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To the memory Andrej Novikov

The main purpose of this paper i8 to prove the Lehmer famous conjecture that 7(n)

th Fourier coefficient

is not zero for all n , where the Ramanujan function 7(n) is the n
of the cusp form A(z) of weight 12 on PSL(2,Z) .

More generally, we will show: for any even weight k for which the space of cusp
forms of weight k and level 1 is non—zero, and for any n 2 1, there exists at last one
cusp form of weight k and level 1 (in the respect to the full modular group) whose nth
Fourier cwﬁdmt is not zero.

And furthermore, the surprising theorem will be established here: if q is a prime and
q— +o then 1-2(q) >> qg—a for any fixed positive a .

So the Serré conjecture is true for the Ramanujan function .

This last assertion is the result of the work what was beginning together with A.
Novikov. So it happened that this deal was not finished in his life.

This work has a long history and it finished only in time of the inviting visit to
Max—Planck—Institut fiir Mathematik; I am grateful to professor F. Hirzebruch for this

invitation.

§ 1. Introduction.

Let G = PSL(2,Z) be the full modular group which acts on the upper half—plane H,
H= {z =x+iy|x,y ER,y >0} ,by z+——pgz= %&, a, b, ¢, d are rational integers
with ad-bc=1.

We write j(g,z) = cz-+d if a transformation g is defined by a matrix with second

line (c,d).
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A holomorphic function f on H is called a cusp form of the weight k with respect
to the full modular group G if
iyfor g€ G

i(g2) = X(g2)f(z) ,

ii) the G—invariant function yk/ 2|f(z)| is bounded on H,
iii) the 0! Fourier coefficient Hf(z)dx is 0.

We denote by A4 K the space of cusp forms of the weight k ; we assume that k is
an even integer and k 2 12.

It is well known that 4, has finite dimension; namely (see [1]):

(1.1) dim A, = [%5] , if k 22 (mod 12)

= []-1‘-2] -1, when k =2 (mod 12)

where [x] is the integral part of x .

The space K k is generated by the Poincaré series P Il(z;k) ; by the definition,

k-1 :
(12) P (zk) =0T V7 ¥(ge)e(nge), e(z) = M7,

gEGm\G

where Gm -is the cyclic subgroup of G generated by the transformation z+— k+1.
All these series are identically zero if k = 4,6,8,10 or 14, because dim Jﬁ( =0 for

these cases. At the same time it is well known that
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(1.3) P (zk) =0
for 1<{n<dim 4, if dim 4, 21.
In general the problem of the identical vanishing for these series was unsolved up to

the present day.

The main result of this work is the following

Theorem 1. Let dim &) 2 1. Then for any n 21 the Poincaré series P n(zik) s not

identically zero.

There are other forms of this assertion. Let us denote by (f;,{;) the Petersson inner

product for fl,f2 € J(k :

(Le (f).4y) = { T, y*du(a) , du(z) =
G\H y

Then we have the Petersson formula for arbitrary { € A4 k

(1) (L) = an) ,

where afn) is the n—th Fourier coefficient of the expansion

(1.6) f(z) = 2 agn)e(nz) , e(z) = 2z
n>1

If fl,._..,fu, v=dim 4, ,is an orthonormal basis of A then from (1.5) we

conclude that



v

(1.7) P (zk)= ) a,(n)f(z) , a.j(n)=a.fj(n) .
=1

So P =0 is equivalent to a.j(n) =0 forall j=1,...,v. For this reason we have

Corollary 1. Let v =dim A} 21 and al(n),...,aV(n) are n'! Fourier coefficients of
the base functions; then for any n 2 1

(1.8) 3 la@i®#0 .
j=1

The special case k = 12 (when dim #,, = 1) gives

Corollary 9. Let 7(n), n=1,2,..., be the Ramanujan function which is defined by the

eTpansion

w

(19) qﬁ(lﬂﬂ)‘*% Y o), lal<1.

n=1

Then for all n 2 1 we have 7(n) # 0 and hence
(1.10) | 7(n)] 21 .
This corollary of the theorem 1 means that the Lehmer conjecture is true.

D. Lehmer conjectured that 7(n) #0 ( [2]) on the basis of a computer experiment;
up to now it was known that 7{(n) # 0 for all n £ 214 928 639. J.—P. Serré has given a
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deeper basis for this conjecture in his excellent work [3].

The outstanding achievement of P. Deligne is the estimate
(1.11) | 7()] € 2"/

for a prime q (more generally, for the Fourier coefficients of a cusp form of the weight k

what are the eigenfunctions of the Hecke operators Deligne proved the inequality

k-1
(1.12) la(n)| <n 2 d(n)]a(1)]

where d(n) is the number of a divisor of the natural n ). It is known that for a positive

proportion of the primes (Rum Murty, [4])
(1.13) | 7(q)| 2 (1.189.....)q

Our theorem 1 gives the more weak inequality (1.10) but for any individual prime;
the following additional result will be proved at the end of this paper.

Theorem 2. Let q be a prime and q — +wo . Then for any posilive ¢ > 0 we have

(1.14) ‘ T2(q) >> qg_'E .

§ 2. Preliminaries.



2.1. The forms of the weight zero.

Let us denote by E(z,s) the Eisenstein—Maass series which is defined for R es > 1

and z € H by the infinite sum

(2.1) E(z,8) = 2 (Im gz)®
gEG \G

= Y lilea) 7%
gEG \G

We have the well known way to give the analytic continuation of this series by using

the Fourier expansion
22) E(zs) = y° + S48 51

+ —c.%a go 7 (n)e(nx)yy KS_1/2(2T|11 1¥)

where K__, /2( +) is the modified Bessel function of the order s—~1/2 , with the usual

designation for the Riemann zeta—function and gamma—function

(2.3) £(s) = 7 °T(5)¢(2s) ,

and



.

—1/2
(2.4) r(n) = |n|s—1/201_28(n)=d2 [igl]s 2
ik

May be it would useful to note: the modified Bessel function is exponentially decreasing

when an argument is large,

(23) Ky 1) = V35671 +03), y— +o .

The main characteristic property of the Fourier coefficients rs(n) of the
Eisenstein—Maass series for the full modular group is the well known Ramanujan identity:

for Res > 1 we have

(25) rw) = 2" 2¢(a0) § 309wy
o

where S is the Ramanujan sum; this one is the special case of the Kloosterman sum

S(n,m;c) ,

(2.6) | S(nmge) = ) e[%g"“mg,]

(d,c)=1, dd’=1(mod ¢)
d(mod c¢),

The Eisenstein—Maass series E(z,8) for Res = 1/2 is the eigenfunction of the
continuous spectrum of the automorphic Laplacian.

There exists the infinite sequence

0=,\0<A1<,\25 .....



so that for each A j we have the non—zero G—automorphic solution U of the equation

2( | #.
(2'7) . y [3;2 + gz] llj = Aj uj
with the condition
(2.8) | (upu) = |uj|2d,u(z) <o .
g\H

It is convenient to assume that the functons “j are choosen real and these ones are
the eigenfunctions of all Hecke operators T(n) and the reflection operator T_; which are
defined by the equalities

(29) (T)() = - e
' D ad=n b(mod d)
d>0
(210) (T_yf)(z) = 1-3) .

For this choice we have pj(d:l) #0 forall 21 andforany n 2> 1 thereal

quantities
(2.11) 4(m) = (o) oyfm) = (1)) py(-n)

are the eigenvalues of the Hecke operator T(n) . As a consequence we have for all integers

n,m 21
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(2.12) tmt(m) =Y 22 .
orm = 3 [

The similar notations we shall use for the eigenvalues of the Hecke operators in the
space of a cusp form of the integer even weight £ .

If the base functions fl,...,f vy’ vy = dim 4 g » are the Hecke basis then their
Fourier coeffcients 3 P'(n) are connected with the eigenvalues t j g(n) of the n—th

Hecke operator by the relations

(2.13) ‘ tj,f,(n) = (zxj,t(l))_l n Taj,g(n) .
2.2. The trace formulas.

Now the bilinear form of the eigenvalues of the Hecke operators is expressed in terms
of the sum of Kloosterman sums; it is essential for our proof. We have the following

identity ([5], [6], [7]; sometimes it is called "the Kuznetsov trace formula").

Theorem 3 (1). Let ¢ € C3(0,a), ¢{0) = ¢’ (0) =0 and
le(x)| + ¢’ (x)] + |"(x)] = =(x_B) for some positive B > 2 if x — +o . Let

S(n,m;c) be the Kloosterman sum

(2.14) Sme)= ) t[’m‘c‘md] e>1 .
' ad=s ISmod c)
| d(mod c)

Then for all nym 2 1 we have
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(2.15) | z %S(n,m;c)tp [41rc nm) _
2l
= jzl aj tj(n)tj(m)h(fcj) + %LT1/2+ir(n)Tl/2+ir(m) |C_(111-$(-_21)_|2- dr
“i
+ ) hy Y a; gt o ()t ¢(m)
2212 i=1
£ = 0(mod 2)

where the normalizing coefficients aj, aj g ore defined by the equalities

-1 2
(2.16) a;= (Ch(ij)) |Pj(1)| » Ky =9 ;‘j—Iﬁ
_I(®) 2 : s
(2.17) @ p = (4 |a.j,£(1)| , 1<j¢€ vy = dim Ay

and the function h(r) and the coefficients hﬂ are defined by the integral transforms (with

the standard notations for the Bessel functions)

o

(218) (1) = ity | (i) = gy, (ol &
. 0
(2.19) hy =it J T g e
0

It will be useful later to reformulate this theorem when the weight function in the

biliner form of the quantities tj(n) is considered as a given.
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Theorem 3 (2). Let h(r) be a regular even function in the strip |Im | <A for some

A>1/2 and |h(r)] << |r|_B for some B > 2 when r — o in this strip. Then for

any n,m > 1 we have

(2.20) - Y at(n)t(m)h(x) +

IJ 71 24ir M Ty 24 (@ )—h(‘r)—z

| ¢(1+2ir)|

®
= —nél—n-J t th(ar)h(r)dr + 2 %S(n,m;c)qo [4“(: nm
—0 c21

where for x> 0

())rhr dr .

-—21r

2.21) o(x) =iTJ (T; () —

§ 3. The initial identity.

Now we shall consider the following integral of the Rankin type in which three

automorphic functions occur:

(3.1) AfsN) = { y*1(z) PaK) Bz s)du(2)
. G\N
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where f€ A o k > 4 is the fixed integer and N is a positive integer; G is written
instead of I‘O(l) .

Because each cusp form decreases exponentially when Im z — +o and

|E(Z,S) | << ymEX(Re S,I—Re 8) :

the integral (3.1) converges for all fixed s € €.
There are two different ways to calculate this integral since both PN and E havea
representation as a sum over the group.

If the definition (1.2) will be used then one can go to the next expression for A.:

32) LD aeNy= Y { y¥£(2)( ¥ (g,2)e(Ng2))E(z,5)dp
(47N) g€G_\G G\H

(because of the absolute convergence in (1.2) for k 2 4)

= ¥ | 7T EEs) 4
8EG,\G 6(G\B)

(since f(gz) = jk(g,z)f(z), E(gz,s) = E(z,8) and du(z) is G—jnvariant measure)

I
ob—\8
O

y¥i(e) &) B(s) 5"

(it is a consequence of the fact that U \ g(G\H) is a fundamental domain of G_
gEG_ \G

which may be choosen as the strip 0 {x <1, y>0).



After replacing f and E by their Fourier expansions we obtain in this way the first

expression for Af(s,N) , containing the integer N as an additive variable,

k—1+ (k-8
(33)  Ads,N) = {[EEK)SI s)+(Ter—)}2-sg(1—s)]a(N)+
FINT g a(n),-(n_N)TdHN)yK . 2(|n—N|y)y““3/2dy} .
V. T n#N i 0 -1/

This equality holds for all s € € for which the series on the right side is convergent.
Another way is to do the same using (2.1) instead of (1.2) and replacing Py by the
corresponding expansion (1.9) over the base functions in 4 k-

In this way one gets the equality

Yk
(3.0 AfsN) =f{ﬁ%’%}sz 2, (1)1 % (N)R 4 ()
where for Res > 1
(3.5) ~ R; 1 (8) = Y t(n)t ix®
n=1

and for all s € € we have for these Rankin series

k—1+
(35) Ry = M (a7 {y“figE(z,s)dn(z).
G\H :
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Now in (3.4) the integer N is the argument of a multiplicative function only. One
can look in the tables of the integral transforms ( [8], ch. 10, (23); this equality may be
checked easily by the comparison of the differential equations for the left and right sides)
to see that for Re(a+1) > 0

m
(3.7) J’ e'“st_l/z(y)yk‘?’” dy =
2 9% I(k-14s)(k 1
- [%] (a+1)k—1+8 ( I‘(i% (k=s) F(k_1+s:s;k;%1' )

where F is the Gauss hypergeometric function.
It follows from this equality that the series on the right side (3.3) converges
absolutely when

(3.8) 3/2—k/2 < Res < k/2—1/2

(this strip is not empty if k > 2).

In connection with (3.7) it will be useful later to introduce the function
(3.9) #(£s) = (th £/2) (et £/2) 2R (k-1 45,5002 ¢/2)

and take into account that for
£ = ¢ (N) = log Ao+ N

we have
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2 N—|n—N
th 5/2=%NT|%N+-

Then the result of our calculations of the integral A{s,N) on two ways is the
following initial identity.

Lemma 3.1. Let k be an even integer with k 2 4, N i3 a positive integer. Then for any

f€ 4, and 5 € C satisfying |Res—1/2| <k/2-1 we have

(3.10) Y (aN) Vi) (a-N) (€ (N).6) =
2ZN

- £(s) £(1-5)
P(k)t(N){(4wN)8P(k—s) ¥ (4xN)1‘“r(k—1+s)}

Yk

+ DOODG—1) £(s) 2
TR (1 ) 2 2 8(N) | 2;, (1) “R; 1 (5)

where

k—l 1-k

G1)  m)=n Zamlam7 Gy =n 2 ag a0
and £(s), Rj,k(s) are defined by (2.3), (3.5).

Now the following simple philosophy underlies of this work. If we want to know

whether the quantities t j(q) are zero for a fixed q, then we can use the fact that there
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are two free variables in the identity of Lemma 3.1.

Let us consider the simplest case when » =1 ( k = 12, for example) so there is
one arithmetical quantity t(N) in the right side of (3.10). We are writing mq instead of
N in (3.10); then t(N) = t(n)t(q) for m which will be coprime with q . After this we
shall construct some average over two free variables 8 and m ((m,q) =1).

A common principle is "an average can be estimated more precisely than an
individual".

For this reason we can hope that the result of a reasonable averaging in the left side
will be near to the true order. At the same time the average in the right side is
proportionai to the quantity t(q) .

Now we have the inequality

(3.12) (average on the left side) << |t(q)| - (average on the right side) .

If the estimate on the left is non—trivial (and non—zero for this reason) then we
immediately have t(q) #0.

If we have also a reasonable estimate on the right then we shall be able to give a
non—trivial lower estimate for the quantity [t(q)| of thekind |t(q)| 2 ty(q) with some

increasing function to -

§ 4. The preparation to the averaging.

To avoid some difficulties for the terms with large "n" in the left side (3.10) we
shall rewrite this identity. The aim is to replace the sum over n >> N by the linear form

of the eigenvalues of the N—th Hecke operator.
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4.1. The certain Rankin sertes.

To express the result we shall introduce some new notations. First of all we shall

consider the family of the Rankin series

m
(4.1) Ry(s) = ) o tt(n)t {n), Res>1,
n=1
where t(n), n = 1,2,..., are the same normalized Fourier coefficients of the fixed

(non—zero) cusp form as in (3.10) and t j(n) are connected with the Fourier coefficients of
j-th eingenfunction by (2.14).

Further let Rj 3 be the similar Rankin series

(4.2) ' R;o(8) = ) Irfqnyiﬂpg, Res > 1
n=1

which is associated with a regular cusp form of the weight £ .

The same symbols R 7 Rj, g Wwe shall use for the analytical continuation of these
functions in the half plane Res < 1.

