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REFINED SCATTERING DIAGRAMS AND THETA FUNCTIONS FROM
ASYMPTOTIC ANALYSIS OF MAURER-CARTAN EQUATIONS

NAICHUNG CONAN LEUNG, ZIMING NIKOLAS MA, AND MATTHEW B. YOUNG

ABSTRACT. We further develop the asymptotic analytic approach to the study of scattering dia-
grams. We do so by analysing the asymptotic behavior of Maurer—Cartan elements of a differential
graded Lie algebra constructed from a (not-necessarily tropical) monoid-graded Lie algebra. In this
framework, we give alternative differential geometric proofs of the consistent completion of scatter-
ing diagrams, originally proved by Kontsevich—Soibelman, Gross—Siebert and Bridgeland. We also
give a geometric interpretation of theta functions and their wall-crossing. In the tropical setting,
we interpret Maurer—Cartan elements, and therefore consistent scattering diagrams, in terms of the
refined counting of tropical disks.

INTRODUCTION

Motivation. The notion of a scattering diagram was introduced by Kontsevich—Soibelman [I5] and
Gross—Siebert [13] in their studies of the reconstruction problem in Strominger—Yau—Zaslow mirror
symmetry [23]. In this setting, scattering diagrams encode and control the combinatorial data
required to consistently glue together local pieces of the mirror manifolds. Since their introduction,
scattering diagrams have found important applications to integrable systems [16], cluster algebras
[11], enumerative geometry [12] and combinatorics [22], amongst other areas. A different perspective
on scattering diagrams was developed in [6], motivated by Fukaya’s approach to the reconstruction
problem [10]. In this paper, we further develop the asymptotic analytic approach of [6] to give a
differential geometric approach to refined and Hall algebraic scattering diagrams.

The most basic form of scattering diagrams is based on the Lie algebra of Poisson vector fields on
a torus. For many applications, it is necessary to study refined, or quantum, variants of scattering
diagrams, in which case the torus Lie algebra is replaced by the so-called quantum torus Lie algebra
or, more generally, an abstract monoid-graded Lie algebra satisfying a tropical condition [16] 1T, [I§].
For example, a number of conjectures in the theory of quantum cluster algebras were proved using
scattering diagrams in [I1]. Refined scattering diagrams were related to the refined tropical curve
counting of Block-Gottsche [1] by Filippini-Stoppa [9] and Mandel [I8]. This refined curve counts
are also related to the refined enumeration of real plane curves by the work of Mikhalkin [21], and
to higher genus Gromov—Witten invariants by the work of Bousseau [2]. These connections could
be anticipated from the role of scattering diagrams in the reconstruction problem.

A further generalization of scattering diagrams was introduced by Bridgeland [4] under the name
g-complex. Here g is a (non-necessary tropical) monoid-graded Lie algebra. This additional flexibil-
ity allows one to define, for example, scattering diagrams based on the commutator Lie algebra of
the motivic Hall algebra of a three dimensional Calabi—Yau category. Bridgeland showed that each
quiver with potential (Q, W) defines a consistent g-complex with values in the motivic Hall-Lie al-
gebra, the wall-crossing automorphisms of the g-complex encoding the motivic Donaldson—-Thomas
invariants of (Q,W). The (refined) cluster scattering diagram of (@, W) is then obtained by ap-
plying a Hall algebra integration map to this g-complex. Using these ideas, Bridgeland was able to
connect scattering diagrams to the geometry of the space of stability conditions on the triangulated
category associated to (Q, W).
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In [I0], Fukaya suggested that instanton corrections to the B-side complex structure which arise
near the large volume limit could be described in terms of certain Maurer—Cartan elements of the
Kodaira—Spencer Lie algebra. In the context of scattering diagrams, these ideas were made precise
and put into practice in [6], where it was shown that the asymptotic behavior of solutions to the
Maurer—Cartan equation of a certain differential graded algebra admits an alternative interpretation
in terms of consistent (classical) scattering diagrams. Moreover, the passage from an initial scattering
diagram to its consistent completion, a procedure which exists due to works of Kontsevich—Soibelman
[15, 16] and Gross-Siebert [13], can be understood in terms of the perturbative construction of
Maurer—Cartan elements. These ideas were further pursued in [7] in the setting of toric mirror
symmetry to study the deformation theory of the Landau—Ginzburg mirror of a toric surface X and
the counting of tropical disks in X.

Main results. In this paper we further develop the asymptotic approach to scattering diagrams
by treating both the refined, or more generally, tropical and Hall algebraic (or non-tropical) cases.
To describe our results, we introduce some notation. Let M be a lattice of rank r and let N =
Homy (M, Z). Write Mgr = M ®7z R and Ng = N ®z R. Let 0 C Mg be a strictly convex cone and
set M = (M no)\{0}. Let h be a M -graded Lie algebra, which for the moment we assume to
be tropical.

Following [6} 7], we consider differential forms on My which depend on a parameter 7 € R<g. We
will be interested in the dg algebra W2 of such differential forms which approach a bump form along
a closed tropical polyhedral subset P C My as h — 0; see Figure [1l The subspace W; 1 ¢ W0 of
differential forms which satisfy limj;_,ga = 0 is a dg ideal. Then

n= P W/w.h) @cbm
meM

inherits the structure of a tropical dg Lie algebra. Our goal is to describe Maurer—Cartan elements
of H*.

/ / / / P
FIicURE 1. Bump form concentrating along P.

Our first result relates Maurer—Cartan elements of H* to the counting of tropical disks in M.
Let D;, be an initial scattering diagram. To each wall w of D;,,, whose support is a hyperplane Py
and whose wall-crossing factor is log(Oy ), we associate the term

MV := —0p, log(Ow) € H*.

Here dp,, is a 1-form which concentrates along Py as i — 0. We take Il = 3 5, I as input
data to solve the Maurer—Cartan equation. Our first main result, whose proof uses a modification
of a method of Kuranishi [17], describes the Maurer—Cartan element ¢ constructed perturbatively
from II.

Theorem (See Theorems and [3.14)). The Maurer—Cartan element ® can be written as a sum
over tropical disks L in (Mg, Diy):

1
P2 o]
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Here oy, is a 1-form concentrated along Py, C Mg, the locus traced out by the stop of L as it varies in
its moduli, and gy, is the Block—-Gdttsche-type multiplicity of L. Moreover, when dimg(Pr) =r —1,
there exists a polyhedral decomposition Py, of P, such that, for each maximal cell o of Pr, there
exists a constant cr o such that limp_,o fg ar = —cre for any affine line o intersecting positively
with o in its relative interior.

Furthermore, if we generically perturb D;y, then cr, = 1, so that limp_g fg ay, 1s a count of
tropical disks.

In Section we associate to the Maurer—Cartan element ¢ a scattering diagram D(®) whose
walls are labeled by the maximal cells o of the polyhedral decompositions Py, and whose wall-crossing
automorphisms are exp(m gr). The diagram D(®) extends D;,, and, by the main result of [6], is
in fact a consistent scattering diagram; see Proposition [3.16] In this way, we obtain an enumerative
interpretation of the consistent completion of Dj,.

Next, we turn to the study of theta functions. In this setting, we further assume that we are
given a monoid P satisfying M No C P C M and a graded action of h on a P-graded algebra A.
The dg Lie algebra H* then acts naturally on the dg algebra

(0.1) A =P W2/WI) @c A

meP

Given a Maurer-Cartan element ¢ € H*, it is natural to study the space of flat sections Ker(dg) of
the deformed differential dg = d + [®,-]. The algebra structure on A* induces an algebra structure
on Ker(®). The following result describes the wall-crossing behavior of the A — 0 limits of flat
sections.

Theorem (See Theorem |3.17)). Let s € Ker(dg) and Q, Q" € Mg \ Supp(D(®P)). Then, for any path
v C Mg\ Joints(D) from Q to Q', we have limy o sq = O p(limj05Q), where O, 1) is the
assoctated wall-crossing factor and sg and sq are the restrictions of s to Q and Q', respectively.

In Lemma we associate to each m € P a flat section 6,, € Ker(dg). This section is deter-
mined by the requirement that it agrees with a certain distinguished element z™ € A,, on some
neighborhood V' of the ray R>.-m C Mg for some sufficiently large c; see Figure @ The next result
relates the section 60, to the theta function 9,, ¢ defined by counting broken lines, that is, piecewise
linear maps v : (—oo, 0] = Mg which bend only at the walls of D(®). Each broken line determines
a weight a, € A.

FIGURE 2. Definition of 6,,.
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Theorem (See Theorem [3.19)). For each @ € Mg \ Supp(D(®P)), the equality
1. = =
hli% Hm(Q) 79771,@ Z Ay

broken lines v
ending at (m, Q)

holds, where 0,,(Q) is the value of 0,, at Q.

Finally, in Section we develop the above asymptotic methods in the setting of non-tropical
Lie algebras. As already mentioned, the main case of interest is that of the Hall algebra scattering
diagram [4]. We impose a mild commutativity condition on the wall-crossing automorphisms of
the walls of D;, which, for example, is satisfied in the Hall algebra setting when ) has no edge
loops. We obtain corresponding generalizations each of the above theorems; see Theorems
and In particular, we show that the Hall algebra theta functions defined by Bridgeland [4]
admit an alternative interpretation as of flat sections of the deformed differential dg associated to
a Maurer—Cartan element.

Remark. After this paper was completed, the paper [8] appeared, in which algebraic methods are
used to address problems similar to those in this paper.

Acknowledgements. The authors would like to thank Kwokwai Chan for useful discussions and
suggestions during the preparation of the first draft of this paper. Naichung Conan Leung was
supported in part by a grant from the Research Grants Council of the Hong Kong Council of the
Hong Kong Special Administrative Region, China (Project No. CUHK 14302215 and 14303516).

1. SCATTERING DIAGRAMS AND THETA FUNCTIONS

We collect background material related to scattering diagrams and theta functions.

Fix a lattice M of rank r with dual lattice N = Homgy(M,Z). Write (-,-) : M x N — Z for the
canonical pairing. Let Mr = M ®z R and Ng = N ®7 R.

1.1. Tropical Lie algebras and scattering diagrams. Following [I1] [I8], we recall the definition
of scattering diagrams. Compared to [1§], the roles of M and N are reversed.

1.1.1. Tropical Lie algebras. Fix a strictly convex polyhedral cone o C Mg. Let M, = c N M and
M} = M, \ {0}. For each k € Z~o, set kM) = {my +---+my | m; € M }.

Let h = @meMj Hm be a Mf-graded Lie algebra over C. For each k € Zsg, set h=k =
@meij Bm. Then h<F := bh/b=* is a nilpotent Lie algebra. Associated to the pro-nilpotent
Lie algebra b := @k h<F is the exponential group G := exp(f)). Similarly, for each m € M}, set

ﬂn = Dy>1 brm and Gﬂn = erz>0 Bem C b with associated exponential group G’l'n

To define theta functions, we require a second (not necessarily strictly) convex polyhedral cone
C C Mg which contains o. Let P = C N M be the corresponding monoid. Suppose that § acts
on a P-graded C-algebra A = @, p A by derivations so that b, - Ay C Apyqpy. Then AZk =

D, crrrp Am is a graded ideal of A. Set A<k = A/AZF and A = m, A<k. There is an induced
action of 6, and hence of G, on the algebra A.

