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ABSTRACT. We introduce a higher rank analogue of the Pandharipande-
Thomas theory of stable pairs. Given a Calabi-Yau threefold X, we define
the highly frozen triples given by O%"(—n) — F where F is a pure coher-
ent sheaf with one dimensional support, r > 1 and n > 0 is a fixed inte-
ger. We equip the highly frozen triples with a suitable stability condition
and compute their associated invariants using Joyce-Song wall-crossing
techniques in the category of weakly semistable objects.
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1. INTRODUCTION

The Donaldson-Thomas theory of a Calabi-Yau threefold X is defined by
Richard Thomas in [3] and [13] via integration against the virtual funda-
mental class of the moduli space of ideal sheaves. In [9] and [10] Pandhari-
pande and Thomas introduced objects given by pairs (F,s) where F is a
pure sheaf with one dimensional support together with fixed Hilbert poly-
nomial and s € H°(X, F) is given as a section of F. The authors computed
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the invariants of stable pairs using deformation theory and virtual funda-
mental classes. Following their work, many algebraic geometers have re-
cently tried to study and compute the invariants of objects composed of a
sheaf F and a sub-vector space of sections of F which has rank> 1. We
call these objects highly frozen triples. The main purpose of the current
article is to construct the moduli stack of highly frozen triples equipped
with Joyce-Song stability condition of pairs [7] (Definition 5.20) and com-
pute their invariants using the wallcrossing machinery introduced in [7]
and [8]; Joyce and Song in [7] compute the invariants of rank 1 pairs (rank
1 highly frozen triples in our context) using the method of wall crossing.
The general philosophy is to exploit the existence of an auxiliary category
By, [7] (Section 13.3). The objects in B, are defined similar to highly frozen
triples and they are classified based on their numerical class (B, 7). Here, B
denotes the Chern character of F and r denotes the number of sections of F.
The key strategy is to define two suitable “weak” stability conditions (say)
7* and 7 for the objects of the category B5,. The T-semistable objects in 5,
are given by objects closely related to the highly frozen triples (equipped
with Joyce-Song stability) and naively, (on the other side of the wall), the
T*-semistable objects in B3, are given by simpler objects such as Gieseker
semistable sheaves. Changing the weak stability condition, from 7° to
and using the machinery of the Ringel-Hall algebra of stack functions dis-
cussed in [7], provides one with a wall-crossing identity in 53,. Eventu-
ally one relates the weighted Euler characteristic of the moduli stack of 7-
(semi)stable objects to the weighted Euler characteristic of the moduli stack
of T°-stable objects, which contains the Gieseker (semi)stable sheaves. In
this article we use wallcrossing to discuss the computation of invariants
of T-semistable objects in B, with numerical class (j,2), i.e we show how
to extend the calculations in [7] (Section 13.3) to rank 2. Our wallcrossing
computations all take place in B, using purely combinatorial calculations.
We show that the invariants, B;,S (X, B,2,7), of T-weakly semistable objects

in the category B, with given numerical class (,2) are computed with
respect to the invariants, Wﬁ i(T), which are the generalized Donaldson-
Thomas invariants defined in [7] (Definition 5.15). Our wallcrossing iden-
tity in the category B, is given by:
B;,S(X, B,2,7T) =
-1 [(1) (=8, -
. [(l) TT(DT () R, (B -+ Bioa,2), (610D

1<LB1+-+p1=B i=1

- (1), (02, (10N Ty xB,,<<ﬁ1+---ﬁi_1,z>,(ﬁf,0))>] _

(1.1)
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We also exploit the relationship between T-semistable objects in 5, and sta-
ble highly frozen triples with respect to Joyce-Song stability [7] (Definition
5.20), denoted by t-stability condition and we prove that a t-stable highly
frozen triple is associated directly to a T-semistable object in the category
B, (Lemma 8.3). Finally we define the invariants of highly frozen triples
of rank 2 to be equal to the invariants on the left hand side of Equation
(1.1) (Definition 8.4). The authors [7] (Equation 5.19) have given a useful
formula for computation of invariants of rank 1 stable pairs in terms of the
generalized Donaldson-Thomas invariants. Here our main result is to ex-
tend their calculations to the case of rank 2 highly frozen triples. Corollary
8.5 states our main result:

Corollary. (8.5) Let v = 2 and the Hilbert polynomial of the sheaf F appearing
in the highly frozen triples be given by P. The invariants of rank 2 t-stable highly
frozen triples are expressed in terms of generalized Donaldson-Thomas invariants:

HFT(X, P,2,%) =

_ I
T [S” T (DT (0) 2, (B + -+ Bioa,2), (B 0)

BIPg=P1<Lp1++p=p 4 i=1
(1.2)

. (_1)XBp((0/2)/(ﬁ1/0))+25:1 XBP((ﬁ1+"'ﬁi1,2)/([31'/0)))] ]

Remark 1.1. We believe that we are making two main contributions in this
article:

(1) Firstly, we show that how rigorous calculations in the auxiliary cat-
egory B, enables one to extend the result in [7] (Equation 5.19) to
rank 2. Though we work in the framework established by Joyce
and Song [7], the analysis in rank 2 is significantly more compli-
cated in nature than rank 1. This is due to the existence of strictly
T-semistable objects of higher rank in the category B,. We show
that certain numerical cancellations in the level of stack functions
supported over virtual decomposables magically work out in favor
of obtaining elements of Hall algebra supported over virtual inde-
composables which essentially induce our invariants.

(2) Toda [14] studies objects closely related to highly frozen triples of

rank 2 given as O;‘?z 2, F where F is given by a sheaf with zero
dimensional support and the map ¢ is surjective. The author uses
the Bridglenad type stability conditions which are more sophisti-
cated than the weak-stability conditions. Though we study objects
not quite identical to the ones in [14], it is not hard to predict that
the result of our computations should relate to the ones in [14]. We



4 ARTAN SHESHMANI

describe how to use much simpler weak stability conditions (Def-
inition 4.7) to obtain similar results as the ones in [14] (Section 5).
Whether or not the partition functions induced by our invariants
satisfy integrality properties must also be possible to be investigated
similar to [14] (Section 5). However we postpone that study to a
subsequent article [12].
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3. MAIN DEFINITIONS

Definition 3.1. Let X be a nonsingular projective Calabi-Yau 3-fold over
C (ie Kx & Ox and m(X) = 0 which implies H'(Ox) = 0) with a
fixed polarization Ox(1) . A holomorphic triple supported over X is given
by (E, F,$) consisting of a torsion-free coherent sheaf E and a pure sheaf
with one dimensional support F, together with a holomorphic morphism
¢ : E — F. A homomorphism of triples from (E’,F/,¢') to (E,F,¢) is a
commutative diagram:

Here we give definition of frozen triples and their flat families:

Definition 3.2. (Frozen Triples)

(1) A frozen triple of fixed rank r is a special case of a holomorphic triple
E — F in Definition 3.1 where E & Ox(—n)%" for some fixed r
and fixed n € Z. Moreover, the sheaf F is a pure sheaf with one
dimensional support.
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(2) One can associate a “type” , i.e a tuple of Hilbert polynomial and
rank, (P, ) to a frozen triple of rank r by setting the Hilbert polyno-
mial P(F(m)) = P for some variable m.

(3) Given a parametrizing C-scheme S of finite type, an S-flat family of
frozen-triples is a triple (£, F, ¢) consisting of a morphism of Ox s
modules ¢ : £ — F such that £ = n30x(—n) ® i Mg where Mg
is a vector bundle of rank r on S. Moreover, F is given by an S-
flat family of sheaves over X x S such that foralls € S F | F
(it is trivially seen that by definition £ |s=~ Ox(—n)%"). Two S-flat
families of frozen-triples (£, F, ¢) and (&', F',¢') are isomorphic if
there exists a commutative diagram:

1%
RS,
P
1

Now we define “highly frozen triples” and their flat families:

Definition 3.3. (Highly frozen triples)

(1) A highly frozen triple of type (P,r) is a quadruple (E, F, ¢, ) where
(E,F,¢) is a frozen triple of type (P,r) as in Definition 3.2 and
the extra data ¢ : E = Ox(—n)®" is a fixed choice of isomor-
phism. A morphism between highly frozen triples (E', F/,¢', ¢’)

and (E, F,¢,9) is a morphism F' > F such that the following di-
agram is commutative.

