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Introduction. A srnooth projeetive algebraie 3-fold V

over the field ~ is ealled a Fano· 3-fold if the antieano-

nical d1visor - Kv is arnpie. The integer 1 3
g = g (V) = 2" (- Kv)

1s ealled the genus of the Fano 3-fold V. The maximal integer

r ~ 1 such that 0 ( - Kv) 0; H~ f or some (ample) invertible sheaf

H E Pie V i8 called the index of the Fano 3-fold V. Let V

be a Fano 3-fold of the index r = 2 and the genus g = 21

which has the seeond· Bett! number b2 (V) = 1 • Then V can be

embedded in ~6 with degree 5, by the linear system IH[ , where

p( - l\r) ~ -H.2 (see Iskovskih [5]). We denote this Fano 3-fold V

by. V5 ·

Vs ean be also obtained as the seetion of the Grassmannian

G(2,.S) ~~9 of lines in ~4 by· 3 hyperplanes in general po-

sition.

There are same other constructions of the Fano 3-fold Vs
(cf. FUjita [l], Mukai-Umemura' [9] and Furushima-Nakayama [3]).

But so obtained v 's5 are all projective equivalent (cf. [S]).

The remarkable fact on Vs 1s that Vs is a complex

analytic compaetifieation of ~3 which has the second Betti

number one (see Problem· 28 in Hirzebruch [4]).

Now, in this paper, we will analyze in detail the universal

family of lines on vs and determlne· the hyperplane sections
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which can be the boundary of ~3 in V5 .

In § 1, we will surnmarize some basic results about V5

following to Iskovskih [5], FUjita [1] and Peternell-Schneider

[6]. In § 2, we will construct a IP 1-bundle JE> (E) bver lP 2 ,

2where E is a locally free sheaf of rank 2 on JE> , and a

fini te morphism W: lP (EJ -+ V5~ IP 6 . of lP (E) onto V5

applying the results by Mukai-Umemura [9]. Further, we will

show that the lP 1 - bundle lP(E) is in fact the universal farnily

3of lines on Vs . In § 3, we will study the boundary of ~ in

3
V5 and the set {H €." '0V( 1) I ,; Vs~ H ,~ ~ } .

Acknowledgement. The authors would like'to thank Max-Planck

Institut für Mathematik in Bonn, especially, Prof. Dr. Hirzebruch

for the hospitality and encouragement.
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§ 1. Basic facts on Vs .

Let V : = V 5
be a Fano 3-fold of degre.e 5 in ]p6 (see'

Introduction) and t ~ ~1 is a line on V • Then the normal

bundle of in v can be written as follow:

( a)

(b)

or

We will call a line t of the type (0 , 0) ( resp . (- 1 , 1)

if is of the type (a) (resp. type (b») above.

Let cr : V':~ V be the blowing'up of V along the line

t and put L j,' • - a -1 (t) Then LI' ~ JP 1 x ~ 1 if i is of, . -

type (0 , 0) , and LI, ~ 1F
2 if t. is of type ( - 1 , 1 ) . Let

f
1

I f 2 be respectively fibers of the first and second projection

of JP 1 x]p
1 onto ]p 1 , and let s, f be respectively the

negative section and a fiber of . 1F 2 . Let H be a hyperplane

section of V. Since the linear system I a*H - L' I on V·I has

no fixed component and' no base point and since h Ocq·( a*H - L "'») = 5

and (cr*H - Li,) 3 = (a*H - L ..') 2 . LI. = 2 , the linear system

Icr*H - L l: I defines abirational rnorphism/ <0 : = <0 .'. : VI -..,...
!a*H-L ,. !

~ w~ ]p4 ef V' ente a quadric hypersurface W in ]p4

in particular, Q: = ~(L') is a hyperplane section ef W. Let

E : = Ei be the ruled' surface swept out by lines which intersect
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the line I and EI the proper transform of E in V' .

Lemma 1.1 (Iskovskih [5], FUjita [1]). W is a smooth

quadric hypersurface in ~4 and Y: = ~(E) i5 a twisted cubic

curve contained in Q. In particular, lP: V r --+ W is the

blowing up of W along the curve Y. Further, we have the

following.

