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Introduction

The notion of detenninant occurs twice in the algebraic K -theory of a scheme X: firstly, we
have the map det : KoX ---i- PicX which takes a vector bundle on X to its highest" exterior
power (we assurne Xis irreducible); secondly, we have the map det : K 1X ---i- r (X, 0x )
which is induced by the usual detenninant map GL(R) ---i- R* in the affine case X = SpeeR.

Let W l be the union of components of rank zero in the G-construction of Gillet and Grayson
[GG] associated with the category Px of vector bundles on X. We can regard W l as the

first term of the weight filtration, since

1rOWI~F~KOX = ker (rank : KoX ~ Z)

and
1rmWl~F~Km..tY---KmX for '111. 2: 1.

In the present paper we define a simplicial set T such that

1roT;;PieX, 1rlT;;r(X, °x), and 'lrmT = 0 for '111. 2: 2

and a simplicial map

clet : W 1 ~ T

which yields the above two determinant maps on the homotopy groups:

F~I(oX = ker(rank : KoX ---i- Z);;1roWI ~ 'lroT---PicX

and
KIX~1r1W 1~ 1rIT;;r(X, 0x)·

We also describe the homotopy fiber of the map clet : w l
---i- T as a simplicial set

W 2 . Avertex in W 2 is a tripie (P, P'; 'lj}), where P and P' are vector bundles
on X such that rank P = rank P' and 'lj} : det. P=:; clet P' is an isomorphism. An

edge in W 2 connecting (Po, P6; 7/;0) to (PI, P{ ;7/;1) isa pai r of short exact sequences

(po ---i- PI ---i- PI /0; P6 ---i- Pi ~ PI /0) such that the diagram

det PI ---i- clet Po ® det P1fo
7/;11 1 l 1 7/;0 ® 1
det Pi ~ clet Po ® det Pl / O

commutes, where the horizontal isomorphisms are naturally induced by these short exact
sequences. Higher dimensional simplices in W 2 are defined in a similar way.

The long exact sequence associated with W 2
-t W 1

---i- T yields

1foW 2
I"V ker (( rank, det) : KoX ---i- Z EB Pie X)

1flW 2 ~ ker (det. : KIX ~ r(X, 0i))

1rm W 2 ~ KmX for '111. 2: 2.

Thus W 2 provides the groups S Km..tY as homotopy groups for all '111. 2: O. The SK 
groups can be defined for '111. 2: 1 as the homotopy groups of BSL+ (R) in the affioe case



x = SpeeR and by means of the generalized eohomology of the sheafifieation of BSL+
in the general ease (cf. [Sou] p.524).

In a future paper we hope to define "\·and , - operations on W 2 as simplieial maps and

prove on the simplieial level that the map ,.,1 + ,2 + ... is eontraetibJe. This wouJd imply

direetly that F~KmX = SKmX für eaeh 711 2: O.

1. Definitions

Let X be an irreducible scheme.

We denote by. P = Px the category of vector bundles on X. Suppose we are given a choke

of the tensor produet PI ® ... @ Pk for eaeh eolleetion of objeets (PI,"" Pk ) in P and a
choke of the exterior produet PI A ... A Ph~ for each admissible filtration PI >---+ .•• >---+ Pk

(by definition, the latter is isomorphie to the image of PI ® P2 ® ... 0 Pk in 1\ [( Ph·). These

operations satisfy the usual funetoriality and compatibility conditions (cf [Gr, see! 7]).

Let .c = .cx be the category of linear bundles on X and their isomorphisms. We set

clet P = 1\ rank P P for every P in P, where /\ k P now stands precisely for the exterior

product p/\'''/\p associated with P ~ ... ~ P ( k copies). Thus we obtain the map

clet : ObP -4 Ob.c.