More generally, given a sublattice L C M, let by = @meLmM;f bm and Ay = @,,crnp Am With

associated completions 6 ,and Aj.

Let K C M be a saturated sublattice which satisfies the following conditions:

(1) bx is a central Lie subalgebra of b.
(2) The induced hg-action on A is trivial.
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(3) The induced h-action on Ay is trivial.

Denote by mg : M — M := M/K the canonical projection and by N := M’ < N the embedding
of M’ into N as the orthogonal K+

The following assumption will be used in Section [1.2

Assumption 1.1 ([18]). (1) The monoid P satisfies M = g (P).
(2) There is a fan structure on Mg and a piecewise linear section ¢ : Mr — Mg of mx which

satisfies ¢(0) =0 and P = p(M) + (K N P).
(3) We are given elements z#(m) ¢ Ap(m)y, M€ M, which satisfy
(a) 2¢0) =1,
(b) for any a € A
setminus{0} and m € M, we have az?™ #0, and
(c) for any m € M, we have Ap(m)+PrK = 2P(M) A

Definition 1.2. The Lie algebra b is called tropical if, for each pair (m,n) € M x N satisfying
(m,n) =0, it is equipped with a subspace By, n C bym. These subspaces are required to satisfy

(1) bmo = {0} and by kn = b for each k #0,
(2) D1 n1> Omane) € Bmitmeo.n, where n = (mg,ni)ng — (my,n2)ny, and
(3) By - Amy = {0} if (ma,n) = 0.

Examples of tropical and non-tropical  can be found in [I8, Example 2.1]. See also Section m
Until mentioned otherwise, we will assume that b is tropical.

Observe that for each (m,n) € M x N with (m,n) = 0, the direct sum hl',w = Brez. Dimn
is an abelian Lie subalgebra of hyn. Denote by Gl'm the completion of f)‘y‘n,n.

Finally, given a commutative unital C-algebra R, there are R-linear versions of the above defini-
tions. For example, hr := h ®¢ R is a Lie algebra over R which acts on A ®c R by the R-linear
extension of the rule t1h - taa = tita(h - a). The completion 6®CR acts on AQcR. The corre-
sponding exponential group is Gr with completion Gp. Similarly, there are abelian Lie subalgebras
6‘7‘,17an - fA)ﬂmR and, given a saturated sublattice L C M, we can form by g, Ar r and so on.

1.1.2. Scattering diagrams. We continue to follow [I1), 18]. Fix a commutative unital C-algebra R.
Recall that r is the rank of M.

Definition 1.3. A wall w (over R) in Mg is a tuple (m,n, P,©) consisting of

e a primitive element m € M and an element n € N \ {0} which satisfy (m,n) =0,
e an (r—1)-dimensional closed convex rational polyhedral subset P of mo+n+ C Mg for some
mo € Mg, called the support of w, and

e an element © € @m,n,R :=exp(h,, ,, )» called the wall-crossing automorphism of w.

A wall w = (m,n, P,©) is called incoming (resp. outgoing) if P +tm C P for all t € Ry (resp.
t € R<p). The vector —m is called the direction of w.

Definition 1.4. A scattering diagram D over R is a countable set of walls {(m;,n;, P;,©;)}, such
that, for each k € Z~q, the image of log(0;) in h<F @¢ R is zero for all but finitely many i.

Let k € Z~¢. Using the canonical projection 6R — h<F @c R, a scattering diagram D induces a
finite scattering diagram D<F with wall-crossing automorphisms in exp(h<* @c R).
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The support and singular set of a scattering diagram D are

Supp(D) := U Py, Joints(D) := U 0Py U U Py, N Py,

weD weD w1,waED
dim(wiNwg)=r—2

respectively.

1.1.3. Path ordered products. An embedded path ~ : [0,1] — Ng \ Joints(D) is said to inter-
sect D generically if v(0),v(1) ¢ Supp(D), Im(y) N Joints(D) = @ and v intersects all walls

of D transversally. Given such a path v, the path ordered product is ©,p := @k @jl%, where
@jfgj = [10 cp< Ow € exp(h=F ®c R) is defined in [12} §1.3].

Definition 1.5. (1) A scattering diagram D is called consistent if ©,p = Id for any embedded
loop v intersecting D generically.
(2) Two scattering diagrams Dy, Dy are called equivalent if ©,p, = O, p, for any embedded
path =y intersecting both D1 and Dy generically.

The following result is fundamental in the theory of scattering diagrams.

Theorem 1.6 ([15,13]). Let Dy, be a scattering diagram consisting of finitely many walls supported
on full affine hyperplanes. Then there exists a scattering diagram S(Dj,) which is consistent and
obtained from Dy, by adding only outgoing walls. Moreover, such a scattering diagram S(Dyy,) is
unique up to equivalence.

Using asymptotic analytic techniques, an independent proof of the existence part of Theorem
will be given in Proposition [3.16]

1.2. Broken lines and theta functions. We follow [I8] to define broken lines. Fix a consistent

scattering diagram D over R.

Definition 1.7. A broken line v with end (m, Q) € M\ {0} x Mg\ Supp(D) is the data of a partition
—00 < tg <t; <--- <t =0, a piecewise linear map v : (—00,0] — Mg \ Joints(D) and elements
a; € Ay, @c R, 1 =0,...,1, with m; # 0. This data is required to satisfy the following conditions:

(2) 7(0) = Q.

(3) {to, .- ti-1} €y (Supp(D)).

(4) 7/|(ti_1,ti) =—m; fori=0,...,1, where t_1 := —00, and all bends m;;1 — m; are non-zero.
(5) For eachi=0,...,1—1, set ©; ;=[] wen @i%“(m“"“”) € Gr. Then ai+1 18 a homogeneous

¥(t:)€Pw
summand of ©; - a;.

In the notation of Definition we will write a., for a;.

Definition 1.8. Given (m,Q) € M\ {0} x Mg\ Supp(D), define Im o = 2 End(y)=(m,Q) & € A&cR,
the sum being over all broken lines with end (m, Q). Define also 99 g = 1.

In the present setting, well-definedness of theta functions was proved in [I§]. Observe that

Omq € 2™ + ‘2190( vt where A+ is the completion of Aw(m)JrM; ®c R.

m) (m)

Proposition 1.9 ([5, [18]). Under Assumption the following statements hold.

(1) For each Q € Mg \ Supp(D), the set {Um Q}tmear 8 linearly independent over Ar&cR and,
for each k € 7w, additively generates A<F @¢ R over Af{k ®c R.

(2) Let D = S(Dyy) and let p : [0,1] — Mg \ Joints(D) be a path with generic endpoints which
do not lie in Supp(D). Then the equality U ,1) = © 0 (Im p(0)) holds for all m € M.
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1.3. Tropical disk counting. We recall some definitions of [I8], modified so as to incorporate the
work of [6]. Fix a scattering diagram D;, = {w; = (m;, n;, P;, 0;) }icr and let g; = log(0;). Write

(L.1) gi=_9ji € (T 0im:) N0hnis  9ji € bjm,.

j>1 j>1

For each | > 0, define commutative rings R = C[{t; | i € I}], and R; = C[{t; | i € I}]/{t:! |i e I),
as in [12] [18]. There is a ring homomorphism

~ CHuijliel, 1<j<I} l
1.2 Ry — R := J : tz‘*—>§ i
(12) : : (u?j\i61,1<j<l> 7 —

Definition 1.10. A perturbation ﬁin,l of Din over Ry is a scattering diagram over R; consisting of
a wall wiy = (mj,n;, P;y,©;5) for eachi € I and J C {1,...,1} with #J > 1 such that

(1) each P;j is a translate ofn and RJ #+ Pyy unless i =1 and J = J', and
(2) the equality 1og(0;s) = (#J)'g(.1yi [ L5y wis holds.

We follow [6l, 9, 12, 20] and introduce the notion of tropical disks in D;,, or ®m,l-

Definition 1.11. A (directed) k-tree T is the data of finite sets of vertices T and edges T, a
decomposition TI0 = Tl-[g] U7l Yy {vo} into incoming, internal and outgoing vertices and boundary
maps Oin, Oput T — TV This data is required to satisfy the following conditions:

(1) The set T[O] has cardinality k.

(2) Each vertex v € T[ } is univalent and satisfies #aout( ) =0 and #9; (v) = 1.

(3) Each vertex v € T[O] is trivalent and satisfies #0,,5(v) = 2 and #0;, (v) = 1.

(4) We have #0,}(vo) = 1 and #3;, ' (v,) = 0.

(5) The topological realization |T| := ([[.cpm[0,1])/ ~, where ~ is the equivalence relation
which identifies boundary points of edges if their images in T agree, is connected and
stmply connected.

Two k-trees are isomorphic if there are bijections between their sets of vertices and edges which
preserve the respective decompositions and boundary maps. Set T£] = Ti[g} U {vg} and T =

T\ o; (TZ[O ). The edge e, := 9,.1(v,) is called the outgoing edge. The root vertex v, is the unique
vertex satlsfylng eo = 05, (vr).

Definition 1.12. (1) A labeled k-tree is a k-tree L with a labeling of each edge e € 87;11(L£?1])
by a wall w;, = (m;,,ni,, P;,,0;.) in Din and an element me € M} such that me = kem;,
for some ke € Z~g.

(2) A weighted k-tree is a k-tree I' with a weighting of each edge e € 9;, (T} b ]) by a wall w;_j, =
(mi ,ni,, Pi.j.,05.5.) in Dznl and a pair (me,u‘]e), where uJ = Hzel HjeJe L Uij € Rl such
that me = (#Je)mi, and J. is an I-tuple of finite subsets of {1,...,l} such that Je,;, = J.
and Je; = 0 for j € I\ {ic}. Moreover, the weights of incoming edges are required to be
pairwise distinct.

Two labeled (resp. weighted) k-trees are isomorphic if they are isomorphic as k-trees by a label
(resp. weight) preserving isomorphism. The set of isomorphism classes of labeled (resp. weighted)
k-trees will be denoted by LTy (resp. WTg).

Let L be a labeled k-tree. Inductively define a labehng of all edges of L by requiring that for
a vertex v € LI with incoming edges e, ey (so that I,k (v) = {e1,e2}) and outgoing edge es,
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the equality me, = me, + me, holds. A similar procedure applies to a weighted k-tree, where we

additionally require u’es = u’eruez.