To do the analytical continuation we introduce the Eisenstein—Maass series with the
Hecke character; for Res > 1 and z € H it is the sum

(4.3) E (zs8) = 2 ¢ 8T8 j(g’z)(lm gz)®

gEGm\G

ml

=¥ ¥ ™)l ™
g€G_\G
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We shall assume that m is an even integer; then we have the Fourier expansion
(4.4) 70 ((28)T(8 + E_(2,8) =
= 7 (28)T(s + J)° + 7 TE((2-20)D(1 -5 + 3y P 4

o 750

+i™ ) = e(nx)W 12 1/0—(470Y) +
n=1
m u T4 T + )

where W v is the Whittaker function. This Fourier expansion gives the meromorphic
continuation for Em on the whole s—plane; furthermore, as the consequence of the

Kummer relation

(4.5) wm,l/?—s(Y) = Wm,s—1/2(Y) 1

we have the functional equation

46) E, (26) = E, (2,1-s), m€Z, m=0(mod 2) ,
for the function

(4.7) E, (28) = 7 *((2)0(s + D)E_(2,5) -
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Now for the first Rankin series (4.1) we have the representation

I‘(l%'l +s&+»cj)I‘(§El +s—-ik_)

-2
(48) TR 2094 5) = (2n) ™ J'(I)E(ml.i(”)=

= { uj Yy ‘ f(z) . Ek(Z,S)dﬂv(z) '
G\H

where f € 4, . Finally it follows from (4.8) that R j(s) has a meromorphic continuation

on the whole s—plane and further: the function
*oN —251 k-1 . k-1 .
(4.9) Rj(s) = (27) "T(= +s+mj)1"(—2— +s-mj)((2s)Rj(s)
satisfies to the functional equation
* *
(4.10) Rj(s) = Rj(l——s) .

The similar functional equation we have for the Rankin series (4.2); for this case for

ij J[E, fe Ay we have

—E'-"Q'—k- +1-8
(4.11) (47) r(43E 4s-1) 3 M a(1) R 4(s) =

= { y[; 2fj . yk/zf * By (z.8)du(z) .
G\H

Hence the functional equation is satisfied
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(4.12) R’;’p_(s) = R}:,Q(l—ﬂ) ’
where
(4.13) R}"E(s) = (2my 2or( L5kl 4o)rdtk ~1+8) ((29)R; 4 (s) -

The functional equations (4.10) and (4.12) are well known for the Rankin series so
there is no need to add the details.

4.2. The Hecke series.
In the special case when the quantities tj(n) in the definition (2.7) are replaced by

the Fourier coefficients of the Eisenstein series this Rankin series may be expressed as the

product two Hecke series. Namely, we have

(U]
7 (n)t(n) 1
(4.14) )y Lo—= 7y B(s+-1/2)H(s—v+1/2)
n=1 n
@
if Res > 1+ |Re(+~1/2)| . Here H(s) = 2 n *t(n) ; this identity is another form of
n=l1
the multiplicative relations
(4.15) t)t(m) = § ¢ %]
d[(n,m)

Note that H(s) is the entire function in s .



4.3. One convolution formula.

Theorem 4. Let & € C®(0,0) with a bounded support and &(x) =0 for x <146 for
some 6> 0. Then for every N2 1 and Res = 1/2 we have

(4.16) LV i) (a-N)B(R) =
mngN 8 N
[¢1]
— 1 [ H(s+ir)H(s—ir)
- C(28){j§1ajtj(N)Rj(s)h(nj,s) + ;L |2(112ir;|ér ™) 4 h(r8)dr +
Yy
+ Y hy(8) ¥ aj’ttj’t(N)Rj’t(s)}
£>12 j=1
£=0{mod 2)

where Rj and Rj o are defined by (4.9) and (4.13), the function h is defined by the

integral transform

(4.17) h(rs) = % sin(art;)(Zar)l_28 J Y_I/%(Y){K%%s% v(y;s,r)+v(y;1—s,r)} dy
1

with

(4.18)v(y;8,1) = yk/2-1/4(37—1)3_1/2')I‘(1—28)F(£El +B+ir,££l +8—ir;2s;1-y)

(419) A(sr) = TER +s+HnD(EE +5-ir)
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The coefficients hy(s) are defined by the integrals

T l’,+k__1+ T £—k+ ®
(420) hy() = b sin(rs)- (2B L r:i)(T s)ly‘l/%(y)vg(y,s)dy
where
(4.21) vy(ys) =y /314 —%)““1/ PR e S 4uit)

4.4, The proof of the convolution formula.

To prove the identity (4.16) we shall use the Ramanujan identity (2.5) (note again —
this representation for the Fourier coefficients of the Eisenstein series is a pecularity of the

full modular group) and the following summation formula from [9].

Theorem 5.- Let ¢: [0,) — C bea Cm—function with a bounded support and
k-1

2

t(n):n °, n=12,.., arethe Fourier coefficients of a cusp form from A\ . Then for

every integer ¢ 2 1 and any a which 1s relatively prime to ¢ we have

1]

k 2 ’
(4.22) Y tn)e@)pm) = 45 ¥ i(n)e(-B2)p(dTYE)
n=1 n=1 :

where a’ is defined by the congruence

aa’ =1 (mod c)
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and for x> 0

(423) #(x) = [ 3, (n)elyy d -
0

It is useful to note an immediate consequence of (4.22). There is the possibility to

express the sum of the Ramanujan sums in terms of the Kloosterman sums:

(4.24) Et(n)S(o,n-N;c)ga(n)Jclk t(n)S(n,N;c)(;(“_"gE).

n=1 n=1

The conditions of Theorem 5 are not necessary, of course; for the practical using
(4.22) it is sufficient to know that both series on the left and right sides are convergent

absolutely. Now for an arbitrary "good" function ¢ we havefor Res > 1:

o

(4.25) Y tn) 7 (n-N)&(R) =

n=1

= ¢(20) 55 t@S0a-Nie)a-N)*2a(g) .
1% w1

Using (4.24) for the inner sum we come to the double series with the terms

(4.26) i (am12. 18@ i(n) - SNic) .

c

e { Ty NE-)" ey, x = 112N
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For any fixed B 2 2 the last integral is O(x—B) when x+—— +o (it is the result of

the multiple integration by parts because it was assumed ® = 0 in some neighbourhood of

-B
1). Further, if for y large we have &(y) <<y 1 witha sufficiently large B then this

B
integral is 0(x ), B, = min(2B,~3/2,k-1+2Res) when x — 0 .
So the double series is absolutely convergent and, furthermore, for k 2 4 and

Re s > 1 the conditions of the theorem 3(1) are fullfilled for the function

(4.27) (x) = <28 J Iy (-1 28(y)dy -
1

For this reason all series on the right side (2.18) (with the function (4.27) instead of
¢ ) will be convergent for Res > 1.

So for Res > 1 we can write the expression on the right side (4.16) in the form

J]

(4.28) . ¢s)(amt Bk Y ii%l{z at(m) (M) B(x,8) +
n=1 j21

#3577 gl T b+

i
| ¢(1+2ir

Ve
R OD) ajiﬂtj,ﬁ(n)tj’ﬂ(N)}
L> 12 j=1
£=0{mod 2)

where h(r,5) and ﬁﬂ(s) are defined by the integral transformations (2.21) and (2.22)
with ¢ replaced by the function @ from (4.27).



The result of the summation over n 2 1 for Res > 1 is expressed in the terms of
the corresponding Rankin series (the definitions (4.1), (4.2) and the identity (4.14)).

It rests to calculate the coefficients h(r,s) and ﬁt(s) and to see that our identity
may be continued in the strip 0 < Res 1.

What will be the result of the integral transformation

B(rs) = ﬁlll_(wﬁ,([ (T ()T _gs (x))8(x) ;[g

we can obtain by the following manner.

For the case when & € C®(0,0) has a bounded support the function ﬁ( -;8) is the
regular function of s in the half—plane 1 —g— < Res.

There is the strip 1 —g- < Res< 11, where we can integrate over x under the sign of
the integration over y (after the replacement of ? by its definition (4.27)).

The inner integral is the well known Weber—Schafheitlin integral; for any positive

numbers 0.< a <b and for —1 < Re p < Re(v+u+1) we have

(4.29) J (ax)J(bx)x Pdx =

K

oV—8

7 2
a T'(A a

= mﬁ.ﬁ—mF A,B;C;%y
2pb#._p+ — ( ! ,C,b )

with C = p+1, A = 5(14+v+u—p, B=3(1+p—2p).

As a special case we have now

(4.30) h(r,s) = i%(47) 1 7288 (r,5) =
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k-1, .
—- Tik+1 . (2“_)1—28 . P(T +8+1 1') .
fsh( ) T(14+2ir)[ (3% ~-ir)
m -
. l y 2_“(1—;7)8_1/ 22 poin gk +s+ir;1+2ir;%) :

- §(y)dy + {the same with r+— —} .

By the same way we come to the formula (4.20) for the coefficients in the sum over
the regular cusp forms.

From the representations (4.30) and (4.20) it is clear that h(-,s) and hy(s) are
regularin Res 2 0.

Furthermore, we can integrate any times by parts; it gives the estimate
|h(r,8)| << |r|_B for any fixed B when r— % o and s is a fixed with Res 2 0.
So the sums over the discrete and the continuous spectrum are convergent.

The same is true for the sum over cusp forms because h p are exponentially small
when £ — o since ¢(y) =0 for y {1+ with a positive & .

It is convenient to have two representations for the coefficients h(r,s) . The first is
(4.30) and the second one is given in (4.17). It follows from (4.30) with the help of the
Kummer relations ( [8], the relation between u,, u, and uj is the subsection 2.9) and
the simple relation F(A,B;C;z) = (1-z) "F(A,C—B;C;-%) which follows from the Gauss

integral representation for the hypergeometric function.

4.5. The truncation on the left side of the initial identity.

For many cases it will be convenient to use the smoothed (by a special manner)
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characteristic function of a given interval.
Let a and b be real numbers and a < b . We define the function

wy b(x) € C®(—w0,0) supposing

(4.31) . ' wa'b(x)=0, —w«<xf{a,
=1, a+PiESbe-EZ-§ ,
=0, x2b .

We assume w, | be a monotonic in (-, %’-9) and in (5~ @) and forall x
0¢ wa’b(x) 1.

Further, for a given W, We define

(4.32) Tap® =Cyp | 9@y, ¢y = ([ w,yan)™"

50 this function from C®(—wo,m) is a smoothed "step": 7, p(x) =0 for x<a and
ﬂa’b(x) =1ifx2b.

Let a,b with 0 <a <b be the fixed positive numbers and T is a large parameter
(the suitable value for T will be choosen later as a result of the certain estimates).

We write the sum on the left side (3.10) in the form

(4.33) gl(nN)‘I/‘-‘(l—na,b(ﬁ-T))t(n)rs(n—N)¢(en(N),s) + Zg 7(9)
2N

with
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(@30) Ty =N Y g EOE) ) e (N)8)
n>1

The first sum in (4.33) is the truncated initial sum; for any given T > 1 it is finite.
The second sum Zy q Wwill be expressed with the help of the convolution formula (4.16) in

the form which will be convenient for the estimates.

Lemma 4.1. For any positive a < b and for T with T > 1 we have for Res =1/2

(4.35) Zyy 1(8) =) at (N)Ry(s)((28)hop(m;8) +
21

¢ )H( +ir)H (sir)
L e e +

|((1+21r)|

Yy

L he® 3oty 04@R 00
2212 j=
2=0{mod 2)

where the same notations are used as in (4.16) and h.(r,8), by ,(s) are the coefficients

(4.17), (4.20) with & replaced by the function

(436) 8(xi) =x "/ 4n, | (Pflog L=EL) .

x—1

Later we shall write 7(x) instead of Tab ) the parameter T will be choosen closed

to L.
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§ 5. The identity with an arbitrary function.

What is a "fitting" averaging? We can integrate (3.10) over s after multiplication
by an arbitrary function. This function we choose as the Fourier transformation in the
following sense.

Let <p € C®(0,m) be a function with a bounded support; then we define g; by the
equality

(51) os) = [ Wy)el)dy
0

( #(-,8) is the same what occurs in (3.10)).

Indeed ¢(-,s) is the eigenfunction of the singular boundary problem

: d2¢ (k—1)2—1/4 2
5.2 - = —1/2
(5.2) d£2+ hle $=—(s-1/2)"¢

with the condition

k-1/2

(5.3) Wes) =) (a+o(ed)

when { — 0. When §{ — +o, Res=1/2, then

(5.4) W) = 21‘(1;)33{%%;:—31}%%} /2o )} .

Of course both equalities (5.3) and (5.4) are the consequence of the explicit form
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(3.9): the first is evident and the second follows after using the Kummer relation which
links hypergeometric function of argument z with the functions of argument 1—z .
Now for any arbitrary ¢ € C*(0,0) with bounded support the following expansion

holds — and this fact is the true reason for considering the transformation (5.1) —

(53) ox) = [ Hxelele)ix(s)
(1/2)
where J denotes the integral over the line Res = a and the spectral measure dy. is
(a)
(5.6) dx(s) = s_—léz_ cos( x8)['(k+s—1)T'(k—s)ds
2i7T°(k)
o that
. oyt th(xt) (X1 12,2
(5.7) dx(1/2+it) _Eék_)l{g ((k=1/2—5) %+t )}dt) .

We do not need to prove (5.5) because this equality is a slightly modified form of the
known theorem (see [10], ch. 4, section 4.16).
To integrate the terms of the sum on the left side of (3.10) we have to calculate the

integral

(58) were) = | wemeM P oe)ax) -
(172)

* This integral arosed because



| (s-1/2)7, ]
(5.9) Ty(n) = 2 e ’ ,d Tnd = log [i—z-l-] .
_ d|n
Note that
(5.10) 4s) = 1), (es) = WE1)

so that we have together with (5.8)

(5.11) werg)= | WESh(s-1/2mpls)ix(s) -
(172)

Taking in account the differential equation for ¥ and the representation (5.11) we

see that u is the solution of the Cauchy problem

Oy _(e1us, 0% e g0,
T

5.12
(512) 9e*  shé¢ 9

with the initial conditions

(5.13) u(£0i0) = (€), TUE00) =0 .

This observation is essential because there is a second way to find the same solution
besides the representation (5.8). It is sufficient for this to know the Riemann function for
the problem (5.12) (in other words — to know the fundamental solution or the Green
function).

It is possible to find the explicit form of the Riemann function for our Cauchy

problem. Let us define
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(5.14) z(€x;7) = Chzrsgxcgl(l—?—ﬂ .

Then we have (it is the result of the direct differentiation):

Proposition 5.1.

2 2
- 3" 8-
(5.16) - 0%z _ 8% _ 22-1

9 87* shég
Consequeni;ly there is a solution of the equation (5.12) in the form
u = W(z({,x7))
gince the same denominator shzf will occur for all terms.

Proposition 5.2. The differential identity holds:

(5.17) . gi‘g - (k—;);-g-llfi W — g_iVZV_ _
_ (821 _ [02) e o (%2 _ 8Pa)y _(e1)21/a
(8- (e - Eg -t

__ 1 2(1—zYW" —22YW’ 1) r=4d .
= E{(l JW! + (1-22)W + ((k—1) 1/4)W}’ &

In other words, by our substitution (5.14) we have reduced the partial differential
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equation (5.12) to an ordinary one.