Ox(—n)&r v E ¢ F
id - p
U A

(2) An S-flat family of highly frozen-triples is a quadruple (£, F, ¢, )
consisting of a morphism of Ox s modules &£ 2, F such that P

£ m,0x(—n) ® miOF" is a fixed choice of isomorphism.
Two S-flat families of highly frozen-triples (£, F, ¢, ¢) and (', F', ¢', )
are isomorphic if there exists a commutative diagram:
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/—1 /
3 Ox(—n) @ m§Og" y & ¢ i
g o, B
* * MDr l/) (P
iy Ox(—n) ® Oy & F

Definition 3.4. (Joyce-Song stability [7](Definition 5.20)) Use notation in Def-
initions 3.2 and 3.3. Given a coherent sheaf F (appearing in a frozen or
highly frozen triple of type (P,r)), let pr denote the reduced Hilbert poly-
nomial of F with respect to the ample line bundle Ox(1). A highly frozen
triple (E, F, ¢, ¥) is called t-stable if:

1. ppr < pr for all proper subsheaves F’ of F such that F’ # 0.

2. If ¢ factors through F’ (F’ a proper subsheaf of F), then pp < pr.

4. THE AUXILIARY CATEGORY Bp

Definition 4.1. (Joyce and Song) [7] (Definition 13.1). Let X be a Calabi-
Yau threefold equipped with ample line bundle Ox(1). Let T denote the
Gieseker stability condition on the abelian category of coherent sheaves
supported over X. Define A, to be the sub-category of coherent sheaves
whose objects are zero sheaves and non-zero T-semistable sheaves with
fixed reduced Hilbert polynomial p.

Definition 4.2. (Joyce and Song) [7] (Definition 13.1). Fix an integer n. Now
define category B, to be the category whose objects are triples (F,V,¢),
where F € Obj(Ap), V is a finite dimensional C-vector space, and ¢ : V —
Hom(Ox(—n), F) is a C-linear map. Given (F,V,¢) and (F',V’,¢') in B,
define morphisms (F,V,¢) — (F',V',¢') in B, to be pairs of morphisms
(f,g) where f : F — F’is a morphism in A, and g : V — V' is a C-linear
map, such that the following diagram commutes:

% Hom(Ox(—n), F)

gl 5 jf

%4 Hom(Ox(—n), F')

Now we define the numerical class of objects in B,. Joyce and Song [7]
(Definition 3.1) define the Grothendieck group Ky(.A) of an abelian cate-
gory A, the Euler form ) and the numerical Grothendieck group K" (.A).
Moreover they define the Grothendieck group of the category B,. Here, for
the purpose of completeness, we include their definition

Definition 4.3. (Joyce and Song) [7] (Definition 3.1)
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(1) Define the Grothendieck group K(B;,) = K(Ap) ® Z where K(Ap)
is given by the image of Ky(A;) in L(Coh(X)) = K™ (Coh(X))
defined in [7] (Definition 13.1). Given (F,V,¢) € B, we write
[(F,V,¢)] = ([F], dim(V)).

(2) (Joyce and Song) [7] (Definition. 13.5). Define the positive cone of
B, by:

C(By) ={(B,d)|BeC(Ay)andd > 0o0r B =0andd > 0}.

We state the following results by Joyce and Song without proof:

Lemma 4.4. (Joyce and Song) [7] (Lemma 13.2). The category By, is abelian and
B, satisfies the condition that If [F] = 0 € K(.A,) then F = 0. Moreover, B, is

noetherian and artinian and the moduli stacks Sﬁgi’d) are of finite type ¥V (B, d) €

C(Byp).
Remark 4.5. The category A, embeds as a full and faithful sub-category in

B, by F — (F,0,0). Moreover, it is shown by Joyce and Song in [7] that
every object (F, V, ¢) sits in a short exact sequence.

(4.1) 0 — (F,0,0) — (F,V,¢) — (0,V,0) — 0

Next we recall the definition of weak (semi)stability from [7] for a general
abelian category A.

Definition 4.6. (Joyce and Song)[7](Definition. 3.5). Let .4 be an abelian
category, K(.A) be the quotient of y(.A) by some fixed group. Let C(.A)
be the positive cone of A. Suppose (T, <) is a totally ordered set and 7 :
C(A) — T amap. We call (7, T, <) a stability condition on A if whenever
a,B,v € C(A) with B = a + «y then either T(x) < T(B) < T(7) or T(a) >
T(B) > t(y) or T(a) = T(B) = T(7). We call (1,T, <) a weak stability
condition on A if whenever «, 8,7 € C(A) with B = a + 7 then either
T(a) < 1(B) < T(7)ort(a) > 7T(B) > T(7). Forsuch (7, T, <), we say that
a nonzero object E in A is

(1) T-semistable if VS C E where S 2 0, we have 7([S]) < t([E/S])
(2) T-stable if VS C E where S 2 0, we have 7([S]) < T([E/S])

(3) T-unstable if it is not T-semistable.

Now we apply the definition of weak stability conditions to the category
B:

Definition 4.7. (Joyce and Song) [7] (Definition. 13.5). Define the weak
stability conditions 7°, T and 7" in B, by:

(1) (B, d) = 0ifd = 0and T*(8,d) = —1ifd > 0.



8 ARTAN SHESHMANI
(2) #(B,d) = 0ifd = 0and ¥(B,d) = 1ifd > 0.
(3) (B, d) =0V(B,4d).

5. MODULI STACK OF OBJECTS IN B,

In this section we describe the moduli stack of weakly semistable objects in
B,. We construct this moduli stack of for the 7-(weak)semistability condi-
tion. The constructions are similar for the case of the T°-(weak)semistability.
In order to construct the moduli stack we give the definition of a new set of
objects called the rigidified objects in B,. Our goal is to show that the mod-
uli stack of objects in B), is given by a stacky quotient of the moduli stack
of rigidified objects in Bj,.

Remark 5.1. By [7] (Page 185) there exists a natural embedding functor
§ : By — D(X) which takes (F,V,¢y) € B, to an object in the derived
category given by -+ — 0 — V® Ox(—n) — F — 0 — --- where
V ® Ox(—n) and F sit in degree —1 and 0. Assume that dim(V) = r.
In that case V @ Ox(—n) = Ox(—n)?®". Hence one may view an object
(F,V,¢v) € By as a complex ¢ : E — F such that E = Ox(—n)®" (note the
similarity between the objects in B, and frozen triples in Definition 3.2).

Definition 5.2. Fix a parametrizing scheme of finite type S. Let 7rx : X x
S — X and 715 : X X S — S denote the natural projections. Use the natural
embedding functor § : B, — D(X) in Remark 5.1. Define the S-flat family

of objects in BB, of type (B, 7) as a complex

M @ i Ox(—n) 5 F

sitting in degree —1 and 0 such that F is given by an S-flat family of
semistable sheaves with fixed reduced Hilbert polynomial p with Ch(F) =
B and M is a vector bundle of rank r over S. A morphism between two
such S-flat families is given by a morphism between the complexes mg M ®

5 Ox(—n) ¥ F and mgM’ @ m3Ox(—n) L F:

TEM @ iy Ox(—n) bs F

J 5o |

miM' @ niOx(—n) ——— F'.