Definition 1.13. A labeled ribbon k-tree £ is a labeled k-tree together with a ribbon structure, that

18, a cyclic ordering of 02-;1 (v) U, L(v) for each internal vertex v € L1,

Two labeled ribbon k-trees are isomorphic if they are isomorphic as k-trees by an isomorphism
which preserves both the ribbon structure and the labels. The set of isomorphism classes of labeled
ribbon k-trees will be denoted by LRy. Similarly, WRTj, is the set of isomorphism classes of weighted
ribbon k-trees. Note that the topological realization of a (labeled) ribbon k-tree £ admits a canonical

embedding into the unit disc D so that Eg C 0D.

Given a labeled k-tree L (resp. weighted k-tree I'), we will write my, (resp. (mp,ujf)) for the
label (resp. weight) of the edge e,. We use analogous notation in the ribbon cases.

Definition 1.14 ([18]). Given a labeled k-tree L (resp. weighted k-tree T'), associate to each e €
LW (resp. e € TM) a pair £(ne, ge), defined up to sign with ne € N and ge € b, n, (resp.
ge € hme,ne,ﬁéz)’ inductively along the direction of the tree as follows:
(1) Associated to each e € G%I(LZ[BL]) (resp. e € 82711(Fi?j)) is a unique initial wall w;, =
(mig,nig, P, ©i,) (resp. wi g, = (mi,ni, Py, 0i.0.)). Set ne = ni, and ge = g.i,
(resp. ge = (., )i.)s where gj; is given by equation (L.1)).
(2) At a trivalent vertexr v € Lol (resp. v € F[O]) with incoming edges e1,es and outgoing edge
€3, set Ney = <m€23n61>n62 - <m617n€2>n61 and e, = [961’962]'

For a labeled (resp. weighted) ribbon tree L (resp. T ), the label (ne, g.) of e € LI (resp. e € TH)
can be defined without the sign ambiguity by requiring {e1,es, es} to be clockwise oriented.

Write (nr,g1) (resp. (nr,gr)) for the pair associated to e,. Note that if v € T'l% has incoming
edges e, ez and outgoing edge e3 and me,,m., € Mg are linearly dependent, then n., = 0 and
hence g7, = 0 (resp. gr = 0), as follows from the vanishing b, o = {0}.

Given a weighted k-tree I' and 5 := (s¢).cprn € (]R<0)|Fm|, the associated realization of T' is
IT's| = <(|—|e€8;u1t(F£?3)(R§0)e) U (Ueerm [56,0]))/ ~ . Here (R<g). is a copy of R<p and ~ is the

equivalence relation which identifies boundary points of edges if their images in T'l0) agree.

Definition 1.15. A tropical disk in (Mg, Dj,) (resp. (Mg, Din,1)) consists of

e a labeled k-tree L (resp. weighted k-tree T'), with labeling of e € (3;11(1153) by a wall
= (mi,,ni,, Pi,,0;.) and m. € M; (resp. labeling of e € 0; ' (F,E%]) by a wall w;_j

WZ@ e,ie -

(Mies Mg, Pi g, s Oicd.,) and (me,u’e)),

e a set of parameters 5= (S¢) cpn € (R<o)‘Lm| (resp. 5= (Se)eernn € (R<0)|Fm|)’ and
e a proper map < : |Lg| — Mg (resp. < : |I's| = Mg)

such that the following conditions are satisfied:

(1) For each e € 81.;1(1153) (resp. e € 81;1(@?1])), we have ¢|(r_),(0) € P, (resp. <|r_,).(0) €
Pi.j.,. ) and §|(R§o)e(5) = g\(RSO)E(O) + s(—me) for all s € R<y.
(2) For each e € L (resp. e € TM), we have Slis,01(8) = Slis.,0(0) + s(=me).

1As the signs of ne; and ge; depend on the cyclic ordering eq, ez, e3 in the same way, only (ne,, gey) is defined.
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The point ¢(vo) := |5, 0](0) € Mp is called the stop of the tropical disk ¢. Given a tropical
disk ¢, denote by +(nc, gc) the pair £(nr,gr) (resp. £(nr, gr)) associated to the underlying labeled
(resp. weighted) tree.

One can also define a tropical disk in MR of type L without specifying a scattering diagram by
relaxing condition (1) in Definition to

Sl(R<0)e (8) = Sl(rg). (0) 4+ s(—me) for all s € R<g
and allowing each s, to take on the value 0. Tropical disks in Mg then form a moduli space My, (Mpg).

[1]
Under the identification 9y, (Mp) = R|<L0 % Mg, the evaluation map ev, : MMy (Mg) — Mg, obtained
by taking the stop of tropical disks, is the projection to Mg. Similar comments and notation apply
to tropical disks in Mg of type I'.

We denote by My (Mg, D) (resp. Mr(Mg, Din,)) the set of all tropical disks in (Mg, Djy)
(resp. (Mg, Din,)) when np, # 0 (resp. nr # 0 and ur # 0) with underlying labeled k-tree L (resp.
weighted k-tree I'). By definition, we have 9y (Mg, Diy,) C My (Mg). We use My (Mg, Dyy) to de-
note the closure inside 9, (Mg). We also define an affine subspace by Pr, = (ev,) (M (Mg, Din)) C
Mpg. Similar comments and notation apply in the perturbed setting.

When M has rank two, Pr is a line when £ = 1 and is a ray when k > 1. The latter case is
illustrated Figure [3]

I': a 3-tree

Vo

FIGURE 3. Pr from moduli of tropical disks.

Lemma 1.16. If Pr is non-empty, then it is orthogonal to nr.

Proof. We proceed by induction on the cardinality of T In the initial case, T'0) =

is that with a unique edge and the statement is trivial.

(), the only tree

For the induction step, suppose that v, € T is adjacent to the outgoing edge ey and incoming
edges e, eg. Split I' at v,., thereby obtaining trees I'y and I'y with outgoing edges e; and e; and k;
and ko incoming edges, respectively. We have

(ﬁFl(MR, Dinit)evo Xev, Mry (Mg, ﬁm,l)) X Rsg - (—mr) = Mr (Mg, Diny),

implying that Pr = (Pr, N Pr,) + R>0 - (—mr). By the induction hypothesis, nr, is orthogonal to
Pr,, ©=1,2, and hence nr is orthogonal to Pr, N Pr,. A direct computation using the definition of
nr shows that (mp,nr) = 0. The lemma follows. O
Definition 1.17. A scattering diagram ®m,l 1s called generic if for any two weighted trees I'y, I's

such that u’'r1 ~ujf2 # 0 and Pr, intersects Pr, tmnsversally the intersection Pr, N Pr, C Mg has
codimension two and is contained in the boundary of neither Pr, nor Pr,

2Meaning the unique affine subspaces containing Pr, and Pr, intersect transversally.
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The next result, which was proved by various authors in increading levels of generality, relates
consistent scattering diagrams to the counting of tropical disks.

Theorem 1.18 ([12], Ol 18]). Let 'bin,l be a generic initial scattering diagram. There is a bijective

correspondence between walls w € S(Djy, ;) and weighted trees T with Mr (Mg, Dipng) # 0 under
which a wallw = (m,n, P,©) corresponds to the weighted tree I' with (nr, Pr) = (n, P) andlog(©) =

(Heeai‘nl (FE?L])(#JEJE)O gru’™.

2. PERTUBATIVE SOLUTION OF THE MAURER—CARTAN EQUATION

We introduce a differential graded (dg) Lie algebra whose Maurer—Cartan equation governs the
scattering process from D, to S(Diy), or its generic perturbation.

2.1. Differential forms with asymptotic support. We begin by recalling some background
material from [6, §4.2.3] and [7, §3.2].

Let U be a convex open subset of Mg, or more generally, of an integral affine manifold , as in [7|
§3.2]. Introduce the notation QF(U) = I'(U x Rsq, A¥ TVU), where the coordinate of R~ is f. Let
W, *(U) C QF(U) be the set of k-forms « such that, for each ¢ € U, there exists a neighborhood
q €V C U and constants Djy, ¢y such that [|[V7a|pee(yy < Djye=v/" for all j > 0. Similarly, let
W (U) C QF(U) be the set of k-forms o such that, for each ¢ € U, there exists a neighborhood
q € V C U and constants D;y and N;y € Zsq such that ija”Loo(V) < Djyvﬁ*vaV for all 7 > 0.
The assignment U +— W, *(U) (resp. U — W°(U)) defines a sheaf W, > (resp. W;°) on M.
Note that W, °° and W;* are closed under the wedge product, V 2 and the de Rham differential d.

Since W, > is a dg ideal of W°, the quotient W° /W, > is a sheaf of dg algebras when equipped
with the de Rham differential.

By a tropical polyhedral subset of U we mean a connected convex subset which is defined by finitely
many affine equations or inequalities over Q.

Definition 2.1. A k-form a € Wi°(U) is said to have asymptotic support on a closed codimension
k tropical polyhedral subset P C U with weight s, denoted o € W3 (U), if the following conditions
are satisfied:

(1) For any p € U\ P, there is a neighborhood p € V.C U \ P such that aly € W, (V).
(2) There ezists a neighborhood Wp C U of P such that

a = h(z,h)vp +n

on Wp, where vp € /\k Ny is the unique affine k-form which is normal to P, h(xz,h) €
C>*(Wp x Rso) and n € W, > (Wp).

(8) For any p € P, there exists a convex neighborhood p € V. C U equipped with an affine coordi-
nate system x = (x1,...,%,) such that ' := (x1,...,x1) parametrizes codimension k affine
linear subspaces of V' parallel to P, with x' = 0 corresponding to the subspace containing
P. With the foliation {(Py y)}wen, , where Py = {(z1,...,2n) € V | (z1,...,25) = 2}
and Ny is the normal bundle of V', we require that, for all j € Z>o and multi-indices
B=P1,---,0) € Zio, the estimate

(21) //(:L'/)B <Sup |VJ(LVI\gOé)|> vp < Dj,V,ﬂh_W

Py

holds for some constant Djy.p and s € Z, where |3| =3, 5 and v}, = N N <

1 oxy,
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Observe that V_o W5(U) C WEHH(U) and (2/)*W5(U) C stg_lm(U). It follows that

oz

(2.2) @)’V _o - V_o W) c Wi ),

azll azlj

The weight s defines a filtration of Wp° (we will drop the U dependence from the notation
whenever it is clear from the context)ﬂ

(2.3) W, C - CWRtCWR CWh C - C W C QE(D).

This filtration, which keeps track of the polynomial order of A for k-forms with asymptotic support
on P, provides a convenient tool to prove and express results in asymptotic analysis.

Definition 2.2. A differential k-form « is in W;j(U) if there exist polyhedral subsets Py, ..., P C U
of codimension k such that o € Zé.:l ngj(U). If, moreover, da € WEE(U), then we say « is in
WE(U). For every s € Z, let Wi(U) = @, Wit (U).

We say that closed tropical polyhedral subsets P;, P, C U of codimension k1, ko intersect transver-
sally if the affine subspaces of codimension k1 and ko which contain P, and Ps, respectively, intersect
transversally. This definition applies also when dP; # ().