In our case when k is the even integer we shall define for all z 2 0

(5.18) W(z):%lim{F(3/2—k,k—1/2;1;z+ie)+F(3/2—k,k—1/2;1;z—ie)} .
-0

Since F(a,b;c;z) is the solution of the differential equation
(5.19) z(1—2)F" + (c—(a+b+1)z)F’ —abF =0
the function W(z) turns the differential expression (5.12) into zero.
For z > 1 as the result of an analytical continuation to both sides of the cut (1,+w)

we have

Proposition 5.3. For an positive z > 1

2
T2(k-1/2) —k+1/2 1
(5.20) W() = - Srls Y 2R e 2 122010
Finally at z =1 the function W has the logarithmical singularity,
C(5.21) W) = + L1og| 1-2| + 2 [T e-1/2) - L
- 2) =+ L1ogl 1o + 2 [Fe1/2) - F) +

+ 0] 21 log T7yy) -

Note that z =1 corresponds to the lines

x+€éx1=0
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* on the plane (é,7) and z=0 if
x—(§x7)=0 .
Now with this function W(z(¢,x,7)) we have

Lemma 5.1. The solution of the Cauchy problem (5.12)—(5.13) i3 given by the formulae

(5.22) W(€,m0) = 5 A E+7) + 3 p(6-7) +
E+7
+1 | Wlaexm) i ex)dx if €2 720,
E—71
(523 w(,mp) = A E47) +
E+71

FE | W alex) s wx)dx i T2 €30,
0 .

where j 13 Cauchy's principal value,

41 ‘r—f—e £+1
‘({ =l€_l'%l+[ 0 +T—£—€] |

and z(€,x;7) is defined by (5.14).

We have two representations for the same solution of the Cauchy problem; using the
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first (it is averaging over 8 ) we have the following identity with an arbitrary function.

Lemma 5.2. Let ¢ € C®(0,m) be an arbitrary function with a bounded support which is
separated from zero. Then for any integer N 2 1 and for sufficiently large T > 1 we have

(5.24) Y @G Y w(e, Ny g9) +
n 1 d|(n—N)
n

— I'(8)¢(28) I'(1-5)((2-28) )
r(k)t(N)(Jz) (e 6 vt Bl 00

Yk
+4aT(k1) § o, (N) j (2«)—282}%}4171_3’Rj’k(s)§a(s)dx(s) ,
j=1 (172)

where (p i3 defined by (5.1), fn(N) and T 4 ore defined by the equalities

—log Yot YN = log 10
) =log 2L g logﬁfL

and other dessgnations as tn Lemma 3.1.
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§ 6. The averaging over two free integer variables.

6.1. Why there is a need for a new averaging.

First of all we shall consider the following idea (which is ideal but idle).
Let Ve be a model of the Dirac é—function: the support of P, is (xo—e,xo-i- €)
and J(p (x)dx =1 forall e >0.When ¢ — 0 wehave lim € ¢ _(x) =0 if x:szO
€ €0 €

and lim e cpe(xo) =C#0 ¢ Where C is the normalizing constant. For this reason for
-0

-{+ 1'=I=x0 we have

lim e u(f,r;tpc) =0

-0
if ££7%x; and

lim e u(f,r;goe) = %C

e=0

if §+‘r=x0 or {—'r=x0.
Suppose now that we could do the passage to the limit € - 0 under the summation

sign (namely, this possibility is an idle idea). Then we have

(61) lime § Y8 Y u(g,M), 7,y g0 =
0 1127 4| (a-N)
n¥N
-lc ) o/ 44(n)

fn(N)iTn-N,d=x0
d| (n—N), n#N
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Let us choose
xg= ¢ (N) + 7y
where L > N and NL is not a perfect square. For this case the equation
N+ 7 N g =%

which is the same as

Yo+ N | [n-N|} _ n+ N _
log[lﬁ—\fNI v ]—210g3Ldﬂ_2log(1ﬂ:+m

or

Vi=dyT + (d-1)yN

has the unique integer solution
(nad) = (L,l) ’

(because this equation means that n = (integer) + 2d(d—1)¢'NL and LN is not a full

square). By the same manner we have

fn(N) ~Ta-Nd ™ %0
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if and only if (n,d) = (L,|N-L|) . At the same time the equation

"n-Nd "~ &LN) =x,

or, equivalently,

VE=dyT + @+1)yN

has no integer solution (n,d) .

The sum on the left side (5.24) is a multiple to t(N) if dim &, =1 (see (5.24)
with T = w ); if the quantity t(N) is zero then the result of the passage to the limit
e — 0 will be zero also. So we would have t(L) =0 if NL is not a perfect square. If N
itself is not a perfect square (if N is prime, for example) then this conclusion is the
contradiction.

There is no need to consider the case when N is a full square because the idea to do
the passage under the summation sign fails. The reason — the nonuniform convergence of
the series when € tends to zero.

To avoid this difficulty we need stronger methods. We shall see that for the case of
the full modular group the double averaging will be sufficient.

6.2. The Averaging over two free integer variables.

Let q > 1 be a fixed integer number.

To prove the Poincaré series Pq(z;k) is not the identical zero we shall average the
identity (5.24) over two integer variables by the following manner.

We suppose N =mq with (m,q) =1 in (5.24) and we take in this identity the

function ¢ as a model of the Dirac delta—function with the small support (xo—e, Xyt €)
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where for the new integer variable » the point X, is defined by the equality

(6.2) X0 = xo(szV) = fy(mQ) * Tymql1™ 2log(yv + ymq) .

For the more definiteness we assume in (5.24) ¢(x) = ¢ (x—x;) where

2
(6.3) | soe(y)=%exp[——§—g] , Iyl <€,
- e -.y
=0, lyl 2 €,

with the normalizing constant C from the condition J goe(y)dy =1,s0
) .
2\—1 —
C =(Jm(%1-y Y 1y
1

Furthermore, let Wy be the same function what was used for the definition of the
function ZN,T in (4.34).
Assuming in (5.24)

N =mq, ¢(x)= ¢ (x—x;(mq,v)), x5 =2log(yv+ ymq) ,

we shall consider the double average of both sides

(6?) 2) lwa'l’bl [ﬁ—g] z [%] 1/4w32’b2 [‘/_" "'L‘/’TQF] t(v){the left side of (5.24)} =
m,q)= v :

= {the same double average on the right side (5.24)} .

Here M and L are the suitable large parameters which will be choosen as certain
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functions in € , al,bl,a.2,b2 are certain fixed positive numbers. The main conditions for

the parameter M, L are
(6.5) LM—o, M=o(L), €L —0

For more definiteness we fixe the small positive numbers 62 > 151 > 0 and define

(6.6) L=c¢ , M=¢

The parameter Q = (€2L)™", Q — 4o , will be connected with q later; it will be
assumed q4+a << Q for any fixed positive a .

The ﬁ1ultip11er t(v) is introduced in (6.4) to increase the separating effect which
occurs initially by the specialization of the function ¢, (the coefficient before t(n) is
large if ¢ is replaced by ¢ from (6.3) and n is near to v ). After the summation over

v in the long interval this effect will be better because of the essentially different estimates

(when L — 4w ) for the sums

3 )ir) and Y ()(u+vp)i0), v #0

v

with a certain smoothed characteristic function of the interval (L,2L}.

Unfortunately I know only one way to show that the left side in (6.4) is not zero. This
way is to give a kind of an asymptotic formula for this quantity when € tends to zero and
at the same time L, M tend to ® in the manner specified above.

We must remember that function ¢ in our identity depends on m and v;to

express this fact we set for ¢ = ¢ _(x—2 log(y/¥ + y'mq))
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+ m n—m
(6.7) V_(n,dimq,) = u(log ¥EHYEL 1 J—gﬂl ¢.)
¢ |/ n— ymq]

Furthermore u(¢,7;) is the even function of 7 . For this reason the sum over

divisors of (n—mq) may be written as

I

(6:8) Y Vodmgn=2 V (n,dimq,v)
d|(n-mq) d|(n-mq)
1<d< y Tomq]

4
where 2 - means that the term with d = 4/ [n—mq[ is to be counted with multiplicity
e n—m
1/2 because V _ is invariant under d — J_d_Ql

Now we can write the sum on the left side of (6.4) in the form

(6.9) X, +(J 2)22(s)dx(s)

where with the notation

610) Oy (0N = (o] 1/4(1—"(§T))“’al,bl(§r)“a2,b2 (]

the sum 2 is equal to
1

(6.11) 21=2 Y Y LMy (mmarit(i@) Y V_(n,d;mq,v)

(ma)=1 » 1 d| (n-mq)

1<d{y [n—mq]

and where z is the same average of the function ¢ - qu ,
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(6.12) ) 2(s) =

- ) e EE”

2 -
(L) 1)z, (5)e g (ma i)
(m,q)=1 v ’

w
32,b2

In the last equality ¢ ¢ is the Fourier transform of our function Yoo

(6.13) 0 (55%0) = [ W )0 (3-xg)dy, xg = 210g(7 + YT9) .
0 .

§ 7. The main part of the sum z .
1

7.1. The non—zero terms in the sum.

The presence of the multiplier QM [, in the terms of the sum Z means these
! 1

terms are not zeroes only for
(7.1) mqxM, vxL, n<<MT .
Let us write, for the brevity, £ and 7 instead of fn(N) and 7 4 As it

follows from the representations (5.22) and (5.23) in the case where ¢ = ¢ (x—%) we

have

(7.2) Ve(n,d;mq,v) =0
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if ¢+71¢€ xg—€ = 2 log(y/ ¥ + ¢'N)—e¢ . So the terms of our sum are not zeroes only for
sy VYR (T + v/

here d is a divisor of |n—N| . Since N = o(L) we have for non—zero terms

(7.4) n 2 v d%(1+0(1)) > a,d®L(140(1)) .

In particular, for non—zero terms of our sum we have

(7.5) % << -

For non—zero terms of the sum 2 we have
. 1

£ =2 /N (140(1)) << /B

and at the same time

-N :
Tp-Nd = log J%Q—L >>logL .

So ¢ is a small quantity in the comparison with 7 and the representation (5.23)

must be used.
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7.2. The main part of the sum 2 .
1

In the accordance with the formula (5.23) for u we subdivide the sum 2 onto two
1

subsums

(7.6) - 21=210+211

where 2 - contains the terms with ¢ €(£+r—x0) for d =1 and 2 contains the
1,0 1,1

rest (80 z contains the terms with ¢ _ for d 2 2 also).
1,1

For the sum 2 we have
1.0

= tyma) =tog LEEVH o7, =logla-ma .
n — 4/ mq !

Since ¢ (x) #0 only for |x| £ € the region of the summation for this sum 2
1,0

is defined b'? the condition

e ey ym) <vE+ vma e Ay T+ yma) -
It means that for these terms

(7.8) || << ev << €L .

Now we replace n by v+n where the new variable n is an integer with

In| << €L and after this the sum E has the form
1,0
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(7.9) 2 = ¢ (0) 2 2 QM,L(V,mq,u)t2(u) +
1,0 (mo)=1
+ Oy 1 (a+v,ma,v)t(v)t(v+n)p (2 IOg‘/ vin _+ 4 mq
(m,?l:):l InégeL 12/ ML ' v v + ymq

where z ( z ) is the first (the second) sum on the right side. For the first sum
1,00 1,0,

the following asymptotic formula holds.

Lemma 7.1. Under our assumptions for the parameters we have the asymptotic equality

34 ag3/4 (1/4
(7.10) Y, 00=Cka (MEL— 4 oMb exp(—cq(tog 1)*/°)

where with the notation o for the residue at 8 = 1 of the Rankin series

R(s) = z n_stz(n) , with C from (6.3) we have
n21

(T11) G = %rk[m(l_%)] ,[“al,bl(x)x_1/4dx . i waz’bz(y)y-—llz &y

and ¢ 13 @ fized positive constant.

Firstly we write the Mellin integral
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(7.12) ML(uNV 2—-—J (v, p)NPdp, a>1
(a)
where J denotes the integral over the line Re p = a and
(2)
(7.13) f(v,p) = J g (W N2)NPLAN
O ¥

For vx L the function fi(r,p) is an entire function in p and for any fixed value

Re p = a and for any fixed B > 2 we have
(7.14) Ifi(w,p)| << M2/ 7B

when |p| —w, Rep=a .

Since’

1 1
=—,,T"T( ——p)C(P)

(m,q)= 1(m(l)p 7" pla p

and there is the unique pole of this function at p = 1 with the residue %i [ T(- l) we

pla P
have for any B > 2

2,B
(7.15) Y My p(vmap) =g TT (1 -f(1) +0 [ ] ML/4
(m,a)=1 Pia

(it is obv10us that T|_|' p<q).
Plq
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After this we write

fi(v,1) = 2%1'[ 0(s)v2ds
(a)

and
2 1 "
(7.16) Y 2 ()fi(,1) = o J (s)R(s)ds , a>1 .
v (a)
Here ﬁ(s) is the entire function in 8, for any B > 2 we have
(1) 10(s)| << Lo 1/4|"B

when |s| — o and Res = a. Further, R(s) has the simple pole at s =1 (with the
residue r, ), the function (s—1)((2s)R(s) is the regular one for Res > 0. It is known
that ((8) has no zeroes for Res > 1/2 and |[Ims| £ 13-10° and for |Im s| 2 13-10°

-2/3

there i8 no zeroes in ¢ 2 1 —cq(logjt]|) ™", 8 =0 + it for some constant c, . Since for

|i:!(s) | we have the estimate (7.17) our assertion (7.10) follows.
7.3. The convolution of the Fourier coefficients of a cusp form

Let f€ 4 K be the cusp form of the even integer weight k 2 12 in the respect to
the full modular group and a(v), v =1,2,..., are the Fourier coefficients of this cups
form.

We consider the series (it is some kind of the convolution)
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(7.18) Y t(v) WoFT) ¢(v)
v=1

where t(v) = ~k-1)/ 2&(!1) and & is an arbitrary "good" function; the explicit form
will be given for this convolution. Slightly other way for the estimates of the similar sums
was proposed by A. Good [11].

To formulate the result we shall introduce some notations. Let u.i be jth
eigenfunction of the automorphic Laplacian (as in the subsection 2.1); for j2 1 we define

the quantities 7j by the equality

(7.19) 7= \[ ALOIRTOFOR
g\H

Further, for the given & € C®(0,w) and for any positive integer n > 1 we define the

integral transform & ~— hn :

m

(7.20) ho() = | 8(usn(€/2)(W(&) + W(g—))VFRE dé |

where with the standard notation for the Gauss hypergeometric function the kernel is

defined by the equality

-1/2 . ey
(7.21) W(gr) =2 i zﬁfiﬁ?*f{%ﬁ?ﬁ o)

(th £/2)%/2 ¥ (ch ¢/2) 2R (1/24ir,3/2—k+ir;14 2ir;(ch £/2)72) .

Furthermore, let R(s) be the Rankin series for our cusp form f,
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Rs)= ) n*|t%m)|, Res>1,
n=1

and

~ o = D(k-1/24in)R(1/24ir)
(7.22) $0 =B 1) ¢z

Theorem 6. Let & € C®(0,0) be a function with a bounded support. Then for any positive

integer n 2 1

(7.23) Y t(v) ToTm) &(v) =

v=1

_ (4,)1:—1;1 7B BT hy() +2 LD,/E ) 41c®) @by (D) .

The proof is not long. Let U (z,8) denotes the Poincaré—Selberg series,

(7.24) U (z8) = 2 e(ng z)(Im gz)®, Res>1, n>1 .
g€G \G

Then we have the obvious identity for Res > 1:
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(25  Dlcls) Ea(u)i(m)'_ 1

1
k
(4m) 7 F8 2 (wn)< (v4n)® J;y |=)] “e(az)du(a)

O;\S

= { 7*112)|? U (z.)duz) -
g\H

Using the Parseval identity for the full system of the eigenfunctions of the automorphic
Laplacian we can rewrite the last integral as the sum over discret and continuous spectrum.

Then it equals to

(7.26) X {yklflzujd#(Z))( {Un(z,s)u—jdn(z)n
21 G\H G\H

+5] {y“|f|2E(z,1/2+ir)du(z))( { U, (2,5) EGIZHE) du(z))de
—o G\H G\H

For the inner products we have the well known Selberg formulae:

T'(s—1/2+i K )I‘(s—1/2-—inj)
n®I(s)

(r21)  (Upu) =g (0 Y -

(7.28) (U E(- 1/2+1r))_r(1}£z‘:‘;;( n) - (4 )1-—8 P(8—1/2+1;I)‘f£;—1/2—1r)

(here £(-) is the same what was in (2.2)).

