z 2i1+i3+i5+...g(a)i1C(3a>isg(5a>i5

12121'31313'51525' s

¢:({a}n) = 2"

11+3i3+5i5+--=n
the result follows. O

Remark. The case m =1 is proved as [6, Eq. (39)] by another method.

5 Identities for (*(2,...,2,3) and (*(3,2,...,2)

Lemma 1. .
DT (2b)C({2)) = C{2)).
j=1
Proof. Apply the standard expansion to (*({2},). O

Theorem 7. Forn > 0,

C*({2},,3) = 2(2n+1—(n+1)272"" 1) (2n+3)—4 zn:u—2—2"+2T—1)§(2r+1)g(2n+2—2r).

r=1
Proof. From the standard expansion we have

n

C({2}n,3) = D (=1 C(12}a-)S(3,{23),

=0

where in the last term ¢*()) means 1. Now from [13],
¢(3,{2}) = —42 "(1=27)rC(2r+ )C({ 2 1) +2(= 1) [2+1-(+1)277 ¢ (25+3).

12



Hence
({2}, 3) = C"({2})¢ 422 (1= 272)r¢(2r + 1)¢C ({23 5)C ({2} j11-1)
+2Z P2k 4+1 — (k4 1)27%71¢(2k + 3)C* ({2}ns)-

In the double sum change the order of summation and then use the lemma
to get

—42 — 272 ¢ (2r + 1) ({2} ng1—r)-

Thus we have

({2, 3) = C({2})CB3) - 42 (1 =272")r¢(2r + D¢ {2}nr1-r)

r=1

+2 Z B2k 4+ 1 — (k4 1)27%71C(2k + 3)¢C* ({2} i)

= ("({2}n)C(3) = 3¢(3)¢({2}n) Z —27)r¢(2r + D¢ ({2}nr1-r)

—4 (—1)7” [r — % — 7“2_27} Cr+1)C* ({2} neri1)+H2(=1)"[2n+1—(n+1)272""1|¢(2n+3)

= —20(3)¢C*({2}) Z ({2 ner 1) C(2r+1)4+2(—=1)"[2n+1—(n+1)27 21 (2n+3)
= —4 2(1—2—2"+2T—1)§(2r+1)§(2n—2r+2)+2(—1)"[2n+1—(n+1)2—2"—1]§(2n+3),

where in the last step we used the identity (*({2};) = (2 —2*7%)((2j). O

Remark. The preceding result can be deduced from results of [4] and [7] as
follows. From [4, Theorem 13] follows

n+1

ZC*({2}]'—1,3> {2}ns1-5) ZC (2 + D ({2 nr1-5),

13



which when compared to [7, Theorem 2], i.e.,

n+1

YUY 3 {2 y) = 20+ D)1= 2720 + 3) — %C*({2}m 3),

j=1
gives the result.

Theorem 8. Forn > 0,

C(3.A2bn) = Y dag(n — k+1)(1 = 27272 ((2n + 3 — k)(({2}0)

k=1
— (n+1)(4n — 24+ 272")((2n + 3),

where {a,} is the sequence of rational numbers defined by a; =1 and

o [0 RE )

forn >1.

Proof. We use induction on n, the case n = 0 being immediate. From the
standard expansion,

n

¢*(3.423) = (=173 {23a-i)C(12)) + (=1)"¢({2}n, 3).

7j=1
From [13] we have

n

C({230,3) = D _(=1)72r(2r — 1)C(2r + 1)C({2}n110)

r=1

— (=D)™(n+1)(4n — 2+ 272 (2n + 3).
Hence by the induction hypothesis, (*(3,{2},) is

Z Z Y M ai(n—j—i+1)(1-272 ) C({21)C({2}))¢ (204320 -25)
+ Z (n—j+1)(A(n —j) —2+27")((2n — 2j + 3)C({2})

n

+3 (=120 (2r = 1)¢(2r +1)C ({2 ns1-r) — (1) (dn—2+272")C (2n+3).