Lemma 2.3 ([7, Lemma 3.11]). (1) Let Py, Po, P C U be closed tropical polyhedral subsets of
codimension ki, ko and ki + ko, respectively, such that P contains Py N Py and is normal
to vp, Avp,. Then Wg (U) AW, (U) C Wi (U) if Py and Ps intersect transversally and
Wi, (U) AW, (U) C W, T, (U) otherwise.

(2) We have W (U)AW,2(U) C WZ;IZE(U) In particular, W2(U) C WX(U) is a dg subalgebra
and W7 HU) c W2(U) is a dg ideal.

2.1.1. Homotopy operators. Let P C U be a closed tropical polyhedral subset. In the remainder of
this section, we study the behavior of W5 (U) under the application of a homotopy-type operator
I. To do so, fix a reference tropical hyperplane R C U which divides U into U \ R = U; UU_. Fix
also an affine vector field v (meaning Vv = 0) which is not tangent to R and points into U,..

By shrinking U if necessary, we can assume that, for any p € U, the unique flow line of v in U
passing through p intersects R at a unique point, say € R. The time t flow along v then defines a
diffeomorphism 7 : W — U, (t,x) — 7(t,x), where W C R X R is the maximal domain of definition
of 7. For each z € R, set 7,(t) = 7(t,x). Let P = PN U+ and define

(2.4) I(P)y = (Py +Rso-v)NU, I(P)_=(P_+Rg-v)NU.

Define an integral operator I by
t
(2.5) I(a)(t,z) = / LBQ(T*(()())(S,ZE)CZS, a e WHU).
O S
Despite the notation, I depends on the choice of the tropical hyperplane R and the vector field v.

Lemma 2.4 (c¢f. [7, Lemmas 3.12, 3.15]). Let o € W (U). We have I(a) € W, °](U) if v is tangent

to P and I(a) € WIS(IDI)+(U) + W}TP)_(U) otherwise. Moveover, if & € Wi(U) (resp. a € Wi(U)),

then I(e) € Wi=l(U) (resp. I(a) € Wi H(U)).

Using the affine coordinates determined by 7, we define a tropical hypersurface i : R — U,
x +— (0,z), and an affine projection p : U — R, (t,z) — x.

3Note that k is equal to the codimension of P C U.
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Lemma 2.5 (¢f. [7, Lemmas 3.13, 3.14]). (1) Let k = codimg(P C U). For a € Wy(U), we
have i*a € ng(R) if P intersects R transversally, where Q C R is any codimension k
polyhedral subset which contains PN R and is normal to i*vp, and i*a € W, (R) otherwise.
Moreover, the pullback along i is a map i* : Wi (U) — W} (R).

(2) For a € W§(R), we have p*a € W;,l(P)(U). Moreover, the pullback along p is a map
p*: Wi (R) = Wi(U).

Finally, we extend the above construction to define an integral operator which retracts U to a
chosen point gg. Consider a chain of affine subspaces {qo} = Uy C U; C --- C U, = U with
dimg(U;) = j. Denote by ij : U; — Uj41 and pj : Ujy1 — Uj the inclusions and affine projections,
respectively. Let v; be a constant affine vector field on U;4; which is tangent to the fiber of p;.
Composition of the inclusion operators gives i; ; : U; — Uj;, © < j, and similarly for the projection
operators. Let I; : Wi(Uj41) — Wi~ [(Uj41) be the integral operator defined using vj, as above.
For the purpose of solving the Maurer—Cartan equation, we will choose gg to be an irrational point
in U;. While {go} is not a tropical polyhedral subset of Uy, the definition of Py, ; remains valid if it is
treated as the inclusion of constant functions. The operator Iy defines a map Wi (Uy) — Wi~ H(Uy),
even if qo is irrational, as each o € W{(Uy) can be written as a finite sum ), oy with oy € Wfpl(Ul)
for some rational points P; of U; which, in particular, are distinct from gg. It follows that Io(F}) is
still a tropical subspace of Uj.

With the above notation, define I : W2(U) — W:~1(U) by
(26) I = pirIOiT,r +ot pifl,rIT—2iifl,r + 1.
Write i* := ijj , for evaluation at go and p* := pg,..

Proposition 2.6 (c¢f. [7, Lemma 3.16]). The equality dI + Id = 1d — p*i* holds.

2.2. The tropical differential graded Lie algebra.

2.2.1. Abstract tropical dg Lie algebras. Consider a M -graded tropical Lie algebra b acting on
P-graded algebra A, as in Section [I] Fix a convex open subset U C M.

Definition 2.7. The tropical dg Lie algebra associated to § s
H(U)= P W)W D)) ©c b,

mEMC,+
with differential d(ah) = (da)h and Lie bracket [ah, Bh] = (aAB)[h, h'], where o, B € WO(U) /W L(U)
and h,h' € .

Denote by 7:[*(U ) the completion associated to the monoid ideals kM C M}, k € Z~o. Given a
commutative algebra R, set Hi(U) = H*(U)®c R and Hiz(U) = H*(U)&cR. For later convenience,
we also introduce the dg Lie algebra G*(U) := €D, ¢+ WO(U) ®c by and its dg Lie ideal Z*(U) :=
D,nen WY U) ®¢ bm. Observe that G*(U)/Z*(U) ~ H*(U). When U = Mg, we will often omit
U from the notation.

We will be interested in solving the Maurer—Cartan equation in H* or H%, which reads
1
(2.7) do + 5 lp, 9] = 0.
Definition 2.8. The tropical dg algebra associated to A is A*(U) := @,,cp W2(U)/W;1(U)) &c
A, with differential d(af) = (d) f and product (af)A(Bg) = (aAB)(fg), where o € WO(U) /W, 1(U)
and f € A.

There is a natural left H*(U)-action on A*(U) given by (ah)-(B8f) := (aAB)(h- f). As for H*(U),
we can also define A*(U), Ar(U) and Ar(U).
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2.2.2. Homotopy operator. We will solve equation (2.7) using Kuranishi’s method [I7], in which a
solution is written as a sum over trivalent trees. We take U = Mp for the remainder of this section.

Fix an affine metric gy on Mg. For each m € M, fix a chain of affine subspaces {pt} = U["* C
U™ C - C U™ = Mg. We assume that Uy is an irrational point of Uj". Denote by p* the affine
projection determined by the vector field vj", with the convention that vi" = —m.

Given these choices, we obtain a homotopy operator H,, : W9 — Wf_l using equation ([2.6))
(denoted there by I). Let P, : WY — W(UZ") be the projection P,,(a) = alyp and let oy :
WR(UFY) — WP be given by () := a, the embedding of constant functions on Mg. As in [6],
these operators satisfy

so that H, = €,, Hy, is a homotopy retracting WY to its cohomology H*(W?,d) ~ W (UF").

Moreover, these operators descend to the quotient W2 /W, 1, thereby contracting its cohomology to
IaY) 71

C = WU /Wy (UF):

Definition 2.9. (1) For each m € M}, let H, = WY/W. 1) @c by, and define the homotopy
operator Hy, + HiH — HE by Hp(ah) = Hy(a)h. Denote by H = @, Hy the induced
operator on H*.

(2) Define operators P = @,, Pm and v = @, tm, similarly.
Similar definitions apply to define operators on 7:[*, H% and 7—1}5
2.3. Solving the Maurer—Cartan equation.

2.3.1. Input of the Maurer—Cartan equation. Consider an initial scattering diagram D;,, or its per-
turbation Dml We are going to associate to each wall of the scattering diagram a term in H! or
H}%l to serve as inputs to solve the Maurer—Cartan equation.

Consider first D;, = {w; = (m;,n;, P;,0;) }ier, with log(©;) = Zj gji as in equation ((1.1)).
Consider an affine function n; = (-,n;) + ¢ such that P; = {x € Mg | n;(z) = 0} and set

_ Lz ey
(2.9) op, = (wﬁ) e dn;.

Lemma 2.10 ([6 §4]). We have dp, € W}gi(MR).

Set
(2.10) % = —§p log(0;) € H'
and take Il =3, ;11 1) as the input to solve the Maurer-Cartan equation.

If instead we begin with a perturbed diagram ®m,l, then we have walls w;; = (mj s, nis, Pij, ©:7),
leading to 0p,, € W}DZ_U(MR) and II = ZLJIZISZ) € H}%l.

2.3.2. Summation over trees. Motivated by Kuranishi’s method [I7] of solving the Maurer—Cartan
equation of the Kodaira—Spencer dg Lie algebra, and its generalization to general dg Lie algebras
(see, for example, [19]), instead of solving equation (2.7)), we first look for solutions ® € H! of the
equation

v 1 v v
(2.11) =1~ SH[®, ).

D=
T
=3

BKia

In the perturbed setting, we look for solutions P e 7—[}% of the equation d=1I—
1
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Proposition 2.11. If & satisfies equation (2.11)), then d satisfies equation (2.7) if and only if
P[®, ] = 0. An analgous statement holds for ®.

The unique solution ® of equation (2.11)) can be expressed as a sum over directed trees, as we

now recall. An analogous statement holds for ®. Further details can be found in [6, §5.1].

Definition 2.12. Given a labeled (resp. weighted) ribbon k-tree L (resp. T ), number the incoming

vertices by v, ...,v, according to their cyclic ordering and let ey, ...,e; be their incoming edges.

Define an operator Iy ¢ : (H*tH)®F — T+ (resp. U 7 - (”;’-L}‘;;rl)‘glC — 7-[}‘;1) so that its value on
1 1

Cl,..., G € 7-22‘;5:1) is given by

(1) first extracting component of (; in 7-[*“ (resp. 7—[*“ Jei ) and aligning it as the input at v;,

(2) then applying mo at each vertex in L 0 (resp. TI), where my : H*t @ H*1 — H*T1 is the
graded symmetric operator ma(c, ) = (—1)*PF [, 8], where & and B denote the degrees
of a and B, and finally

(3) applying the homotopy operator —H to each edge in LN (resp. TH).

Having defined [; » and [} 7, we can write
o 1 S 1 ~ ~
(2.12) @:ZF > (M. T, @:Z%—_l > b, 10
k>1 LELRy k>1 T EWRTy,

It is not hard to see that the sum defining ) converges in #*. The sum defining d is finite in ”H%
)

because the maximal ideal of R; is nilpotent.

3. TROPICAL COUNTING AND THETA FUNCTIONS FROM MAURER—CARTAN SOLUTIONS

3.1. Tropical counting from Maurer—Cartan solutions. The goal of this section is to relate
Maurer—Cartan solution in Hl with the counting of tropical disks in (Mg, D;p ). Similar results

for M of rank two can be found in [7].

3.1.1. A partial homotopy operator. Recall the homotopy operator H = @meM; H,, from Section
It will be useful to replace H,,, with a partial homotopy operator

(3.1) H,, (a)(x) := /

— 00

—
~
|
—~

") (@)(s, 2))ds,

where 7™ : R x My — Mg is the flow with respect to the vector field —m. Given a labeled (resp.
weighted) ribbon k-tree £ (resp. 7)), we denote by Ly o (resp. Ly 7) the operation obtained by
replacing the operator H with H in Definition (denoted there by [ instead of L).