Let I = Ox be the identity linear bundle. We assume that det 0 = I for any zero object 0
in P. We also assume that an object L -1 '" Hom(L, 1) is chosen for eaeh L in .c.
Proposition 1.1. (i) Any exact sequence

(1.1)

in P gives rise to an isomorphism

o= 00,1 : det PI::;:; det Po @ det PI/ O

in a natural way;

(ii) Given a commutative diagram of the fonn

P2/ 1

1
(1.2) p1/ O -4 P2/ 0

1 1
Po -4 PI -4 P2

such that the sequences 0 -4 Pi -4 Pj -4 Pj / i -4 0, with 0 ::; i < j < 2, and

o ..:....t PI / O -4 P2/0 -4 P2/1 -4 0 are exact, the diagram

(1.3)

commutes.

detP2

01,2 1
det PI 0 clet P2/ 1

80 ,2-

2

det Po ® clet P2/0

11 0 01/0,2/0

clet Po <2' P1fO ® clet P2/ 1



Proof: for any 1n > 0, we have the Grothendieck filtration

Po A . . . A Po >--Jo Po A . . . A Po A Pl >--Jo • • • >--Jo Po A PI A . . . A PI >--Jo PI A . . . A Pl

associated with the left arrow in (1.1) in which al1 products eontain 7n faetors. The successive
quotients are the produets

8

with 7' + 8 = Tn, the quotient maps being indueed by the right arrow in (1.1). In particular,
if 71'1. = rank PI, the only nonvanishing quotient eorresponds to the pair T = rank Po, S =
rank Pl / O, and we obtain the isomorphisms

Po A ... 1\ Po A
, y 71

r

1 l

Po 1\ ... 1\ Po ®
, V 71

r

PI A··· A PI
, -I

Vi

8

s

/
8

m

The desired isomorphism 80,1 : det PI:=:::; det Po (9 det PI/O now can be defined from the
above diagram.

Let rank Pi = Ti and rank Pj / i = Ti/i in (1.2). We have the natural eommutative diagrams

dct,P2 - !b /\ ... /\ Po /\ 'p2 /\ ... /\ P2, - :0 /\ ... /\ Po /\ :1 /\ ... /\ Pt~ /\ P2 /\ ... /\ P2,

TU T2/U TU Tl/Cl T2/1

'\. 1

60,2

:0/\ ... /\ Po~ p2 / 0 1\ ... /\ P2/O, :;::: :0/\ ... 1\ Po 0 p t / o /\ ... /\ p t / o, /\ :2/0 /\ ... /\ P2/ 0,

TU
T2/n

TU
Tl/li T2/1

"-.

1 0 fJ t / O,2/0

Po /\ ... 1\ Po, 0 ,Pt /0 1\ ... 1\ PI / O, 0 P2/ 1 1\ ... /\ P2/1
,

TU
TI/n r2/1

and

dct P2 :1 1\ ... /\ Pt~ 1\ 'p2 /\ ... /\ n, :;::: Po /\ ... /\ Po, /\ 'pI /\ ... /\ Pt /\ 'p2 /\ .. . /\ P2,,

Tl T2/1 TU rl/O T2/l

'\. !

15 1,2

Pj /\ ... /\ Pt 0 P2 / 1 /\ ... /\ P2/t - :0/\ ... /\ Po /\ ,Pt /\ ... /\ PI, e P2 / 1 /\ ... /\ P'l/I,,

Tl T2/1
TU TI/O "'J/l

'\. 1 f

150 •1 01 :0/\"'/\ Po, 0 p1/ 0 /\ ... /\ p1/ 0, 0 P2 / 1 /\ ... /\ P2 / 1,

ru TI/O T'J/l

in whieh all the arrows are obviously isomorphisms. The desired eommutativity in (1.3)
is now equivalent to the eommutativity of the diagram

Po /\ ... /\ Po /\ PI /\ ... /\ Pt /\ P2 /\ .•. /\ ~

Po /\ ... /\ Po /\ PI /\ ... /\ PI 181 P2 / 1 /\ ... /\ P2 / 1

The latter is evident (cf. (E2) in [Gr, seet 7])

3

Po /\ ... /\ Po 0 Pl/0 /\ ... /\ P I / O /\ P'l/o /\ ... /\ p2/ 0

Po /\ ... /\ Po 0 P1/0 /\ ... /\ Pllo 181 p2 / 1 /\ ... A P'J./I



(1.4)

Definition Let A be apartially ordered set. We let ArA denote the set {j / i li, j E A, i ~ j}.
By multiplicative map on ArA with values in L we mean a map D : ArA --+ L endowed

with a collection of isomorphisms

Oi,j,k : D(k/i)=:+D(j /i) 0 D(k/j) for every i :::; j :::; k inA

such that

(i)D( i, i) = I for every i E A;

(ii) for every i ~ j in A,oi,i,j and OiJJ

are the natural isomorphisms DU/i)~I ® DU /i) and D(j /i)=:+D(j /i) 01, respectively;

(hi) for every i :::; j ~ l in A, the diagram

D(f/i) 6~l D(j/i) 0 D(l/j)

Oi,k,t ! ! 1 00j,k,t

D(k/i) ® D(i/k) 8i,~0I D(jji) 0 D(k/j) ® D(i/k)

commutes. We let Mnlt(Ar A, L) = {(D; Oi,j,k)} denote the set of all L-valued multiplica

tive maps on ArA.

