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Announcement of an International Conference on

Arakelov Theory

Differential Geometric Methods in Arithmetic

Bonn, June 1-7, 1994

At the center of the Special Activity on Arakelov Theory held at the Max-Planck-Institut jfiar
Mathematik in Bonn from May to July 1994 we will organize an International Conference on Arakelov
Theory from June 1 through 7, 1994. It will take the place and time of the traditional Bonn
Mathematische Arbeitsiagung, whu,h will not be held in 1994,

In the last 10 years, Arakelov theory has developed rapidly and branched out in several directions.
The foundations of a general theory have been laid, including the so-called Arithmetic Riemann-Roch
Theorem, and significant arithmetic applications of the methods have been found. For example, it is
fair to say that the ideas and concepts of Arakelov theory led to ail three proofs of the Mordell
conjecture (by Faltings, Vojta, Bombieri)., Yet, the theory is far from complete, and direct
applications are only beginning to emerge. The aim of the conference (as well as of the whole MPI
activity) is to bring together the experts in this field, as well as interested non-experts, to allow direct
exchange of information, and to present a coherent picture of the current state of the theory.

The Bonn conference is also the last part of a series of activities related to Arakelov Theory, organized
under the auspices of the Programme for International Cooperation in Mathematics and its
Applications (PICMA). The central goal of PICMA is to promote mathematical research in developing
countries. The first major meeting of this series took place at ICTP (Trieste, Italy), August 31 -
September 11, 1992, and the second one was held at Ain Shams University (Cairo, Egypt), Septémber
4-15, 1993. There have been additional local workshops preparing for parts of the project - in China,
Iran and Turkey. At Bonn, there will be opportunities for reports on the work in these countries.
Participants of previous PICMA activities are encouraged to try and attend the Bonn conference,
although funds for financial support are untortunately rather limited.

Since the goal of the conference is to get a coherent picture of Arakelov theory, and in view of the
fact that the audience will not just consist of the inner circle of experts, some of the talks will be of
a more synthetic and general nature. The list of speakers will probably include: J. M. Bismut, S.
Bloch, J. 1. Burgos, R. Elkik, G. Faltings, H. Gillet, V. Maillot, L. Moret-Bailly, A. Parshin, C.
Soulé, L. Szpiro, Q. Tian, 1. H. Tsai, E. Ulimo, P. Vojta, G. Wiistholz, S. Zhang.

If you wish to attend the conference, please copy the attached form and return your copy with the
necessary data (as soon as possible, since hotel space is rather short!). There is also a possibility of

requesting financial support. but our resources are fairly restricted. Applications will be treated on
the basis of need and availability of funds.

Uwe Jannsen Norbert Schappacher
Mathematisches Institut U.F.R de mathématique er d’informatique
der Universitiit zu Kdln Université Louis Pasteur
Weyertal 86-90, D-50931 Kdin ’ 7, rue René Descartes, F-67084 Strasbourg
GERMANY FRANCE

Jannsen@mi.Uni-Koeln.de schappa@math.u-strasbg.fr






International Conference on
Arakelov Theory — Differential Geometric Methods in Arithmetic
Bonn, June 1-7, 1994

Scientific Programme

All lectures of the conference (except on June 3) take place at GroBer Horsaal, Mathema-
tisches Institut der Universitat, Wegeler Str. 10, Bonn.

The talks by Bismut, Kohler and Soulé are designed to give an overview of the subject
(esp. higher dimensional Arakelov theory), and are of a more expository nature.

Tea and coffee will be served between lectures, at 11:15 and 17:00, except on June 1.

Wednesday, 1 June 1994

16:15 Opening
16:30-17:30 C. Soule Arithmetic intersection theory
17:45-18:45 K. Koéhler Analytic torsion and Quillen metric

Thursday, 2 June 1994

10:15-11:15 E. Ullmo Integral points on arithmetic surfaces
11:45-12.45 J. Jorgenson An analytic discriminant for polarized,
algebraic K 3-surfaces
16:00-17:00 C. Soulé Chern classes and heights
17:30-18:30 S. Zhang The height and reduction of a semistable variety

Friday, 3 June 1994 — Excursion day: lectures take place at Mathematisches Institut der
Universitit Koln, Weyertal 86-90, Kéln.