Moreover an isomorphism between two such S-flat families in 5, is given

by an isomorphism between the associated complexes TEM ® 3 Ox (—n) s,

F and miM' @ iy Ox(—n) b,
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s
M @ iy Ox (—n) L F

7t§M’®:7rl§(’)x(—n) s ]-l’:

Note the similarity between definition of isomorphism between S-flat fam-
ilies of objects of type (B, ) in B, and the isomorphism between two S-flat
families of frozen triples of type (P, r) in Definition 3.2. From now on by
objects in B, we mean the objects which lie in the image of the natural em-
bedding functor § : B, — D(X) in Remark 5.1. Moreover, by the S-flat
family of objects in B), their morphisms (or isomorphisms) we mean the
corresponding definitions as in Definition 5.2.

Now we define the rigidified objects in BB,. These are the analog of the highly
frozen triples in Definition 3.3. We give the category of these objects a new
name B’l} ;

Definition 5.3. Fix a positive integer r and define the category B;} to be the
category of rigidified objects in B, of rank r to be the category whose objects
are defined by tuples (F,C%", p) where F is a coherent sheaf with reduced
Hilbert polynomial p and Ch(F) = B and p : C" — Hom(Ox(—n),F).
Given two rigidified objects of fixed given type (B,7) as (F,C%",p) and
(F,C%",p') in BY define morphisms (F,C%",p) — (F',C%",¢’) to be given
by a morphism f : F — F’in A, such that the following diagram com-
mutes:

c®r Hom(Ox(—n), F)

id | y |7

cor Hom (Ox(—n), F').

Remark 5.4. There exists a natural embedding functor §* : By — D(X)
which takes (F,C%",p) € B;} to an object in the derived category given
by -+ - 0— C¥®0Ox(—n) - F - 0 — -+ where C¥" @ Ox(—n)
sits in degree —1 and F sits in degree 0. One may view an object in Bg
as a complex ¢ : E — F with an additional structure such that ¢ : E =
Ox(—n)®" is a fixed choice of isomorphism (note the similarity between
the objects in B’l} and highly frozen triples in Definition 3.3).

Definition 5.5. Fix a parametrizing scheme of finite type S. Use the natural
embedding functor §* : B} — D(X) in Remark 5.4. An S-flat family of

objects of type (B, ) in B is given by a complex

08 @ myOx(—n) & F
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sitting in degree —1 and 0 such that F is given by an S-flat family of
semistable sheaves with fixed reduced Hilbert polynomial p with Ch(F;) =
Bforall s € S. A morphism between two such S-flat families in B;} is given

by a morphism between the complexes m;0¢" @ 5 Ox(—n) ¥, Fand

702 @ Ty Ox(—n) 2 F.

S
708" ® mOx(—n) —— F
idOXxSJ W l
508" @ 5 Ox(—n) ——— F.

Moreover an isomorphism between two such S-flat families in B;I} is given
by an isomorphism between the associated complexes 71505" @ 5 Ox (—n)
F and 508" ® m5Ox(—n) 2 F:

1Ps]__

idOXxS l 1’0/ J%
S

0" @ mxOx(—n) ——— F'.

Note the similarity between definition of isomorphism between S-flat fam-
ilies of objects of type (B, r) in B,l,} and the isomorphism between two S-flat
families of highly frozen triples of type (P, r) in definition 3.3. Similar to
the way that we treated objects in B, from now on by objects in Bg we
mean the objects which lie in the image of the natural embedding functor
3% : BY — D(X) in Remark 5.4. Moreover by the S-flat family of objects in
Bg, their morphisms (or isomorphisms) we mean the corresponding defi-
nitions as in Definition 5.5.

We equip the categories B}} and B, with T-semistability (or T°-stability re-

spectively). Now we show that there exists a moduli functor i)ﬁgf Qp (%) :

Sch/C — Sets which sends a C-scheme S to an S-flat family of T-semsistable
objects of type (B, r) in B,. Moreover we show that this moduli functor (as
a functor with groupoid sections) is equivalent to a quotient stack. Finaly

we show that the moduli stack 9ﬁ§f g}(f) is given by a stacky quotient of

E)ﬁggl{rs)s(%) (which itself is defined as the moduli stack of 7-semistable ob-
i

jects of type (B, 7) in By).

Remark 5.6. According to Definition 4.2 an object in the category A, con-
sists of semistable sheaves with fixed Hilbert polynomial p. As discussed
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in [4] (Theorem 3.37), the family of T-semistable (i.e Gieseker semistable)
sheaves F on X such that F has a fixed Hilbert polynomial is bounded.
Hence a given family of T-semistable sheaves F on X with Hilbert polyno-
mial Pr(t) = % - p(t) for some k = 0,1,--- , N is also bounded. Suppose
that we fix polynomial P(t) = X p(t) for some N > 0. As we will see later,
based on results of Joyce and Song [7], Equation (1.2) can be proved via
considering only finitely many values of k, namely k = 0,1,---, N such
that Pr(t) = % - p(t). Our analysis inherits this finiteness property directly
from applying [7] (Proposition 13.7). In what follows we will construct the
moduli space of rigidified objects [O%"(—n) — F] of type (B,r). We use
the fact that by the Grothendieck-Riemann-Roch theorem fixing the Chern
character of a pure sheaf with one dimensional support is equivalent to fix-
ing its Hilbert polynomial. Hence in constructing our moduli spaces, we
assume that the sheaf F appearing in the corresponding rigidified objects
has a fixed Hilbert polynomial and moreover, there are only finitely many
possible fixed Hilbert polynomials [7] (Proposition 13.7) for which this con-
struction needs to be carried out.

5.1. The underlying parameter scheme. Fix some Hilbert polynomial P(t)
(in short P). In order to construct a parametrizing scheme of rigidified
objects [OY"(—n) — F] in B, where Pr(t) = P one uses the bounded-
ness property of the family of T-semistable coherent sheaves F with given
fixed Hilbert polynomial. We denote by F the family as a coherent Ox -
module and by F we mean the fiber of this family over a geometric point
of S. By construction, the family of coherent sheaves F appearing in a -
semistable rigidified object is bounded (since the sheaves themselves are
T-semistable with fixed Hilbert polynomial) and moreover F(m’) is glob-
ally generated for all m" > m. Fix such m’ and let V be a complex vector
space of dimension d = P(m’') given as V = H(F ® Ox(m')). Twisting
the sheaf F by the fixed large enough integer m’ would ensure one to get
a surjective morphism of coherent sheaves V ® Ox(—m') — F. One can
construct a scheme parametrizing the flat quotients of V ® Ox(—m’) with
fixed given Hilbert polynomial. This by usual arguments provides us with
Grothendieck’s Quot-scheme. Here to shorten the notation we use Q to
denote Quotp(V ® Ox(—m')). Now consider a sub-locus Q*° C Q which
parametrizes the Gieseker semistable sheaves F with fixed Hilbert polyno-
mial P.

Definition 5.7. Fix some integer n > m’. Define P over Q% to be the
bundle whose fibers parametrize H(F(n)). The fibers of the bundle P®"
parametrize H(F(1n))®". In other words the fibers of P%" parametrize the
maps OF"(—n) — F (which define the complexes representing the objects
in By). Now let S (%) € PP be given as an open subscheme of P’
whose fibers parametrize T-semistable objects in B;I}.
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There exists a right action of GL(V) (where V is as above) on the Quot
scheme Q which induces an action on Q°° after restriction to the open sub-
scheme of T-semistable sheaves. It is trivially seen that the action of GL(V)
on Q% induces a right action on SE (7). Moreover there exists, an action of
GL,(C) on 6% (%); let [O%(—n) s, F] be given as a point in S5/ (%). Let
P € GL,(C) be the map given by ¢ : Ox(—n)®" — Ox(—n)®". The action
of GL,(C) on &%/ (%) is defined via precomposing the sections of F with ¢
as shown in the diagram below:

Oy (—n)
v )

or(_ ,
(5.1) Oy (—n) F,

To construct the moduli space of rigidified objects in B, the usual strategy
is to send the objects parametrized by S () to their associated equiva-
lence classes via taking the quotient of G5/ () by the action of the group
G := GL(V) x GL,(C) which acts on &2/ (%). Note that here, in order
to avoid dealing with issues such as getting a coarse moduli space and so
on, we take the quotients in the stacky sense rather than using GIT quo-
tients. These constructions are done with further detail in [11] (Section 3.3).
However, in order to keep completeness we review them briefly in the next
section.