Definition. We define the simplical set Z = z. .c by

Z(A) = Mult (Ar, A, .c), A E ~

where ~ denotes as usually the category of finite nenempty totally ordered' sets and non

decreasing maps.

By definition, there is a unique O-simplex * in Z. A I-simplex in Z is an object

L = D(1/2) of L. A 2-simplex in Z is a rupie (LI, L2, L2/ 1 ; 0), where int the above

notation LI = D(1/0), L2 = D(2/0), and L2/ 1 = D(2/1) are objects of Land 0 = 00,1,2 :
L2=:+LI ® L 2/ 1 is an isomorphism. Thus, Z looks in a sense like the c1assifying space of
the Picard group, and it is easy to see that 1r1 Z :: Pic X. However, Z is not homotopy

equivalent to BPic X. In fact, we have 1r2Z ~ Aut I ~ r (X, 0i) and 1rm Z '" 0 for

711, ~ 3 (cf. Proprosition 2.1 and Theorem 3.1).

Given a partially ordered set A, we regard the set ArA as a category in which

Mor (j /i, j'/i') consists of a unique monnpism if i :::; i' and j ~ j' 1 otherwise it is

empty. Say that a functor F : ArA --+ P is exact if

(i) F(i/i) = 0 for every i E A, where 0 denotes a distinguished zero object in P;
(ii) the sequence 0 --+ PU/i) --+ F(k/i) --+ 0 is exact for every i ~ j :::; k in A.

Recall that the S -constmction of Waldhausen associated with the category P is the simplicial

set S = SP given by

S(A) = Exact (ArA, P), A E ~,

where Exact refers the set of exact functors.

Proposition 1.1 obviously implies the following

4



Proposition 1.2. Let A be a partially ordered set and F : ArA ----? P be an exact functor.

Consider the map D = det· F : ArA ----? L.

(i) For every i ::; j ::; k in A, the exact sequence 0 ----? F(j / i) ----? F(k / i) ----? F (k / j) ----?

o gives rise to an isomorphism oi,i,k : D(k/i)=:;D(j/i) 0 D(k/j) in a natural way;

(ii) For every i ~ k ~ k ::; l in A, the diagram (J.4) (iii) commutes, i.e., (D; Oi!j,k) is
a multiplicative map ((1.4) (i) and (ii) obviously hold);

(iii) This gives rise to a simplicial map

(1.5) det : B.P ----? Z.L

2. Applying the loop space functor
Let F : X ----? Y be a mimplicial map, A E .6., and 'Uo E Y(A). Following [GG, sect. 1],

we define the right fiber over 'Uo to be the simplicial set volF given by

X(B)
! 1 B E .6.,

! Y(AB) ----? Y(B)
{'Yo} L--7 Y(A)

where AB denotes the concatenation of A and B, i.e., the disjoint union All Bordered

so A < B. By definition, aB-simplex in volF is a pair (V, x), where 'y is an AB-simplex
in Y and x is aB-simplex in X such that the A-face of 'U is equal to Yo and the B-face

of 'Y is equal to F(x).

If F = 1 : Y ----? Y, we write y IF. Ir is easy to see that y IY is contractible for any Y and

Y E Y(A) (cf. [GG, Lemma 1.4]). AB-simplex in ylY is an AB-simplex in Y whose

A-face coincides with y.

Suppose Y has a di stinguished vertex *, i.e., * E Y ({b}), where {b} E .6. isa one-element

set. Let Pr : *IY ----? Y denote the natural projection. We define the (simplicial) 100p space

of Y at * to be the simplicial set

f1Y = *IPr
f1Y ----? *IY

or, equivalently, flY can be defined from the cartesian square I ! (cf. [GG,

*IY ----? Y
sect. 2]). By definition, aB-simplex in flY is a pair of {b }B-simplices in Y whose B-faces

coincide and whose {b}-vertices are equal to *.

