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I. It is a basic problem in foundations of quantum mechnics

to describe how one can reconstruct the state-vector of an

ensemble of particles from the experimental data obtained in

the course of observation. Max Born, [2, p. 100]:

"physical significance is confined to the quantitiy 1lJ.!1
2

(the square of the amplitude), and other sirniliarly constructed

quadratic expressions (matrix elements) which only partially

define lJ.!, it follows, that even when the physically determinable

quantities are completely known at time t = 0, the initial

value of ~-function is necessarily not cpmpletely definable lt
•

To be rnore.precise, one may ask whether the data

AEA

determine the state-vector ~ up to a constant phase factor.

Here A is a given set of self-adjoint operators in a complex.

Hilbert space X and I~A(A) 1
2 is the spectral density of the

operator A w.r.t. the state-vector ~ , so that

( 1 )

for AEA, ~ E X (cf. §2). In particular, let X = L2
(JR

3 ,d.\).

be the Hilbert space of complex-valued L2-functions on :IR
3 ;
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one may ask to what extent the absolute values I tlJ (x) I and
1\

I tlJ (p) 1 determine the function, that is how to describe the

set of solutions of the system of equations

1\
€ L 2 (]R3)(2 ) I tlJ (x) I = f(x), 11P(p) I = g(p) tlJ

1\

for two given functions fand g; here ~ denotes the

Fourier transfor-rn of tlJ and one should assurne , of course,

that f(x) ~O, g(p) ~O for A - a.e.
3 3

x E :IR' , P E: m . Even

in this special case, corresponding to the position and mornen-

turn measurements for an ensemble of s~inless non-relativistic

particles, this problem remains unsolved. It has been, however,

shown in [7] that given a solution of (2) one can construct

another solution; thus position and momenturn measurernents are

in general not sufficient to reproduce the state-vector of a

spinless particle (in accordance with the remark of M. Born's

cited above). Developing 'further this idea we construct here

an infinite system tA(a)[a E:IR} of self-adjoint operators,

such that although the operators A(a) and A(S) have no

cornmon invariant subspace when a * S, there are two vectors

tlJ+ and tlJ such that

]tlJ~(a) (A) I = [1lJ~(a) (A) I

+ -
~ * c~ with C' E a: but

for Ci E :IR. Thereby we give a counter-

example to a conjecture of Moroz's expressed in [8, p. 333].

The general problem of describing the set of solutions

{lJ1]t.pEX} to the system of equations (1) when A varies over

a given set A of self-adjoint operators remains unsolved.

One may ask, for example, whether equations (2) have only a

finite number of solutions or, more generally, what conditions

should one impose on A to guarantee uniqueness (up to a
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constant factor) of the solution to the system of equat~ons

(1). Already in 1933 E. Feenberg suggested another approach

to the discussed reconstruction problem and gave an heuristic

argument suggesting that one could uniquely reproduce the

~-function from position measurments during a short intervall

of t~me (cf. [5, p. 71]. His arguments is, however, false:

Consider two ~9inless particles rnoving freely on the n-dimen-

sional torus with period Land having the state-functions

2TT i n
~1 (X) !!l 1 and J.lJ 2 (X) = exp (-y- ,l: x;) at the moment of time

J=1 J
t = 0, abrief consideration shows that position measurements

cannot distinguish between W1 and ~2. On the other hand,

we show that position measurements carried out, in different

moments of time on an ensemble 9f particles placed in a suit-

able potential can provide data sufficient to reproduce the

initial state of the ensemble. This results strengthens the

results of V. Ja. Kreinovitch, .[6]. To conclude this introduction

we should like to refer to [1] for same other results in one

space-dimension which seem to be relevant in this context.

In the next paragraph we describe our counterexarnple to the

Moroz's conjecture; in § 3 we construct a system of potentials

which ensures uniqueness of reconstruction of the initial state

of an ensemble of partic~es.