Geometrically defined? Or what is canonical?’Here I wanna say that H is not depending on the
extra choices, for each m we have an operator H,,

Remark 3.1. The reason for introducing the operators H and Ly,  (resp. Ly 7) is that the operator
H of Section depends on the choice of a chain of affine subspaces U for each m € M}. A
drawback of the operator H, whose definition is indepdendent of the choice U.", is that H,,(«)
is defined only when « is suitably behaved at infinity; see Lemma Furthermore, additional
arguments are required to verify that the formula given by summation over trees above using Ly, o
(resp. Lg 7) is well-defined and in fact solves the Maurer-Cartan equation; see Lemma

An alternative way of proceeding is to instead make a careful choice of the chains UJ" so as
to directly relate the Maurer—Cartan solution ® defined using H with scattering diagrams; this
approach is taken in [6] [7].
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3.1.2. Modified Maurer—Cartan solutions. In this section we prove that Lk77-(H,...,l:I) is well-
defined; the proof for Ly ~(II,...,II) is similar.

[1]
Given a weighted ribbon k-tree T, denote by My (Mpg) = R‘Iol % My the space of tropical disks
in Mg for the underlying weighted tree. -

Definition 3.2. Given a directed path ¢ = (eg,e1,...,€;) in T, considered as a sequence of edges,
(1]
define a map T° : R‘ZE % Mg — Mg by 7¢(5,2) = 70 o 75l 0 - 0 71 (x), where 7;[1] 1s the subset

[1] [1]\ 711
{eg,...,e} C T, The map ¢ extends to a map 7° M (M) = ]Rg) | x Mpr — RZ) Tl Mr
(1] 7-11] n n
by taking the Cartesian product with Rg) VT

Note that the previous definition does not use the ribbon structure of 7, so it applies also to a
weighted k-tree I'.

Recall that the differential form dp, depends on an affine function n; which vanishes on P;. Let
N; be the space of leaves obtained by parallel translation of the hyperplane P;, equipped with the

natural coordinate function 7;. Recall that associated to each edge e € Tm

i is a wall w;_. Define an
affine map

(3.2) My (Mg) =[] N,

eeT)
by requiring 7*(n;,) = n;, (7°(5, x)). Write Z, for RQ]I] x {z}.

1] _
Definition 3.3. Assign a differential form v. on ]R'ZE) | to each e € T recursively as follows.

Setve =1 ife € 8121(7;[7?]). If v is an internal vertex with 9, (v) = {e1,ea} and 9;,'(v) = {es}
such that {e1, e, e3} is clockwise oriented, then set Ve, = (—1)Pe2lvg, A ve, A dse,, where |ve,| is the

cohomological degree of Ve, .

(1]
The form vy attached to the outgoing edge e, € T is a volume form on ]R'ZE) 5

The following result can be proved in the same way as [0, Lemma 5.33].

Lemma 3.4. We have 7 (dn;,, A+ A dm%) = cvr Ang + ¢ for some ¢ > 0, where n € N is a

[1] . o
Z) | dual to vy and LYE = 0. In particular, 7|z,

N;. when ny # 0.

1-form on Mg, 1/}/- 1s the top polyvector field on R
is an affine isomorphism onto its codimension one image C(7,x) C []

eeT)
The well-definedness of Lkg—(ﬂ, . ,f[) depends on the convergence of the integral in the following
lemma. Write a; in place of 6p, ; and, for each L >0, set Z, 1, = [—L,0]7" x {z}.
J

Lemma 3.5. (1) The integral

ar(e) == [ @) (@) A n ) ()

is well-defined. Moreover, a7 = 0 if n = 0 and a7 € Wy (Mg) if Pr = 0, where Py is
defined as in Section by forgetting the ribbon structure of T .

(2) The integral o 1(z) = — fIz (T () A A (7)) (o) uniformly converges to ar(x) for

x in any pre-compact open subset K C M. Furthermore, (a1 — aT.1)|k € Wy ©(K) for
sufficiently large L.
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(3) If Pr # 0, so that dimg(Pyr) = r — 1, and ¢ : (a,b) — Mg is an embedded affine
line intersecting Py positively’| and transversally in its relative interior Int,.(Pr), then
limy_so fg ar = —1.

Proof. Explicitly, the integral a7 (x) under consideration is

k
k2 [ -2, )/h 1 \k/2 —(ho (rs) 2, )k,
()" [ 7 (DL ) = )™ [ e ),

z j=1

By Lemma the only case that we need consider is when ny # 0, in which case 7|z, is an affine

isomorphism onto its image C'(7, x), a codimension one closed affine subspace. The well-definedness
(kL ()2 )/h

of the integral is due to the fact that fC(?x e (= (7))

)
volume form gz 4y on C(7,x). When Pr = (), we have 0 ¢ C(7,z) for any 2 € Mg, which implies
aT € Wl_OO(MR)
Notice that

po(rz) < oo for any affine linear

() AT ni. = 0} = My (M, Dint) C My (Mp).
eeT!)]

Furthermore, for each pre-compact subset K C Mg and any b > 0, there exists an L; such that
(Zo \ Za,n,) N {1(76) mic | < 0} = () for all z € K, as follows from the fact that 7|z, is an

affine isomorphism onto its image. This implies that o7 1, converges uniformly to oy on K and that
(a7 —ar )|k € Wy (K) for sufficiently large L.

Suppose now that Py and ¢ are as in the final statement of the lemma. Consider the affine
subspace Zy 1= Use(q,p) Zo(t) C D7 (Mp). We have

for=-t

(4

where 7(Z,) C HeeT[l] N;.. Here we apply Lemma above to conclude that 7 is an affine iso-

<T“>*<a1>A-~A<T%>*<ak>=‘/< A
(T,

morphism onto its image 7(Z,) when Pr # (. Since o intersects Pr in Int,.(Pr) and Dm,l is
generic, we have 0 € Int(7(Z,)). Together with the explicit form of a; A --- A oy, we then obtain
limy_0 fg ar = —1. O

3.1.3. Relation with tropical counting. The following result is a modification of [6], §5].

Lemma 3.6. For each T € WRTy, we have Ly 7(II, . . ., ) = (Heeafl(T[O])(#Je%)!) aTgTujT.

0 _

Proof. We proceed by induction on the cardinality of 719, In the initial case, 71 (), the only tree

is that with a unique edge and there is nothing to prove.

For the induction step, the root vertex v, € 71 is adjacent to the outgoing edge ey and
the two incoming edges, say e; and es. Assume that {e,ea,e,} are in clockwise orientation.
Split T at wv,, thereby obtaining trees 71 and 7T with outgoing edges e; and es and k;_ and
k2 incoming edges, respectively. By the induction hypothesis, we can write Ly, 7;(IL,... ,II) =

(Heea;ll((ﬁ)g‘fj)(#“]e’ieﬂ) argru’Ti, i = 1,2. We therefore have

Lor( o)== [ @ei))Hlog Aar)lgr, grlu’mu’m.
et (T

4Intersecting positively means (o', n7) > 0.
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By definition, g7 = 977, 97;] and W = wrudm. Finally, the proof of [6l Lemma 5.31] shows that

H(ar Aar) =/ (7)) () -+ (7%) () = —ar(2).

T

Note that the well-definedness of H(ar; A o) is guaranteed by Lemma O
Lemma 3.7. For each T € WRTj, we have ot € W};T(MR) NWE(Mg) if Pr # 0.

Proof. We proceed by induction on the cardinality of 71°. The initial case, 71° = @, holds by
Lemma [2.10)

For the induction step, split 7~ at the root vertex v, € 71 to obtain trees 7; and T, as in the proof
Lemma We can assume that each P7; is non-empty and that Pr; and P, intersect transversally
and generically, as in Definition Then @ = Pr; N Py, is a codimension two affine subspace of
Mg. The induction hypothesis implies a; € W}, - (Mg) NWi (M) and Lemma gives a; Ao, €
W%(MR) NW2(Mg). Arguing as in the proof of Lemma we find a7 = —Hp,, (a7 Aag), which
is nonzero only if n # 0. Note that if ny # 0, then —m7 = —m,, is not tangent to Q.

We would like to apply Lemma to conclude our result. However, the operator H,,  is slightly
different from that appearing in Lemma So, we must slightly modify the proof.

To simplify notation, write m = m,, for the remainder of the proof. Since m is not tangent to
(), we can assume that the chain of affine subspaces {pt} = Uj* C U C --- C U™ = Mp used to
define H,, is such that U™, separates Mg into My and My, —m points into My and Q C Mg .
With this choice, we obtain a homotopy operator H,, as in Section which, by Lemma [2.4
satisfies Hy,(a; A agy) € W}DT(MR) N WEH(Mg). Since U™, N Q = ), we find that the difference
H,, 1(ar; A ar) — Hpn(an A ag) lies in W (Mg). It follows that H,, (a7 A ag;) satisfies the
desired property. O

Lemma 3.8. The element ¢ := D k>1 %%ZTEWRT;C Ly 7(I0,..., 1) is well-defined in G* @c Ry.
Furthermore, it solves equation (2.7)).

Proof. Well-definedness of ?7 follows from Lemmas and The same reasoning as in Section
then shows that ¢ = IT — LH[®, &].

We will use Proposition m to show that @ solves equation (2.7). Fix a pre-compact open
subset K C My and consider the restriction of equation (2.7 to K. By Lemma by choosing L

sufficiently large we can ensure that the truncation by = D k>t 2,6%1 > TewrT, O, LgTu’T satisfies
Bl wIT #0

arT —ar,, € Wy (K). Indeed, this is possible because there are only finitely many terms with

u’T # 0 in the expression for &1, as the maximal ideal of R; is nilpotent. Notice that @, satisfies

= = = = 0

®p, =11—1H [P, P, where H] := D,ncrr Hom and Hy () (z) := fiL(La@(Tm)*(O[)(S,JI))dS.

Similar to Proposition it suffices to show that PL[@L, @L] =0on K, where Py, := @meM;L Prm
and Pr, ., (8) := (77, )*. Since @), is a sum over trees, we consider weighted trees 7; € WRTy,, ¢ = 1, 2,

with u’/7i # 0 and the associated terms T 1.97;, Where g7, € me. o Ry We join the trees 77 and
T2 to give T It suffices to assume that ny # 0, since [97;,97] € b, 5 = {0} when ny = 0. If
nt # 0, then m7 is not tangent to Pr; N Pr,. We may therefore choose L sufficiently large so that

"7 (K)N Pr; N Py, = 0. As a result, we must have (7" )*(ap; Aag) =0in H%l (K). O

Let T' be a weighted k-tree with Pr # (). Since the monomial weights ue at incoming edges
ec ng] are distinct, there are, up to isomorphism, exactly 25~! ribbon structures on I. Note that
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Ly 7-(1:I .,II) does not depen on the ribbon structure of 7, since II € ”H}%l and II commutes

with odd elements of 7—[1 It follows that & = > k>1 2 _Teur, Lk 7(1I,..., 1), where T is any ribbon
tree whose underlying tree 7 is I'. Combining Lemmas [3.6] [3.7] and [3.8 . we conclude the following
theorem.