Recall that the G-construction of Gillet and Grayson associated with P is the simplicial set

G = G. P = ns.p. By [GG, Theorem 3.1]; there is a homotopy equivalence IG1=+nlsl·
It follows that 7r m G :: KmX for 1n 2: O.

For A E .6., let ,(A) denote the disjoint union {L, R} 11 A ordered so that the symbols

Land Rare comparable, L < a and R < (L for any a E A, and A is an ordered subset

in ')'(A). Let f(A) = AT,(A). It is easy to see that the G-constructions can be described

as follows:

I

(2.1 ) G(A)Exact (f(A), P), A E .6..

5



Definition. We define the simolicial set T = T.L by T.L = o.Z.L. Similarly to (2.1),

we can write

(2.2) T(A)Mult (f(A), 12), A E ß.

Thus, a p-simplex in T is a collection of objects

in L endowed with isomorphisms

for every 0 < 1. ::; j ::; p and

for every 0 ::; i ::; j ::; k ::; p satisfy ing (1.4) (iii) (here we write for short Li, L~, and Lj / i

for D(i/L), D(i/R), and D(j/i), respectively). In ~articular, a vertix in T is a pair of

objects [t] in L. And edge connecting [Z,:] to [t J is a tripIe (L 1/ 0 ; 0,8'), where L1/ 0

is an object of 12 and 8 : LI=+Lo ® L 1/ Ol 8' : L~=:;Lo® L 1/ 0 are isomorphisms.

Proposition 2.1. lTl ~ o.1ZI·

Proof: By [GG, Lemma 2. I], it suffices to show that the map *IZ ~ Z is fibred (see secL 4

for the definition of a fibred map). In fact, any simplicial map X ~ Z is fibred, since Z
satisfies the condition (4.]) of Proposition 4.2. The verification of (4.]) for Z is similar to the

proof of Proposition 4.3 and we omit it, because we will not use the homotopy equivalence

ITI ~ 0.121 in the sequel. qed

Applying the loop space functor to the map (1.5), we obtain a simplicial map G.P ~ T.L
which we will also denote by det. We set WO = G, and let W 1 be the union of components

in G of rank zero, i.e., the components whose vertices [S] satisfy rank P = rank Q. The

restrietion of the above map to W 1 yielsd the simplical map

det. : W 1
----? T

which plays the central role in the paper. By definition, this map takes a simplex F E

W1(A) C Exact (f(A), P) to mulitplicative map D = det..F : f(A) ----? c.. (cf. (2.2» such

that for every i ::; j ::; k in ,(A) the structural isomorphism Oi,j,k : D(k/i)=+D(j /1.) ®

D(k/j) is the isomorphism associated with the exact sequence 0 ~ P(j/i) ~ F(k/i) ----?

F (k / j) ~ 0 as in Proposition 1.2.
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3. The homotopy groups of the simplicial set T

We make T into a H-space using tensor products in ,c; i.e., for D, D'E T(A), we define
D ® D' E T(A) by

(D ® D') (j /i) = DU /i) ® D'(j /i) for i ~ j in ,(A)

and let the isomorphisrn

Oi!j,k : (D ® D') (k/iy:::t(D 0 D') (j /i) @ (D ® D') (k/ j)

be the product map

D(k/i) ® D'(k/i)-:::+(D(j/i) ® D(k/j)) ® (D'(j/i) ® D'(k/j))=+

=+(D(j/i) ® D'(j/i)) ® (D(k/j) ® D'(k/j))

where the second arrow denotes the natural pennutation map. The verification of (1.4) is
trivial (we assurne strictly I ® I = I). This H-space structure on T makes JroT into a

monoid. The vertex [~] is strict identity in T, and therefore its component is the identity
element of JroT

Theorem 3.1.

(i)

(U) 'TrlT ~ f(X, 0x) and JrmT f"V 0 for 711 ~ 2.

Proof: (i) For any two vertices [t] and [~:~] in T, there exists an edge connecting these

vertices if and only if L®(L,)-l ~ M 0(M,)-1. Thus the assignment [211-t { L ® (L')-1}
gives rise to a bijective map JroT -7 PicX, and the operation on Pic X obviously agrees
with the operation on 'TroT induced by the H -space structure.

(ii) It follows from (i) that all the components of T are homotopy equivalent. Nevertheless,
we will construct a universal covering for an arbitrary component of T, which will enable
us to compute its homotopy groups.