II. Let A be a self-adjoint (s.a.) operator in a rigged Hilbert

1> c X c 1> I with spectral decompos i tion A = fAdE A

(cf. [4, eh. 1.4]). The operator A has a complete system: of

generalized eigenvectors
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{e AIA E s p ec A} c 4> '

so that each W E4> can be uniquely decornposed as folIows:

where cr is the Borel measure on spec A determined by A

and ~A is the cr-measureable function on spec A determined

by ~ and A satisfying the.following condition:

for every Borel-measurable function f. According to the Born's

postulate, the probalitiy distribution of the results of the

measurernents of the oberservable A upon an ensemble of particles.

prepared in ·the state ~ E 4> is given, by the following function:

<WlX'B(A)W>
B ----+

<1.lJlw>

where B ranges over Borel sUbsets of lR and denotes the

characteristic function of B. This propability distribution is

uniquely determined by the spectral density W
A

' so that the

9robability to find the value of A in B is equal to

<wl1P~ J IWA(A) 1
2

XB(A) da(A) •

Thus two states W(1), W(2) with the same A-spectral density,

that is for which

= lw(2) (A) I
A

(J = a.e.
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cannot be distinguished by the measurements of A. Let

A" ... ,An be s.a. operators on ~ c X C ~l such that no

pair Ai,Aj with i~j has a comrnan invariant subsoace. In

[8, p. 333] (cf. also [8] corrigendum)B.Z. Moroz cenjectured

if n ~ 3 (or at least sufficiently larqe), then it fellows

fram the equations

GA - a.e., 1:i i:in
i

that $ = C$, C € ~, ~ € ~, ~ € ~ •

We need the Baker-Campbell-Hausdorff forrnula, as stated, e.g.

in [3, p.135]. Let A, B, N be the symmetric operators on

~ satisfy1ng the following conditions:

i) N 1s essentially s.a. on ~ and N ~ 1

ii) there is a K1 in m such that

± A ~ K1N ,±i[N,A] :i K,N , ± B :i K,N , ± [N,[N,.B]] :ii K1N

in the sense of quadratic forms on ~ x ~

i11) let Co = A, c n := i[B,C
n

_,] for n ~ 1 , then there

is K2 in m such that

By Nelson's commutator theorem, ['0, p. 193], it follows from

ii) that the operators Hand Bare essentially self-

adjoint on ep.
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it B is A -it Be e e

The following identity holds:

co t n
= exp(is E (C nr

n=O n
-1 co t n

for .Itl < (K 2 ) , s € ~ • Moreover, the operator n:oCn n!

is essentially s.a. on D(N) and D(N) ~ ~ .

Let ~ = y be the Schwartz space ·of rapidly decreasing

functions on IR
n

and let X = L
2

( JRn·,d)') be the Hil1?ert space

of L
2
-complex valued functions on :m..n w.r.t. the Lebes-gue-

measure dA i we denote by x
j

f ~ x. f respectively
]

and

f~

P the operators
j

a
i ~ f

. ]

for f € ~ . Let

2 2
n

2 2
N = P + x + 1 = 1 + ~ (p . + x

j
)

. ]
j =1

Then P j ' x j ' N are essentially s.a. on ~ and N ~ 1 ,

and it can be easily shown one may apply Theorem 0 to any

real polynomial in x j ' Pj of degree ~ 2 i moreover, the

constant K2 can be chosen to be arbitrary small by a proper

rescaling of N. To construct a system of operators

{A(a) la €~} violating Moroz's conjecture we shall work

in one space-dimension and let n = 1 . Although the

following result is well-known, we give a short proof of

it to make our exposition self-contained.

Lenuna 1:

The operators p and x have no conunon non-trivial subspace.
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Proof:

Write

2
(e -p 1p) (x) = 1

2
1 2f exp(- 4lx-yl )1p(y)dy

-co

so that if 1p ~ 0, ~ ~ 0
2

almost everywhere and <~Ie-P 1p> = 0

then 1p = 0 a.e. or ~ = 0 a.e .. Let U be a common·

-1
BI := 'C (<t'--{O})

invariant subspace for x and

let

tjj1XT
n1p(x) : = XB(x)