(a) If .e. is of type (0 , 0) , then : L'
.....

---+- Q
1 1;; ~ xJP ,

and
-..

in LI .•

(b) If .e. 1s of type (- 1 , 1) , then c.o I
L'

(a quadric cone) 1s the contraction of the negative section s of

L f ~ IF2 ' and Y ~ s + 3 f in L' •

In (a) and (b), we denote the proper tran5form of Y~ Q

..

in L' by Y.

Corollary' 1.1. (a) If I i5 of type (0,0) , then
I

E ~IF1 • (b) If ..e. 1s of type (-1,1) , then EI >i:::IF
3

•

Proof. Let Ny!W be the normal bundle of Y . in W . Then

Ny1w • Oy (3r ED Oy (4) if l 1s of the type (0 , 0) and,

Ny1w
;; Oy (2) ED Qy(5) if y 1s of type (-1,1) .

Q.E.D.

Corollary 1.2.. (a) If .e. 1s of type (0,0) , then there
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are two points q, * q2 ,of t such that (i) there are two lines

in V through the point qi (i = 1 , 2)" and (11) there are three

lines in V through" every point q 0 f .e. \ {q 1 ' q2} .

(b) If .e. is of type (- 1 , 1) , there is exactly one point

of i such that (i) 1s the unique line in V through the

point qo ' and (ii) there are two lines in V through every point

q of i\{qO} ·

Proof. (a). Let P2: Q g lP 1 x JP 1 ~]p' be the projection

onto the second component. Since Y t"oJ f, + 2f 2 , P2"l y : y ~ lP 1

is a double cover over JP' . Thus there are two branched point

(i = , , 2) •

consist5 of two different points.

are three lines through the point

the point qi

0" ('P-1 (p;1 (b) ) )

, since p;1 (b)

and

lines through

1 -1 1-1b 1 * b 2 1n lP • We put -q i : = 0" 0 ('P 1Li) 0 ( p 2 Y ) ( b i )

- -1 -1Then i "= 0" (Y) and 1.1 : = 0" ('P (P2 (bi») (1 = 1 , 2) are two

for each 1. For b E lP 1\ {b
1

' b
2

} ,

This proves (a).

( b) We put qo : = a(Y n s) E l . Then i = 0" (Y) = 0"(5) is

the unique line through the point qo E i . For y F.: Y\'P(s) ,

t = cr (Y) and -1 are two lines through a point of0(4) (y»

1.\{qo} · This proves (b).

Q.E.D.

Corollary 1.3 (Peternell-Schneider [6]). Let E be a

non-normal hyperplane section of Vs . Then the singular locus
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of E is a line ! on V , in particular, E is a ruled

surface swept out by lines whieh intersect the line i. Further

V - E ;;0 ([3 if and only if the line i is of type (- 1 , 1) •

Proof. By lemma (3.35) in Mori [8], the non-normal locus

. of E i5 a line t on V . Sinee h
O(a~ ( 1) ~ T2) = 1 and.t

Pie V ;; : , the linear system IO~ ( 1 ) ~ T~I consists of E ,

where Ti is the ideal sheaf of· l . By Lemma 1, i must be the

singular locus of E. Assume i 1s of type (0, 0) . Then, by

4 2 2 2 2 3Lemma 1, V - E ;; {( X , Y , z , u) E <t i X + Y + z + u = 1} -;. a:

Q.E.D.
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§ 2. Construction of the universal 'family.

1. Let (x: y) (u : v) be respectively homogeneous

coordinates of the first factor and the second factor of

S : = :n:'
1

x:n:' 1 • Let us consider the diagonal SL (2 ; <t) - action

on S , namely, for (J = (~ ~) E SL 2 : = SL(2 : a:)

X
O = ax + by

oy = cx + dy

U
O = au + bv'

V
O = cu + dv

Let T S ~~2 be the double covering of ~2 given by

T*X = X eS) uo

T*X
1

= ~ (x ~ v + y ~ u)

t*X = Y eS) v2

2where (X o : X1 : X2 ) be a homogeneous coordinate on lP • We can

also define SL
Z

- action on lP
Z

as follow:

acxo + (ad + bc) Xl + bdX Z

X
o 2· 2
2 = c X 0 + 2cdX 1 + d XZ
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Then, the morphism T 1s SL 2 - linear, that 1s,
cr cr