16:00-17:00 L. Szpiro Algebraic geometry over Q
17:30-18:30 G. Wiistholz On Faltings’s product theorem
Saturday, 4 June 1994
10:15-11:15 K. Kohler Analytic torsion on Hermitian symmetric spaces
11:45-12.45 V. Maillot An arithmetic Schubert calculus
16:00-17:00 J.I. Burgos Arithmetic Chow rings and
Deligne-Beilinson cohomology
17:30-18:30 P. Vojta Integral points on open subvarieties of

semiabelian varieties

Please turn over.......



Sunday, 5 June 1994

10:15-11:15 J.M. Bismut Complex immersions and Quillen metrics
11:45-12:45 W. Gubler Heights of subvarieties
15:30-17:00 G. Frey / E. Kani Curves of genus 2 and

the height conjecture for elliptic curves
17:30-18:30 R. Rumely Existence of asymptotics for volumes

Monday, 6 June 1994

of adelic metrized line bundles

10:15-11:15 C. Soulé Arithmetic Riemann-Roch

11:45-12:45 I.H. Tsai Connections on determinant line bundles
16:00-17:00 L. Moret-Bailly Integral points on algebraic stacks
17:30-18:30 A. Smirnov Some absolute constructions

Tuesday, 7 June 1994

10:15-11:15 A. Abbes The “arithmetic” Hilbert-Samuel theorem
11:45-12:45 K. Kiinnemann On the arithmetic analogues of the
. standard conjectures
16:00-17:00 J.B. Bost Stability and heights of arithmetic varieties
17:30-18:30 A. Reznikov The Bloch Conjecture
SOCIAL EVENTS
Concert

Thursday, 2 June 1994, at the Festsaal der Universitat, Am Hof 1, Bonn.

20:00-21:45

Piano recital, Giilsin Onay
(Chopin, Medtner, Mussorgski)

Excursion day: Friday, 3 June 1994 (see separate information sheet)

09:48 departure from Bonn Main Station to Brihl: tour of Schlofl Augustusburg. Con-
tinuing to Kéln (Cologne): possibility of visiting the cathedral, as well as a church from
the Romanesque period. After the lectures, back to Koln Altstadt. Returning to Bonn by
train later at night.

Reception
Sunday, 5 June'1994, at the Festsaal der Universitat, Am Hof 1, Bonn.

19:30-22:00 Rector’s reception — cocktails and buffet

Uwe Jannsen Norbert Schappacher
Max-Planck-Institut fiir Mathematik
Gottfried-Claren-Str. 26, 53225 Bonn, Germany
Tel. (49) 228 40 21 Fax (49) 228 40 22 77

jannsen®mpim-bonn.mpg.de norbert@mpim-bonn.mpg.de
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Piano Recital

GULSIN ONAY

Festsaal der Universitit, Am Hof 1, Bonn, 2 June 1994, 20:00 h

Frédéric Chopin
(1810-1849)

Nikolai Medtner
(1880-1951)

Modest Mussorgski
(1839-1881)

Variations brillantes sur le Rondeau favori ‘Je vends des scapulaires’
de ‘Ludovic’ de Hérold et Halévy, B-flat major op. 12 (1833)

Ballade A-flat major op. 47, no. & (1841)
Nocturne f-sharp minor, op. 48, no. 2 (1841)
Scherzo b minor op. 20 (1832)

Tema con variazioni c-sharp minor op. 55, no. 1 (1933)

* k ¥

Pictures at an exhibition (1874)
Promenade — Gnomus — The old castle — Tuileries (children in
play quarreling) — Bydlo — Ballet of the chicken in their eggs —
Samuel Goldenberg and Schmuyle — Promenade — The market of
Limoges — Con mortuis in lingua morta — Catacombs (Sepulcrum