For {L} E Pic X, let TL denote the component of the vertex [t] in T. We define the

simplicial set TL as folIows. An A-simplex ~]; in TL is a tuple x = (D; Ei, i E A), where
D E TL(A) C Mult (f(A),.c) and CiD(i/L )=+L ® D(i/ R), i E A, are isomorphisms such
that the diagram

(3.1)

D(j / L)
Cj 1

L ® D(j/R)

DL,i,j
-7 D(i/L)®D(j/i)

1Cj ® 1

l®~,i,j L ® D(i/R) ® D(j /i)

commutes for every i < j and A, Thus, avertex in TL is a pair of objects [tJ in

~ endowed with an isomorphism Co : Lo=:tL ® Lo' We have an obvious simplicial map
TL -7 TL which forgets the choice of Ci,

7



Lemma 3.2. Let D E TL(A) and k E A. Then for any isomorphi~m ßk : D(k/L )-:::+L 0
D(k/R), there exist uniquely detennine4 !somorphisms &i : D(i/ L)-:;::;~ ® D(i/R), with
i E A, i #- k, such that x = (D; Ei; i E A) E TL(A).

Proof: The uniqueness of &j for j > k follows directly from diagrarn (3.1). For i < k it

follows from (3.1) that the isomorphism &i 01 : D(i/L) ® D(k/i)-:::+L 0 D(i/R) 0 D(k/i)
is uniquely determined". But for any linear bundles L, L', and L", with {L'} = {L"} in

Pic X, the map I so(L' / L") -+ Iso( L' 0 L, Ln 0 L) given by & H & 0 1 is a bijection,

since & can be restored from the diagram

L'
r 1

L' ®L®L- 1
r l

E0~01 L" ® L ® L-1

in which the vertical arrows are induced by the natural map L0L-1 -+ I (in particular, AutL
is naturally isomorphic to Aut! ~ r (X, 0x) for any L E 12). Hence the isomorphisms &i,
with i < k, are al so uniquely determi ned. The commutati vi ty of (3. I) for an arbitrary pai r

i < j can be deduced from the commutativity for (i, k) and for j, k and the properties (1.4)

of the isomorphisms 8. ©
Given a simplex x = (D; &;) E TL(A) and an element & E Al;1t L, we define &(x) to

be the simplex

&(x) = (D; & 01 D(i/R)) . &i,i E A E TL(A).

This is really a simplex in TL, because the diagram

D(j/L)
&j 1

L ® D(j/R)

8~,i D(i/L) 0 D(j /i)

ESI L 0 D(j / R)

E~1 L ® D(i/R) 0 D(j /i)
tE0101

10DR,i,j
-+ L ® D(i/R) 0 D(j /i)

obviously commutes for every ,",-,i < j in A, Thus we obtain a free left action of the group

Aut L on the simplicial set TL, and it follows from Lemma 3.2 that the forgetful map

TL -+ TL is the quotient map associated with this action. Hence ITLI-+ ITLI is a covering,

and to complete the proof of theorem 3.1, it now remains to show the following

Proposition 3.3. TL is contractible.

Proof: We will define simplicial maps f : *IZ -+ TL and 9 : fL -+ *IZ such that g. f = 1,
and f· 9 admits a simplicial homotopy to the identity map of TL. This will be enough, since

*lZ is contractible (cf. [GG, Lemma 1.4]).

We can describe the simplicial set *IZ as folIows. For A E ~, let a(A) denote the

concatenation {b }A, where b is a symnol ("base element"), and let "E (A) = Ara(A). Then

we can identify (*IZ)(A) with the set Mult ("E (A), .c). Given D E Mult ("E (A), C),
we define f(D) : f(A) ~ .c by

f(D)(j /n = D(j /i) for i < j in A;
f(D)(j/L) = Ltg)D(j/b) for jEA;
f(D)(j / R) = D(j /b) for j E A.

The isomorphisms 8 for f(D) are natural1y induced by those for D, and we also define the

map Ei : f(D)( i/Lr::::;L ® f(D)( i/R) to be the identity map for every i E A. This makes

8



(f . g)(x) =

f(D) an A-simplex in TL. The definition obviously agrees with the face and degeneracy
maps, and we obtain the simplicial map f : *IZ --t TL.