T(p) "= T(p)

for pES and cr E SL 2 • Further, T

smooth conic C: = {X; = XOX2 } = T(ll)

1s branched along the

where 6: = ß. '" 1s the
E

diagonal in ]p1 xlP1 = S . Let f. be a fiber of the projection
~

1 onto i-th factor (i 1 , 2) Let 7T : M :Pi:S~JP = .
=:IP(E) ---+- ]p2 be the 1

lP
2 associated'with thelP -bundle over

vector bundle E : = T"t}- (4f)* S 1
of rank 2 on ]p2 •

Lemma 2. 1 • ( 1 ) det ( 7T *ctS (kf 1 » ;;:; 0" 2 (k - 1) and
1 JP

<="2 (7T *0-8(kf 1 » = "2 k (k - 1) for all k ~ 0 •

( 2 )
"

;;; 0" "1 (3) EB 0 1 (3)
]P' lP

, where C = T(6) .

(3) The natural rnorphisrn S ~ M corresponding to the

homomorphism T*E ~ 0.5(4f
1

) is a closed embedding, hence, S

can be considered as a divisor' on M.

(4) O-M(S);; O'·E(2) ~ TT*O 2 (- 2) , where
]I?

tautological line bundle on M with respect to

is the

(5) QE(1) is nef ,i.e., E is a semi-positive vector

bundle

= 0 E( 1) ~ TT*O 2 (1) • Then
JP
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Proof. (1) Let us consider the· exact sequence:

o~ T*VS (kf 1) ----+ T *Vs ( (k + 1) f 1) ----+ T *Vf ----+ 0 •
1

Now l1 = T(f 1 ) i8 a line on ~2 and Vi ~ T*V f . Thus,
1 1

det(T*05((k+ 1)f,)) ;; det(T*O's(kf,)) ~ 0(') and

c ~ ( T *0'5 ( (k + 1) f, )) = (det ( T *0 5 (kf 1 )) · 0 ( 1 )) + c'2 ( T *0 S (kf, )) • 5 ince

T*05 ;; O' fD V ( - ') , we are done.

( 2 ) Let us consider the following diagram:

0

!
0 Ob. (3 f 1 - f 2)

1 1
0 -+ ~':-5 ( 2f, - 2 f 2 ) ~ Q. s (4 f 1) ----+ O. ß (4 f, ) --.,.. 0

1 1
0 ~qs(3f1-f2) ~ °5(4f,) ~ O'2I:J. (4f,) ~O

1 1
o

o
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E ~- 0
C

and the exact

sequence:

111

0- 1 (2)
]p

111

0' 1 (4)
]I?

Ta show that

that

E ~ O~
C

iä 0 1 (3) EB' 0 1 (3)
]I? lP

, it 1s enaugh to prove

Ho(c, (E .0. 0c) .0. 0 1 (- 4)) - HO(Q" (2f - 2f )) - °
~ ~ 2ß 1 2 -

]I?

By the above diagram, we have the exact sequences:

111

o 1 (-4)
]p

and

111

In 111

0'> 1
JP
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i5 locally free and the dual hamomorphism

o .

O· , (2)
lI?

i5c.p*i5 surjective. Therefare
o ,

surjection H (JP ,0. (2» ~ 0 ,-"">
lP

P2*026 (2f,-2f 2 ) ;:;

o
· Therefore we have H (026 (2f, - 2f 2 » =

by tensoring 0 1 (2) . Thus we have
]I?

~ 0 ,(-,) e 0 ,(-1)
]I? ]I?

Hence P2*026 (2f, - 2f2 )

<e* : 0- , (2) ~3 ---+ O· 1 (4)
]I? ]I?

abtained fram the natural

(3) It 1s enough to show that the natural homomorph15m

s~kE ~ T*O~(4kf,) i5 surjective for k» 0 . S!nce T is

finite morphism, T*OS (4kf,) ~ T:"0 S (4f,) ~ T*OS (4 (k + .') f,) i5

always surjective. Thus we are done.