Theorem 3.9. The Maurer—Cartan solution ® € ’H}% ofLemma can be expressed as the following
1

sum over trees: ~
P = Z Z arlog(Or).

E>1 ety
M (MR, Dip,1)#0

Here My (Mg, ®m,l) # () indicates the existence of a tropical disk in (MR,ﬁmjl) of combinatorial
type I', the wall-crossing factor Or is given by

og(@r) = ([T (#ei)t)oru’
eca, Il
and ar is a 1-form with asymptotic support on Ppr which satisfies limy_( fg ar = —1 for any affine
line ¢ intersecting positively with Pr.
Remark 3.10. Theorem [3.9| gives a bijective correspondence between tropical disks and summands
of the Maurer—Cartan solution. Together with Proposition [3.16 below, which relates Maurer—Cartan

solutions with consistent scattering diagrams. This provides an alternative realization of the enu-
merative interpretation of Theorem [1.18]

3.2. Non-perturbed initial scattering diagram. In this section we study the relationship be-
tween Maurer—Cartan elements and unperturbed scattering diagrams. We are motivated by the fact
that it may not always be possible (or natural) to perturb the incoming diagram. This is the case,
for example, for the Hall algebra scattering diagrams. With appropriate modifications, we find that
most of the results of Sections [3.1.2 and [3.1.3] remain true without perturbation.

Given an initial diagram D;,, consider Ly £(II, ... II) as in Section The main difference
is that, when P; # (), we have dimg(Pz) = r — 1 in the perturbed case, whereas we only have
0 < dimg(Pr) <r —1 in the unperturbed case.

To begin, note that the first two parts of Lemma remains true in the context of labeled ribbon
k-trees L. However, limy_q fg ar need not equal —1, even when dimg(Pz) = r — 1. Indeed, we only

have 0 € 7(Z,), as opposed to 0 € Int(7(Z,)), so the relevant part of the proof of Lemma does
not apply. The replacement of the second half of Lemma will be given in Lemma [3.13

Lemma 3.11. For each L € LRy, we have Ly £(I1,... 1) = a,gr, where gz is as in Definition

[1-24]

Proof. This can be proved in the same way as Lemma [3.6] O

The next result gives the required modification of Lemma
Lemma 3.12. Let L € LRy and let Pr C P be the codimension one hyperplane normal to nr.
(1) We have ap € W}DC(MR) NWLH(MR) if dimg(Pz) = r — 1 and ag € WhH(Mg) N WE(Mg)

otherwise. In either case, ar|yp\p, € Wi (Mg \ Pr).
(2) If dimg(Pz) = r — 1, then there exists a polyhedral decomposition Pr of Pg such that

d(ag)| -2, € Wy (Mg \ |77g_2}]), where PY denotes the set of I-dimensional strata
Mg\[P; |
and ]P[l]\ is the underlying set of PU.

5This can also be deduced from the proof of Lemma by observing that the dependence of a7 and g7 on the
ribbon structure of 7 cancels out in the formula for Ly 7(I1, ..., II).
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Proof. We proceed by induction on the cardinality of £1%. The initial case, £ = @, holds by
Lemma 2,100

For the induction step, split £ at the root vertex v, € £ to obtain £; and Lo, as in the proof
Lemma We can assume that ny # 0, as otherwise ay = 0 by Lemma [3.5] By the induction
hypothesis, we have o, € W}Di(MR)ﬂWf(MR), with P, = nt containing Pr,, i = 1,2. Since ng # 0,
Py and P intersect transversally. Applying Lemma then gives oz, Aag, € W% (Mg) NW32(Mg),
where Q = P1 N P,. We have ar = —H,,,, (a7; A a7;), as in Lemma Similar to the proof of
Lemma since Q — R>gmg C P, we can apply Lemma to conclude that ay € W},(MR) N
W} (Mg). Using the induction hypothesis and the relation Py = (P, N Pz,) — R>gmg, we have
(s A aB)’MIR\(Pﬁlmpﬁg) € WQ_OO(MR \ (Pg, N Pr,)), which gives QE‘MR\PL € Wl_OO(M]R \ Pr).

Consider now day. Since ap € Wi (Mg), we can write day = Zj Bj, where 3; € W%j (Mp) for
some codimension two polyhedral subsets Q; C Mg. In particular, dog| Mp\U,; Qs € W™ (Mg \
Uj Qj) and dag|y\p, € W™(Mg \ Pr). Letting P, be a polyhedral decomposition of Py such

that |73[ET72]| contains Pz N |J; Q;, we obtain the desired result. O
Lemma 3.13. Let P, be a polyhedral decomposition of Py which satisfies the second part of Lemma
3.19 and let o € Pg_”. Then there exists a constant cg o > 0 such that limy_g fg ag = —cgq for

any embedded affine line o which intersects positively and transversally with o in Int,(o).

Proof. For any such path g, we have limy_. fg ap = — f;(Ig) ai A -+ A ag; see the proof of Lemma
Although 0 € 7(Z,) instead of 0 € Int(7(Z,)), we still have f;(Ig) ay A+ A ag = —c for some
constant ¢ > 0. It remains to argue that c is independent of p.

Let 01 and g2 be two paths of the above type. Join the end points of p; and g2 by paths vy and
~1 which do not intersect in P, to form a cycle C. Then limy_,q fv ar = 0 and limyg [ o =

limy—o [, doy = 0 for some 2-chain D with D N |73[£_2}| = (). It follows that limy_ le ap =

limy_yq fm ar. O

We claim that @ := } -, Qk—l_l > rewr,, Lk,c(IL ... 1T) defines an element of G* which satisfies
equation in H*, as in Lemma Indeed, if we consider this claim in G<F* := WO @¢ h<F
and H<F* .= (WS/W*_l) ®@c h<F, we will have a finite number of terms and the proof of Lemma
applies. The claim in G* and H* then follows by taking limits.

Let L be a labeled k-tree. Since Ly £(I, ..., II) does not depend on the ribbon structure of £, we
(1]

can make sense of the sum Ly, (I, ..., II). Since the labeling of the incoming edges e € L,,; need

not be distinct, we have
1 1

(3.3) mL,C,L(H,...,H) = ;LWLk,L(H,...,H)

and hence @ = 3 ;1> 1, mﬁLk,L(m ...,1I). Combining the above arguments yields the
following modification of Theorem [3.9

Theorem 3.14. The Maurer—Cartan solution ® € H* can be expressed as a sum over trees,

1
(3.4) b= Z Z maLgb

k>1 LEeLTy
My, (Mg, Din)#D

with oy, € W}D(MR) NWL(Mg) for the codimension one affine subspace P, C P normal to np,.
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Furthermore, when dimg (Pr) = r — 1, there exists a polyhedral decomposition Pr, of Py, such that,
for each o € P[Lr_l], there is a constant cp, » such that limy_,o fg ap, = —cp o for any affine line o

intersecting positivelyﬁ with o in Int, (o)

Definition 3.15. Let @ be as in Theorem|3.14. Define a scattering diagram D(®) as follows. For

each L € LTy with dimg(Pr) =r —1, let o € Pg_l] be a mazimal cell with associated constant cp, »

(see Lemma . Define a wall wg, o = (mp,nr, Prs,0r,5) as follows:

(1) my and np, are defined as in the case of weighted k-trees (see Definitions[1.19 and .
(2) Pro=0 and O, = exp(mﬁﬁgm.

We claim that D(®P) is equivalent to S(D;y,). We will use the main result of [6] to conclude
that D(P) is a consistent extension of D;,. Since this result cannot be applied directly to our
current situation, we supply the required modifications. Firstly, we have D(®)<F = D(d<*), where
&<k is the image @ in H<** and D(P)<F is the diagram obtained by replacing the wall-crossing
automorphisms with their images under 6 — h<k. To prove consistency of D(®P), it suffices to
prove consistency of D(&<F) for each k € Z~(. For the latter, consider a polyhedral decomposition
T (D(D<F)) of Joints(D(#<F)) such that, for each j € J(D(P<F))I"=2, the intersection P Nj is a
facet of j for all labeled trees L with gr, # 0 € h<F. It then suffices to prove consistency at each
joint j.

Fix a joint j and let U be a convex neighborhood of Int,.(j) such that (U \j) N P # @ only if
dimg(P) =7 — 1. There is a decomposition |y = 3> ,)ew $Lo) 1 €. Here W is the set of pairs
(L, o) for which dimg(Pr) = r—1 and o € Pr, and o NInt,(j) # 0. Restricted to U\ j, the summand
dL9) is equal to maLgL. The final term € = Y p, Ay maLgL satisfies E[y\; = 0.

dimg (Pr,)<r—1
Indeed, this follows from our assumptions on 7 (D(#<¥)) and the fact that (U \j) NPy = § for those
Py, satisfying dim(Pr) < r — 1.

Since the sum -, ,)cw &(L9) satisfies Assumptions I and II of [6, Introduction], the following

result can be proved using the methods of [6].

Proposition 3.16. The scattering diagram D(P) is consistent.

It now follows from Theorem that the scattering diagrams D(®) and S(D;,,) are equivalent.
For the perturbed case, we have D(®) equivalent to S(Djp ).

3.3. Theta functions as flat sections. Let ® € H! be aAMaurerfCartan element. Then dp =
d + [@,—] is a differential which acts on the graded algebra A4*. The space of flat sections of dg is

(3.5) Ker(dg) = {s € A° | dg(s) = 0}.

The product on A* induces a product * on Ker(dg). In the same way, Ker<¥(dg) inherits a product
from A<F*. The goal of this section is to relate the algebra Ker<F(dg) with the theta functions
introduced in Section [[.21

3.3.1. Wall-crossing of flat sections. In this section we will prove a wall-crossing formula for flat
sections Ker<¥(dg) using arguments similar to those of [7, Introduction].

Consider a polyhedral decomposition P<F of Supp(D(#<F)) with the property that, for every
0<li<r—1landoe 77<k’m7 we have o C P, for some wall w € D(¢<k) and Pr, N o is a facet of
o for every Pp, with g # 0 € h<F. Fix a maximal cell 0 € P<FI=1 Let U ¢ Mg \ [P<FI"=2| be a

6Here positivity depends on nr,, which is defined up to sign. However, this sign ambiguity cancels with that of gr.,
as mentioned in Definition m
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contractible open subset intersecting Int,.(o) and which is separated by Int,.(c) into two connected
components, Uy and U_. Associated to o is the wall-crossing automorphism

(3'6) 0, = H Gfsn(nw,v)’

weD(P<k)
PyNUNo#£D

where v # 0 points into U,. Results from [6, §4] imply that there is a unique gauge ¢ which solves
the equation

(3.7) e dede = (g

and satisfies p|y_ = 0. Moreover, this gauge is necessarily given by

[ log(®,) on U,
(38) Y= { 0 on U_.