Now for the given & let us definefor x > n

] (k-1)/ 21} (xon) |

6 = [ 5
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so that for v > 0 we have

(%) iy = 80

Let é(s) be the Mellin transform of g . We shall integrate both sides of (7.27) over
the line Res = 1+§ with some fixed § > 0 with the multiplier

(4my S0 (k14)) L gGs) -
On the left side we come to the series

> k—1)/2 @
(7.29) 2 t(v) t{v+n) [Wun]( 4 g(v+n) = 2 t(v) t{v+n) &(v) .

v=1 v=1

On the other side we have the integral

(7.30) 2%1' J é(s) T 3—182+il'_r+§-1 2—-ir n—Bds :
(1+6)
or (because g has a bounded support)
(11
8 . :
o [ [ &R e
1+

Here the inner integral is zero for x < n (it follows after the translation of the path

of the integration to the right). If x > n then the same integral is the sum of the residues
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at s =1/2~ir-m and §_ =1/2+ir-m with m =0,1,2,.... Now we have

8 . .
o) Res {0 PRI ) -

8=8
m

x 1/2—-r—m (=)™  T(2ir-m)
I‘(%—ir—m)l‘ ( k-—_é——ir—m)

n m!

and it equals to

(5)1/2—ir—m (<1)¥L eh(ar) | T(3/2-k+ir+m ) T(1 /2+ir+m) (5)‘“‘

(7.33) a1 sh(at) I(1+2%ir+m) m!

" 50 the corresponding sum over m > 0 is

1/24r , | k-1 . .
X (=1 ch(ar) T(3/2-k+ir)(1/2+ir) : 1ol X

It gives the integral transform (7.20) after the change of the variable
X — n ch? £/2 and the using of the duplication formula for the gamma—function.

In the continuous spectrum one can note that for n = 0 the identity (7.25) gives the
integral representation for the Rankin series for Re s > 1 and it holds on the half—plane
Res 2 1/2 . Now (7.23) follows.

It is useful to note that for an even integer k 2 2

(7.35)  W(ED)+W(E—T) = %-]EI:—;-(sh Y61 2R(k1 /24ir k=1 /2-ir;k;—sh2 ¢ /2) |

so there is no singularity at £ = 0 in the transformation (7.20). At the same time we have
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(it is the consequence of the Kummer quadratic relations)

(7.36) F(1/24ir,3/2—k+ir;142ir;(ch 3/2) %) =

) F(3/2—k+ir,3/2-k;1+ir;e °%) .

=(1+e
This equality gives the uniform (over r € R ) asymptotic expansion for the case
(— +om.

It is known that for T large and n << 146 for any &> 0 we have (see [5])

1 2 1 .2
) Ry eI v T
kLT J T

]

so the quantities |p j(n)| are exponentially large in the average. This growth would be
compensated by the corresponding decrease of the coefficients 7j .
Lemma 7.2. Let % be defined by (7.19) for j2 1 and for a fized cusp form from Ay,
k =0(mod 2), k 2 12. Then for T large

(7.37) z exp(+1rlcj)7? K}2k << T? log T

LT
%54

K.
so the quantities exp(—z-l)l 7j| are 0(&15‘ yTog nj) in the average.

The remark. The estimate (7.37) is sufficient for the purposes of this paper but it is far
from the true order of the coefficients 75 I assume that it is possible replace (7.37) by the

more strong assertion
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(7.38) | Y exp(rr)y? s cc1?

7))
anT

?

To give (7.37) we use the following simple fact: the first Poincaré series Py,...P,
k

v, = dim 4, , are the basein 4, . So there are the constants c,,...,c.  such that
k k k 1 Yy

Yk
(7.39) f= ) cp Py(zk) .
£=1
For this reason
l/k )
(7.40) 7= 12 e YL G{[Hy f(z) Py (2k) uy(z)du(z) ,
=1

and it is sufficient to estimate the integrals .0 1€ <dim 4 i - Of course the last

\

integral is equal to

ol
(141) %’%ﬁ}lﬂ y*(z) &(Ta] u(z)du(z) =
00

@ o
e —(v+t) k-3/2
" 2y 77 I(k-1) Vzl a(V)pi“""“)J;e g yKinj(IV'“Y)Y dy .
vl

The explicit form for these integrals may be taken from the tables and we have the
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representation

k-1 © WW)pi(t)
(7.42)7j,£=%P(k—lﬂﬁﬁ)l‘(k—lﬂ—iﬁ) y : Z;ll/: v((iJr%z,xj)
=1 v v

viL

where v is expressed in the terms of the Gauss hypergeometric function,

(143)  v(xg) = K2 gt plHr 1k Ly ocx<n

This normalization is accepted here to simplify the corresponding differential

equation; namely, the function
(7.44) ¥ =v(th® §r)

is the solution of the equation

2n ) 2
A%y | (1® (k-1 1 1

7.45 + [l——l—,); + + ]

(743) a6 4 sh 45h%¢ 16 ch2§

- 'This solution is

<
I
=

(¢/2)<1/?

when £ — 0 and it is easy to give the asymptotic formula

k-1 ‘
(7.46) V(6) %ﬁ%— VI, G
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for r large, uniformly over ¢ > 0. It follows from (7.46)

(141 15(6,5)| << min(r¥t1/2, (k=1/2y
and we have from (7.42)

TKj ) "'TKj 3

e “7jg<<e nj(z u_1/4|t(u)pj|v—£)|)2+
<k

K—?k

(7.48) J

ve WY (et

For the case A >> fc? we have

(7.49) Y lewl% J<<aA
A<p<2A

50 the second term on the right side (7.48) gives 0(1) . It means

o T o (v2) | %

(7.50) E K2k ] 72- g << z z J + T2
J Js 2 )

NJST <T J_u<<nj$T j

<<T?1og T

and the rough estimate (7.37) holds.
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Of course, there is a more reasonable way; one can write

- (-7 T
(7.51) K5 ey 2!;“22%{ ™ ch(nc) VEL Jk—l(_fl)']k 1(‘112'1)

£ _
with th%(x%) = 408+ (£+») "2 . Now the sum

2-2%k, TR 2
(7.52) zexp(—en I J»,J gy €20,

J

is reduced to the sum of the Kloosterman sums; the estimate (7.38) would be ensured after

the using of the sum formula (2.20).

7.5. The asymptotic formula for the sum z
1,0,1

7.5.1. The first summation.

Let us write for an integer n 2 1

(7.53) &(v;n,N) = 2 (2 log 4 J‘;n: g Nty L(V+NN,Y) + gy (v N,v4n))

(we repla.ce. v by v+|n| in the terms of the sum z with n { —1); then our sum
1,0,1

is the triple one

Y S(vn,N)t()t(v+n) .
v,n,N
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The "convolution formula" (7.23) will be used now; but before it is convenient to do

the summation over N (note that N = mq with (m,q) = 1). We write

$(v;n,N) = 2'];-1"[ $(vin,p)N"Pdp

where '3 is the corresponding Mellin transformation. For this reason we have

(7.54) (mg):l@(u;n,mq) [3(v-n,p)q H(I_P_) ((p)dp
—B+iw
= 3(vn,1) - 317 (1-5+ T_BLms(vn,p) %glm pp)
M 6

where we can take any positive B . Since there is the condition —>>M for some

positive & the second term on the right side (7.54) may be rejected without making worse

the remainder term. So it will be sufficient consider the double sum

(7.55) S . = .»fq 2 t(v)t(v+4n) J $(v;n,N)dN , ../‘q '|_|'( —-)

1,0, n,v 0 Iplq

7.5.2. The Mellin integrals.
The sum (7.55) equals to

(156)  A,Y {(41)"‘1 gl 7, 7508 hx;m) + 2 J 1 /24ir(D) z(r)h(r,n)dr}
n j2 -©

where
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(157)  h(ra) = v [ YSEE W(ER) + W(E))
0

oOV——8

#(n sh? ¢£/2;0,N)dN d¢

and all others as in the identity (7.23).

It is convenient to rewrite (7.56) in the form

(7.58) £ J’ {(4r)k_12 7, PT) K (5) ﬂ(nj,s)ds +
() 21
+2 J s(r)c(s+ir)((s—ir)ﬁ(r,s)d:} ds, a=Res> 1,

where J{j(s) denotes the Hecke series and l;(r,s) is the Mellin transform of the function

h(r,n),
(7.59) h(r;s) = J'h(r,n)ns"ldn .
0

Note that & in the integrand on the right side (7.57) is not zero only under the

conditions

(7.60) NxM, ynsh¢/2+ ¢y NxyTL or ynché/2+ ¢y NxyL

and

(7.61) Y ch ¢/2 + yN < exp()(vmsh £/2 + ¥N) .
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Here M = o(L) and for this reason we have nef x L ; together with (7.61) it gives
et >> 1/¢ . So we can introduce the multiplier q(cef) in the integrand on the right side
(7.57). The value of the integral will be the same if we take the suitable numbers a, b in
the definition (4.32) of the truncating function 7.

Now we consider the explicit form of the integral (7.59) to see the location of the
singularities of this function.

-~

Let ;;1, wy be the Mellin transforms for w), Wy Tespectively and Ql(x) denotes the

Fourier cosine—transformation of V1

¢ (x)= J ¢, (y)cos(xy)dy .

With these notations we have the first integral representation.

Proposition 7.1. For any s with Res > 0

(r62h(re) =22, [ o J (ieu Jwl(v);;z(s_v+3/4)Ls—v+1Mv I(3/2-20)0(25)

(27i)% 4 I‘(2s+2- —2v)
- (n(Eis,u,v) + n(—xs,u,v))dvdu

where @ = Rev < 3/4 and
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(7.63)  n(rs,u,v) = J' n(eed)(th £/2)2%(ch £/2) 28F(~2u,3/2-2v;28-2v+3/2;
0

After the change of the variable N — nx? we come to the inner integral

2
(o) [y 210gTERHD VX [ 0y enFlcke £/2)%) +
+ wp(Bx+sh £/2)%) - 25 4n

Now we can replace the functions Ve and w; by their Mellin transforms. Since
@ 1]
J' o (log Y)Y"ay = j ¢ (Y)ch(yu)dY = &,(ieu)
0 -o .

the Mellin transform of the function ¢ E(log Y) is the Fourier cosine—transformation.
- After this iﬁtegra.l over x may be expressed in the terms of the Guass hypergeometric
function and the equality (7.62) follows.

7.5.3. The poles and the residues.

The integrand in (7.62) contains the multiplier (%i-)VLfi and for this reason it will be
useful to move the path of the integration over v to the right and in the integral over s —
to the left.

The first move gives for the inner integral the series (we take the residues at

v=3/4+m/2, m=0,1,.)
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(7.65) . J(...)dv:
(a)
~1)® M, 3/4Hm/2 g peos) - - -
- 5y G- & L lwrgﬁ)]ﬂ(.;1(3/4+m/2)(,;2(3/4+m/2)c.;2(s—m/2) :
m>0

« (n(r;8,0,3/44m/2) + p(—r:8,u,3/44+m/2))

Here M = o(L) so the series is convergent and the term with m = 0 is the leading
term. .

The poles of ;;(r;s,u,3/4+m/2) are located at the points 8 = —ir, —ir~1,... . Indeed,
we have in (7.63) after the replacement W by the expressions (7.21) and (7.36) and the

change of the variable e = %
v
. -~ - -1 .
(7.66) n(r,u,3/4+m/2) = 7 (1) ,[ (0 (Sirs,u)x S ax . SHE
0

where, for the brevity, we write

(e nlo) = 4 - MR

(768) fm(z;I,S,U) = 228-}-211‘(l_z)2ll+3/2—k(1+z)—2u—28+3/2—k .

y F(3/2—k+ir,3/2—k;1+ir;22)F(—-2u,—m;2s—m;— %) .

Now the repeating integration by parts gives on the first step
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8

8T X

(7.69) jn(x)fm(§,...)a—ﬂ'if-1dx= = [ L gor (€, )dx
0 )

o

It means this integral has the pole at 8 = —ir . The residue at this pole equals to

(7.70) 8 (n1)dx = n(®)_(5,) : = o2 +2r

oV—8

Furthermore, the integarl
m »
’ € —8—r
(7.71) Jn (%) (&, ) T
0

is the entire function in s and in the integral with f 1;1 we can do the new integration by

- parts:

(7.711) —€ J x_s_ir_217(x)fr’n(§,...)dx =
0

™
—s—ir—1 ¢ ‘
=—grier | e
0
So we have the pole at s = —ir—1 with the residue

—e £ (0)
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and we can repeat the same operations to see the poles at —ir—2, —ir-3,....
The integrand in (7.58) in the case of the continuous spectrum contains two

additional poles at 8 = 1+ir and 8 = 1-ir with the residues
(1.72) h(r,1+ir) #(c) ((1+2ir) , b(r,1-ir) &(r)¢((1-2ir) .

Now we are ready to give the main terms for the contribution of the continuous

spectrum in {7.58).

Proposition 7.2. Under our assumptions for the parameters
m ~ -

(7.73) 2J’ £(r)( ((1+2ir)h(r,1+ir) + ((1-2ir)h(v,1—r))dr =
—m

= co(e?L)3/2 . (&j)ﬁ - (1o(y M + L)

where < i8 the positive constant,

(r19) ey =230 (ORI [ nix)ey G ax oy 3/4)uy(2)
| l |

Our integrand contains the following terms
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(7.75) 5(c) J ﬂ(x){‘rk(t)( C1+2in)f (Sir,14in)x 2T 4
0

+ (-2 (Sr,1-ir)x2) +

+ 7k(—r)(C(1+2ir)fm(-f;;—r,1+ir)x—2 ¥ ((1-2in)f_ (&1 _il_)x—2+2ir}

dx
2
x

(here the variable u is not written since it is the same for all terms).

The ﬁ.rst observation is: there are no poles at r=0 and ir = £ 1/2; it follows from
the explicit form for &, 7, and f_ (note that the function R(1/2-ir) has the simple
pole at ir = + 1/2, has no pole at ir = —1/2 and R(1/2)=0).

Furthermore, we have the poles at ir =% 1, +2, ... (due to sh(#r) in the
denominator) and fm(%r,l+ir) contains the multiplier eL? '(62L)ir . So it would be
prefarable to move the path of the integration to the right (note that ¢?L — 0 when
€ — 0 ) . The path of the integration will be moved to the left in the integral with
fm(%——r,l—ir) for the same reason. The sum of the residues (for the first integral at
ir = + 1 and for the second one at ir = —1) gives the main terms of the asymptotic.
Fir

Now the integrals with fm(%i 1,1 ¥ir) containsonly L™ (without the multiplier

T ); so the same operation gives the estimate O(eL) for the residues and
O(LI/ 43/ 4) for the final result. For this reason these terms may be rejected and (7.73)
follows.

For the terms in the sum over the discret spectrum we have the poles of h( Kj,B) at

g==% i.vcj . So the contribution of the sum over this spectrum is smaller; namely, we have

Proposition 7.3. Under our assumptions for the parameters
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(7.76) 2 7jpleiJ o%’j(s)h(nj,s)ds << % .
| 21

Now as the immediate consequence from the preceding estimates we have the

asymptotic formula for the sum 2 .
1,0,1

Lemma 7.3. With the positive constant ¢, from (7.74)

(rrry Y =cocrm-Aq-fﬁff(1+o(q‘1/2+J¥)), Q= (L)

1,0,1
1 1
plq

§ 8. The sum 2 .
' 1,1

8.1. The additional representations for Ve .

If the quantity ¢ will be small enough then both terms - (%— v, and integral) on the
right side (5.23) must be of the same order. For this reason in the integral one integration
by parts would be advisable. As a result we obtain the following representation for the

function V‘E .