Given a simplex of TL(A), i.e., a multiplicative map D : r(A) --t C endowed with

isomorphisms Ei satisfying (3.1), we let g(D) be the composite map L: (A) ~ r(A) ~ 1:"
wheE.e the inclusion l: (A) ~ r(A) is the identity on ArA and sends b to R. Then
9 : TL --t *IZ is a simplicial map, and obviously we have 9 . f = l*lz,

We now proceed to show that there is a simplicial homotopy connecting f .9 and ly
L

' A

p-simplex :1; in TL is a collection of objects in C of the form

Lp/ p - I

x = L I / O Lp/ o
Lo LI Lp

Lü L~ L;J

endowed with isomorphisms 0 (cf.(2.3)) and isomorphisms Ei : Li --t L Q9 L~ for G~ i ::; I).

By definition,

L I / O

L ® Lü L ® Li
L' L'o 1

where the isomorphisms Ei : L <61 L~=:tL <61 L~ are the identity maps.

A ]J-simplex in ~[l] can be thought of as a representation of the set ~J] = {G, 1, ,p} in
the form of a concatenation [P] = {G, .. . ,71. }{n + 1, ... , p}, where n E {-1, 0, , p}. For
short, we will denote this simplex by n. We define homotopy H : TL x ~[1] -t TL by

H(x; 71.) = ... Ln / o
Lo" ·Ln

Lo'·· ·L'n

Ln+I / O

L <61 L~l+I

L:1+I

where Ei is as in x for G~ i ~ n and Ei = lL0L'. for 11, + 1 ::; i ~ p.
1

To make H(x; 71.) into a simplex of TL it remains to define the isomorphisms O. They will
be the same as in x except the case OL,i,j : L <61 Lj=:tLi <61 Lj / i , where i ~ n and j ~ 71. +1.

In this case we define {) to be the composite isomorphism in any of the two possible ways
in the diagram

10nR,t,j
L @ Lj -t L @ L~ Q9 Lj / i

Cj i ~ i Ei Q9 1

L. CL,i,j of x L. iO>. L '/'
J -t ~'O')1

which is commutative by virtue of (3.1). One checks directly the required compatibility
conditions (1.4) (iii) and (3.1) for H(x; n), whence H is the desired simplicial hornotopy.
This completes the proof of Proposition 3.3 and Theorem 3.1. ©
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4. The map det : W 1 --+ T is fibred

Let F : X --+ Y be a map of simplicial sets, A E ß, and YO E Y(A). Any map f : AI --+ A

in ~ gives rise to the base change map 'YoIF --+ (f*Yo)lF which takes aB-simplex (y, x)
to (f*y, x) where we write simply f*y to denote the inverse image of y under the map

A'B fIJ·l AB (cf. sect. 2). We say that F is fibred if ylF --+ (f*y)IF is a homotopy

equivalence for any f : AI --+ A in ß and any y E Y(A).

Theorem B'[GG, p. 580]. If F : X --+ Y is a fibred simpliciaI map, then for any A E ß
and y E Y(A) the square

ylF --+ X

! !
vlY --+ Y

is homotopy cartesian, and therefore !ylFI can be regarded as homotopy fiber of the map

lFI : lXI --+ IYI·
Theorem 4.1. The map det : W1 --+ T defined in sect. 2 is fibred.

We claim that infact any simplicial map X --+ T isfibred. The lalter followsfrom Propositions

4.2 and 4.3 below.

Proposition 4.2. Suppose that Y is a simplicial set such that

(4./) for any map f : {a} --+ A in ß and any simplex y E Y(A) there exists a simplicial

map ep : (f*v)IY --+ ylY such that the diagram

(f*y)IY ~ ylY

! !
Y ~ Y

commutes, where the vertleaI arrows take {a.}B (resp. AB }simplices to their B-faces, and

(4.1) (i) (f*v)IY ~ ylY ~ (f*y)IY is the identity map;

(4.1) (ii) there exists a simplicial homotopy h : (y IY)xß[l] --+ YIY which connects the map

y IY ~ (f*'u) IY ~ y IY with the identity map and which is constant on the B -part (see the

definition of ylY in sect. 2), i.e., the diagram

1
--+

commutes.

(yIY)xß[l] Ä
!
Y

ylY
1
y

Then any simplicial map F : X --+ Y is fibred.