5.2. The Artin stacks 21/ (%) and Dﬁif IQR(%) By definitions 5.2 and 5.5
P

ss,Bp
and because of the similarity between objects in B, and B}} with frozen and
highly frozen triples respectively, the construction of their corresponding
moduli stacks are given as the constructions given for moduli stacks of
frozen and highly frozen triples in [11] (Section 5);

Theorem 5.8. Let 6§f ) (T) be the underlying scheme in Definition 5.7 parametriz-

ing T-semistable rigidified objects of type (B,r). Let G := GL,(C) x GL(V)
(Br) (7

where V is as in Section 5.1. Let [G”Gm} be the stack theoretic quotient of

6§f ) (T) by G. There exists an isomorphism of groupoids

(Br) (=
7)o o | © T
iy (1) = | S0
In particular 9ﬁ§f 1.2, (T) is an Artin stack.

Proof. For F € Coh(X)) fixing B is equivalent to fixing the Hilbert poly-
nomial P. Now replace 7’-stability and 655"('(/ ) in [11] (Section 5) with
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T-stability and GEgr(f) respectively. The rest of the proof follows directly
from [11] (Corollary 6.4). O

Corollary 5.9. Apply the proof of Theorem 5.8 to s (T) and G = GL(V) and

BR,ss GL(V)
this natural isomorphism in order to obtain an alternative definition of the moduli

(Br) (=
obtain a natural isomorphism between &) (%) and [6” (T)]. One may use

(Br) (=
stack of T-semistable rigidified objects of type (B, r) as the quotient stack [SG“L (‘(/g) }

Corollary 5.10. By Theorem 5.8 and Corollary 5.9 it is true that:

(Br) (2

m

E)ﬁ(ﬁ'r)(’f) _ ss,B% (T)
Bp,ss GL,(C)

Proposition 5.11. The moduli stack, i)ﬁgi{zs (%), isa GL,(C)-torsor over o) (7).
X,

ss,B

It is true that locally in the flat topology, nggp(f) = Dﬁg{s)s(f) X [SGP%((E))}.
7 P r

This isomorphism does not hold true globally unless r = 1.

Proof. Replace T'-stability and &5/ () in [11] (Proposition 5.5) with #-stability
and &%/ (%) respectively. The rest of the proof follows directly from [11]
(Proposition 5.5). O

(B7)

Via replacing T with 7° stability one constructs 91 5,

(7°) similarly.

Proposition 5.12. (a). V(B,d) € C(B,) we have natural stack isomorphisms
m b0 (1°) = szs(r) (T stands for Gieseker semistability condition and Smfs(r)

ss,Bp
stands for moduli stack of Gieseker semistable coherent sheaves with K-theory class

B.) which is obtained by identifying (F,0,0) with F. Moreover, 1) (t°) =

ss,B)
[Spec(C) /G with the unique point given by (0,C, 0). Furthermore, P2 (t°) =

ss,Bp
@ for B # 0.
(b). 93?22/’123)}7 (1*) = [Spec(C) / GL,(C)] with the unique point given by (0,C2,0).

Proof. The first two parts of part (a) of Proposition 5.12 are proved in [7]
(Prop. 15.6). We start by proving the last part of (a). We know that every
object [(F,V,¢)] = (B,2) fits in a short exact sequence

0— (F,0,0) — (F,V,¢) — (0,V,0) — 0,

here [(F,0,0)] = (B,0) and [(0, V,0)] = (0,2). By Definition 4.7 7*(F,0,0) =
0> 7°(0,V,0) = —1 therefore (F,0,0) t°-destabilizes (F, V, $) V[(F,V, ¢)] =
(B,2) and this finishes the proof of last part of (a).
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(b). Note that (0,C?,0) is a unique point in m 02 (t*) which is made of

ss,Bp
(0,1)
55,8

the only nonzero sub-object that can destabilize (0, C?,0) is (0,C,0). There
exists a short exact sequence:

(5.2) 0 — (0,C,0) — (0,C%,0) — (0,C,0) — 0.

It is easily seen that 7°(0,C,0) = 7°*(0,C%0) = —1 and therefore the
sub-object (0,C,0) does not destabilize (0,C?,0) and (0,C?,0) is weak °-
semistable. Since the automorphisms of (0, C?,0) are given by GL,(C) then
Mm% (%) = [Spec(C)/ GL,(C)]. O

ss,Bp

two copies of (0,C,0) which is the unique object in 9_ "2’ (7*). Moreover,

6. STACK FUNCTION IDENTITIES IN THE RINGEL HALL ALGEBRA

Let 9t be a C-stack with affine geometric stabilizers. Recall that by [7] (Def-
inition 2.16) the space of stack functions SF(9M, x,Q) is given by the Q-

vector space generated by equivalence classes of pairs [(R, p)] := [R L, om]
with the following relations imposed:

(1) Given a closed substack (8,0 |s) C (R, p) we have [(R,p)] =
(&, p[e)] +[(R/6,0 [n/6)]

(2) Let R be a C-stack of finite type with affine geometric stabilizers
and let I/ denote a quasi-projective C-variety and 7z : R x U — R
the natural projection and p : 8 — 9 a 1-morphism. Then [(R X

U,pormn)l = x(UNIR, p)].

(3) Assume R = [X/G] where X is a quasiprojective C-variety and G a
very special algebraic C-group acting on X with maximal torus TC,
then we have

(Rp)]= Y FGTQIUX/QlLpoQ),
QeQ(G,TG)

where the rational coefficients F(G, T, Q) have a complicated def-
inition explained in [6] (Section 6.2). Here Q(G, TC) is the set of
closed C-subgroups Q of T¢ such that Q = T¢ N Cg(Q) where
Cc(Q) = {g € G:sg = gsforalls € Q} and (2 : [X/Q] —
R = [X/G] is the natural projection 1-morphism, where C(G) de-
notes the center of the group G. Similarly, one defines SF(O, x, Q)
by restricting the 1-morphisms p to be representable.

Remark 6.1. (1) There exist the notions of multiplication, pullback, push-
forward of stack functions in SF(9M, x, Q) and SE(9M, x, Q). For fur-
ther discussions look at (Joyce and Song) [7] (Definitions. 2.6, 2.7)
and (Theorem. 2.9).
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(2) Joyce and Song in [7] (Section 13.3) define the notion of character-
istic stack functions Sﬁf"”(f) € SF(Mg,(T),x,Q) and Eﬁf’d)(r') €
ST(WBP (7*), x, Q). Moreover, in the instance where the moduli stack
contains strictly semistable objects, the authors define the “logarithm”

of the moduli stack by the stack function €/#4)(%) given as an ele-
ment of the Hall-algebra of stack functions supported over virtual
indecomposables.

Proposition 6.2. (Joyce and Song) [7] (Proposition 13.7). Forall (B,d) in C(B,),
the following identity holds in the Ringel Hall algebra of BB:

b (1) = Y y (), (Butic )
n21((Br,d1),,(Budn))€C(By)":
(/Slrdl)JF“'JF(ﬁn/ n):(.B )

. é(lBl’dl)(T.) PR * é(ﬁ"fdﬂ)(T )
6.1)
There are only finitely many choices of n > 1 as well as (B;, d;) € C(Bp) for

which the coefficients ll<(ﬁ1,d1),- o, (ﬁn,dn);r',f> do not vanish.

Now we recall the definition of the function U in Proposition 6.2 from [7]
(Definition 3.8);

Definition 6.3. [7] (Definition 3.8). Letn > 1 and

(B1,d1),- -, (Budn) € C(By).