r=1

14



The coefficient of ((2n + 3) is evidently correct. Now collect the terms con-
tributing to the coefficient of ((2n — 2k + 3)(({2}x), 1 < k < n, noting
that

(20 +25+1)! 20+ 254+ 1\ C({2}i+5)
211)C(1255) = = . 2 ivi) = . 1
The conclusion then follows from the definition of the sequence {a,}. O
The sequence {a,} begins
7 31 381 2555 1414477
- =, — 2
Y 37 3 Y 5 ) 3 Y 105 Y 866857
Thus, e.g,
. 1143 155 441 255
17925
— ———((11).
55 ¢ (11)

Remark. We note that by the results of [13] and multiple zeta value duality,

1. the multiple zeta value of any argument string consisting of n 2’s and
a single 3 can be written in the form

coC(2n+3) + Y ¢;C(25)¢(2n + 3 — 2§)
j=1
with ¢; € Q, 0 < 7 < m;

2. the multiple zeta value of any (admissible) argument string consisting
of n+ 1 2’s and a single 1 can be written in the form

coC(2n+3) + > ¢;¢(25)¢(2n + 3 — 2j)
j=1
with ¢; € Q, 0 < j < n.
By using the standard expansion, both statements remain true if “multiple

zeta value” is replaced by “multiple zeta-star value”.

15



6 Identities for (*(3,1,...,3,1,3)and (*(3,1,...,3,1,2)
From the standard expansion we have

¢"(3,1,3) = ¢"(3, 1)C(3) = C*(3)¢(3,1) +¢(3, 1, 3)
¢"(3,1,3,1,3) = ¢"(3, 1,3, 1)C(3) = €"(3, 1, 3)C(3, 1) + ¢*(3, 1)€(3, 1, 3) = ¢"(3)¢(3, 1, 3, 1)
+¢(3,1,3,1,3)
¢*(3,1,3,1,3,1,3) = ¢*(3,1,3,1,3,1)¢(3) — ¢*(3,1,3,1,3)¢(3,1) + ¢*(3,1,3,1)¢(3, 1, 3)
—¢*(3,1,3)¢(3,1,3,1) + ¢*(3,1)¢(3,1,3,1,3) — ¢*(3)¢(3, 1,3, 1,3, 1)
+¢(3,1,3,1,3,1,3)

and so on. These relations imply

[Zg ({3, 13" +> ({3, 1}4,3 t4"+3] [Zg {3.1})t" = > ({3, 1}, )t4"+3]

n>0 n>0 n>0 n>0
is an even function. Theorem 1 of [1] gives
t4
4n+3 3 4n

D B, L, 3 =2 T ({3, bt Y C(4m + 3) ( 4) ,

n>0 n>0 m>0
so it follows that

t\"
* 371 . t4n 4 * 3’1 n73 t4n+3 1— t3 4m + 3 <__)

[;C({ fn) ;C({ Jns3) mZ:OC( A

is even. Multiplying this out, we have that

SC3 ) — 23 CUB S ((dm + 3) (‘tz)

n>0 n>0 m>0
™
t3 * dn 46 * 4n v
HE53 B 1, B — 18> ({3, 13, 3)E D C(4m + 3) ( 4)
n>0 n>0 m>0
is even, and hence that

D OCUB 3 =) (B 1) Y D ((4m + 3) ( i)

n>0 n>0 m>0

We have proved the following result.
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Theorem 9. Forn > 0,
n k
(3103 =3 (=) Stk + 3B
k=0

In connection with the right-hand side of Theorem 9, we note that the gen-
erating function
cosh(mt) — cos(7t)

sinh(7t) sin(7t)

S (B ) =

n>0

is obtained in [6, §6.1], and an explicit formula for ¢*({3,1},) in terms of
Bernoulli numbers was given earlier by Muneta [9]. Thus we have, e.g.,

265 981955
o (TG(8)+ e C(3C(12),

A similar formula can be obtained for MZSVs of the form ((3,1,3,...,3,1,2).
Again using the standard expansion, we have