(4) Since T: S ~ JP 2 is a double covering, there' 1s a

line bundle L on lP 2 such that 0E(2) ~ QM( - S) ;; 1T*L .

By the exact sequence:

2
we have det(Sym E) ~ L ~ det(T*Os(8f,» . Therefore, by ('),

L • 0 2 (2) , hence, 0M(S) ;; OE (2) ~ T*O' 2 ( - 2) ·
]I? ]I'

(5) . We put D: = 1T-' (C) . Then, by (2), D;;]P' xJP' and

OE (,) ~. 0D ;; 00 (s, + 35 2 ) , where s 2 1s a fiber of D~ C

1and 5, is a fiber of another projection D -.,..]p • By (4), we

have ~E (2) • QM (S + D) . Assume that there 1s an irreducible curve

y on M such that (0 E(1) • y) < 0 • Then, y c D or y ~ S .

Since O'E(1) ~'Os ;;; 0S(4f 1 ) and 0E(1) ~ UD ;; 0o(s, + 3s 2) , this

1s a contradiction.
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(6) By the exact sequence

l 11'

OE (-1) ti 7T*O- 2 (3)
]p

l 11

we have 7T*OM(1) =ö T*Os(Sf
1
+f

2
) • Therefore HO(M,G

M
(1)) u

;; HO(S , 0s(Sf
1

+ f 2 )) •

Remark 2. 1. There 1s a SL 2 - action on (M, GM (1 ) )

compatible to T S ~ JP2 The last isomorphism in (6) 1s an

isomorphism as a SL 2 - module .

°2 . Let us consider the subvector space L c;: H (s, 0S (S f 1 + f 2) )

generated by the following 7 elements (cf. Lemma (1.6) in [9]) :

e O
5

~ u= x

4 1 5e
1

= x y I» u +~. x. ~ v

3 2
ti

1 4· I» ve 2 = x y u + 2' x y

2 3
ti

3 2
I» ve 3 = x y u + x y

1 4 2 3
~ v8 4 = '2 xy ~ u + x y

1 5
ti

4
t» veS = '2 y u + xy

5
~ ve 6 = y
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H~ (M , GM (1 ) )
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,subspace. By the isomorphi5m

L can be considered as a

Lemma 2.2. (1) The homomorphism L ~ 0M ~ 0M(1) 1s

surjective. ' Especially, we have a merphism tjJ: M ---.,.. ]l?-(L) • "jp6

whieh i5 SL 2 - linear .

(2) The image V: = tjJ(M) is isomorphie to the Fano 3-fold

V 5 of degree 5 in ]l?6 .

Proof. ( 1 ) We have only to show that g : L ~ 0: 2 ~
lP

----+- E ~ 0" 2 (1 ) is surjeetive. Since SL 2
acts on g , the

lP
]p2support of Coker(g) is SL

2 - invariant . Now SLi aets on

with two orbits ]p2, C and C First, take a point
2. P €]I? \ C .

Then g ~ <I:(p) : L ~ (E ~ 0 2(1)) ~ «:(p) 1s described a5 follow:
JP

Let a:L ~ Os ~ Os (Sf 1 + f 2 ) be the natural homomorphism

and let a(q) : L -+- 0s(Sf
1

+ f 2 ) ~ a: (q) ii CI: be the evaluation map

for q E S . Then g ~ <I:(p) : L ~ a: ED2
1s nothing but

0:(Q1) EB a(q2) : L ~ a:~2 where {q1 ' q2}
-1

For example,, = tjJ (p) .
take a" po int p = (0: 1 : 0) E IP

2
• Then q 1 = « 1 : 0) , (0 : 1))

and q2 = « 0 : 1) , (1 : 0) ) in S =lP 1 x:IP 1 • Then the ealeulation

i5 as fellow:

!
°1 (e O) a 1 (e 2 ) Cl

1
(e

6
) 0 a

1
(e

1
) 1= = ... = = , = 5"

(l2(e
O

) a
2

(e
4

) 0:2(e 6 ) 0 a 2 (eS)
1= = = = , = 5"
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Therefore g ~ ~(p) is surjective for any
2

pE"lP\C.