We define a number, S((B1,d1),- -, (Bn,dn); T, T) as follows: If for all i =
1,---,n we have either:

@ *(Bi,di) < T°(Bi+1,dis1) and
(B dr) + -+ (Birdi)) > T((Bisr, diva) + -+ (Budn))-

or

(b) T.(,Bi/di) > T.(‘Bprl, di+1) and
(B dr) + -+ (Biydi) < F((Biv1,diz1) + -+ (Bu,dn)),

then define S((B1,d1), -+, (Bn,dn); T%,T) = (—1)", where r is the number
of times that foralli =1,--- ,n — 1 condition (a) is satisfied and otherwise
if forsomei =1,--- ,n — 1 neither (a) nor (b) is true, then set S = 0. Given
n>1land (B1,d1), -, (Bn, dn) as above, choose two numbers I and m such
that 1 <] < m < n. Now for this choice choose numbers 0 = a5 < a1 <

< ayand 0 =by < by < --- < by = m. Givensuch m and ay, - - - , ay,
define elements 0y, - - - , 0, € C(By) by 0; = (B, ,+1,da; ,+1) + - (Ba;, da;)
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(To add two pairs just add them coordinate-wise in C(B3;)). Also given such
I,by,- -, by define elements 1, - - -,y € C(By) by vi = 6, 41+ - - Op,. Let
A denote the set of choices (I,m,aq,- -+ ,am,,b1,---,b;) for which the two
following conditions are satisfied:

(1) T'(Ql’) = T'(,B],d]) fori=1,--- ,manda;_1 < ] < aj.

(2) ©(vi) =1T(B,d) fori=1,---1 (here B = Ziﬁi andd = Zidi)‘

Now define:

u((ﬁlldl)/ Ty (ﬁn/ dn),'T., %) =
(—1)-1 "
6.2 ) TS, 1,60 12, 045" T H

A i=1 i1 (@ —aiq)

7. WALLCROSSING COMPUTATIONS FOR OBJECTS OF RANK 2 IN Bp

Our main goal is to compute the wall-crossing identity for the invariants
of objects of type (B,2) in By, by changing the weak stability condition
from 7° to T. One needs to first write the class (B,2) with respect to ir-
reducible classes. Therefore, break d = 2 into smaller dimensions and
then decompose B. The only two possible ways to break d = 2 is to write
2 =2+0and 2 = 1+ 1. Now for each choice of decomposition of d
one decomposes B into irreducible classes ;. For example for the case
2 = 240, the decomposition of B produces elements in C(B,) of type
(B1,d1), - (Bn,dn) where 1 +---+ B, = pand dy + - - - +d, = 2, hence
there exists a tuple in this sequence which is of type (B;,2) and the re-
maining objects are of type (B;,0). Now use Proposition 5.12 and note

that zmﬁf i) (t*) = O unless B; = 0. Hence the corresponding sequence
of numerical classes is given as (B1,0),---,(0,2),---,(Bn,0). Similarly
for the decomposition of type 2 = 14 1 one obtains elements of type

(B1,0),- -+, (B-1,0),(0,1), - -+, (Bn-1,0),(0,1), - -+, (B, 0) for1 <k # m <

n. In order to ease the bookkeeping we use a re-parameterization of (B, d;)
which is consistent with work of Joyce and Song. For a decomposition
2 = 2+ 0 define (l[]l‘,dl‘) = (ﬁl’,O) for i < k — 1, and (1[Ji,dl‘) = (,Bl'+1,0)
for i > k. For decomposition of type 2 = 1+ 1 define (y;,d;) = (B;,0) for
i < k— 1, (l/)l',dl') = <ﬁi+110) for k < i <m-— 1 and (l[],‘,dl‘) = (,Bi+2/0) for
1> m.

Definition 7.1. Consider Definition 6.3.

(1) Fix some k such that 1 < k < n. Given a sequence of numerical
classes in C(B,):

(l/)1,0),' t (l[]k,1,0>, (O, 2)/ (l/)k/ 0),' Ty (l/)nfllo)/
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define

Uy = u(<¢1,0>,- (1,00, (0,2), ($,0), -, <¢n1,o>;r°,f)

(2) Similarly, fix some k, m such that 1 < k < m < n. Given a sequence
(¥1,0), -+, (¥%-1,0), (0, 1), (¥, 0), - - -, (Ym-1,0), (0, 1), (¥, 0) - - -, (Y2, 0)
define

U, = U((IPLO)/ ++,(Pr-1,0),(0,1), (¢, 0),- - -, (¥u—1,0),(0,1), (., 0), - - -

Tty (lpl’l—ZI O)/ T./ f)
Now Equation 6.2 for the case of (B,2) is written as:

é(ﬁ/z)(f) — [ Z Uk . é(lplro) (T.) ko0 3k é(lpkflro) (T.) * 6(0,2) (T.) *x €

1’§lé7ém§n
koo ook é(lpm,l,O) (T.) * é(O,l)(TO) *k é(l/Jm,O) (T.) R 3 é(tpn*ZrO) (T.)
(7.1)

Let E; and E; respectively denote the first and second brackets on the right

hand side of (7.1).
7.1. Computation of E;. By (7.1) and (6.2) Uy is given by:

U — u(<¢1,0>,- (1,00, (0,2), (93, 0), - ,<¢n_1,o>;r°,f) -

(_1)1—1 l m 1
NV ISg 6y 41,00 40, O0p;T%,0)- | | ————.
; l E El( b,,l-‘rl bi_1+2 b, ) g (ai o 01;1)!

(7.2)
Here we compute Uy. Apply Definition 6.3 and obtain the following condi-

tions:

(1) In order to have 7(y;) = T(B,2) foralli = 1,---,] one should set
I =1, [7] (Proposition 15.8). Therefore the set A reduces to the set

of choices of m where 1 < m < n.
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(2) Itis clear that the only way that 7*(0;) = 7*(B;,d;) fori =1,--- ,m
and 4,1 < j < a; is that there exists some p = 1,---,m where
ap—1 =k —1and a, = k (k =location of (0,2)).
In (7.2) 7*(0;) = Ofori < pand t°(0,) = —1and 7°(6;) = 0 fori > p,
therefore the following hold true:
(1) t°(6;) = t°(0;41) = 0and T(01 + - - -+ 0;) # T(0ix1+ -+ 6,) for
i<p-1

2 0=1°(0;) > t°(0it1) = —1land 0 = T(61 + - -+ 6;) < T(0ip1 +
c-+0,) =1fori=p-—1

(3) T'(Qi) < T’(9i+1) and 1”'(91 +---F 91) > f(0i+1 +---F Qn) fori > p

From this analysis one concludes that in (7.2) for i < p — 1 neither condition
(a) nor (b) are satisfied for i = p — 1 condition (b) is satisfied and fori > p
condition (a) is satisfied (this implies p = 1 or p = 2). Moreover, p = 1
whenk = 1and p > 1 when k > 1 and Sg, = 0 for p > 2. By the above
computations when p = 1 we have

m
1
¢ 1§m2§n, g (a; —aj_q)!
l=a1<ay< - <ay

and for p = 2 and each fixed k such that 1 < k < n we have

(uk) ‘pZZI Z m ? H

1§m§n,k:a2<u3<~~<um — i 1)
Now we can compute E; as follows:
E, = Z Y- 1 H é(O,Z) x &W20) o ... 4 &(¥u-10)

1<m<n, —ai— 1
1*a1<a2<~~-<am

e R S Al | b

1<k<n 1<m§n,k:g2<a3<...<am —a;q)!
CeW0) e gW10)  5(02) 4 B (P0) Ly é(ll’n—lfo)

(7.3)
7.2. Computation of E;. By Equations (7.1) and (6.2), Uy ,, is given as

(_1)1 1 ) m 1
uk,m = Z I HSEz Gb, 1+119b, 1+27° Gb/T T H

. |
1<I<m<n i=1 121 ul—l)‘

(7.4)
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Lemma 7.2. Consider the notation in Equation (7.4). Then Uy ,,, = 0.