Proof: It suffices to prove that for any map f : {a.} --+ A in ß and anY Ya E Y (A ), the

map Va IF --+ (f *Ya) IFis a homotopy equivalence, for giyen a map 9 : A' --+ A, we see

that the base change maps Ya!F --+ (g~g*yo) IF and (g*yo) IF --+ (g~g*yo) IF are homotopy

equivalences for any map 91 : {a} --+ A', the assertion for 'yolF --+ (g*yo) IF folIows.

Let ep : (f*yo) IY --+ 'YaIY be the map of (4.1). We define a map <I> : (f*yo) IF --+ yolF
by (y,x) >-+ (ep(y), x). Then, by virtue of (4.1) (i), the composite map (f*Yo)IF ~

10



YolF ~ (j*yo)IF is the identity map. We define a homotopy H : CvolF) x ß[l] ---? yo]F

which connects the map YOIF ~ (j*Yo)IF ~ 'YoIF with the identity map, by letting
H(Yl x; n) = (h(y; 71.), x) for (y, x) E (YoIF)(B) and n E ß[l](B) ©
Proposition 4.3. T satisfies (4./).

Proof: Let j : {a} ---? A be the inc1usion {t} ~ [P] = {Oll, ... lP}. We assume Yo is a

p-simplex in T given by (2.3). Then j*yO is the vertex [f~]. A q-simplex ;r in (j*yo) IT
is a collection of objects of L of the form

M q/ q - I

MI/0 Mq/o
MO t Mq,t,

Lt Mo Mq
LI M' M't 0 q

together with isomorphisms 8 satisfying (1.4). We set

M q/ q_ l

M 1/ U Mq/o

Lj/t 181 Mn.1 Lj/l 181 M q. t i - th t+l:Si:Sp
r.p(x) =

L;/I Mo,l M q•1 t - th

LI /; L j /; L I / i 181 Mo. t L t /; 181 Mq,t i - th IVW O:Si:St-l

Lu Li LI ~j Lp Mu M q

L;I L: L' L', L' Mi) M'I J P q

(recall that an inverse object L -1 is chosen for every L in L). To make rp(x) a q-simplex
in YoIT, we have to define the isomorphisms 8 and verify (1.4). This amounts to the study of
various locations of three (resp. six) objects in the above picture. In each case 8 is naturally

induced by the corresponding isomorphisms for x and Yo, and (1.4) for 'P(x) follows easily

from the same properties of x and vo.

Thus we obtain a simplicial map rp : (j*yo) IT ---? 'VolTl and obviously j* . rp is the identity

map of (j*yo)!T. It rernains to define a homotopy h : (YoIT) x ß[l] ---? YolT satisfying (4.1)

(ii) which connects the map rp' j* with lyolT'

A q-sirnplex y in 'VO IT is a collection of objects of L

M q/ q _ I

M I / O Mq/o
Mo,P Mq,p

y= Lp/ p- I MO,l,-l Mq,p-l

LI/0 Lp/o Moo Mq,o,
Lo LI Lp Mo Mq
L' L' L;) MI M'0 1 0 q

11



together with isomorphisms 8 satisfying (1.4). Let 11, E {-I, 0, ... ,q} denote a q-simplex

in ~[lJ. We set

h{y; n) = MO,j Mn,j Li/; ® Mn+1,t Li/; ® Mq,t
Lp/ f MOl Mn,t Mn+l,t Mq,t
Lp/ i MO,i Mn,i Lt/ i 0 Mn+l ,.t Lt/ i ® Mq,t

Lo Lp Mo Mn Mn+l Mq

L~ L~ MO M:! M:!+ 1 M~
Again we have to consider various locations of objects in order to define the isomorphisms

8 for h(y; n) and check (1.4). We omit this trivial verification. This completes the proof

of Proposition 4.3 and Theorem 4.1.

5. Tbe second term of tbe weigbt filtration

We define the simplicial set W 2 as folIows. For A E ß" an A-simplex in W 2

is a tuple (F; 1/Ji, i E A), where F : r(A) --t P is an exact functor such that

rank POIL) = rank F(iJ R) for every i E A (Le., F E W 1(A) ; cf. secl. 2) and

1/Ji : det F(iJL)=::; det F(iJR) are isomorphisms compatible with the isomorphisms 8 in

det .F (cf. Proposition 1.2), i.e., for every i < j in A the diagram

detF(jJL) ~ detF(i/L) o det F(jJi)
(5.1) 7/Jj 1 17/Ji ® 1

det F(j / R) ~ det. F(iJ R) 0 det F(j /i)
commutes.