Next take p: = (1 : 0 : 0)' E C, q = « 1 : 0) , (1 : 0)) ES.

Let Z1 = ~, z2" = ~ be the loeal eoordinate around. q . Then

mpO s = (z1 + z2 ' z1·· z2) <= rnq • The evaluation map

q ~ ~(p) : L --> ~~2 is now the composition

Since we have isomorphisms

(}:.
S,q

.. 0
S,q

x

y

1

o

u . j---...,.. 1

o

8 : g ~ ~ (p) is caleulated byevaluating x = u = 1 and

- - 8(e O) 8 (e
1

)
4 -

Y = z1 =-v =- z2 . Therefore = = 5 z1

8 (e
2

) = 0 8(e
3

) = 0 , 8 (e
4

) = 0 ß (eS) = 0 ,

ß (e
6

) = 0 Thus g ~ ~ (p) 1s surjective for any p E C .

. v
(2) Let h O ' h 1 ' ••• , h 6 E·L be the dual basis of

v
{eo ' 8 1 ' ••• , e 6 } .- Sinee lP (L) ii L· \ { O} /a::* , we denote the point

6 6
of :IP(L) eorresponding to L AJ.h

j
E LV\{OJ' by [L Ajhjl .

j=O j=O
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If 1JJ (M) eontain5 the point [h, - h
S

] E]P (L) , then 1JJ (M)

eentain5 the SL 2 - orbi t SL 2 [h, - h 5 ] and i t5 elosure

SL 2 [h, - h
S

] • On the ether hand, we know that the elosure

SL 2 [h, - h S ] i5 isomorphie to V5 by [§ 3, 7]. Here h, - h S
4 4

eorresponds to f 6 (x , y) = xy (x - y) in their notation. There-

linear

fore we have only to show that 1JJ (M) contain5 [h, - h
S

] E lP (L) .

Let P: = (0: , : 0) E]p2. Then by (1), the evaluation map

1
(5 ' 0) ,

= (0, 0) (j * 1,S) •

9 ~ ~(p) : L ~ ~ ~ ~ with (g ~ ~(p» (e
1

) =
1

(g ~ ~(p» (eS) =' (0 , '5) , and (g' ~ <I:(p» (e.)
. . ]

Therefore the point q E TI-
1 (p) ~ ~1 corresponding' to the

funetion ~ ~ a: 3 (a, b) ~ a-b E ~ is mapped to [h
1

-h
S

]

by VJ •

Q.E.D.

Remark 2.2. (1 ) By Lemma (1.5) in [8.], V:, = tjJ (M) has three

SL 2 - orbits VJ (M)\ W(S) , tjJ (5) \ 1JJ (6 1) , and 1JJ (6 1) , in parti-
]p ]p

cular, 1JJ(6 1) i5 a srnooth rational curve of degree 6 in V.
JP

(2) wls:S ~VJ(S)

in [8]. Especially, VJI s

i5 the same morphisrn as in Lemma (1.6)

is one' to one and Sing tjJ (S) = 1JJ (6 1) ,
:IP

where Sing $(5) 1s the singular locu5 of tjJ(5) •.

Let U5 denote $(5) and $'('6 1) by Band E •
JP

Lemma 2.3. (1) 1JJ 15 a finite morphi5m of degree 3.

(2) tjJ i5 etale outsides B
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(3) 1J!*B = S + 2D , hence 1J! 15 not Galois.

( 4 ) We put Mt: = 'TT -1 (t) for 2
t E JP • Then

is a line of V ~ JP6 and 1JJ IM: Mt ---+ tt is an
t

isomorph15m.

( 5 ) For t
1 * t 2

E JP2 , we have lt * lt
1 2

(6 ) Let t be a line in V ~ JP6 . Then there 15 a point

t E: JP2 such that t = tt

Proof. ( 1) By Lemma ( 1 . 1 ) - (5) , 0M (1 ) is ample. There-

. fore 1J! 15 a finite morphism and w*Ov(1) :;;; GM ( 1 ). . Thus

deg 1J! = ( QM ( 1 ) ) 3 / (0v' (1 ) ) 3 = 15/5 = 3 .