Proof. In order to evaluate Uy ,, we need to compute the combinatorial coef-
ficients Sg, (6y,_,+1,6p,_,+2, - - - O T°, T) (in short Sg,) appearing on the right
hand side of Equation (7.4). To compute Sg, we divide our analysis into
three combinatorial cases (Case 1, Case 2 and Case 3) based on how the
(0,1) elements are located in the sequence of (¢;,d;)’s. We denote the
contributions to Uy, in each case by U,},m, U,%,m and U,:f,m. Moreover, for
i = 1,2,3 we denote by SEZ the value of the function Sg, corresponding to

U}m By construction Uy, = U,}/m + U,%/m + U;:’m

7.2.1. Computations in Case 1: Case 1 represents the configurations where,
the two (0,1) elements occur adjacent to each other. In this case notation-
ally U,}rm = Uy 41 (the two (0,1) elements are adjacent). Now we need to
choose and distribute 4; in order to obtain equation (6.1). The following
diagrams describe the two possible distribution types for a;, we call them
by Case 1 (a) and Case 1 (b). We assume that the first occurrence of a (0,1)
element is at k’th location. We denote this by Case 1 (a). In Case 1 (a) case,
amp =k—1landinCasel (b), a1 =6, = 1.

Case 1 (a)
(0,1) (0,1)

alzk—l a4:k+2 Am

J L.

91 92 93 94 9m

[

[

®
———

Now we discuss the second possible distribution of a;’s for Case 1 and we
denote this distribution by Case 1 (b). In Case 1 (b) (diagrams below) we
set ap = k+ 1 and a3 can be chosen freely (similar to a4 in Case 1) to have
any value as long as a3 > k + 2:
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Case 1 (b)
(0,1) (0,1)

alzk—l 613:k—|—2 Am

Om

01 6> 03

Let us compute the value of Uy ,1. Since Case 1 itself is given by two
possible configurations (Case 1 (a) and Case 1 (b)) we denote by Ll,f,k 4 the

value of U,},m when we have the Case 1 (a) configuration, and similarly
by U};’k 41 the value of U,},m when we have the Case 1 (b) configuration. It
is trivially seen that U,},m = U + U,l{’,k +1- We compute the coefficient

S,lz”; and S,lag coming from the fixed distributions of a;’s as shown in Case
1 and Case 1 (b). Consider Diagram Case 1 (a). We set for the variable /
in(.1),l =1lorl =2, (forl > 2, 5115‘; = 0). If I = 1 then according to
formula (6.1) we need to compute S}E‘;(Gl, -+ ,0m). Note that 7°(6,) = —1
and 7°(03) = —1 then 7°(0,) < 7°(63) however T(0; + 62) # T(63+--- +
6,1), hence neither condition () nor (b) in Definition 6.3 are satisfied and
5115”2[(91,' -+ ,0m) = 0. Now set | = 2. Setting I = 2 means that we need to
choose 0 = by < by < bp = mso thatb;, i = 0, 1,2, satisfy the conditions
in Definition (6.1). Note that one can choose b; = 1,---,m. However the
only allowed choice for by is to set by = 2. We explain this fact further; Set
by = 1, in that case y; = 01 and 2 = 6> + - - - + 6,,. This configuration is
not allowed, since for 1, T(y1) = 0 # T(B,2) = 1. One easily observes that
using similar arguments, the only allowable choice is to set b; = 2. Now
define:
-1 w 1

_ 1 1
ulccz,kJrl - ; TSEZ (91/92) : SE{; (93/' o /Qm) g m,

where by similar arguments S’ (61,6,) = (—1)° = 1and S (63, - - ,0,,) =

(—1)("=3), Hence

Ur = (1) X ()0 T o
’ 2 i=1 (ai —a;1)!

1 1 1

(a3 —a)! (ax—m)! (a1 —ap)! oy (ai—aiq)!
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By looking at Diagram Case 1 (a), it is easy to see that aqp = 0,a; = k-1,
a, = kand a3 = k+ 1. Hence (a4 —a;) = 1and a3 —ap = k — 1. Now we
use the result of Lemma 13.9 of [7] and rewrite this equation as follows:

@ oy ot 1 1 INCE N o S S

Uk,k+1 - ( 2) (513 —112)! (az _al)! (al _QO)! 1§§§1( 1) g (ai —az;l)! =
1 1 (—1)(n=(1+8)

() = moazor

(7.5)

A similar analysis is carried out for Diagram Case 1 (b). Note that in this
case fh = (0,1) 4+ (0,1) = (0,2). Wecanset! = 1or ! = 2. Setting | = 2
would result in obtaining a disallowed configuration, since there would
always exist at least one v; for i = 1,2 so that 7(y;) = 0 # ©(B,2) = 1.
Hence we set [ = 1. Define

m
Uiy ==Y SE(01,00,05,- -+ ,0u) T ]
L |

where by similar arguments, 5}52(91, oo ,0) = (—=1)"=2), Hence

n 1
kk+1 ;( ) E (ai — ai—l)!
1 1 n 1
— —1)(m=2) .
;( ) (ap —ap)! (a1 —ap)! g (a; —a;_1)!

By Diagram Case 1 (b), itis easy to see thatag = 0,41 = k—1landa, = k+1,
hence (a; —a1) = 2 and a7 — ap = k — 1. Now use the result of Lemma 13.9
of [7] and rewrite this equation as follows:
1 1 B
al—ao)! (az—a1)! 1<m<I i—3
1 1 —1)(n=(1+k))
76) =~=- . (=1) .
2 (k=1)! (n—(14k))!

b
U1 = (

By definition U]},m = Ui+ U,l(”k 4+1- Therefore, adding the values of the
function U;, i = 1,2 obtained from the two distributions in Case 1 and Case
1 (b), we obtain:

(7.7)
1 (_1)(n—1—k) 1 1 (_1)(n—1—k)

1 _
uk,m -

1
R DT € S TR T Dy e gy o
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7.2.2. Computations in Case 2: Case 2 represents the configurations where
there exists some 1 < k < n for which there exists only one element of
type (Bk, 0) between the two elements of type (0,1) such that Bx # 0. Here
notationally we use U,%,m := U k42 (since there exists one (B, 0) element in
between the two (0,1) elements). Moreover we denote the S functions in
this case by S%Z. The set of allowable distributions for 4;’s is given as:

Case 2 as as

p
4
> ——
———
®
®
®
®
®
®
————

th o) 04 05 O

Consider the Diagram Case 2. Here we can argue that the only possible
value for [ in both diagrams is I = 2. For | = 1 consider 6, and 603 in the
first diagram. Note that 7°(6,) < 7°(63) but (61 +62) # T(03+ - -+ Om)
hence 5%2(91,~ -+ ,0m) = 0. Setting | = 2 means that we need to choose
0 =1by) < b <b =msothatb;, i = 0,1,2, satisfy the conditions in
Definition (6.1). Note that one can choose by = 2 or bj = 3. We denote
these values by choice (a) and (b) respectively. Set b; = 2 and define:
a . —1 2 2 L 1
Ui sz = ; 5 5E,(61,02) - Sg, (63, -+, Om) g @ —a )

Following similar computations and via the result of Lemma 13.9 of [7] we
obtain the following identity:

I

" 1 1 (—1)(n—(k+2))
o2 = (=3) (k—1)! (n—(k+2))!
Similarly set b; = 3 and define:

-1 m
ullc],k+2 = 2751252(91,92, 63) - SE2 (0g,---,0 H T
A 1:1 i—1

(7.8)

and similarly, we obtain

1
ullcl,k+2 = ;5 (m=4) H
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By adding the contributions due to the two choices of by = 2 and b; = 3,
we obtain

2 374 b _
Uim = Uiggo + Uiy =

1 1 (_1)(n*(k+2)) 1 1 (_1)(n*(k+2))
_|_ —_ .