("(3,1,2) = (3, 1)C(2) = "(3)C(3) + ¢(2,1,3)
€*(3,1,3,1,2) = ¢"(3,1,3,1)¢(2) — ¢*(3. 1,3)C(3) + ¢*(3,1)¢(2, 1,3) — ¢*(3)¢(3. 1, 3)
+¢(2,1,3,1,3)
¢*(3,1,3,1,3,1,2) = ¢*(3,1,3,1,3,1)¢(2) — ¢*(3,1,3,1,3)C(3) + ¢*(3,1,3,1)¢(2, 1, 3)
—(¢*(3,1,3)¢(3,1,3) + ¢*(3,1)¢(2,1,3,1,3) — ¢*(3)((3,1,3,1,3)
+¢(2,1,3,1,3,1,3)

*(3,1,3,1,3,1,3) = —6—14§(15)—|—65—4C(11)§(4)

and so on. This means that the coefficients of all exponents of the form #4712
in the product

[Z CUB )™+ ({3, 11, 282 4+ Y ({3, 1}, 3>t2"+3] X

n>0 n>0 n>0

L= C2AL3R) 2+ Y ({3, 1), 3)t4”+3] (7)

n>0 n>0

vanish. If we write

A(t) = C({3, 1)t

n>0

17



then Theorem 2 of [1] says that

Z C(2> {1a B}H)t4n+2 =

n>0

A >

m

(4m + 1)¢(4m +2) =4 " ((4f — 1)¢(4m — 45 + 3)

)

m>0 j=1

Setting
SO MR(CRINTE
n>0
and
m AN T

F(t) = Z (Adm + 1)((dm + 2) — 42((4]’ —1)((4m — 45 + 3) (—tz) ,

m>0 j=1

we can write the product (7) as

t) +*B(t) > ((4m +3) ( —) +) ({3 1 )t4"+2]

m>0 n>0

L+ £2CA(t) Y ¢(4m +3) <_Z) " LABTF() ],

m>0

and by an argument similar to that above we get

ZC*({?,, L}, 2)t* = A()B()TF(t) — t*A(t) (Zg dn + 3) ( 4) )

n>0

= A@)B(@) |F(t) —t* <Z<4n+3 (—i)n”
But
1 (;an < f)n>2:—;<—§)mi ;_144(4i+3)C(4j+3),

18



SO

F(t) — ot (Z ((4n +3) (—é)mf = 2 tmr et 2 (_g)m

m>0

> G312t = AW)B() > (4m + 1)¢(4m + 2) (—%) (8

Thus we have the following result (cf. [14, Theorem 10.9.5(i)]).

Theorem 10. Forn > 0,

D= X (—7) @0 2B,

In particular, ¢*({3,1},,2) is a rational multiple of i +2.

We note that

(cosh(mt) — cos(mt))* m A N 142371212 N
P snh(nt) sn(rt) | 60 | 5400 | 742996800 |

At)B(t) =

so it may be more efficient to read off the coefficients of the power series in
Eq. (8), e.g.,

©¢(2) 5¢(6) &t 9¢(10)  37x° 111
*(3,1,3,1,2) = - g - B

(10).

References

[1] D. Bowman and D. M. Bradley, Resolution of some open problems con-
cerning multiple zeta evaluations of arbitrary depth, Compositio Math.
139 (2003), 85-100.

[2] M. Bigotte, G. Jacob, N. E. Oussous, and M. Petitot, Lyndon words and
shuffle algebras for generating the coloured multiple zeta values relations
tables, Theoret. Comput. Sci. 273 (2002), 271-283.

19



[3] M. E. Hoffman, The algebra of multiple harmonic series, J. Algebra 194
(1997), 477-495.

[4] M. E. Hoffman, Quasi-shuffle algebras and applications, in Algebraic
Combinatorics, Resurgence, Moulds and Applications (CARMA), vol. 2,
F. Chapoton et. al. (eds.), European Math. Soc. Publ. House, Berlin,
2020, pp. 327-348.

[5] M. E. Hoffman and Y. Ohno, Relations of multiple zeta values and their
algebraic expression, J. Algebra 262 (2003), 332-347.