(2) Since V\B i8 an open orbit of SL
2

, 1J! is etale

over V - B .

( 3)

we have

1J!*B - S

2 ,2 2
Since (0V ( 1 ) • B) = (:O'M ( 1 ) • S) = (O·S (5 f 1 + f 2) ) S = 1 0 ,

0V(B) ;: O~(2) • Therefore 0M(W*B-S) .. 'TT*O 2(4) • Since
lP

is a SL
2

- invariant effective divisor, its support must

be D • Thus lJJ*B" = S + 2D •

(5) AS5ume that i t = i t · Since wl s : s ~ B 15 one to
1 2
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one , we have Mt nos = Mt n s · Hence t 1 = t 2 •
1 2

(6) Let i be a line' of V. If t t B , then i contains

a point p E V \B • By Corollary' (2. 1) in § 2, we have #- { lines

through p} S 3 . Thus by (4), (5) above, {lines through p} =

= {it " i t ' it } where {tl t 2 t
3

} = TI (~-1 (p) ) Therefore
1 2 3

t = it . If t ~ B , then t = t for some t E C beeause
2 t

tlJl o : D --;,... B 1s one to one by ( 3 ) and 0M (1 ) (j' ° ;; °0 (5 1 + 5s 2 )0

by"Lemma 2.1 - (2).

Theorem I. The lP '-bundle TI: M --+-lP
2

is the universal

family of lines on V = V5 '.

Proof. Let T be the space of lines on V , that is, T

is a subseherne of the Grassmanian G(2~7) parametrizing lines of

is one to(6), "0

to the family

Von

v C:]p6 • Since Nil V " 0- EIl 0 or 0 ( - 1) EIl 0 (1) for any Une l

we have H
1
(l, Nl1v) = ° and HO(l, Nl1v) " a:2 • There

fore T is smooth surface. By the universal property of T , ,we

2have a morphism o:~ ~ T corresponding

(TI , $) : M ~]p2 x V • By Lemma (1.3) - (5),

one surjeetive. Therefore 0 must be isomorphie.

We put U
n

= {x E V there 1s at most n lines through

x} • Then,

Corollary 2.'. U3 = V, U2 = Band U, = E .
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§ 3. Compactifications of ~3

Take any point E: C·~IP2 and put
-1

t !t: = ~(7T (t»

Then lt 18 a line of type ( - 1 , 1) . Let a : V' --..,.. V be

blow1ng up of V along the line lt and E t be the proper

transform in VI of the ruled surface E
t

swept out by lines

which intersect the line tt Then, by Lemma 1.1 - (b), we

have the birational morphism lP: V I ---+ Wt of V' onto a smooth

quadric hypersurface in IP
4

, a quadric cone

Vt
i5 the vertex of Qt .

Qv be the quadric cone

H
V

= a (lP- 1 (Qv) )
t

-1 2
Qt: = ~(a (!t)) ~ mO ' and a twisted cubic curve

Yt : = tP (E t ) ~ Qt" · Let gt be the unique generating line of

Qt such that Yt n gt = {vt } , where

Take any point v E: gt' {vt} '; ~ . Let

in Wt with the vertex v, and put

Then, by (4. 3) in [2] and [6] (see also § 1), we have the

following

Lemma 3.1. ( 1) For any t E C , (V , E
t

) i5 a compacti-

fication of ([:3 with the non-normal boundary E t . Conversely,

let (V , H) be a compactification of a: 3 with a non-normal

boundary H . Then there is a point t € C such that H = Et .

(2) For any t ~ C

i5 a compactification of

Conversely, let (V, H)

and any v E: g t {vt} ;; a:, (V, H~ )

a: 3
with the normal boundary H~.

be a compactification of ~3 with a

normal boundary H . Then there 18 a point t E: C and a point
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such that

Remark 3.1. Let Zt be the line ~2 which is tangent to

-1
C at the point t E C . Then Et = w(n (Zt)) and

n- 1 (Zt)\(St u n-
1

(t)) ~ Et\lt ' where St 1s the negative sect10n

of n-
1 (~t) :; JF 3 •

We put

= {A E ~6 HA

V such that

1s a non-normal hyperplane sect10n of

3V\H
A

~ ~ } , and

= {A € ~6 . ;

such that

where Ji)6 = ~ cl:) .