In words, @ behaves like a delta function supported on o and ¢ behaves like a step function which
jumps across o. See Figure [

Gauge ¢

MC sol. ¢
Solve for gauge

— e
FARFAAE T T

FIGURE 4. The gauge ¢ as step function.

Let s € Ker<F(®). Since &<F|y, = 0 € H<F*(UL), we have d(s|y.) = 0. We can therefore treat
sy, as a constant section over Uy, which we henceforth denote by s4 € A<k,

Using equation (3.7)), the condition dg(s) = 0 is seen to be equivalent to the condition that the
function e~2d% (s), which is defined on U, is d-flat. On the other hand, equation (3.8) gives

e—adv(s) :{ @;1(34-) on U+,

S_ on U_.

We therefore conclude ©,(s_) = s;. By applying this argument to a path ~ crossing finitely many
walls generically in D($<*), we obtain the following wall-crossing formula.

Theorem 3.17. Let s € Ker(dg) and Q, Q" € Mg\Supp(D(P)). Then
(39) SQ = @%@(SQ)

for any path v C Mg \ Joints(D) joining Q to Q', where sg/ and sq are restrictions of s to suffi-

ciently small neighborhoods containing Q and @', respectively, and are treated as constant A°-valued
sections.
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3.3.2. Theta functions as elements of Ker(dg). In this section we define, for each m € M \ {0}, an
element 6, € Ker(dg) and relate it to the theta function ¥, g of Section Since Ker(dg) =
%iink Ker(dgk), we will define 6, as an inverse limit lim, 0=k, where 05F is defined by the following
emma.

Lemma 3.18. For sufficiently large ¢ > 0, there exists a unique section 03F € Ker<k(d¢) such that
05Ky = 29 in a neighborhood U of R - p(m).

Proof. Equation , and the resulting equation for #<* obtained by passing to H<**, exhibits #<*
as a finite sum. For each L with g, # 0 € h<F, consider the polyhedral subset P;, C Mg. Because
the set of such Py, is finite, there exists a constant ¢ > 0 such that either P, N (Rx>. - ¢(m)) = 0 or
R>c - ¢(m) C Pr. It follows that there exists a neighborhood U of Rx. - ¢(m) such that PLNU = {)
for those P, which do not contain R>. - ¢(m). Therefore, we have

1
d<k|,; = E E -
v [Aut(L)] “HI*

k>1 LELTy
Pr,NU#D

with g1, € By, n,. The construction gives R>. - ¢p(m) C P C nf whenever P, N U # (), and
therefore gz, - 2#(™ = 0 using Definition This gives (¢<k . ch(m)) |y = 0 and therefore z‘P(m)]U €
Ker<k(d@|[]).

Since H'(H<F*,d) = 0, the deformation of d by any ¢<* defined on Mg is gauge equivalent to
d by some gauge ¢ € H<F0, that is, e*dede™2d = dzcr. We may choose ¢ so that ¢(mg) = 0 at
some point mg € U. For the existence part of the lemma, we may simply take ¢ = e~2de (z‘p(m)).

As for uniqueness, note that if s € Ker<F(®) is such that s|y = 0, then e~2d¢(s) is constant section
which restricts to zero on U. It follows that e2d¢(s), and hence s, is zero. O

Theorem 3.19. For Q € My \ U, Pr, we have 9m g = 0m(Q), the value of the section 0m at Q.

Proof. Let k € Z~o and consider the equation ¥m g = 0m(Q) in A<F. From Theorem and
Lemma we learn that 0% satisfies the wall-crossing formula of Theorem and that 65" and
z#(M) agree in a sufficiently small neighborhood U of R>¢ - ¢(m). From Proposition we learn
that 19;{22 satisfies the same wall-crossing formula as 65, It remains to check that 19;{“62 = 2%(M) for

€ U \ Supp(D(9<*)), which follows from the definition of 9K, Il
Q pp m,Q

The next proposition, which is parallel to Proposition relates the set {em}meﬂ to the ring

Ker(dg). Note that the natural inclusion Ag — Ker(dg) gives Ker(dg) the structure of a Ag-
module.

Proposition 3.20. The set {0m},, 57 s linearly independent over Ay and, for each k € Zsyg,
additively generates Ker<F(dg) over A",

Proof. Consider a finite Ag-linear relation > m @mbm = 0. By Theorem we have 0, (Q) = VUm0
for each @ € Mg\ J; Pr. It follows that > amUm,o = 0, whence each am, vanishes by Proposition
[[.9] This establishes the claimed linear independence.

For the generating property, fix k € Z-¢ and consider s € Ker<k(d¢). Let € be a chamber

of Mg \ Upyzg, ep<r Pr- Then s|e is a constant section which can be treated as element of A<k,

henceforth denoted by sg. Similar to the proof of Lemma we have H'(H<F* d) = 0 and
therefore e?dvde=d¢ = dz<. for some gauge ¢ which satisfies ¢ = 0. It follows that s = e~2d¢(s¢),
where s¢ is treated as a constant section via A<F < A<F0. By Proposition if @ € €, then sg is
contained in the subalgebra generated by {GEFQ}m o7 over ARF. We also have 3% = e~2de (0;%)

We therefore conclude that s is contained in the subalgebra generated by {05F} o7 over AZF. O
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3.4. Hall algebra scattering diagrams. An interesting class of scattering diagrams which are
not covered by the tropical case are the Hall algebra scattering diagrams, introduced in [4]. In this
section we investigate the analogues of the results of Sections [3.1}{3-3] in the non-tropical case.

3.4.1. Motivic Hall algebras. We recall the definition of Joyce’s motivic Hall algebra. While the Hall
algebra scattering diagrams are the main example of non-tropical scattering diagrams, we will not
use anything technical about Hall algebras in the paper. We will therefore be brief. The reader is
referred to [14), 3] for details. See also [4, §54, 5].

Let Q be a quivelﬂ with finite sets of nodes Qg and arrows Q. Let N® = Z>0Qo be the monoid of
dimensino vectors. For each d € N®, denote by Ry =[] acQy Homg¢ (Cds<a>,(Cdt<a)) the affine variety
of complex representations of () of dimension vector d. The reductive group GL; = Hier GLg4 (C)
acts on Ry by change of basis. The quotient stack R;/GL4, denoted by My, is the moduli stack of
representations of dimension vector d. Set M = | |;c yo Ma.

Similarly, given di,ds € N®, let My, 4, be the moduli stack which parameterizes short exact
sequences 0 — Uy — Uy — Uz — 0 of representations in which U; and Us have dimension vector d
and do, respectively. There is a canonical correspondence

(310) Mdl X Md2 M Mdl,dg 7"_2> Md1+d27

a short exact sequence being sent by m; X 73 to its first and third terms and by my to its second
term. The map 7 X 73 is of finite type while 7y is proper and representable.

Let Hg := Ko(St/M) = @ cne Ko(St/My), the Grothendieck ring of finite type stacks with
affine stabilizers over M. Push-pull along the correspondence induces a product on Hg, mak-
ing it into a N%-graded associative algebra, called the motivic Hall algebra of (). The augmentation
ideal gg C Hq, with its commutator bracket, is then a NT-graded Lie algebra, the motivic Hall-Lie
algebra.

In the setting of scattering diagrams, it is convenient to use a specialization of Hg. Write St
in place of St/gpec(c)- Cartesian product with Spec(C) makes Hg into a Ko(St)-module. Let
T : Ko(St) — C(t) be the unique ring homomorphism which sends the class of a smooth projective
variety to the Poincaré polynomial of its singular cohomology with complex coefficients. Using this,
7—[5 = Ko(St/M) @ (st) C(t) becomes a C(t)-algebra, called the Hall algebra of stack functions
[14]. The augmentation ideal g;r{ is again a NT-graded Lie algebra. The Hall algebra scattering
diagram of [4] takes values in the (non-tropical) Lie algebra gJ,.

3.4.2. Non-tropical Maurer—Cartan solutions. We begin by describing an abstract setting in which
scattering diagrams can be defined without the tropical assumption. We largely follow [4], introduc-
ing modifications where required. Let h be a M -graded Lie algebra; we do not assume the tropical

condition. We will use the notation b, bz, and by, from Section m

In this section we will consider scattering diagrams in N instead of Mg. The relevant modification
of Definition [[3] is as follows.

Definition 3.21. A wall w in Ny is a pair (P,©) consisting of a codimension one closed convex
rational polyhedral subset P C Ng and an element © € Gp1 := exp(hpL), where P+ consists of
those m € M which are perpendicular to any n € Ng which is tangent to P.

We also require a modified definition of scattering diagrams.
Definition 3.22. A scattering diagram D consists of data {D<*}icz_,, where D<K = {(Py, 04)},,

is a finite collection of walls with dimg(Pw, N Pw,) <1 — 1 for any two distinct walls w1, wy. The

"For simplicity, we restrict attention to the case of trivial potential.
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diagrams D<F+1 (mod hZ*) and D<F are required to be equal up to refinement by taking polyhe-
dral decompositions of the polyhedral subsets of D<* and by adding walls with trivial wall-crossing
automorphisms.

Remark 3.23. Suppose that b is in fact tropical. Then, given a scattering diagram D in the sense
of Definition [1.4] we can subdivide the walls and recombine overlapping walls in such a way that
Definition [3.22 is satisfied.

Definition agrees with the notion of a h-complex in [4 Section 2] if we further require that
each P, is rational polyhedral cone. We will henceforth restrict attention to this case. Following [4],
fix an ordered basis (f1,..., f;) of M, thereby identifying M with Z". We take 0 = @;_, Z>o - f»
to be the standard cone and consider an initial scattering diagram D, = {w; = (F;, ©;) h1<i<, with
P, = fi* C Ng. Write g; := log(©;) = Zj>1gji with g;; € h;s. We assume that [g;,4, gj,:) = 0 for
each initial wall.

Example 3.24. Let Q) be a quiver without edge loops. For any vertex i € Qo and integer k > 0, the
stack My; is isomorphic to the classifying stack BGLg(C). Let My = Ukzo My;. Then the element
0; = [My — M] of the dimension-completed motivic Hall algebra satisfies the above assumptions.

Using the affine structure on Ng, we can again define the dg Lie algebras H*, H* and H<F*. The
discussions in Section @ continue to hold without the tropical assumption on h. Let II =37 o
with II) as in equation ED To define an operator H,, via equation , we must first choose a
suitable direction v € Ng \ {0} along which to define the flow 7. For that purpose, choose a line
segment A : [0,1] — Ng from (—1,...,—1) to the dual cone N, := M) with slope (a1,...,a,) € R".
We assume that 0 < a, < --- < ay and that {aq,...,a,} are algebraically independent over Q.