Proposition 8.1. Let § =log Yoty N , T=log %ﬁ . Then for all non—zero terms of
yn -/ N d
the sum 2 with d 2 2 we have
1,1

TX

(1) V (ndiN.w)= J; W(s) ez s=ryomg ©-(lo8 ch{i(2z-1)sh{)(1‘5)dz+0(1£§g£)
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where x; = 2 log(y/v+¢N) and

(8.2) -9 e Xy T_2¢ * "ch¢
| (1+e 2 %) (1+e“T)—4e X Tch¢

with

) 5
(8.3) ¢ = Chr‘gﬁ/{il(lzziiﬁgﬁzl)Sh 3

Firstly we change the variable of the integration; we define x = x(z;£,7) by the

equation

. hr—ch(x-
69 Ry =

Then this function is given in the explicit form by the equality (8.3); besides

8z _ chxch7- ch¢
(8.5) -
T 9snZx she

and we have together with (5.23) (for ¢(x) = ¢ _(x—x;) )

(8.6) l=1(£,r;<pe) =%<P€(€+T) +%

O\l 8

W’ (2) gt 0 ((z)xg)dz

Now it follows from (8.3)
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(8.7) x(z)—7 = —log(ch£ + (2z—1)sh¢) + A ,

where A is the small quantity,

4z(z—1)sh%¢ &7 .
J sh21'+4z(z—1)sh2£+shr

(8.8) A =log(l +

Let X = 7—log(ch{+(2z-1)sh{)—x, ; then x(z)—x, = X + A and we want reject A

out of the argument.

112k

Note that for z large enough we have W' (z) = O( . To the integral over

5
the interval (z,+) is 0(6‘1z01/2—") = O(YT-L 12,/ . The last quantity is

a 5+26, 5+26 .
O(L_z) for z; >> L 1, a; = 2k—11 <y 1 <;1I. As €27 >> L2 we have for z <z

z(z—1 e_2T << L"3/2 . It means we can write A as the power series in A,
1

2, -1
A, =—4z(z-1)sh™{ e . Now we replace the difference (,06(;+A)—<p€(;) by the
\/sh2r+4z(z-1 ) sh2£+sh'r
integral
1
A J pL(X+tA)dt
0

and integrate by parts over z . It gives the integral without derivative of Y, and W

because
(8.9) (2(z-1)W’)’ = ((k=1)2-1/4)W

Furthermore,
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@
(8.10) J’ W) | |9 (F+14) |dz << Flog L <<
< 0

log L

and it gives the first assertion: with the remainder term 0(13522) we can replace the
L

argument of ¢_ in (8.6) by X.
After that we integrate by parts:

<)
611) [ W (e) cherrtany #e(%)ds = W) gt s T el 647) -
0

o
- [ W) & { emenriong 0} &=
0
Since
ch(é+7)chr—ché = ch(é+7)chr — ch({+7—7) = sh(é+7)shr

and W(0) =1, the integrated term equal to (—p (£+7)) . So this term cancelled with
the first term on the right side (8.6). The integral with W ¢, gives O [l_o_g}é] again and
L

the equality (8.1) follows.
8.2. The ezplicit form for the terms and the amplification of the parameters.
Now it is time to choose the parameter T in the definition (6.10); we define

(8.12) T=L
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6
Now let the new parameter Q be introduced instead of € 1 in the definition (6.6):

- (8.13) L =qQ71 .
Here @d later we assume
(8.14) M<QiL .
(0) and 2

contains the terms with d 2 2 and the terms with d = 1 are taken in z

M , where 2(0)

(1)

We subdivide the sum 2 onto two subsums, say 2
1,1

(0
For the sum 2 ‘we replace the condition n = N(mod d) by the multiplier

e 1,n = N(mod d) ,
é D (TN)E] ={0,n;_zN)modd) :
c|d (a,c)=1

(0)
As it follows from (8.1) we have for the sum z :

(0)
(8.15) 2 =2 2 % 2 E z zt(n)t(u)e [L;N)E] v (n,v,N,d) +
d22 cl|d N n v
N=mgq, (m,q)=1

+ oL 4"/ 10g%L)

where with Y=M.%.(1+ 424/ n )‘1/2
- VPR (VE-VT)
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1/4
B16) v (nwNd) = (onlE)e, b (% b, AT R (L
. i z) - 24 nN ! zZ .
lwu R Uz s Y
(1)

The terms of the sum }: we write in slightly different form. To avoid some
difficulties what are concerned with the singularity of W’(z) at z=1 we introduce in the

integrand the function

&5(z—1)+(1—§36(z—1)) =1, ?66(3) =6 qp5(2) ,

with a suitable positive small 6 and integrate by parts in the integral with $ 5

It gives the representation

(8.17) 2(1) =2 y Y Y @)Y (0,0.N) + O(L —1/4MT/4 10g21)
N N v
N=mgq, (m,q)=1
where with w, = “’a.,b.
2 1/4
(8.18) ¥ (@uN) = (1-n(Eg)oy () w, (L) )(,,{;N)/

{ | W @15 gta1))p (2 108 V)(1-8)dz — | W(a)5(B sla-1L)e (2 log Y)(1-8))dz,
0 0

In this representation
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y-¥it+yN o, 4syi 2)'-1/2
Vv+ N (Vo - ¥N)

the parameter § will be chosen later and J denotes the same function what was in (8.2).

(0
8.3. The treatment of the sum z .

The real our intend in this section is to obtain a certain asymptotic formula for the

(0) (0)
sum z . The most difficulty is the understanding that this sum 2 and the integral

with the sum 2 (s) taken separately are not small enough; only the sum of these
2

quantities give the desired estimate.
It is a very inquisitive process how to immense sums become more and more simple
and give at the end the asymptotic formula which contains only the Fourier coefficients of

the initial non—zero cusp form (the final result is given in § 10, Lemma 10).

(0)
The possibility to obtain the asymptotic expression for the sum E is based on the

sum formula (4.22) and on the similar formulae for the Fourier coefficients of the

eigenfunctions of the automorphic Laplacian.

1+4
After the first using (4.22) it will be sufficient to remain O(Q 0) integrals for
any 6, > 0. The second summation (over n’s ) with using the same sum formulae gives

only one integral which with a sufficient accuracy approximates this sum; so the full

1+6,
number is O(Q ) again.

After the second summation the sum of the Kloosterman sums will be arosed. This
sum will be expressed in the terms of t j(N) . It allows us to carry out the summation over

N’s in a very explicit form: instead of this sum we obtain a finite number of integrals.
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Now the corresponding function h (we will use the formula (2.15) for our sum of the

Kloosterman sums) with large accuracy equals to

o o 52
(819) mi Ol i DT (6) (-0 3]

it is a consequence of a certain good luck — the explicit form for the integrals

‘ CO8
(8.20) J i (22-1))W(z)dz
0

what are expressed in terms {_1/ 2Jk_l(f) .
By the very difficult way from the integral Jz (s)dx(s) will be appeared the same
2

sums over the spectrum and over the regular cusp forms, but with the taste function

. ® $2
(8.20) mi (T e)—a_;,ir(e)):rk_lte)n[zg] g

The sum (8.19) and (8.20) is zero, because of the orthogonality of the Bessel function

of odd order to Jo; —J_o; . The similar expressions will be for the coefficients in the sum

r
(0)

over cusp forms. Here the main term of the sum two expressions (one from z and the

second one form Jz (8)dx(s)) is equal to
2

(821) [EIGIGE S
0



—74 —

what is not zero only in the case £=k.
At this case the result follows from the asymptotical formulae for the Gauss
hypergeometric functions and the explicite form the the shortened functional equation for

the Rankin series.

On the choosen way we must keep an eye on the sign and the explicit coefficient
before main terms; furthermore, a certain time we will remain slightly more terms in an
asymptotic expansions than it is needed for the final expression.

8.4. The first summation.

Firstly we consider the inner sums over ¢’s in (8.15) and (8.17). We have

(822)  Yt(w)v (n,uNd) = 4xi* § t(u)JJk_l(M'x\/T)vf(n,xz;n,d)xdx.

v v=1 0
Using the integral representation (8.16) we write

®
2
(8.23) . JJk_l(firxJV)ve(n,x )xdx = P, + Py + P,
0

where, if we write for the brevity

2 NaNg = 2@t N
(8.24) (n,N,2) o N)QHZ 7N (I w; (5p)

the function P.i is defined by the integral
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(1) @® 2
(525) P (v, N.d)=| W) @) 3 _y(4mxyD)opEHRL) 1) (2 10g Yy xdxds
0 0 :

In this integral we treat by the different ways the cases 0€z2<Q, Q<z <y 1% and

v 1% < 2z . To do this by the "smooth" manner we introduce the expansion

(826) 1= (1-n() + 2@ 1—n(ey T) + n(z V) = 1,(2) + my(a) + 75(2)

with the clear notations.

Our nearest purpose is to prove the following assertion.

Proposition 8.2. For any fixed a > 1 we have

(8.27) zt(v)ve(n,u,N,d) = 4rxi8 2 t(¥)P,(v,n,N,d) + O(L_z)
v XQ%

In the integral (8.25) we have

oY TN 1 4yIN  1)2
e A

It is convenient to do the change of the variable and rewrite the inner integral in the

form

€ 2
(528) | 0,2 log g,y (47 x(u)V Doy T )1g) ey o (w)du

—€
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with

<(u) = x(u.2) = — n+ . 4z4n -1/2 |
(829)  x(u)=x(u;2) = —yN + YN (1+(7_%,) (1+u)

Of course, we can use the asymptotic expansion for the Bessel function since

x(u) >> y'M ; this expansion may be written in the form

(830)  J,_;(x)= ikRe{ [3&] Y2 ix-tin 41 + ;1— + ;3 + )} (k is even) .

It is sufficient to take four terms and reject the terms with x_5, x_ﬁ,... . Now for z

* large enough we have the additional resource which concerned with a possibility to

integrate firstly over z .

Proposition 8.3.

(8.31) P, << %[%] A a3/,

and for any positive R

1/4
1,1 M -R
For z large we have in the exponent

A(L + z/b) M2 w Apl/2,71/2
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with A = WY . o5 5T ang bm%{%>> d - Y& ;in the integral P,

we have z >> b . The change of the variable

[1+%]—1/2 =zlb1/2, z=—12-—b

%
gives the integral
T 11 1 12 (x(u,2)+yN)2) ~ ox 421
(8.33) Jq[;—zg—l]W[z—Z—b] exp(i Ab zl)w2[ T ]ﬁ-aﬁ—s-
0 1 1 1

Here z << 1/4/b and for W we have the power series with the main term z12k_1 . The
standard asymptotic formulae from [13] for the integrals of this kind give (8.31).
The second estimate may be obtained by the same way after the change of the

variable

1-z,/4b
(1+z/b)"1/2 =1-2,/2b, z=12, * ——————52
2 2 (124 /2b)

Now in the integral we have

exp(—i Alz2) , Ap= (ﬁz‘/@m >> X (11/” :

As a consequence of the choice (8.12) we have d << y'M (see (7.5)); 50 A; >> v
and we can integrate by parts any times. It gives (8.32). The quantities on the right side
(8.31) and (8.32) are smaller than L2072 In the first case it follows since k 2 12 and
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for the second case we can take the suitable R because Q is some positive power of L .

It rests to consider the integrals P, for v large, v?2 Q% with a > 1. Here

z<<Q and z ‘lg is small. Now

ﬁ%>>m

and for any R

8 R ’ 1 1
[ﬂﬁ] p.(21log 1_+u) << g7 -
€

It means after R—multiple integartion by parts we obtain the additional multiplier in

R/2
the integrand (uezL)_R/ 2_ [%] .Sofor »2 Q%, a> 1, we can take the finite R

—2

so that our integrals are estimated as O(L u_2) . It gives (8.27).

In the conclusion of this subsection we rewrite the integral representation for P1
interating by parts over u ; now we can omit index 1 in this function.

We have

(2 1og 1%) = —%(1+u) 'gﬁ ¢ (2 log -1%)
and
5=+ 5 ().
So together with (8.27) we have

Proposition 8.4. For any fixed a > 1 we have
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(8.34) | Yty (nNd)= ) (¥)P(v,0,N,d) + O(L™2)
v 1<4Q°

where P is defined by the integral

€
(8.35) P(¥,n,N,d) = —41rikJ (2 log 1%)
—€

oOb—8

W(z)(l—ﬂ(a-))i(n,V,N,d;u,z)dz du

where with x(u) from (8.29) and A(n,N,z) from (8.24)
| ' 2 2
(8.36) &= A(n,N,z){zx,/T/(1+u)mEj[gxﬁ] wy CHR 1), (4mx(u)y D) -

=3y (amu)ym) [ (2 oty g -

2
-3 51 (v g -pu RO

8.5. The second summation.

Proposition 8.5.

(837) Y Sime@X3) ¥ i)P(va,Ng) =
(a.,c)_=1 n 1<4XQ°

k 2 @ 2
=4 Y SNt %g) J P(v %g,yz.N,d)Jk_l(W)y dy + O(L™Y) .
0

2
d a
?VSQ
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Of course the assertion means: after using the sum formula (4.22) only one integral
will be survived and all others give the remainder term which is small enough.
To see this we use the integral representation (8.35) and the asymptotic expansions

for the Bessel functions. Then we come to the integrals (the change y ~— yy/N is done)

—-1/2
(8.38) J'exp [i i AP () (14u)( + é—f!sg) 1, ani yoN y] 5(y,....)dy

where &(y,...) is an infinitely smooth function, which is not zero only for

yxd-\]g.

If we have % 4/n 2 4/2v then each integration by parts gives the additional

- 1
multiplier O(—— - 2)=0
= y) = 0(

1) . So after five integrations we can reject these
¢ 1L

integrals.

2
If%fﬁ isnearto v but v# [%] n then

2
V——zn
Lam | —af2
|Vv-¢ vl m>>Q

At the same time % << % . 17 so the derivative of the function in the exponent is

Q

not zero for this case and its absolute value larger than at Q"a/ 2

. It means we can

integrate by parts any times and it gives our assertion.
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8.6. The Fourier transform of the function W(z) .

(0)
In the obtained expression for the sum 2 we change d by cd (note c|d) and

change y by y¥' N . Now we have

(8.39) ) ®_

.k @
) Y AT 50N [ POty NN ey )y +
0

+oM%/?)

At this moment we can reject some small terms in the integral representation for P

and simplify the main terms. To do this the following nice result is very useful.

Lemma 8.1. Let W(z) be defined by the equality (5.18) with the even integer k > 4 .
Then forall £ >0

(8.40) [ eos((2a-n)W(a)s = —* VF3, (8,
0

(8.41) J' sin((22—1) €)W (z)dz = i¥ JZ’; I_4(6) .
0

These equalities are a consequence of the differential equation for W , but before we

note that for the usual Fourier transformation it follows from (8.40) and (8.41):
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(8.42)

o\——B

cos( £2)W(z)dz = —i¥ J%—I T 1(€/2)(con £/2 +sin €/2)

(8.43) sin(£z)W(z)dz = ik J%_I_ Jy—1(€/2)(cos £/2 —sin £/2) .

obl—8

Now let us write

(8.44) 1(£) =Jeif(2z_1)W(z)M .
0

Since W(z) << 22K gor 4 large and k 2 4 we can differentiate two times under

the sign of the integration. It follows from the equation for W :

(8.45) (—(k=1)24+1/4)f = J (a(1—2)W’ e £(221)g,
= [ WE)a(-2)(e ) az
0

= J W(z)(—4£22(1—2)—2i £(22-1))e ¢ (22 1)y,
0

— _621-_ 62{" —2{{’ ,

since all integrated terms at z=1, z=0 amd z=o are disappearing. If we denote ¢f



by T then for this last function we have the differential equation

1] 2
(8.46) ¥ 4 (el f‘l h¥-o

It means T =c; v I, () + cg v Y,_;(£); but the function &f is bounded at
3/2-k
§=0and y{Y,_,>>¢ /

easily defined by the comparison of the asymptotic behavior for both sides on (8.40) and
(841)at {=w.

when { —0.850 c, =0. The constant ¢, may be

8.7. The main terms for the integrals in (8.39) afier the summation over N’s .

We make ready to use the identity (2.15) for the transformation the sum over ¢’s in

(8.39) so it is convenient to introduce the special notation for the combination

£ = 4—72:@ . Now for the integrals in (8.39) we have the representation

Kk @ kK o2
AxisN 2 2 iy N 2 2N
(8.47) ——— |P(vd®,y“N,N,cd)J, _,(&y)ydy= P(vd®y” =5 N,cd)dy _, (y)ydy

2 © o
= J ¢ (21log 1%) J W(z)(l—n(é)) J ¥ (,6N,d)dy dz du .
€ 0 0

Here in the accordance with (8.35)—(8.36) the function ¥ is

(8.48) ¥ (n,6Nd) =~ (I, WA + I, (1), _,(7)B

with
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. -1/2
(8.49) . y=(F+H0+u)( + ?—:fg?) 2 {cd

and with the following coefficients A, B:

(850) A= &) ” (24 1+ (f?)i,] e (1—3)(1—:;(5%;)) 0y ()1

»“vLd
(8.51) - p={k-DA_drd 7 4y OA
wv ¢ (y-¢)2 %

Here y,y are large enough, y, y JdeE and ¢ is small in the comparison with
y - So the Bessel functions may be replaced by their asymptotic expansions and in (8.39)

we have the following sum over N'’s

(8.52) y (Nt DNy ¢ =infPN
p=mq,(m,q)=1

where w is written instead of w, | , g(N) is an infinitely smooth function for which
-1

with any fixed R 2 1 we have

CoReN) << MR max [g(N)] .

nx=M
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Note that in this sum we have

_g%:cd— 11+uz +%. [%?]2,(11+iéz_{_2)3/2>cd—121

+
(y-¢) (y-¢€)

since cd 2 2. So there is the possibility to utilize the oscillatios of the members in this

sum. The result is

Proposition 8.6. Let ¢d 2 2 and q << Qll 4 ihen in the case ¢ < iQ_ﬂ for any fixed

R > 1 wehave

(853) T e M5t N o) << MR max |g(N)
N=mgq =
(m » 4 )=1

and in the case lQ_E €c €y M this sum is estimated by the quantity

(8.54) << q2(ud2)1/4M3/4 .