2 3 ST ey oy A Rl (3 T ey SR

7.2.3. Computations in Case 3: Case 3 represents the configurations where
for some 1 < k < m < n, there exists at least 2 elements (B, 0) and (B, 0)
between the two elements of type (0,1) such that B; # 0 and B, # 0.

Case 3
(0,1) (0,1)

alzk—l aq_lzm—l A

®
—————

®

®

®
———

®

®

®

®
———

01 03 eq—l 9q+1 0
02 0
ay =k g =m
Following similar analysis it turns out that the contributions for case 3 van-
ish, i.e:

-1 B - B
.= Y (2) [(_1)07 3. (=)= 4 (—1)1-2)
0<ap<--<ap
- (=1)0m=9) ﬁ# = 0.
i—1 (tll‘ — Cll‘,l)!

(7.10)

We conclude that the contributions in Cases 1, 2 and 3 are all equal to zero.
Hence

uk,m = ul},m + ul%,m + ul:c)),m =0.
This finishes the proof of Lemma 7.2. O

Recall that for E; in Equation (7.3), the (n — 1)’th K-theory class, p,,—1 was
placed in the n’th spot, hence by change of variable n to [ — 1, the equation
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for E; is given as:

0! o =10k
. é(/BlfO) (T.) Kooeo oo * e(an O)(T.) * 6(0 2) (T.) * é(ﬁk+1/0) (T.) koooee ok é(ﬁlro)(T.)
D™ B0 g S(510) (0 4 £02) () 5 £(Bee1.0) (g
= —_— . & T®) k- -k PR (T®%) % W/ (T®) % eIV (T
I s (%) % €02 (2*) (v*)
koooee ok é(ﬁlro)(T.)
(7.11)

The coefficients in (7.11) are precisely equal to those appearing on the right
hand side of Equation (292) in [7]. By rewriting the product of stack func-
tions in terms of a nested brackets we obtain an equation analogous to the
computation of Joyce and Song in [7] (Proposition 15.10). Simply replace
€01 (7*) in Equation (292) in [7] with €%2) (*) and obtain:

P = 1<LB L Bi=p (_lul)l [ [P (xe), &0 (z2)], 20 (z*)],
<Lprt-+p=p

o], @B (o)
(7.12)

7.3. Wallcrossing for numerical invariants. In this section we use Equa-
tion (7.12) to compute the wallcrossing identity between invariants of 7-
semistable objects in B, and the generalized Donaldson-Thomas invari-
ants.

Proposition 7.3. (a). Let v%}’@o) and vgﬁn denote Behrend'’s constructible functions
4

[1] (Section 1.3) on the moduli stack of objects in B, (with fixed class (B,0)) and
the moduli stack of sheaves with Chern character B respectively. The following

identity holds true:

(

,0) "
g ;

=70 (Vi)

where 11y is the map 11y : i)ﬁgi’o) — 9P which sends (F,0,0) with [(F,0,0)] =
(B,0) to F with Chern character p.

Proof. This is proven in [7] (Proposition 13.12). O

Definition 7.4. (Joyce-Song) [7] (Definition 13.11). Define S to be the subset
of (B,d) in C(By) C K(Bp) such that Pg(t) = kp(t) fork=0,---,N and
d = 0or 1. Then S is a finite set [5] (Therem 3.37). Define a Lie algebra
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L(B,) to be the Q-vector space with the basis of symbols ABD) with (B,d) €
S with the Lie bracket

(7.13) A A(00] = (—1)X8 ((ﬁ,d),(%E))XBp ((B,d), (7,€))ABHrd+e)

for (B4 ,d +e) € S and [AFY), 1(1¢)] = 0 otherwise. It can be seen that
X, is antisymmetric and hence, equation (7.13) satisfies the Jacobi-identity

and that makes L(B8,) into a finite-dimensional nilpotent Lie algebra over

Q.

In order to define the Lie algebra morphism ¥5 : SF,0Mpz — L(B,)
apply [7] (Definition 5.3) to the moduli stack My, and L(B,). Now we
study the image of €2 (%), €02 (7*), &fi0) () and V) (7*) under the
morphism ¥5:
Definition 7.5. Define the invariant Bi,s (X, B,2,T) associated to T-semistable
objects of type (B,2) in B, by

¥5 (2P (7)) = B (X,B,2,7) - AB2)

where Y5 is given by the Lie algebra morphism defined in [7] (Section
13.4).

According to result of part (b) of Proposition 5.12 and the fact that [Spec(C) / GL»(C)]
has dimension —4 we obtain the following;:

(7.14) $Br(502) (7)) = A(02)
The next two identities are proved by Joyce and Song in [7] (13.5):
(7.15) FB (0D (%)) = —A0OD,

Now suppose that p = Ziﬁi and B; is indecomposable or (equivalently)
there exist no strictly semistable sheaves with class §;, then by [7] (13.5):

(7.16) By (B (1)) = —DT"' (1) A (b0)

where DT"" (7) is the generalized Donaldson-Thomas invariant defined by
Joyce and Song in Definition (5.15) in [7]. Now apply the Lie algebra mor-
phism ¥5» to both sides of Equation (7.12) and use the results obtained in
(7.14), (7.15) and (7.16). We obtain the following equation:

B (X,B,2,1) AP =

(—lll)l A nyBp (é(0,2)(T-)), _W‘Bl(ﬂf);\(ﬁllo)]’_

1<, B1+--+B1=p
DT (1)AB20)],...], — DT’ (1) A(B0)]
(7.17)
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7.3.1. Computation of ¥5»(e(0?)(7*)). By part (b) of Proposition 5.12 the
characteristic stack function of moduli stack of strictly T°-semistable ob-
jects in class (0,2) is given by:

5O (%) = 3(m P (%)) = {ng;((g” |

Joyce in [6] (Section 6.2) has shown that given a stack function [ ( [ﬁ(c)} , 1/) } ,
where U is a quasi-projective variety, one has the following identity:

(lecig] o)) = riowerea b [([gg w0

+F(CL(0), 65,6 | ([ ] woia)]

(7.18)

where and y 0 i; and y o i, are the obvious embeddings and:
F(GLy(C),G2,G2) = % , F(GLy(C), G2, Gy) = —Z.

(7.19)

Now substitute (7.19) in (7.18) and obtain:

(7.20)

e = (P& wen)| 5P wee)]

In order to compute ¥5¢(¢(02)(7*)) one uses the definition of é?)(7*) in
[7] (Definition 3.10):

% . 501) (T.) « 5(01) (T.).

Substitute the right hand side of (7.20) in (7.21) and obtain:

0 (%) = 1 [ ([SPEC%EC)} , yoﬁ)]
(R o)) g e

(7.21) 5(0/2)<T-) _ 5(0’2)(1') B

(7.22)

Next we compute 5O (%) x50V (7*) (which is equal to €0V (7*) x &1 (*)
since there exist no strictly 7°-semistable objects in B, with class (0, 1)).