We introduce some notation. Let m € M. Consider the polyhedral decomposition 93, of the
hyperplane m=* induced by the finite hyperplane arrangement whose hyperplanes are of the form
mf N mL, where my Jf m € Mj and mp + mg = m for some moy € M;“ By construction, A N mt is
contained in Int,.(—3) for some maximal cone 3 € ‘,]3,[77;71]. Ifm==kfiforsomek >0and 1 <i<r,
then we set v™ = —kf,. For any other m, we take v™ € Int,¢(3) to be a rational point.

With the above notation, we obtain operationsﬁ Ly c(II,...,II) as in Section and hence
also Ly r(II, ..., II) by equation . We modify Definition to talk about tropical disks in
(NRr, Dip) of type L, which are a proper maps < : |Lz] — Ng (instead of Mg) whose slope at an
edge e € LM is v (instead of —m). The moduli space M (Ng, Djyn) is defined accordingly and
Pp = ev, (M (Ng, Din)) is now a subset of mJL- Lemma holds after replacing ny with m,, with
the caveat that we can now only conclude ¢ # 0, instead of ¢ > 0.

With o, defined as in Lemma the first parts of Lemmas and hold by the same
argument (after replacing ny with m, and Mg with Ng). Lemma is again valid, except that
the sign of ¢z, # 0 cannot be determined. By Lemma we have Ly (I, ..., II) = agg, and,

by equation (3.3)), we can write Ly (I, ..., II) = argr.

Lemma 3.25. The sum

1 1
® .= — = _
> 2 ok—1 XLIL > X |Aut(L)| “LI*
k>1 LELRg k>1 LELTy,
M (Nr,Din ) 70 M (Nr,Din)#0

is a Maurer—Cartan element in H*.

Proof. The equality in the statement for the theorem holds by the same reasoning as in the tropical
case. So we focus on proving that @ is a Maurer—Cartan element.

8Labeled (ribbon) k-trees are defined as in Definitions and using the walls of Definition



REFINED SCATTERING DIAGRAMS, THETA FUNCTIONS FROM MC EQUATIONS 25

Fix k € Zo and work over H<F*. Let K C Nr be a compact subset. As in the proof of
Lemma we must show that, for a sufficiently large real number L > 0, we have Py [®,®r] =0
on K for the cut-off element @5, := II — Hy[®r, D], where P, (8) = (77 )*(8). We consider
labeled ribbon trees L1, Ly with associated terms o, rgc;, where az, 1, € Wp (Ng) N W] (Ng) and
P = mi We further assume that mg, }f mg,, as otherwise oz, 1 A oz, 1, € W™°(Nr) and hence
lar, L9c,, 0Ly, 090, = 0 € H <k, Joining the trees L£; to obtain L, the transversal intersection
P NPp, C Pr = mé is contained in the (r —2)-dimensional strata of the polyhedral decomposition
Brm,. By our choice of v™£, the flow 7% is not tangent to Pz, N Pr,. As in proof of Lemma
we can therefore choose L sufficiently large so that (7"'f)*(az, A ag,) =0 on K. O

Notice that, by our construction of v, the line segment A is disjoint from each Pp.
Given Lemma the conclusion of Theorem holds after replacing My with Ng.

Remark 3.26. Suppose that we are given an integral (for simplicity) skew-symmetric bilinear
form w on M and a map p : M — N which satisfies (m/,p(m)) = w(m,m’). Let K = Ker(p).
This is a common setting in the theory of scattering diagrams; see [I1]. Suppose, in addition, that
w(ei, ) < 0 whenever i < 7, as in [4, Theorem 1.5], then we can decompose m = (my,...,m,) € M
as m = m=t + m>% where m=! = (myq,...,m;,0,...,0) and m>* = (0,...,0,miy1,...,m,). If both
m=" and m>? are non-zero, then w(m=%,m>?) < 0 and hence (m>?,p(m)) < 0.

We can choose v := —p(m) and prove a modification of Lemma as follows. To begin, we
show inductively that Pz C {z € Ng | (m7%,z) > 0} for each i = 1,...,r — 1 and all £. The initial
case is trivial. For the induction step, spilt £ into £i,Ls. Then we have Pz, N Pz, C {z € Ng |
(m7',z) > 0}. From the relation (mz’, —p(m)) > 0 we obtain the result. To conclude the proof
of Lemma we notice that by taking 0 # mzl # mg we obtain a hyperplane (mz* NN mL
separating P, and p(m,) in mi From this we deduce that, for any compact subset K C Ng, we
can choose L sufficiently large so that 7"'f(K) N Pz = 0.

3.4.3. Consistent scattering diagrams from non-tropical Maurer—Cartan solutions. We establish the
relation between Maurer—Cartan solutions @ € H* and consistent scattering diagrams. By con-
struction, ¢ = liénk d<F where &<k = 3 papgp is a finite sum indexed by polyhedral subsets P
of Ng. From the discussion in Section we have gp € h<F and ap € W}B(NR) N Wi (Ng),
where P C Ng is a codimension one polyhedral subset containing P and ap| Ne\P € WT2(Ng\ P).
Similarly to Section consider a polyhedral decomposition P<F of UO;& gpep<k P such that, for

every 0 <1 <r—1and o € P<5U we have o C P for some dimg(P) =7 —1 and PN o is a facet
of o for every P with 0 # gp € h<F.

Let U be a convex open set such that U N7 = () whenever 7 # 0 € P<F and U\ o = Uy UU_ is
a decomposition into connected components. Since U is contractible, H'(H<F*(U),d) = 0, whence
&<F|;; is gauge equivalent to 0, that is, e*d¢de 2 = dycr on U, where ¢ satisfies ¢y = 0. We

will use a homotopy operator | acting on H<F* to solve for ¢. Assume that we are given a chain
of affine subspaces U, of U, as in Section such that vy is transversal to ¢ and Uj 4, the half
space over which vy points inwards, contains Uy Uo. See Figure 5l Such a choice yields a homotopy
operator I : WOQ(U) — W?_,(U), as in equation . By Lemma |2 ., the operator I descends to
WOU)/WL(U). As in Definition we then obtam a homotopy operator I, defined using (the
m-independent) I in place of H,,, and operators P and ¢ on H*(U).
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FIGURE 5. Uy 4 and Uy

Arguments of [0, §4] show that the unique gauge satisfying Is(go) = 0 is given by ¢ = mk o<k,

<k c 7_[<k,0

where ¢ is constructed inductively by

adfp<k
I+ 1)!

(3.11) et = o+ )"
>0

Using Lemmas and we inductively obtain
WE, (U) W) + Wy (U)

d¢<k

<k <k

(3.12) eFe( TRIGE ) @c b3t
adl<. _. WHU)NWEHU) + Wy L (U) <k
(313) (l + 1)'d§0 ( ng(U) > ®(C ha.L

for all s < k and [ > 0. Here o is the subspace perpendicular to the tangents of o.

Setting [ = 0 in equation gives (dp=<F)|y, = 0, which suggests that limj_o¢<*|y, is a
constant which can be treated as an element in h<¥; denote this element by log(©5*). Note that
log(©:%) is independent of U, as follows from the uniqueness of ¢ on the common intersection of
two such open sets.

Remark 3.27. When b is tropical, we have |y = >, <1 > Lert, maLgL with g1, € by -
- PLNU#D

This forces [gr.,,9L,] to vanish whenever P, NU # 0, ¢ = 1,2, because dimg(Pr,) = r — 1 and
Pr,NU = o NU by our choice of polyhedral decomposition P<k. The normals n 1, and nr, to Pr,

and Pr, are parallel while the vectors my, are tangent to P, "U = ocNU, ¢ = 1,2. This gives

d

(mr,,nr;) = 0 for i,j = 1,2. By an induction argument, this implies %dgpq =0 € H*U)
dl

for all s,(. If b is not tropical, then %d(p“ need not vanish and so contributes to the recursive

construction of ¢<F.

Definition 3.28. Let @ be as in Theorem |3.14. For each k € Z~q, let D(®<F) be the scattering
diagram with walls w, = (P, = 0,05%) indexed by the mazximal cells 0 € P<FHI—1l,

Denote by D(®) the scattering diagram determined by {D(®<*)}rez.,-

Theorem 3.29. (1) The scattering diagram D(P) is consistent and the path ordered product
O\ p(e) s equal to the product O, --- Oy of the wall-crossing factors associated to initial
walls.

(2) The scattering diagram D(P) is equivalent to the scattering diagram (or h-complex) D(g)
constructed in [4, Lemma 3.2, where g = O, --- O1.

Proof. The proof of Proposition carries over with only minor changes to show that D(®) is
consistent. The discussion after the proof of Lemma shows that the path A does not intersect
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any walls of D(®) which are supported on Pr. By construction, A crosses the initial walls wy, ..., w,
consecutively. The assumption [g;,i, gj,i] = 0 ensures that the wall-crossing factor ©;, as in Def-
inition [3.28] agrees with the wall-crossing automorphism of the wall w; determined by the gauge
¢ constructed above; see also Remark [3.27] The path ordered product is therefore as stated. The
equivalence between D(®) and D(g) is achieved by using [4, Proposition 3.3] to show D(#<F) and
D(g<F) are equivalent for all order k € Z~q. O

Example 3.30. If the quiver Q is acyclic or, more generally, the quiver with potential (Q, W)
is genteel in the sense of 4, §11.5] (and we modify the motivic Hall algebra so as to include the
potential), then the consistent completion D(P) of the initial scattering diagram D,, with ©; =
[./\/l<i> — M|, is the Hall algebra scattering diagram of [4]. In the non-genteel case, additional walls
must be added to Dy, so as to recover the Hall algebra scattering diagram.

3.4.4. Non-tropical theta functions. To talk about theta functions, we consider a M, @& N-graded
algebra B = @(m,n)e M, xN Bmn together with a M,-graded action of h by derivations so that

B - Bo,n = 0 whenever (m,n) = 0. We further assume that, for each n # 0, there is a distinguished
element 2" € By, which we use to identify By, with C-2". We again define a dg algebra B*(U)
as in Definition [2.8] although it need not be graded commutative. Nevertheless, the dg Lie algebra
H*(U) acts on B*(U), so we can still talk about theta functions as elements in Ker(dg).

Proposition 3.31. For sufficiently large ¢ > 0, there exists a unique section 0 F € Kel‘<k(dqs) such
that 0% | = 2™ in a neighborhood U of Rs, - n.

Proof. The condition b, - By, = 0 whenever (m,n) = 0 ensures that, for each fixed k, there is a

neighborhood U of Rx. - n for some sufficiently large ¢ such that 2" € Ker<*(dg|y). The remainder
of the proof is as in that of Lemma [3.18] O

We can now state our final result.
Theorem 3.32. Let n € N\ {0} and define 6,, by Proposition [3.31]
(1) For any path v C Ng \ Joints(D(®P)) from Q to @', the wall-crossing formula
0n(Q") = O 1(a) (0n(Q))

holds.
(2) The Hall algebra theta function ¥, ¢, as defined in [4, §10.5], is related to 6, by the formula
0n(Q) = Un,q-
Proof. The statements can be proved in the same way as Theorem and O
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