Romanum) — The hut of Baba-Yaga — The grand gate of Kiev

Istanbul-born Gilsin Onay was first taught by her pianist mother. Her exceptional musical talent was
soon recognised and she gave her first public concert at the age of six on Turkish radio. A scholarship
from the Turkish government enabled her to study at the Paris Conservaioire where her teachers included
Nadia Boulanger, Monique Haas and Pierre Sancan and where at just 16 she was awarded the coveted
fer Priz du Piano. Later she studied with Bermhard Ebert in Hannover. Gilsin Oneay is a prizewinner
of several international comnpetitions, including the Marguerite Long — Jacques Thibaud competition in

Paris and the Ferrucio Busoni competition in Italy.

A truly international artist, Gilsin Onay has performed in 30 countries on five continents to date. She
has appeared with world class orchestras such as the the Warsaw Philharmonic, Staatskapelle Dreaden,
Dresden Philharmony, Radio Symphony Orchestira Berlin, the Salzburg Mozarteum Orchestra, the Tokyo
Symphony, the Japan Philharmonic Orchestra, the Bavarian, Danish, Austrian and Finnish Radio Sym-
phony Orchestras; Academy of London, Basel Sinfonietta, and the Sinfonia Varsovia.

Gtlsin Onay is a popular guest at prestigious international Festivals, such as the Warsaw Autumn, Styrian
Autumn, Berlin Festival, Mozartfest Wirzburg, Schleswig-Holstein Festival, Istanbul Festival,

She has recorded a wide range of solo repertoire including Schubert, Chopin, Debussy, Ravel, Franck,
Bartck, as well as piano concertos by Tchaikovsky, Hubert Stuppner and A. Adnan Saygun.

Gilsin Onay’s repertoire encompaases most of the European classical and romantic composers, but she is
also & highly regarded interpreter of 20th century music, including that of the Turkish composer Ahmed
Adnan Saygun whose work she regularly performs and has recorded.



NOTES

Mussorgski’s Pictures at an exhibition are so well-known, and immediately expressive, that
they do not seem to need any commentary. In the first part of the programme, however,
three very well-known works of Chopin are surrounded by two variation works which are
almost never played in concert. At the moment, there is not even a recording of the
Medtner variations available on the market. (Gulsin Onay recently finished recording a
CD with six variation works by different composers which will also include both variations
performed in the recital.)

Chopin’s Ludovic variations were perfectly characterized in a critical review that Robert
Schumann wrote in his own Music Magazine “Neue Zeitschrift fiir Musik” in 1836, and
where he compared Variations Brillantes by eight different composers. He regrets the gen-
eral lack of depth and honesty in this kind of brilliant music. But he also puts Chopin’s
composition above the others by comparing Chopin to a great actor who draws applause
from the public even when he just happens to walk across the open stage, helping some-
body carry something: Chopin can never completely betray his true genius, even in a
work which is not as deeply conceived and not as painstakingly perfected as his other
compositions.

Incidentally, it is precisely this lack of the last finishing touches in Chopin’s usual
style which produces in some of the Ludovic variations certain passsages that strike us
today as distinctly ‘Schumannian’ .....

Nikolai Medtner’s variations from 1933 are the exact opposite of Variations Brilluntes —
they are serious, quite complicated music, written in our century, for the modern grand
piano, by an excellent russian pianist who, like Rachmaninoff (both belong to the same
generation), left Russia after it had turned into the Soviet Union.

Unlike Rachmaninoff, Medtner never enjoyed big public success. This may be partly
due to his somewhat introverted style of writing, which lead him into intricate harmonic
developments and unusual rhythms. But such features do of course occur in the works of
other, very successful composers of the same period, for instance Stravinski or Bartok.

Indeed: it may be said that Medtner stood in the way of his own success because
of the decidedly anti-modern image he liked to give himself. His music is wrapped into
overall forms which reminded many music critics of Brahms. And in his opposition to
Ravel and Stravinski (in 1935, during his Paris exile, before settling in London) he even
went as far as to publish a polemical little book against these modern composers, entitled
The muse and modernism.