7.3.2. Computation of €0V (7*) x 01 (7*). By Proposition 5.12, 01 (1*) =
[Spec(C)/G,). In order to compute %V (7¢) * (01 (7*) we need to follow
the definition of multiplication in the Ringel Hall algebra of stack functions
given in [7] (Definition 2.7); Consider objects (F;, V;, ¢;) in B, of type (B;, d;)
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fori=1,---,3. Let Qixactgp denote the moduli stack of exact sequences of
objects in B, of the form:

(7.23) 0 — (F, Vi, ¢1) — (F2, V2, ¢2) — (F3,V3,¢3) — 0
Let 7t; : €racty, — Mg, (7°) for i = 1,2, 3 be the projection map that sends
the exact sequence in (7.23) to the left, middle and right terms respectively.
Denote by Z the fibered product

([Spec(C)/Gu| x [Spec(C)/Gm]) X p1xp2, M, (T°) x Mg, (T°), 711 X 73 GIC‘Cth-

According to [7] (Definition 2.7) €% (7*) + é01) (1) = (713 0 @), Z where
the map @ is given by the following commutative diagram:

TT
zZ o C%;acth 2

Mz, (T°)

‘7‘[1 X 73

[Spec(C)/Gn] x [Spec(C) /Gy £1 X 02

Mg, (T°) x Mp,(T°)
Lemma 7.6. The product €0V (t*) x 0V (%) is given as
} i} Spec(C)
01) /e 01)/ e\ _
e (r*) 5 &0V (7% = [(Al NG%,L)]
where 1 is defined to be the corresponding embedding.
Proof. This is essentially proved in [14] (Lemma 5.3). O

by a computation of Joyce and Song in [7] (page 158) and Lemma 7.6:

0N (x) x e (z") = Kmlﬂ i

(7.24) B [(SpgniC)'eZ>] N [(Spg%i@’e]ﬂ ’

where e; = poi; and e, = p oip denote the corresponding embedding
maps. Since €0 (7*) x OV (r*) = 5OV (7*) x 501 (7*), by substituting
the right hand side of (7.24) in (7.22) one obtains:

e =5 (7] o)) -2 [([76,7] o)
B Spec(C), ol SpecZ(C), oiy
([0 ()

([ o).

(7.25)
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Now apply the Lie algebra morphism ¥5» to &(®?) (7*). By Equation (7.25):

(1) = (| B | (o) i) A2

Note that by Proposition 5.12 ms(gzzs),, (t*) = [Spec(C)/ GLy(C)] and hence
[Sp%n(f:)} has relative dimension 3 over 93?5(,21231('(‘) Moreover, [Sp%sc)] is

given by a single point with Behrend’s multiplicity —1 and

(poir)” nggm)i(o’z) = (-1)°. Vst
14

Gm

therefore:

The wall-crossing identity (7.17) is given as follows:

B} (X,B,2,7)- A
-1 (1) liﬁi 3 3 (B2,0 3 (81,0
2 T'THDT (T) - [[- - [[A©2, A(Br0)], R (B20) ... ], A(BLO)],
1<Lpr++pi=p L=l
(7.26)

Now we use the fact that by [7] (Definition 5.13) the generators A(f4) satisfy
the following property:

(7.27) ABD X)) = (—1 )Xzsp((ﬁ ), (v x5, ((B.d), (7, e))A(B+rd+e)
this enables us to simplify (7.26) as follows:
B (X,B,2,7) AP =

l
R (DT (0) - s, ((B1 + -+ + Bi-1,2), (8:,0)))

1<L1 4t fr=p 4 b
, (_1)m((o,z>,<ﬁ1,o>>+z£:1 2y (Br+-Bi1.2)Bi0)) _ 5(52)

(7.28)
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by canceling A(#?) from both sides we obtain the wallcrossing equation and
this finishes our computation:

LT RN VI 1 (P MICRE

1<LB1+-+pBi= i=1

,(Bi,0)) - (_1)X3p((0/2)r(51,0))+25:1 XB,;((,31+"',Bi—1/2)r(5i/0))>] )

(7.29)

8. T-SEMISTABLE OBJECTS IN Bp VERSUS JOYCE-SONG STABLE (T-STABLE)
HIGHLY FROZEN TRIPLES

Definition 8.1. Given a highly frozen triple (E, F, ¢, ) as in Definition 3.3
fix the Chern character of F to be equal to . By the Grothendieck-Riemann-

Roch theorem, fixing the Chern character of F would induce a fixed unique
Hilbert polynomial for F , say Pr = P. Define smging(f) to be the moduli

stack of T-stable (Definition 3.4) highly frozen triples of type (P, r).

Theorem 8.2. The moduli stack E)JZSI?{?T(“Z') is a GL,(C)-torsor over A1) (7).

ss,Bp

In particular locally in the flat topology Dﬁgf l;’)p (T) = Sﬁglly{rF)T(’i’) X [Sé’ff((g)) ).

Proof. First prove that there exists a map 7t : i)ﬁéI;IrF)T(i') — S)thf l?p (7):

Let p € mg%})T(f)(Spec(C)) be a point represented by (E, F, ¢, ) as in

Definition 3.3. Now forget the choice of isomorphism ¢ : E — 0% (—n)
and obtain (E, F,¢) which itself is represented by a complex I* := [V ®
Ox(—n) — F] such that E =2 V ® Ox(—n) for V a C®"-vector space. Now
use Remark 5.1 and identify the complex I* with an object (F, V, ¢v) of type
(B,r) in B,. Now use the following lemma:

Lemma 8.3. The highly frozen triple (E,F,$, ) is t-stable if and only if the
associated (F,V,¢v) of type (B, ) is T-semistable.

Proof. 1. t-stability=- T-semistability:

One proves the claim by contradiction. Suppose (F, V, ¢y ) is not T-semistable.
Then there exists a subobject (F/, V, ¢1,), a quotient object (Q,0,0) and an
exact sequence

0— (F,V,¢y) = (F,V,¢v) — (Q,0,0) =0,

such that Z(F/,V,¢{,) = 1 and 7(Q,0,0) = 0. Now use the identification
of (F,V,¢v) and (F,V, ¢;,) with the complexes I* := V@ Ox(—n) — F
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and I'* := V ® Ox(—n) — F' respectively [7] (Page 185) and consider the
following commutative diagram:

0 0

| |
oY (-n) ——— F
=| )
oY (-n) ———  F
| |

0 Q

| |

0 0

(8.1)

From the right vertical short exact sequence in diagram (8.1) it is seen that
since F and Q are both objects in A, and since A, is an abelian category
it contains kernels and hence p(F’) = p. Hence we obtain a contradiction
with t-stability of (E, F, ¢, ¢).

2. T-semistability=- t-stability: Similarly suppose (E,F,¢, ) is not t-
stable. Then there exists a proper nonzero subsheaf F’ C F such that ¢
factors through F’ and p(F') = p(F) = p. Now obtain the diagram in (8.1)
and consider the right vertical short exact sequence. By the same reasoning
as above p(Q) = p. Hence Q € A, and the complex 0 — Q represents an
object in B, given by (Q,0,0) with (Q,0,0) = 0. Hence (F,V, ¢y) is not
T-semistable which contradicts the assumption. Now in order to show that

Sﬁgll){?T(f) is a principal GL,(C) bundle over om'P7) (%) replace o) (T) in

ss,B8p B;I}
Proposition 5.11 with Dﬁgl;{?T( t). This finishes the proof of Lemma 8.3 as
well as Theorem 8.2. O
Now fix the rank r = 2. Theorem 8.3 enables us to define the invari-

ants of highly frozen triples of type (P,2) to be equal to invariants of 7-
semistable objects of type (,2) in the category B,. These invariants them-
selves, via the identity in (7.29), are computed with respect to the general-
ized Donaldson-Thomas invariants:

Definition 8.4. Define the invariant of t-stable highly frozen triples of type
(P,2) as follows:

(8.2) HFT(X,P,2,1) = B, (X, B,2,7),
where By (X, B,2,T) denotes the invariant of T-semistable objects of type
(B,2) in B,.

Corollary 8.5. Let r = 2 and the Hilbert polynomial of the sheaf F appearing in
the highly frozen triples be given by P. By Equation (7.29) the invariants of rank 2
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T-stable highly frozen triples can be expressed in terms of generalized Donaldson-
Thomas invariants:

) -1 () 5 (b
I M b0 § (L C B A (CERE e
1<LB1++B1=B Tl

,(Bi,0)) - (_1)XBp((O/Z)r(,slzo))JVZ;:l XBP((ﬁ1+"‘ﬂi1/2)r(ﬁi/0))>

(8.3)
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