For short, let Pi = F(ilL), Pt = F(ilR), and Pj / i = F(j Ji). We see, in particular, that
avertex in W 2 is a tripie (P, P'; 7/J) where P

and P' are objects of P such that rank P = rank P' and 1/J : det P::::; det p' is an

isomorphism. An edge in W 2 connecting (Po, Po; 'I/Jo) to (PI, P{ ;1/Jl) isa pair of short exact

sequences (0 --t Po --t PI --t PI / a --t 0,0 --t Po --t P{ --t P I / O --t 0) such that the diagram
Ii

t'V

det PI --t det Pa ® det PI / a
'1/)1 1 1 'l/Jo ® 1

[,

clet P{ ~ det Po 0 det F1fo
commutes.

There is an obvious simplicial map W 2
--t W 1 which forgets the choice of the isomorphisms

7/Ji.

Theorem 5.1. W 2 --t W l ~' T is a homotopy fibration sequence.

This assertion together with Theorem 3.1 yield a long exact sequence

... --t 0 --t 7f2W2=t7f2Wl --t 0 --t 7fl W 2
--t K 1X ~ r(X, 0x) ~

--t 7foW2 --t ker (rII1k : KaX --t Z) --t Pie X·--t 0

12



Corollary 5.2.

(i)

(ii)

(iii)

1rOW 2 ~ ker ((lW, clet) : KoX -. Z EB Pie X)

©

Proof of the theorem. Let * denote the vertex [~] of T regarded as a {b}-simplex. By

Theorem B' and Theorem 4.1, it suffices to construct homotopy inverse maps f : *1 det -.
W 2 and g : W 2 -+ *1 det .

A p-simplex in *1clet is a pair (x, F), where

Lp/ p- 1

(5.2) a' - L1/ 0 Lp/ o
,-

LOlb L1/b Lp/ b

Lb = I Lo L1 Lp

L~ = I L' L' L;)0 1

is a collection of objects of .c endowed with isomorphisms 8 (i.e., x is a {b }[p]-simplex

in T whose {b}-vertex is *) and P is a p-simplex in W 1 such that det F is equal to

the p -face of x.

We set

where OL,b,i : Li=:;] 0 Li / b and OR,D,i : Li:::;] ® L ilb , and claim that (F; V}i, 0 ~ i ~ p)
is a p-simplex in W 2. For it suffices to verify (5.1) for every i < j in ~)], This follows

from the diagram

DR,b,j

L'J
8L ,b,j 11

] ~ L j / b

'j
I

!

L',
J

6L,i,j
-. Li 0 L j / i

llDL,b,i ® 1
1(~:)6b,i,j

-. ] ® L i / b 0 L j / i

j l DR,h,i ® 1

L~ 0 L·I ·
I J 1

in which bath parts are commut~tive by virtue of (1.4) (iii) for x.

Thus we obtain a simplicial map f : *1 det -. W 2. We define a homotopy inverse map

g : W 2 -+ *1 det as folIows. Given a p-simplex (P; 'ljJi, 0 ~ i ~ p) in W 2
, we set

Li = detF(i/L), Li = L i / b = detF(i/R), and Lj / i = detF(j/i) for 0 ~ i < j ~ p.

13



We define a {b }~J)-simplex x by (5.2), where the isomorphisms 8 in the ]J-face are the

same as in det F (cf. Proposition 1.2). Further, we set

8L,b,i : Li = det F(i/L) ~ det F(i/R) = Li/b ~ I 0 L i / f);

On,h,i : L~ = clet F(i/ R) ~ clet F(i/ R) = L i / b ~ 10 L i / b ,

where Li/ b ~ I 0 L i / b is the natural map (recall that I = Ox), and

( "/ ) fJR i jof dct F cl ("/) 1 ( ./")Oh,i,j : L j / b = cletF J R "~ etF 1. R 0c etF J 1. = L i / b 0 L j / i ;

the compatibility condition follows trivially. Thus (x, F) is a ]J-simplex in *1 det, which

gives rise to a simplicial map g. Clearly, f.g = 11V2, and it is easy to define a simplicial

homotopy which connects 9 . f with 1*1 dcc' Theorem 5.1 is proved. ©
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