Firstly we replace N by mq and further instead of the condition (m,q) =1 we

write m = mo(mod q) where m, runs the reduced system (mod q) . So our sum equals

to

3 m.r .
@553 ) Y el-—) ] e@s(vmaoe? (Dufdiema), ¢ =rLmm

r=1 (m0 ,q)=1
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Now by the usual way we replace m by n+mqc with 1{n<€qc, m=0,12,..., ,

and use the Fourier expansion. It gives for the sum (8.55) the expression

9 m,r 4¢ ©

856) g3 ) e-—g) Y e@Swage) § eToB,
r=1 (m,,q)=1 n=1 m=—

857) By = J dgﬁz—x)g(cqzﬂexp(-?wimx + i}(“—’”}@ ))dx

= 2L, [ wtaectienp(-2im 2y x4 5 ) o

Here the integration is doing over the interval \/'lq <xX ,/15 for some fixed
positive by, b, . Remember with a = (1 + 167zyy VM x c_l(y —4xyvM c_lx)_2)_1/2

(8.58) y AL sy - grfuaMox 4 2030 OM x| y(14u)

so the derivative over x is near to -411/ Y (1- %[) .
If m=0 we can integrate by parts any times and it immediately gives the estimate
B0 << MR for any fixed R.If m# 0 and m > 0 then there are no teroes for the

derivative

a

M 2
(—27m x
ox cq2

+75)

and for this reason we come to the same estimate B_ << (11“/"151')_R again. If m< 0

then zero of this derivative is near to
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(8.59) _QEJCEE(L_l). 1
- = 0@ T

Here vd? < Q% with a which is near to 1; so for ¢ < iaﬂ for all m < -1 the
point x, is on the left of the interval (vDy, ¥'b,) where the integrand is not zero. It
~ means the etsimate B, << (|m| «fM)_R hold in this case.
Finally, if

(8.60) —JEL-<<c5JM
qu ud2

then there are O(q2J de) values of m for which x; € [1/'51, ¥'b, ] . For each such m

we have
1/2 3/4
M 1 M
(8.61) B, << [C—E] |m|1/2 << S I
d cq“(vd®)
At the same time
qc , 4¢ 0
(8.62) ) eDSwnacle(gr) = ) e3H) ) e(gmtag+rc))
n=1 (a,c)=1 n=1

and for any given m the inner sum on the right side equals qc at most for one value of a
for c>q.
So the sum on the left side does not exceed qc . Two summations over m, and r’s

give the additional factor q2 and (8.54) follows.
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For the full sum 2 the obtained estimate is not sufficient because the mian terms

have the order

here a > 1 so this term is not O(E_I(ML)al 4) . At the same time this estimate is more
than sufficient to reject all terms in the expression for %v except the main ones and reject
~ all members with ¢ < Q_lm . It means that really we have in this expression

(8.64) ' £ << Q1+a/2 , a isneartoland e>1 .

Furthermore, with the acceptable accuracy we have

(8.65) T 30 (sin(y+y) + cos(y-y))

v Yy

and after the integrations by parts over y the terms with y+;' give a negligible

remainder term. So it is sufficient to remain only the terms with cos(y—y) where

B89 3oy = (206 + uy - (e-Dug - ZELYG0)
(7-€)°

+ (1+u)(y+€) Y [ ] [ﬂ&ﬂ —d4x/ud®N

m>2 (y=¢)
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and now it 'is obvious that we can remain only two terms (1-2z)¢ + uy from the
expansion under the signe of sine.

By the same reason we can replace log 1% by —u in the argument of ¢ ¢ > using
the identities (8.40) and (8.41) and introducing the cutting function (1-5(£/Qy v)) (itis

0 for ¢ >> Q4 v what corresponds to ¢ < Q—lm ) we obtain the following

, (0)
representation for the sum 2 .

Proposition 8.7. Under our assumptions for the parameters and with the additional

condition Q >> q4 we have

(8.67) ) O _
v 2 T (v,N;c)
= L5/4Vd2§Qa %th(ydt)yd 2:1 ‘*’(g[) 2 c05(47rm + Z)czl > cN ]
- N=mgq, (m,q=1 B

g (AnT | 0((ML6)3/4 0

where with the notation

1
$(u) = J ; (x)cos(ux)dx
1

for the Fourier transform of the function ¢, (itis ¢_ for e=1) we have

® 52
_ 2 0 vd
(8.68) $,(6)= Jk_l(é)(l—n(a‘/%)) l Y 0, 5,0 )(l—n(?))@(szT)dy ,
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where fg = 4rud2y2 and really a, < y2 <h,.

Later we shall see (in the beginning § 10) the function $(u) is etsimated for u large

as O(exp(—y u)) . So the condition vd? < Q7 we can replace by the more strong one

ud2 << Q log2 Q (or reject any conditions since the series with ¢ is convergent).

8.8. The coefficients in the spectral representation.

: (0)
On this step of the obtaining the asymptotic fomrula for z we use the idetity

(2.15) to transform the inner sum in (8.67). To have the integral transforms (2.18) and
(2.19) be calculated for the function (8.68) we write this function in the form

(8.69) $ (0 =38 - 5 | €%a,(0)p .
@)

Here J denotes the integral over the line Re p =7 ; a, is the Mellin transform
(o)

of the multiplier in (8.68); it is the entire function in p and it is obvious for |p| large

with ¢ = Re p befixed, ¢ > 0, we have forany R > 1

. ' 2
(8.70) la(p) << (9@—0 :

¥

We denoteby h (r) and h . accordingly the integrals (2.18) and (2.15) with ¢ = ¢,
Using the special case of the Weber—Schafheitlin integral we come to the following

representations for this coefficients:
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X o (52 —p+in)P(E5E —pe+ir)
(8.71) b (1) = _%HJ’ 2 2psu1(7rp)(2p-¥-l) . I‘(k"'l )I‘(k+1 par a (p)dp

(@) B RRlar e
L+k L-k
.k I( —1-p)TY( —p)
(8.72)h, , = —n5= | 27 Psin(xp)T(20+1) - - a (p)dp .

It follows immediately from these representations:

Proposition 8.8. Forall r >> 1 we have

1 1
(8.73) | {h (1) <<;2, |hV’£| <<E2

2

and at the same time for r“ >> Qy v, 25> Qy v forany ¢ > 1 we have

2

(8.74) |h (1) <<%§ [%3]6, |hy’£[ <<i—2 [%%JU .

Of course it is a consequence of the Stirling expansion for gamma—function; we
integrate over the line Re p = 0 to obtain (8.73) and move the path of the integration to
the right; it gives (8.74).

Since .v << Q log2Q in the sums on the right side (2.15) for the case ¢ = ¢V we

30, et s> Q3a forany a> 1.

can feject all members with IC? >>Q
1t allows us to give the explicit form for the sum over N’s; but we begin the new

section to avoid four—digit numeration for the next formulae.
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0 1
§ 9. The sums 2( ) and 2( ) (the end).
9.1. Two additional sum formulae.

Lemma 9.1. Let f€ C®(0,w) be a function with a bounded support. Then for any integer

¢2 1 and a which is coprime with ¢ we havefor j2 1

(0.1) Y tmpeEd ) -
m=1
- 21 t(m) i (e(— Ig—d)ko(xﬁ,%ircjﬂ 6k (xy/m1 /2+inj)e(‘§—d))f(x)x dx
m=

where € j is the eigenvalue of the reflection operator (e i= +1 for even eigenfuntions and
€= —1 for odd ones), d is defined by the congruence ad = i(mod ¢) and the kernels

ko, kl are expressed in terms of the Bessel functions by the equalities

(9.2) k(%) = 3ggqrzmy Oaums(® — I3 9,0)
- (9.3) . k,(x,v) = %sin( K, (x) .

This analogue of (4.22) is an easy consequence of the functional equation for the
corresponding Hecke series; the details are in my doctoral dissertation (LOMI, 1981).
The following similar sum formula corresponds to the continuous spectrum of the

Hecke operators.
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Lemma 9.2. Under the same assumptions as in Lemma 9.1 we have for any v € C

(9.4) A1 Y (m)e(@Rydrym) -

9.2. The seéond summaetion over N's .

The very special case of the identities (4.22), (9.1) and (9.4) will be used here. After
the replacement of the inner sum in (8.67) by the corresponding bilinear form of the

eigenvalues of the Hecke operators we come to the following sums

(9.5) T (8) = t@ )  ¥(m)o(f?) vZcos(4rymg + 7/4) ,
(m,q)=1

where w is written instead of Wy b 8 is an integer and
12

2

(m) = tj(m), tj,ﬂ(m) or Tl/2+ir(m)’ TER .

In our special case we have g = qu2 and we can assume that for every fixed (small)

a>0
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(9.6) . B g, |r| << M? .

It means the usual asymptotic expansions can be used for the Bessel functions; in
particular the integrals with the kernel k,(x,v) (v=1/2+ir or v =1 /2+il€j )
contribute O(exp(—yM)) .

For these conditions we have the following asymptotic formula for the sum (9.5).
Proposition 9.1. Let for c|q

on - A=Y 1) Y aud
Vot )=t alqle

where 4 is the Mobius function. Then

r 2
(9.8) T (g) = 2M*/*(q| g) /¥ ? Aq,c?(q)%‘(c%))(l VE o()ax + O(EM)Y)
clq '

First of all, for any quantities z(m) we have

(9.9) Yy zm)= ) ) 2(m)
(m,q)=1 (my,q)=1 m=mg(mod q)
1 Sm0<q

- 3 A3 3 3w

(mg,9)=1 c¢|q(ac)=1m

and in the inner sum m’s run all integers without any conditions. For this inner sum we
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can use (9.1), (9.4) or (4.22). If T(m) = tj(m) or Tl/2+ir(m) we have

(9.10) ky(x,1/2+ir) = Y= {cos(x+r/4)-(1+0()1—c2-)) + 25 gin(x /4) + 0(11:3)}

and for an even integer £ we have the same main term

1/2
(9.11) J L—-l(x) = i"(%) / cos(x—i%) + ..
Now all integrals
r 2_2
(9.12) _ *([ ky(xy'm,1/ 2+ir)cos(xJ<_:Tg-+r/4)w[Eg:-—)§ﬁ] Vxdx

with m # c2g can be rejected; the same is true for the Mellin integral

. 2 ~
1£2ir X
(9.13) Jx cos(x+nr/4)w ——2——] dx
47g)°M
since |r| is small in the comparison with M .
So one term with m = czg rests; in this term Q(I:Jai) =1 and for the Ramanujan

sum we have the explicit form,

01) T D= F e-loa= Y aw@= Y elef),
(my,q)=1 (my,q)=1 al(q,qfc) alq/c

and the assertion (9.8) follows.
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9.3. The asymptotic representation for the sum 2 (0) .
Let us write the definition (8.68) in the form
(9.15) v,(6) = 8.9(e) - ¢{D(e)

where

o £2
©016) #4706 = 14 (O)|runls )= ey Kty € = amoa’y?
0

and ¢’(Jl)({) = n( f/QJ?)gi(O)( §) . Accordingly to this subdividing the coefficients h (1),

hv, l,'(1:) are the quantities

9.17) b (1) = {0 {Dr), b () =1n(0) —nll)
go that
(9.18) b{0¢r) = y;;’{ﬁl(Jzir(e)—:r_zi,:(e))us,(,“)(e)%i,

©19) 100 = by | Ol Oy (DD B

in the last equality
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o
b(») = [y D/ ay
0

This possibility to write b(z) outside of the sign of the integration over ¢ is the
: 9 92 .
consequence of the definition of 7 : we have q(MzL) =0 for yx1, vd2 << Q% and

£ >> Q4 v . The similar representations we have for the coefficients hl(,(') E and hl(jf g .
Now, for brevity, let us denote (for the given function h and for an integer

n,m 2 1) by Zdjs(n,m;h) 2°°"(n,m;h) and ZcusD(n,m;{ha}) three sum on the right

side (2.15). For example,

(9.20) 7980 m:n) = -21 ajt(n)t (m)h(x)
)z

and by the similar manner the quantities 7% and Z°U8P are defined.

With these notations we have the following asymptotic expansion.

Proposition 9.2. With the same remainder term as in (8.67) we have

(0) 3/4. 5/4 | t(v) t(vd?)
(9.21) Yy =2 aOM L%y A ) ) .
clq e n%Q 10g%Q m|(v,q) o vd?

. {Zdj“(fiuqc2d2;h,(,o))+Z°°“(f21:chzdz;h,(zo))““zcusp(ig’"q°2d2‘{h£?2})} ¥
0((&63& ¢ Q-2) ’

where
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(9.22) 3 = TJ(; VX wal’bl(xz)dx .

This assertion is the same that we can reject the sum
(9.23) 2%88(..;n (1)) + 200 (D)) 4 209P(_;1n (1))

because all the rest follows from (8.67) and (9.8); remember that

Hay = ) =D

m|(v,q) ™

and the same relations we have for t iL and 1 v
)

The possibility of this rejection follows from the following fact.
Proposition 9.3. Let Q > q4+6 for some positive 4 ; then the sum (9.23) is zero.

Let us read the identity (2.15) from the right to the left; then we see that the sum

(9.23) is the sum of the Kloosterman sums

1 2.9 ﬂ/qcld

c21

where ¢, |q, m|(r,q); the taste function V isequal to

9.25 Vx)=1J, .(x X)) .
(9-25) (x) k_l()ﬂ(w_;)
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In the sum (9.24) we have
vi? << Qlog?Q, ¢;$q, m21;
- for this reason

1 29l _gflogq .1

9.26
( ) Qﬁ mc m c

rvqcld
Since n(x) =0 for x {x, for some positive fixed x; we have V T] =0
2

for all ¢ 2 1 if the quantity 108 Q 5 gmalnl enough.
(1)
9.4. The sum 2 .
(1)

To finish the consideration of the sum 2 it rests to estimate the sum 2 It
1

will be proved here that this sum is small enough in the comparison with the main terms of

the sum 2‘1 .

Proposition 9.4.

(9.27) 2(1) << 1/ *m 40 1. .

As it was early we use the identity (4.22) for the inner sum over »’s in (8.17). This

allow us to replace our sum by the short sum of the integrals. The number of these
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integrals is ‘O(Ql'm) for every fixed a> 0.