[6] M. E. Hoffman and K. Ihara, Quasi-shuffle products revisited, J. Algebra
481 (2017), 293-326.

[7] K. Ihara, J. Kajikawa, Y. Ohno, and J. Okuda, Multiple zeta values vs.
multiple zeta-star values, J. Algebra 332 (2011), 187-208.

[8] K. Ihara, M. Kaneko, and D. Zagier, Derivation and double shuffle rela-
tions for multiple zeta values, Compos. Math. 142 (2006), 307-338.

[9] S. Muneta, On some explicit calculations of multiple zeta-star values, J.
Number Theory 128 (2008), 2538-2548.

[10] Y. Ohno and N. Wakabayashi, Cyclic sums of multiple zeta values, Acta
Arith. 123 (2006), 289-295.

[11] S. Yamamoto, Interpolation of multiple zeta values, J. Algebra 385
(2013), 102-114.

[12] S. Yamamoto, Multiple zeta-star values and multiple integrals, preprint
arXiv 1405.6499.

[13] D. Zagier, Evaluation of the multiple zeta value ((2,...,2,3,2,...,2)
Ann. Math. 175 (2012), 977-1000.

[14] J. Zhao, Multiple Zeta Functions, Multiple Polylogarithms and Their
Special Values, World Scientific, Singapore, 2016.

[15] S. A. Zlobin, Generating functions for the values of a multiple zeta
function (Russian), Vestnik Moskov. Univ. Ser I. Mat. Mekh. 2005, 55-
59; English translation in Moscow Univ. Math. Bull. 60 (2005), 44-48.

20



Multiple zeta-star values of weight 9

Depth 2

C*(8,1) = 5¢(9) — C2)C(7) — C3)(6) ~ C(A)(5)
CH(7,2) = = ¢(9) + TCR)C(T) + 2(3)(6) + AC4)C(5)
CH(6,3) = 2¢(9) ~ 21¢2)C(7) — 6C(4)(5)

(5. 4) = —3C(9) + 35CT) + 5()(5)

CH(4,5) = 5(9) ~ 3¢(2)C(T) — 4C()C(5)

C*(3,6) = — 5 C(9) + 21C2)C(T) + C3)(6) + 6C(4)C(5)
¢'(2,7) = 5¢(9) ~ 66(2)C(T) ~ 2(3)(6) ~ 4CA)C(5)

Depth 3

CH(7,1,1) = ~22¢(9) + 3C(2)G(7) — SCBIC(6) + SCA)(5) + C(3)°
C(6,2,1) = T2C(9) ~ T1C2)G(T) + LCBICE) — 5CAC(5) — 5C(3)
CH(6,1,2) = 22(9) ~ TCR)(T) + 5¢B)C6) — Z¢(ACE) - 5637
CH(5.3,1) =~ 2C(9) + 17C2)(7T)  LCAC(6) — LCC(E) + ¢(3)°
C'(5,2,2) = ~2220(9) + 212)(7) — CRIC6) + L) + 2¢(3)
CH(5.1,3) = —=20(9) + TCR)C(T) + FCB)C6) — 5¢(AC6) — 5¢3)
CH(4,4,1) = 2(9)  1CR)CT) + 3EB)6) — 3¢

C*(4,3,2) = 221¢(9) ~ LICR)C(T) — 2C3)C(6) — ZC()(5) + 5C3)
C*(4,2,3) = 46¢(9) — 28CAC(T) + 2CRAC(6) — 56(3)°
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115