I1p (x) 1

and let

lP1Xf
n (x) := XB , (x)

tP IlP(x) I

p and let .L
1p EU, 'C ,E U

Then n~(x)w(x) ~ 0 , n~(x)'C(x) ~

2

n'Ce -
P nww E U

o 'for x a. e., and

so that

2
<tP!nlP

e - P nww> =

2
or <n'CtP1e - P nww> =
or ~ = 0 .

o

o . Therefore it follows, that tP = 0

o

Remark 1:

Nonvanishing of the commutator of two s.a. operators on

every nontrivial subspace of a .Hilbert space does not irnply

that these operators have no common nontrivial invariant

subspace: let -63A be the Laplacian on L
2

( lR,d)") with
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Dirichlet boundary conditions on a'·A • then
," ,

is a common invariant subspace of L2 ( :IR, dA) for x

Theorem' :

Let A(a) := ap + 2x , a E:IR • The operator A (a) is

essentially s.a. on the Schwar~z space ~ and the two

operators A(a), A(ß) have no common nontrivial invariant

subspace when a * ß •

Proof.:

We assume withqut 105S of generality, that ß * 0 • Then

itA(a) iSA(ß) -itA(a) = eiS(A(ß)+2t(a-ß)x+t2a(a-ß»e . e e

Let U be a common invariant subspace for A(a) and A(ß)

then i t is also (A (ß) + nx) -invariant, n : = 2t (a-ß) . Let

us define two unitary operators B, and B2

-1 3
(B, tjJ) (x) := exp(iß ~ ) W(x) for x a.e.

3

(B
2

tjJ) (x) 2
W(x) for:= exp (ix n/2) x a.e.

let F be the Fourier transform, and let B = B,FB2 .

The operator B is unitary and, rnoreover

= x
--,

B(A(ß) + nx)B = p

By Lemma " we have U = {O} or U = X . This proves the

theorem.

o
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This theorem may be used to construct a counter-example

to the conjecture of Moroz's, [8, p. 333]. Indeed, by the

theorem, no pair of ,these operators have a common nontrivial

invariant subspace, therefore the system {A{a) la €m}

satisfies the conditions of the conjecture. The operator

A{a) is unitary equivalent to a Hamiltonian of a spinless

particle in a linear potential. We use the unitary operator

B1 and the generalized eigenvectors of p to recover the

system of the generalized eigenvectors of A(a) :

for ~ * 0 .'Let now ~, n be two real-valued even functions

in q, , and let

Obviously, for non-constant n , we have w+ * CW

c € ~ • On the other hand, let

then

with

and

the substitution x ~ -x, y ~ -y transforms the first

integral into the second one since ~(-x) = ~(x) ,



- 10 -

n(-x) = n(x) , and we conclude that

Thus the A(a) - measurements, ~ E m , cannot distinguish

between the ensemble of particles prepared in the state w+
and the ensemble of particles prepared in the state W

contrary to the assertion of the conjecture.

Remark 2:

It can be easily seen that one cannot also distinguish

between +w and W by position-measurem~ntsor by

momentum-measurements.

III. In the Heisenberg's picture of quantum mechanics the

position-observable in the jth - direction at the moment of

time t is represented by the operator

it H -i~ He x. e ..
J

t e: m

<wlw>

where· H denotes the Hamiltonian of the system (assumed to

be time-independent). The probability distribution of the

experimental data obtained by conducting position-measurements

at the moment of time t upon an ensemble of particles

prepared in the state W is'given by the function

,JJ it H e- it HIli><,+"e XB '+'

B~

where B ranges over the Borel subsets of
n

JR • The

distribution of the results of the position-measurements

1s determined by ·the mean...;values
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where
n

AX :=.E AjX j . Let now
" J =1

n 2
H (p) : = -!:J.- E p. x. ; p. > 0,

j=1 ] ] ]
1 ~ j ~ n

it follows that the operator H(p} 1s essentially self-

adjoint on $ . To make use of Theorem °we choose A = AX ,

B = H(p) and 2 2
N = P + x + 1 • One can prove by induction

on n that, in notations of Theorem 0,

n
C

2m
= E (-4p.) m A.X.

j=1 ] ] J

C2m-1

so that

n
= - E (-4p )m A.P.

j=1 j ] ]

it H iAx -it H i, A(A)
e e e = e

with

n 1
A ( A) "= E Aj [c0 s (2 t ~) x. - 2- s in (2 t /P

j
) p .] .

j=1 ] ] ~" ]
]

proceeding as in §" 2 we can calculate the generalized

eigenfunctions

{e ~ ••••• CEO e !nj
E JR}n1 nn

of the operator A (A) ..