Let us write

4z -1/2
0.28 X = (1 n 14
(9.28) () = (1+u)(yE+yF)( (7_%,)
and with this notation
2
(9.29) 0n,Niz,u) = (1-n(Epp)e () op G @ny /4

We subdivide the half-axis z 2 0 on to three interval (0,1-6), (1-6,1+6),
(14 6,+m) and define three function A;, A,, A,y

(030) A =10 (1-B)Yx)-v) & . 15 E) |
(931)  Ay=0- (1) - Yx(u~yFEXG ),

(9.32) Ay =1 __2£_1_ ?Z{ 2(%‘11)\/ (1-6)- <p5(z—1)}

Then asg the result of the first summation we have the following representation:
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(9.33) Y )V (n,p,N) =

v

€ ®
_ 4k 1 ’ _
= 47i ngl_}_at(u)-J; v (21log m){ ‘([W (2)dy_jdry(x(u)—vN)) A,dz +

+ J' W(z)(4ry 7 3, (42y Ax(u)—/N)) - (k;/N 3, (4nyHx(u)—yN))) Aydz +
0 Xlu

+

obV—8

W(2)Jy_, (474 T(x(u)—yN)) A3dz} +o(ML)Y) .

Now we have for 0z < \/1{}

(9.34) | _ gxz >> yN

and for ¢ X<z

(9.35) B S R I

It means we can repeate the considerations what were done in the proof of
Proposition 8.3 and integrate by parts any times.
If for some positive a we have in (9.33)

(9.36) 6 = Q(uM)~1/2

' then only the neighbourhood of the point z=0 gives a noticeable contribution to the
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asymptotic of the first integral (with A, ). Since
X| 0 = (VE+V)(141) = VT + VN + O(eyD) and

(9.38) &) = p(l4u)yN VIV

2=0 (VI )

one can easily check that our integral with Al is equal to

2
(9'39}81 1m 'Iiu'(g:ﬁ -W’(z)Allzzo(Jk_1(47rM+4m/Tf(ﬁ+m)+

1
+O((Vn) | \/WT))

At the same time the argument of the Bessel functions in the integrals with A, and

A3 i near to

(9.40)  dny Ay THYRN(1 - Zﬂ,/—@ 4 ..) —dxy DN = dxy Tii- 872y N + ...

where z isnearto 1 and v << Q1+a forany a> 0.

For this reason we can repeat the same congiderations what we have had in
Proposition 8.6; it gives the same integrals as in (8.57) (with c=1 in our case).

All these integrals are small enough and after the summatior over N’s we can reject
the members with A, and A3 without any loss for the remainder term.

Now the sum of quantities (9.39) over n’s may be reduced to one integral (we use
the summation formula (4.22) again); as an immediate consequence we come to the

estimate (9.27).
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§ 10. The integral with the sum 2 .
2

Our next problem is the consideration of the integral with the sum 2 which is
2

defined by the equality (6.12).
It seems the members of the series for this sum are very different nature than in the

considered sum 2 . But it will be seen later the integral with z may be expressed in
1 2

the same terms as in (9.21) with one natural distinction. Namely, in the integrals which
‘ 2
define the coefficients of this representation the cutting function (l—r;(—g)) will be
4

replaced by n( fg/ 52) . So the coefficients in the representation for the sum
2 + J 2 (8)dx(s) are defined by the full integrals
1 2

(101) Wl Ogir O3 DI 4 (O F5 2e-1) i ANGUNGE

But the first integral is 0 and the second one differs from 0 only for £ = k. Since
each term in the final representation contains tj (@) our main Theorem 1 will be an
immediate consequence of this result.

For the beginning we consider the function %6 in the integral (6.12).
10.1. The asymptotic formula for (;7 €

Proposition 10.1. Let x; =log  with a positive > 1 and s =1/2+it, t ER. Then

for the integral transform (6.13) we have
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(10.2) ¢ (%) = ¢, (1/2+it, log ©)
= (b(8)* 2 4 v(1-8)u!/ 2 BYa(et) + O( |8 | /2 X Zexp(—yeTET))

where ¢(+) is the Fourier cosine—transform of ¢, ,

1
(03) - 3(x) = [ cos(xmey(m)dn ,
1
and
(10.4) b(s) = L)L (s-1/2)

9y 7 D(k-1+s)

In the addition we have for x — * ®
4 1/2
(10.5) 18(x)| << |x| 3 exp(~|x}1/?) .

Firstly we can rewrite the definition (6.13) in the form

(10.8) 0 e(%g) = [ log vl (m)dn
-€

where for x; =log v the variable v is equal to e”w . Here it is convenient to use the
Goursat square transformation for the hypergeometric function in (3.9) (see [8], equality

(36) in the section 2.11):
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(10.7) | F(k—1+s,8;k;z) =

= (1442 B 1 e k1 /22k1; 2V 2y
(T+v7)

For the case £ = log v it gives

12k 1/2-8; %2 Jk—1/2

(10.8)  wlog v,s) = 2 F(k—1+8,k-1/2;2k-1;1- 1) .
v

Finally, the Kummer relations between the hypergeometric functions of argument z

and 1-z ([8], subsection 2.10) give the representation
(10.9) #log v,5) = (b(s)v* L/ 2F (k—s,k—1/2;3/2-8: 1) +
v

+ b(1-a)v /2R (k148 k-1/21 /248, 1)) (1- L)k 12
v '

with b(s) from (10.4). Hence, replacing the hypergeometric functions by their power series

expansions and substituting the power series developments of (1— lz)k_l/ 2

v

, we find

(10.10) #(log v.8) = b(s) ¥ B (W /2P 4 {the same with 5 — 1-5 }
m=0

where the coefficients 3 |(5) are bounded by the quantities (m+1)B with a fixed B
uniformly over s on theline Res =1/2.
The term with m=0 gives the term of (10.2) since 3, =1. All other terms give

the remainder term of (10.2); it remains to estimate the integrals
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€

(10.11) b = J’ e(it—2m)n¢f(n)dﬂ

=C exp(e(it~2m)ﬂ—i-1-;’-2)dﬂ .

i
e e L

|Se2me

For any real t wehave |¢ ,80for |et| <1 we have

(10.12) Y 18, @y | << P .
m2>1 ’

If |t| islarge in that measure that e|t| is large also then we can use the same trivial
estimate for m 2 m, = Ay €[t]/log v with a sufficiently large constant A . Soit
remains to estimate the integrals ¢ _ for the case et — +o, m < m; . Now we shall

write the iﬁtegra.l ¥ in the form

. 1 . 1
1etn— 1€t n— wrr—
(1013) gy =[e g (man+ [e g, (nan
- £+

where £, are paths from +1 to +iw shown in the picture and

(10.14) .(n) = c exp(~2emn — y{1£n) ) .
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+4
The paths of the integration.

The main contribution to J comes from the neighbourhood of the saddle points
(%

£ 17/4

)

1
ne=t(l-zve
where the derivative of the expression
ietn — %-(1 ¥ 17)—1

vanishes.

Now by applying the standard formulae of the saddle—point method we see that the
sum of the integrals in (10.14) does not exceed the quantity
O((et)—3/ 4exp(—\/_et + 27m)) . Hence for et large

(10.15) | Y B 6 PR | << (et) " exp(—yen) i 2
m>1 ’
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and the proposition is proved since |b(1/2 #it)| << {1/

10.2. The coefficients in (4.35); r and € are large.

As it follows from the inequality

|0xg)| << I8}/ * ¥exp(—yeTaT), Res=1/2,

the esaentia.i part for all integrals with this function in (5.24) is defined by the interval
-1, 21
Is| << e "log” ¢.
There is a similar sharp bound for the sums over K‘j and £ in the representation
(4.35). Firstly the multiple integration by parts will be done and on this way we come to

the following estimates for s = 1/2+it with a positive large t .

Proposition 10.2. For any fixed positive integer m 2 1 we have

2
1 réptlym
(10.16) Ihp(e8)] = [By(rs)] << 275 [%—] ,

2
: ~  réptlym
(10.17) Ihg o(8)] = Ihy ¢(6)] << t'™ [%4—] ,

where &5 =T 12 =172,

It follows from these inequalities it is sufficient to take in our sums only the terms

with

X, << Q1/4+a, 2 << Q1/4+¢:r
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for any fixed a > 0 since we can assume {g << Q 1og2Q .
To give (10.16) and (10.17) we use the following simple fact which may be checked by

the direct differentiation.
Lemma 1Q.i. Let Y,, Y, areany solutions of the differential equations
2
" "N .
(10.18) Y{=PY,, Yo=P,Y,, P,,P, €C";
then the product Y = Y,Y, isa solution of the equation

(10.19) (P,—P,)Y = =Y() 4 (P +P,)Y)" + (P +P,)Y .

To apply this assertion to our case we use the representation (4.30) in the following

. form (the change of the variable y —— cth? £/2 is dome so that

#llog L ) = y(¢.4) -
(og LXE0) = (68)

y’—-

@®
(10.20)  hy(rs) = f HE8)(v(Emr) + V(1) n((L thP¢/2)™) _’Lshdg -
0

where
(10.21) v(€8,r) =

= it)(th &/ 2 AT e /2) 2R si Lo E bsirs142irh? §)
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(10.22) 7(t,r) = T, k+1(2 )1..23 . F(%_—l +8+ir )

sh(rr)T(1+2i )T (23~ —s-ir)

The function v is the solution of the differential equation

d%y 2, r? 1, (e 1)
10.23 ¢ =0
(1025) d¢? T sh®¢/2 T shzf 4 ch 5/2)

and the similar equation we have for #{£,8) .
Applying (10.19) we have the differential equation for the product #-v with the
difference of the potentials

2
P, = (sh £/2) 22 + (L))
Now let D be the differential operator which acts as
(10.24) Df = (2 sh ¢/2)*)) + (P +P,)((2sh ¢/2)%)" +

+ (((28h &/)4P+PD"

Here
: =424 (k- ) 1 —(-T)—k‘
10.25 P, =
(10.25) 1 431125/2 " ash%¢ dch’g)2
2 1'2 1 (k_ )2

P, =—t .
2 " sh2¢/2 4sh’f  4ch’)2
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As a consequence (10.19) we have for any m 2 1

(1026) by(sr) = (P +(D)P) 2 | Hea)(v(Emn) + v(Es)D™E de
0

with

(10.27) f=(sh ¢/2) 2n((L th2¢/2))

-1/2

After the change of the variable ¢ =— L "/ “x in (10.26) we have x << 1 and

with
p(x,L) = (24T sh 17]:)4 =t grd+
2

our differential operator D has the form

(10.28)D= -[gj_(] L) [2{— o ] [ ] p(x,L)— —2—(p x,L) [—L— + %— +. ] )

Now one can easily see that the result of the differentiation in (10.26) may be

estimated as

2
(10.29) D™f << Lx 2(f-+ )™
It rests to use the simple estimates

(10.30) | 9(£5)| << min(y /27
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(1031) Iv(£5,0) | << min(y 542

for t large; then it follows from (10.26)

(1032)  |by(sr)] << tl_kr—4m(£i+r2)m << t1 %40 (Q 10g2Q 412
The same considerations give the second inequality (10.17).

10.3. The coefficients in (4.35); r and & are small.

The equation (10.23) is near to

2
(10.33) Y+ (42 + %)Y =0,

so any solution of this equation must be near to a combination of the function ¢ Jo: (£€)

and YT J_y (t€).
Let

-1
(10.34) Y = 272 - (sh(mr)) (I (46)T_ps (86))
and the coefficients An, Bn are defined by the recurrent relations
' 1o, 1
(10.35) Ag=1 A =—5Br +5fB , A (0)=0forn21,

with
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2
=g = (oh €/ )+;(7 1{)—4&522

| and for n 2 0

/

(10.36) B =z (A" ~fA )+ ii—zf"‘—l [gﬂ] , B_(0)=0 .

Proposition 10.3. For every integer m 2 1 there is the solution v, of the differential

equation (10.23) such that for all £ 2 0

m

(1037)vy=Y ¥ t72°A_+Y’ Et MB 4+ O(t™™mi ng_) (r2+1)™)

n=0 n=1

It is the well known fact for the equations of this type.

Proposition 10.4. For t large and * <<t wehave

(10.38) v(&iar) + v(&isr) = (tr)vg(itr)
where
(10.39) poltr) = m P (1 4 oL +1)) #t) =2t log &~ —2t .

It follows from the comparison both solutions at £ = 0 and the Stirling expansion
for the gamma—function.

By the same way we obtain
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Proposition 10.5. Let y,(§) be the solution of the differential equation

(10.40) d25’a + (2 (t 1)2 1 4 (k= 1)2) —0
deZ T 4gh? 5/2 4sh%¢ 4ch2¢’/2 e

which has the asymptotic expansion

B
(10.41) yp = VEZI,_,(t€) ) —2—+(*/—f7”f; 1) ) 3w
n>0 n21 t

where X_, B are defined by (10.35) and (10.36) with r = {71}
Then for all £ 2 0 we have

19s PESE —148)r(A5E +9)

(1042) . 7sin(xs)(27) T vy (cth?6/2,5) =

= 5O+ 0 yy(e), WO =2 log ot

As the special case of the same expansions we have (for € =k )

(10.43) #(£.8) = T(k)t _k{m']k-l(tf) ) T"'
n)O

R

+WERL,00) Y 5}
>

n’l

“:rl
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10.4. The shortened functional equations.

The Rankin series (more precisely, the products ((2B)R (s) and ((28)R. E(S)) have
been integrated over 8 at the concluding step. For this purpose it is necessary to represent
our Rankin series by finite part of the corresponding Dirichlet series.

We introduce the new "cutting" function a ; this function from C®(0,@) is 0 on

the halfline x > b for some b > 1 and a(x) =1 for small x. It is convenient to assume
a(x) + a(%)sl, x>0 .

For the definiteness we assume a(x) =0 for x € 3/4 (and hence a(x)=0 for

x > 4/3 ) and we suppose a be monotonic. The circumstance of no small importance is

6 6
the fact that for our aims it is sufficient to consider only the case K <<L ! , L<<L 1

for some fixed (and small) 61 and t >> /L. There are infinitely many forms of the
shortened functional equation for the Hecke series (many years ago the similar thought was
expressed by Gelfond for the case of the Riemann zeta—function). It seems, the more
suitable are those where the "cutting" function will be an infinitely smooth function with a
bounded support. To give an acceptable form we shall introduce some additional notations.
Let B bethe n—th Bernoulli polynomial (B, =1, B (x) = x-1/2,
B,(x) = x*—x+1 /6 ,..) and 7 be a positive number with 4 < 1. We define the
polynomial bn(u,7) in u (and v will be a parameter) by the recurrent relation

(10.45) b . (7)) = 2 (1- n m+2(u,7)bm(u,7) , bg=1,

where for n > 2
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(10.46) B (u,7) = 3722

(=049 2B +u)- B (5u)

Finally, let for z > 0

(047) | 2,(z7) = b (~2 5-7)a(z) .

Lemma 10.2. Let pj(n) be the n—th coefficient of the Dirichlet series for ((2s)Rj(s) ,

(10.48) pin) = d2§|:n t(%g)ﬂj(gz) :

Let x,y be the positive numbers with the conditions x,y >> 1 and

(t2—52.)2

(10.49) xy = -(—2;-)12- :

Then for t large and K = a(t) we have for any fixed m > 2

(10.50) ((26)R{(s) = ) 0 i(n)a() -
n>1

- S g, e + oA )
n>1

where 8 =1/2+it,for 0<r<t



-117 -

2 2
— t
(10.51) x(t,r) = 2t log 1;4—15— + 2r log & —4t ,
and with @, from (10.47) for x>0, 0< 7<1
m
(10.52) B xat)= Y tayx) .
£=0

Let s bein the half—plane Res > 1. Then for any x > 0 we have (since
1
| a(x) + a(3)=1)

(053) (@R = Y tume@®+ Y 2 u)ald)
n>1 n21

The first sum contains << x terms. The second sum may be written in the form

(10.54) E%J ((23—2u)Rj(s—u);(u)x—udu , 6 >0
(6)

where a(u) is the Mellin transform of a |
. @®

- (10.85) a(u) = J a(x)xu_ldx ,
0

and & is taken so small that Res— 6> 1.
It is clear from the definition of a that ;(u) is the regular function in the

half~plane Re u > 0 . Further,
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o) = -1 J’ o’ (x)x"dx |,
0

50 u;z(u) is the entire function. If u — o with a fixed value of the real part of u, then

for any fixed B > 1 we have
(10.56) |a(u)] << |u|™, Reu=const, u— o .