C(4,1,4) = £2C(9) — TCB)6) ~ 20 (4)(5) + 2¢(3)°
C1(3,5,1) = 5 2C(9) + 10C()A(T) + 2¢3C(6) + —CA(5) — 3¢(3°
C1(3,4,2) = —2210(9) + HCR)C(T) + 3C3)C(6) + ZC)(5) + 5C3)
C'(3,3,3) = 3C09) + 5CB)0) + 5¢(3)
C1(3,2,4) = ~59G(9) + 28C(2)C(T) + 2C(3C(6) + 5 CAC(5) — (3P
C'(3,1,5) = 2C(9) — TC)CT) + SCBICE) + 2C(A)(3) + <C(3)
CH(2,6,1) = T2C(9) — 1 3)(6) — 7 () + 5003
C'(2,5,2) = $2C(9) ~ 106(R)C(T) + ¢ CBICE) — 5C3)
C(2.4,3) = 220(9) + 4C2)(T) — CB)B) ~ ) — 33
C1(2,3,4) = ~220(9) ~ 3C(2)C(7) — B0+ 13C((5) + 5C(3)
C1(2,2,5) = 2220(9) ~ 106()C(T) — S CB)C6) — 96(4)C(5) + S¢(3)
C(21,6) = 2 2C(9) +4CR)CT) + 22 (3C(6) + JC(AC(5) — 5¢3)°
Depth 4
CH(6,1,1,1) = ¢(9) = 5C(T) — 5CB)C(6) — 2¢(4)C(5)
C(5.2,1,1) = =0 20(0) + L CR)CT) + ZC6) + o ¢(A)C)
C(5,1,2,1) = 156(9) — 20@)CT) + S2CB6) — FCACE) - 563
C(5,1,1,2) = = 2HC(9) + 12 CR)C(T) — S2CHA6) + 2 CAE) + 56(3)
C(1,3,1,1) = SEEC9) = )T — SCBIC6) — T CI) + 5¢(3)
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661 157 143

S5 C(9) = T C)(T) — S C(3C(6) + SCACE) +2(3)
2125 483

C'(4,2,1,2) = Z22(9) = TECRIAT) + B — ZE) - ()
1421 145

("(4,2,2,1) =

. _ 1 25 ,
(4181 = g 01+ 340N~ g0 ~ D)+
C1(4,1,2,2) = —220(9) + TCAT) — TeCBIE) — ZCE) + ((3)

C'(4,1,1,3) = HC(9) — T2 C)(T) + 15¢B)C6) — 56

C(3,41,1) = =22 0(9) + TG + 5 CRC6) + ) — ()P
C'(3,3,2,1) = 5.0(9) — LCR)(T) — = CBICE) + L CC(5) + 3P
C'(3,3,1,2) = ~25¢(9) + ¢RI + 2 CA)C)

C(3,2,3,1) = —1o20(9) + 5 CR)C(T) + SoC(B)C(6) — 6(3)°

C1(3,2,2,2) = —55C(9) + T2CR)T) + 1oCBIC6) + - C(A)(5)
C'(3,2,1,3) = ~2220(9) + TR + 2CB)E) + 3

CH(3,1,4,1) = S25C(9) = SC2)A(T) — T CB6) + L) + ()
C(3,1,3,2) =~ 3C(9) + S2C2)C(N) + 2CB)C(6) ~ C)C(5)

C*(3,1,2,3) = Z2C(9) — T¢I — 2B)6) + T CACE) + 5 6)
C(3,11,4) = =20 0(9) + T2 CRICT) + SC((6) — Z¢(5) — 5603

23



3019

¢(2,5,1,1) = 222¢(0) - 2B)C6) - D)) + )P

187 433

* _ 77 3
q (274,271)4—-‘1;§§‘C(9)igéész(3)C(6)%j"g‘C(4)C(5)%;‘1§(3)

" ) 5

(*(2,4,1,2) —-'i—C(9) —'—Ié—C(2)C(7)“?ﬁgC(3)C(6)'— 3§'C(4)C(5)

C(2,3,3,1) = T(9) — ~CBIE) + LC()(5) + 3 )

C1(2,3,2,2) =~ TC(9) + SCR)T) + 25 C(A)

C(2,3,1,8) = 20(9) — 0 C@)C(T) + CB)(6) — S¢(3)
C'(2,2,4,1) = 55009) — L C3)(6) — SCH(5) + 2 (3)

¢'(2,2,3,2) = T209) — T2 — 216A)C0)

C1(2,2,2,3) = Zo¢(9) — 2(2)A(T) — SCB)(6) — 5¢()(5)