Then we have

HA 15 anormal hyperplane section of

3
V \H A ~. ct } ,

V

Corollary ·3.1. dim~A1 =., and dim~A2 = 2 .

Corollary 3.2. For each t E C {A f A~ tt C HA} =

{one point} and {A E A2 ; lt ~ HA} • ~ .

Now, take a point

1s written as follow:

o : 0) E C . Then



2-dimension SL 2 - orbits are

5 5SL 2X Y = SL
2

xy , and

SL
2

- orbit of dimensional one
6SLZY . By an easy calculation,

- 20 -

(see the proof of Lemma 2.2 - (1)).

S1nce V 18 SL 2 - invariant, A
1

and A2 are also

SL 2 - invariant

By Lemma (1.4) of [9], the

3 3 4 2 2 4
SL 2X Y SL 2x Y = SL 2x Y

6 6SLZY = SL
2

x 1s the only one

on ~6 • Therefore we have A
1

=
we have

{A r: 3 3
lt HA} a: U 0:" ,SLZX Y c -

=-a

{A E:
2 4 i t ;; HA} a: U a:SL

2
x y -;: ,

0

{7\ € SLZXY
5

i
ta

"~. HA} a:Si .

Thus, by Corollary 3.2, rnust have AZ SLZXY
5 We putwe = .

A • - 1\1 U A Then A = SLzxy5 Therefore, by Lemma ( 1 • 6) of. - 2 . .
[9] , 1\ is the image of ]p1 x]p1 with diagonal SL - operationsZ
by a linear system L of bidegree (5-,1) on JP1 x]p1 .

Thus we have

Theorem 3.1. and
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In particular, 1\1 iii]p1 and A2 ;]p1 x]p1\{diagonal} .

We will show explicitly below that for any A E A ,

V\H\ ;; a:
3

•

By p. 505 in [9], V: = V ~lP65 can be written as follow:

2
0h Oh 4 - 4h 1h 3 + 3h

2
=

hOh S - 3h1h 4 + 2h2h 3 = 0

2
0h Oh 6 - 9h2h 4 + 8h) =

h
1

h
6

- 3h
2

h
S

+ 2h
3

h
4 = 0

h 2h 6 - 4h3h S + 3h~" = 0

where (hO: h
1

: h 2 : h
3

: h 4 : h S : h 6 ) is the homogeneous coordinate

6of lP .

First, (0: 0 : 0 :" 0 ': 0 : 0 : 1) E SL2y6 • In V n {h
6

* O} ,

we consider the following coordinate transformation.

X
2

= h
2

- 4h
3

h
S

+ 3h
2
4

~3
= ~h3

. "
,

h"'"x 4 =
4

Xs = hS h
6 = 1'~
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Then we have

and the line {h2 = h 3 = h 4 = h S = h 6 = O} i5 the singular locus

of the boundary V n {h6 = O}

Next, 5
(0 : 0 : 0 : 0 : 0 : 1 : 0) E SL 2xy • I n V n {h 5 * O} ,

we consider the coordinate transformation

Xo = h O - 3~1 h 4 + 2h 2h 3

x
1

= h
1

x
2

= 3h2 - h 1h 6 - 2h3h 4

2x 3 = 4h 3 - h 2h 6 - 3h4

x4 = h 4

x 6 = h 6 h S = 1 .

Then we have

and the boundary V n {hS = O} has a singularity of A4-type at

the point (1: 0 : 0 : 0 : 0 : 0 : 0 ) .

Therefore, for any (resp. 15
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non-normal (resp. normal with a rational double point of A 4

type) ,and further

Since A1 and A2 are SL 2 - orbits, we have the following

Corollary 3.3 (Peternell-Schneider [6]) •. Let (V, H) and

(V , H I) be two compactifications of a: 3 wi th normal (resp.

non-normal) boundaries Hand H' . Then there i5 an automorphism

a of V such that H' = a(H)
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