So we can integrate in (10.54) on any line Re u = ¢ and this integral represents the
- second sum on the right side (10.53) for any s .
In the case Res = 1/2 we integrate on the line Reu = 1/2+ 46 with some (small)

6 > 0 . Using the functional equation (4.10) we come to the representation for this integral

(10.57) (2—"%:_—2 r&(j}lﬁ{.ﬁ%q (2-25+2)R (1+u—s) [(2—;)1] % a(u)du
( )

1/24 6
where z = b2'—1—s+u+ifcj , z’ = £'5—1--s+u—i/:cj . Now for 8 =1/2 + it with a positive t
we have on the line Reu=1/2+6,6>0,
Re(14u—s) > 1 .

~ For this reason we can replace the function ((2-2s+2u)R j(l—s+u) by the absolutely
convergent Dirichlet series, after this it will be sufficient to calculate the arising integrals.

The following form of the Stirling expansion will be convenient here:

(10.58) log I'(z+v) = (z+v-1/2)log z — z + %log(mr) +



-119 —

B -1 n+1B
+ —I—g-zfv) - )n (n+lf§1(V) ™+ 0(| YY)

. where B o 8 the n—th Bernoulli polynomial. Uisng this asymptotic series with

z=#i(t+1) and v= %i u we obtain the equality

I(§ —i(t+1)+u)T(% —i(t-1)+u)
(10159) k . k . =
I(z +i(t+1)—u)l (7 +i(t—)—u)

- t,1)—i(k—1) 7+ t +
exp(—ix(t,r)-i(k-1)7 11§111(n+1) ((1+7)n (1+7

)nxi“Bm(%ﬂ)

By (W) - (T

Because k is an even integer we have exp(—i(k—1)7) = —1 here; so it rests to write

exp( ) t7b,1(n,7))
n21

with a given polynomial bn in the asymptotic form

Y B ()
n20

where gn are some polynomials in u . It is easy to do this by the comparison of the

logarithmic derivatives for both sides. Finally, for any polynomial P(u) we have for x > 0

(10.60) | 2%‘1"[ P(u) ;(u)x_udu = P(—x 'gi) a(x)
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and the union of these formulae gives the assertion (10.50).
We shall use the shortened functional equation (10.50) later in the situation when «. is

very small in the comparison with t . In this case

2 I +1
(10.61) x(t,r) =4t log 5y~ 4 + + O( —)

2
and, taking in (10.50) m=1, x=y = -t—z- , we obtain the representation
ir

(10.62) ((1+2it)R(1/2+it) =

4 :(n) 2 2
= 2ie 22 Dl [4 7r2n] sin [2t log —2t+ ]

S 3 (] o]
r

where 1 is written on the right side instead of ”j and
~ _ 2 1 ’ 2
(10.63) a(x) = ((k-1)" —x)a(x) + 4xa’(x) + 4x"a"(x) .
Of course, the shortened functional equation of the same kind holds for the Rankin

series R, a(s) By the same way as in the preceding case one can write the following

representation.
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Lemma 10.3. Let the real positive t be large, the even integer £ be small in the sense
that 0% = 0(t) and k be a fixed even integer. Then for § = 1/2+it

(10.64) (28R, 4(5) = 2 exp(~ig1) + i(£-1)2) .
B g(m) 4,2 "
nstz;h-z J’f'_n a [4:2 ]sln [2t log 2;:/71‘ -9 — (%%)_] 3

-eatany) § b f_in)-n“z[‘*—’t’:ﬂ] +o[541] |

1
ng
4r?
where @ is the same what was occured in (10.63) and in the accordance with (4.2)

(10.65) i g(m) = d%. ot ) -

10.5. The first summation.

Here we consider the sum

24 -
(10.66) 2(N,0) = J e} 6 [ LY (5.2 10g(yT+YN)), 0= uy,

v
§ = 1/2+it .

As it was earlier we replace this sum (using the identity (4.22)) by the short sum of

the integrals
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@ . ' 2
(oeTpr® Y t(u)ij_l(4nm¢e(s,2 log(x+y M) ()5 ax
XQ log’Q 0

The integrals in this sum may be calculated with ease by the standard method of the
stationary phase (see [13]) and after this we obtain the same sums over m’s what were
copsidered in § 9. The certain time is needed to remain the more terms in the asymptotic
expangions than it is required for the final result. But after the integration over t all
terms in these expansions, excepting the main ones, may be rejected without any loss for

'~ the remainder term. The main terms for cp ¢ are equal to
_ X
(10.68) 17_(1’_3.1 t1/27%5( et)cos(2t log(x+yN) + T)
x

(we use the Stirling expansion) and the integrals in (10.67) may be written as

(10.69) iKI(k) ,1/ 2_k§(et)Re{ JJk_l(mmeﬁt log(x+yN)+im/d (4 1y .
VT 0

. w((%:@ﬁ) LM dx}

where here and later & denotes an asymptotic series in t—1 -(not necessary the same for
other ca.ses) with the main term 1. The main property what is sufficient for our purposes is
the possibility to integrate by parts any times (really four times is sufficient); it is ensured

by the inequalities
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(10.70) s <<t R (R ccx®
which hold for every fixed integer R 2 1.
Now the asymptotic calculation of the integrals in (10.69) which is reduced to the

substitution of the special values of the variables in the standard formulae gives the

following representation for the sum (10.67).
Proposition 10.6.

(10.71) 2(N,t)=i*yZ I—E-?—-Q(et)-Re{ Y t(v)- [ﬁ}] -exp(ig(t)+47iy TN- 1)

v

where

(10.72) B () =2tlog———2t, x = bﬁ@
27y v

and & is the asymptotic series in ! with the main term 1; we have for any fixed

"R21
(10.73) GoRs <<t™® (G)R s (tx) <<x R
10.6. The second summation.

Now we have the sum over N’s which is almost identical with the sums what we
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considered in 9.2. The members with cos(4xy/ N + x/4) are the same nature and the

sums with sine are smaller any power of ML . So all details may be omitted and we have

Proposition 10.7. Let t(m) = tj(m), T1/2 +ir(m) or tj,ﬂ(m) ; then

(10.74) ) T(ma)z(ma,t)w, (Frd) =
(m,q)=1

N7

- _E(_li’ikr k) g(etym®/? §
c

Y ()t 2 v) t itﬁw
- |qu’ct(q)§ (v)¥(c’q [2“/?] Im(e “¥(t,v) 8(t,v))

where Aq . are the same as in (9.7),

(10.75) Ut,) = L1/4w2(—t2-—)J v (X)X dx

1

and & is the asymptotic series in t~ = with the main term 1.

10.7. The integration over t .

This integration is an easy and pleasurable work. First of all the remainder term from
the shortened functional equations gives O((ML)3/ 41/'Q') which i8 more smaller than our
main term. "

Further, the oscillating multiplier exp(—#(t)), #(t) = 2t log g—; — 2t ,in (10.62) and
(10.64) is compensated by the multiplier exp(+i¢$(t)) which results in the coefficients
by (r,8), hL,P,(S) from the asymptotic formulae of the functions v(¢;s,r) and v (&:8) -

So we have the integrals '
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. 2
. 3/2 [ ¢
(10.76) jaln(¢n(t))g;§(¢y(t))t / w[m] £(t)dt
where ¢y(t) = 2t log LI, , & is a smooth function with the small derivatives,
: 27y v

S(m) <<t ™ Here L is large and for any a > 0 we have v << LY . So it is obvious
that after integration over t only the terms with n = v will be survived; all terms with
n # v give the small contribution to the remainder term and may be rejected.

Furthermore, since v is very small in the coparison with t, t x /2L, the cutting
2
function a(3%5%) in (10.62) and (10.64) is equal to 1 in the remained integrals.
t

The explicit form for these integrals comes by the union of (10.74), (10.62) and
(10.64), the definitions hy(s,r), hy ,(s) and the corresponding asymptotic formulae
(10.38), (10.42) and (10.43); finally, it follows from (5.7) for t large

2k-1

(10.77) | dx(1/2+it) = ;_I‘% (1+0(%2))dt

Firstly we consider the sum over discrete spectrum. To facilitate the control for the
coefficients we write the integrand in the form { }(n ) { }( ... where (nl), (n2),...
1 ny)
is the number of the corresonding formula. Now we have under the sign of the summations

over c|q, ¥ and K (for the brevity we write r instead of K ):
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X
(10.78) %J' {2i L 2,,j(u)}(10_62)-{2‘_t}‘1(-“l s(e)M*/ A ()t (cPay)- F

2k-1
2:«/7] w2[4 L] 1/4 (10 74) {_22_)}(10 )

x .
{TUI Tl }(10.20),(10.43){WJ2“(fH""i‘(f))}(10.20),(10,38),(10-34)

o\-ﬂe

2
. {2’7[:,—;2] %ﬁ}(lo_go)dt

Here the coefficient (1/2) before the integral is the mean value of sin2¢ Jt) andin

the integral (10.20) the change of the variable ¢+~ t_1§ is done and the function

) 2
n((L thzf /2t)_1) is replaced by n[4—t2-] ; further, the variable x comes from (10.38)
L

and we have xx 1, t Ly M << (M/L)2 << Q2 (see (8.14)).
Now after the change of the variable t = 2x¢/2L + y we obtain in (10.78)

(10.19)271* [u(sP)y - 8(2my /) {m—,j (s )i (D)3, e)n(—,)zi}

a5, L YO j(c2QV)#j(V)
Vv

where 60 = 472uy2

Fmally,
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(10.80) #v) = dz%u t(gg)tj(gg)

and after the replacement v by vd? we obtain the same expression as in (9.21) with the

coefficients in the spectral representation

) 2

¥ £
(10.81) i) | Ol o (O
0

2
§
In (9.21) we have the similar integral with (1—17(—8)) ; 80 the sum of two
¢ :

(0)
representations (for the sum E and for the integral with 2 o(8) ) is reduced to the sum

zdis + 70" 4 Z°USP ghere the coefficients are defined by the integral transformations

2.18) and (2.19) for the function ¢(x) =J, ,(x) with even k > 12 . The integral (2.18
k-1
equals to zero in this case and the integrals (2.19) are zeroes for all £ #k;if £ =k we

have

.k

It gives the following asymptotic formula for the average (6.4) of the left side (5.24).

Proposition 10.8. Let € — 0, M and L are taken in the form (6.6) and

Q= (ezL)_1 >> q4+6 for some positive & . Then we have
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(10.83) i §)=1ual,bl(ﬁﬂ)§ waz,bz(lf)t(u){the left side of (5.24) with N = mq,

T=1 and p= g, (x-2log(yT+yTQ)} =
3/4 34
=0 MM+ 8+ oMo
with

v
k
a 2
_ 3 . .3/4.5/4 b(ud
(1084) 8 = oy M348/ 2 a3 A LI )

k q,c
j=1 c|q u,d‘,/‘udE
()t (@)t ()1 v d?)
FRAR AN AtR S

here the quantities b(z), ag A
(9.7) and (7.11) accordingly.

and C,  are defined by the equalities (9.19), (9.22),

qlc ,q

10.8. The right side of (5.24).

The right side of (5.24) and B in (10.83) are the linear combination of the quantities
tj,k(Q) . So the case t j,k(Q) =0 forall j, 1< j< v ,isimpossible and our Theorem 1
follows from the asymptotic representation (10.83).

Now we consider the same average of the right side (5.24); it will be expressed in the
same explicit form. Really all is ready for the calulation of this average. For the sums over
v's and over m’s, (m,q) =1, we have the representation (10.74) (with
T(m) = tj,k(m)) , the Rankin series is given by (10.64) with £ =k and instead of hL,k(s)
we have the multiplier
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(10.85) ﬂf,%ﬁf_g}__zs=@3i__]‘ei¢(‘)(1+0(%)), Wt) = 2t log =~ 2t

The simple calculation of the coefficients gives 48 for this integral over t . So it
rests to estimate the double average for the first term from the right side (5.24). Using the
representations (10.71) for the sum over »’s and estimating by modulus the result of the

summation over m’s we obtain

Proposition 10.9.

2
(10.86) Y 0y (BYt(mq) T wp((L M ()

(m,q)=1

O RN
Re{(Jz) g iy P00

= oM/ 2(q)P/t) Lig}L
q

Here
M2(q)/4 = (ML€)3/4 Q34 L A

and this term is smaller than the remainder term in (10.83).

We conclude this subsection by the last

Proposition 10.10. Let B be defined by (10.84); then
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3/4
(10.87) p=3c, (MU (110@Q™) .
q €
§ 11. The cases k = 12,16,18,20,22 and 26 ; the estimate from below.

For all enumerated cases we have yvy=1in (10.84) so we can omit the indexes j, k
in the notations for the eigenvalues of the Hecke operators. Of course now we can forget a
lot of the pé.rameters and remain the large parameter Q and two arbitrary function ¢
and w.

The first function is an even from C®(—w,+®) for which the support is the
symmetrical interval (—a,a) for some a > 0. Our identity (10.87) is proved only for the
realization (6.3); nevertheless it is obviously enough that we can take other models of the
similar function.

Let ¢ be such a function; we define

Sy #(x) = [ ply)ecos(xy)dy

and note that

(11.2) o0) = %;J H(x)dx .

The second function w has the support which is strongly separated from zero; of
course we assume w € C®(0,m) ; we note again that (10.87) is proved for the specialization

of the kind (4.31) but we can take any function with the similar properties.
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It i8 known for any f € 4 k the explicit form for the residue of the corresponding
Rankin series:

=L

(11.3) (—l;-fr% |a(1)|2Res[ 21 t—ffsﬂl]s

n=

Finally, assume q be a prime. This ¢ was almost fixed in our considerations;
nevertheless if our estimates will be examined then one can see that is is allowable to take
the growing q under the condition q << Qll dte for an arbitarary small fixed € > 0.

Now we can reformulate the assertion (10.87) in the following form.

Lemma 11.1. Let ¢ € C®(—m,m) be an even function with a bounded support (~a,a) and

¢ is the Fourier cosine—transformation of ¢ . Let for X > 0 and for q prime

2 2
(118) g (x#) = t(q) § LD (002 L i(ugaDacer /45
v,d vd

where t(n), n=1,2,..., are the eigenvalues of the Hecke operators in 4 k and is
assumed dim 4, =1 (ie. k= 12,16,18,20,22 or 26). Now let w € C®(0,n) hasa
bounded support which is strongly separated from zero. Then for Q — 4o and for

1/4+€

q<<Q with a sufficiently small fixed € > 0 we have

(11.5) I W(y){ ‘/—% ¥ q(gg;i)}dy = % 7kI w(y)dy _I Q’(X)dx +0(Q7Y/?

where for k with the condition dim J(k =1



-132 -

2k—3 o
(11.6) 7k=%{-gﬁmuf”2, = ¥ oD/ 2me(nz) .

=1

The equality (11.5) is a reformulation of (10.87) for the case dim 4, =1 (we

replaced “’az,bz(yz) by «(y) ); it means that in the average

wn 2 Y~ [ #6ax

if X islarge enough.
As a consequence (11.5) we obtain the estimate from below for the eigenvalues of the

Hecke operators.

Theorem 11.1. Let q be a prime, q — o ; let q(k'"l)/ 2t(q) be the q—th Fourier
coefficient for the cusp form in & i and dim 4, =1. Then for any positive € >0 we

have
(11.8) | It(q)] >>q ¢

Of course it is the immediate consequence of the asymptotic formula (11.7). Since for
every 6 > 0 wehave |t(v)| << 0 (the Deligne estimate in the rough form) we can
estimate the quantity JLX ¥ (X:#) by O(]t(a)| 05%%%) . At the same time this

4+6

quantity is >> % . Since we can take X =q . for some small 61 > 0 the inequélity

(11.8) follows.
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