C1(2,2,1,4) = T2 C(9) — TCR)C(T) — S BB — S CA)(E) + ((3)
C(2.1,5,1) = 12C09) + 2 CBIC(6) + 2CA)C(5) — ((3)°

C(2,1,4,2) = =7 2C(9) + ST + 12 CBIC6) + 5 C4)(5)
C(2,1,8,8) = T22C(9) — SLC)CT) + TCB)CI6) — C(4)c(5)
CH(2,1,2,4) = —220(9) + 2C2)(T) + B0 + L C(A)C(3) — ()
C(2.1,1,5) = 2 r09) — TECRCT) — 2 (3(6) — 2C)C(5) + 56(3)°
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Depth 5

N 1949 85 9 1 3
C(5,1,1,1,1) = —20(9) + 50R)C(T) + CBICO) + 5CAE) - 5¢(3)
C1,2,1,1,1) = S2¢(9) — 2 C(@)C(T) — SIEH6) — 5 () + ()

CH(4,1,2,1,1) = 2 20(9) + TCR)C(T) — T2 CB)C(6) — ~C()(5) + 3¢

265 109

\ B 35 15
(41,12, = g5 €0) - I+ K00+ 60
¢(4,1,1,1,2) = 22e(0) — 7¢(2)0(m) - 22CB)C(6) - 2e@)c(5) + 56 (3)°
CH3,3,1,1,1) = =22¢(9) + 2C2)C(T) — SCBICE) + 5 CA)CE) + (B
C(3,2,2,1,1) = = D00C(9) + T c(2)C(7) + SCB)CE) + 200(4)(5) — 4C(3)

. 1637 75 45 ,

C1(3,2,1,2,1) =~ C(9) + LCRIT) — LCACE) + 23
C'(3,2,1,1,2) = = 22C(9) + 2182)(T) + LC6) + 5 () - 20(3)

C'(3,1,3,1,1) = 2C(9) — 76@)C(7) + S CB)(O)
1283 291 143

C(3,1,2,2,1) = —22¢(9) = TCR)CT) — S CBIE) + S C((5) + 3¢ (3)
C'(3,1,2,1,2) = 2X¢(9) - 1¢2)¢(7) - JC()(5)

C3,1,1,3,1) = —1220(9) + LRI + 1 CB)C6) — 2CAE) - 2P
C(3,1,1,2,2) = = D¢(9) + 1CR)(T) + 12¢(3C(6) + ¢4 (6)
C(3,1,1,1,3) = = 2110(0) + 2CB)C(6) + SC)CE) + 5¢3)

C24,1,1,1) = S C(9) + SCB)C(6) — S CAIC(5) — (3P

C'(2,3,2,1,1) = 20(9) — SCRICO) + 5 CC(5) + 23
C(2.3,1,2,1) = =11 C0) + T CBICE) — L)) - 5¢(3)
C'2,3,1,1,2) = T00) — 20@)CT) — JCBICE) + S ) + 203
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¢(2.2,3,1,1) = 220¢(0) - Z23)0(6) ~ T()¢(5) +20(3)°
(*(2,2,2,2,1) = 2¢(9)
C1(2,2,2,1,2) = T20(9) — THCR)C(T) — TCB)C6) — ~C(4)(5)
C2,2,1,8,1) = 222¢(9) — T2C(B)C(6) — (4)0(5) + 3 (3)
C1(2,2,1,2,2) = T20(9) — 2CR)C(T) — L))
C(2,2,1,1,3) = 52C09) — 5T — TCB)E) — 2 <C(6) — ((3)
C(21,4,1,1) = = ¢(9) + 22 CC(6) + 5 CC(6) - C3)°
C'(2,1,3,2,1) = ~1C(0) + o CB)(6) + (3P
C'(2,1,3,1,2) = $.0(0) + 7¢I — 5B
C'(2,1,2,3,1) =~ C(9) + <CBIE) + L CH)C(5) — 40(3)

X 889 291 31
C'(2,1,2,2,2) = = 00(9) + 2R + TCB)E) +21CA)(5)