(x) exp(ill. x . . 2) 1 ~ j ~ ne := + ~'\).X •
n· ] ] J J

]

where lJ
j

= lJ.(t,n,p) := 2n.~(sin(2t~)-1
] ] ] J

v. = 'V. (t,p) := ~(cot(2t~)}
] ] ] ]



- 1 2 -

and

n
A ( A) (e 0. • ••• 0 e ) = ( LA. n .) (e @. • • • • ~e )

n1 nn j = 1 ] ] n1 nn

Let

l-ld n) : = J tP (x) (e @ ••••• €le ) (x) dx .
. n n1 nn
:IR

The distribution of the results of position-measurements

at the moment of time t is deterrnined by the map

- iAn---- .
A~ < tJJ Ie iA ( A) tJJ> = JtJJ ( n) e tJJ (n) d n ..

or since the Fourier transformation is unitary, by the map

- 2 . - 2 2
n r--+·l1JJ(n) 1 = f1JJ(x)t/J(y)exp i(~(n,t,p) (x-y)+v(t,p) (x -y »dxdy •

The substitution 2 2u = x-y, v = x -y transforms this integral

into the following one:

where- we let, for brevity

--1 n_ 1
u = TI u

j = 1 j

-1
(vu ) j

Thus the distribution of the results of position-rneasurernents

at the moment of time t is determined by the rnap

n r--+ F~ (~(n,t,p), v(t,p»

where F~ denotes the Fourier transform of the function

If 2t~ * o (mod n) I i $ j ~ n , we have
]
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. n n
{~(n,t,p)I_~E:IR} =:IR

if, moreover, IP i - lPj 15 irrational for 1 ~ i < j Sn,

then the set

{v (t , p) ]1: E :IR}

is a dense subset of mn . Thus, if this last condition is

satisfied, the graph

{ (~ (n , t , p), v (t , p) ) In E:IR
n , t E:IR }

is dense i~ m2n , and we obtain the following statement

Theorem 2:

Suppose that P
j

> 0, 1 ~ j Sn, that ~ - <vPj i5 irrational

for 1 ::i i < j ::i n and le t

H (p)
n 2

:= - 6. - E p.X.
j = 1 ] ]

Then H(p) 1s essentially self-adjoint on ~ . Moreov~r, if .

W1' W2 have continou5 Fourier transform, ~1 € X ,

tJ1 2 EX, and

for all f E ~ . and all t E:IR , so that (by Born's postulate)

one can distinguish between the states tJ1
1

and W2 by a

position-rneasurement at no time, then tJ1
1

= eictJ12 in x

for some c E::IR .

Proof:

By assumption, Fw1
and Fw are·two continuous functions

2
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on m2n which, according to the above considerations,

coincide on a dense subset. Therefore F
1
!1 = F , so that
0/1 W2

-1 -1 - -1 -1 _
ttJ1 (u+~u ) W1 (u-~u ) u -1 = lP2 (U+~U ) W

2
(u-r ) u-1

for u,v a.e., and the assertion follows.

Remark 3:

o

The potential 2
-px is not physical. However it can be

approximated by a sequence of potentials Vm E C;( mn )

·m = 0,1, ••• , so that

2(L -convergence)

for each f € ~ • Then, [9, p. 292]

- ~ + V ~ H(p)
m

in the strong resolvent sense, and it follows that the

sequence of functions

itt-~+V ) iAx -it(-6+V )
A~ <$\ e -". m e . e m w>

converges uniformly (in A) to ·the function

for each W in L2 n L 1 and each t . Since the Fourier

transformation is continous with respect to this type of

convergence, the functions F
w

can be arbitrarily good

determined by measurements in the potentials V and
m

therefore W may be determined with arbitrarily high
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precision.
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