C'(2,1,2,1,3) = —C(9) + T¢I — ZCBI60) + CAC) + 5C3)

C21,1,4,1) = 226(9) ~ DECB)C0) + S ) + 2 3)

C(2,1,1,3,2) = T22C(9) — TCR)CT) + ToCBIC(6) — C(4)¢(5) — ¢(3)°
C1(2,1,1,2,3) = 20(9) = TR — CBC6) + 2 CE) + (P
C(2,1,1,1,4) = 22¢(9) + 202)C(N) + - CBIE) ~ C()C(5) ~ 363
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Depth 6

1217
72 ¢
1681

*(4,1,1,1,1,1) = ¢(3)*

(9) ~ 8C2)C(7) — 2C(B)C(6) ~ Lc()c(s) + -

C(3,2,1,1,1,1) =~ 0(9) + 11GR)(T) + 2 CB)C6) + 2 C(1)¢(5) — 2¢(3)°
C(3,1,2,1,1,1) = 2 ¢(9) — 1TCR)CT) + 15CB)C(6) — CA(5) + 36(3)°
C3,1,1,2,1,1) = —220(9) + I8CRT) + 5CB)C6) + S¢((5) — C(3)
C3,1,1,1,2,1) = S¢(9)  100R)C(T) + 5C3G6) + 2 CA)(5) + 53
C3,1,1,1,1,2) = =22¢(9) + TCR)C(T) + A6 + 5B — 5¢(3)°
C(2.3,1,1,1,1) = 22¢(9) ~ 10CBIC(6) + L () — S¢3)

C'(2,2,2,1,1,1) = 22¢(9) — 10C3)(6) — 6C(4)C6) + 5¢(3°

C'(2,2,1,2,1,1) = S(9) ~ 106(3)C(6) —~ 30C(A)C(3) + 5¢(3)°

C(2.2,1,1,2,1) = —(9) + 106(3)C(6) — SC(3)

¢(2.2,1,1,1,2) = 220(9) - 11¢@)(7) — CB)C6) - L Ce(6) + 5637
C(21,3,1,1,1) = 50(9) — CB)C6) + SCAIE) + 5C(3)°

C'(2,1,2,2,1,1) = —227¢(9) + 10¢(3)C(6) +30C(4)C(3) — 5¢(3)°
¢*(2,1,2,1,2,1) = §§(9) + %c(s)?’

C'(2,1,2,1,1,2) = —20¢(9) + 17C2)(7) + 2 CA)C(5) — 2¢(3°

C21,1,3,1,1) = TC09) ~ CB)6) — 2CCE) + 563)°

C2.1.1.2.2.0) = - 2¢0) 4 6a)c(5) + Aoy
1567
gﬁg_g 11 2
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(9) — 18¢(2)¢(7) - %C(?))C(G) —4¢(4)¢(5) + 5¢(3)°

¢(2,1,1,2,1,2) = :



C(2,1,1,1,2,2) = = 52(9) + 10CER)(T) + BB ~ S C(5) — 263

G2, 1,1,1,1,3) = T(9) — 40R)C(T) + 15C(6) + 1 () + 563
Depth 7
31111, 1,1) =~ 0(9) + G + 5B)C6) + B)(5)
(2,2,1,1,1,1,1) = 28(( ) — 10¢(3)¢(6) — 12¢(4)C(5)
%(2,1,2,1,1,1,1) = —17(’(9)+18§(4)§(5)
1(9)

"(2,1,1,1,2,1,1
*(2,1,1,1,1,2,1

25¢(9) — 18¢(4)¢(5)
—20C( ) +10¢(3)¢(6) + 12¢(4)¢(5)

¢( )
¢( )
(2, )
¢*(2,1,1,2,1,1,1)
¢r(2 )=
(2, )=
¢( ) ( ) = C(2)¢(7) = 5¢(3)¢(6) — 3¢(4)¢(5)

*(2,1,1,1,1,1,2

Depth 8
¢*(2,1,1,1,1,1,1,1) = 8¢(9)
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