Thus the many wonderful new—and thereby modern—things that Medtner develops
in his pianistic style are wrapped in traditional structures. This makes it an extremely
rewarding intellectual adventure to hear his music as what it really is: the work of an
eminent composer of our 20th century.

Medtner was a lonely man; but since he was one of the biggest masters of world piano
literature, there is no reason to condemn his work to the same fate that he had during
his lifetime. The short variations performed by Gilsin Onay may give some idea of the
richness which is still waiting to be discovered in Medtner’s cuvre.



09.48

10.05

12.01

Excursion, Friday, 3. June 1994

Bonn main station (platform 2) - train to Briihl (arrival 10.01; you have to use the ticket
the whole day through, so please keep it).

- 11.55 Visit of Schlofi Augustusburg (opposite the Briihl station). There will be two
guided one-hour tours (one English, one German) at approx 10.05 and 10.25. Possibility
to have a walk in the beautiful park.

Briihl station - train to Cologne (arrival 12.18).

Arranged programme at Koln (Cologne):

13.00

14.15

- 15.00 Four guided tours of the Kélner Dom have been arranged: two 13.00 - 14.00 (one
English, one German), two 14.00 - 15.00 (both English). Meeting at the main entrance.

- 15.15 Two guided one-hour tours of St. Gereon have been arranged (one English, one
German).

For those who want to see Dom and St. Gereon: after the Dom tour 13.00 - 14.00 it is
possible to walk to St. Gereon in 15 minutes’.
After leaving St. Gereon, you should immediately walk southwards to Neumarkt'.

How to get to the Mathematisches Institut (Department of Mathematics}):

either 15.19 departure from Koln main station (platform 6, sections D - E) by train (direction

or

Bonn). Get off at Kéin-Siid (15.26, second stop), leave the station at the north end (via
the other platform) onto Ziilpicher StraBe, turn left and walk through the campus of
Universitiit zu Koln (University of Cologne) to the Mathematisches Institut”.

15.30 departure from Neumarkt (north side of the middle oval) by bus (line 136 or 146
leaving every 5 minutes). After about 8 minutes get off at stop ‘Hildegardis-Kranken-
haus’ (first stop after a large park area), enter the street Weyertal (across the Pedestrian
crossing) and reach the Mathematisches Institut after 300 metres on the left".

In case you want to come directly from Bonn to the afternoon lectures at the
Mathematisches Institut Kéln, a convenient train leaves Bonn main station at 15.12 and
arrives at Koln-Siid 15.31. Then follow the map.

Programme at the Mathematisches Institut (Weyertal 86-90): _

16.00
17.00
17.30

- 17.00 Lecture by L. Szpiro ‘Algebraic geometry over @’
- 17.30 Tea
- 18.30 Lecture by G. Wiistholz ‘On Faltings’s product theorem’

End of the day

18.45

22.20

A bus will take us from the Mathematisches Institut to the Kilner Altstadt.

Kéln main station (platform 6 B - C) - train to Bonn (arrival 22.48).
If you don’t use this train, you have to care for yourself. Trains you can use in this case
(E and N trains) leave Kéln 19.19, 20.19, 21.19, 22.57 and 0.02 (last train!).

see the copied map; a guiding person for this group will also be provided



SchloB3 Augustusburg

Briihl’s Rokoko palace was the summer residence of the Cologne archbishops and
electoral princes, and in present times is used for state receptions by the German
Government. It is on the UNESCO list of cultural monuments and famous for the
staircase by Balthasar Neumann and the beautiful palace gardens.

Kolner Dom

This gothic style cathedral, started in 1248 and completed 1880, is Kéln’s symbol.
It impresses by its architecture, precious art treasures (like the medieval choire stall
(Chorgestiihl, 1320), the shrine of the Holy Three Kings (Drei-Kénigen-Schrein, 1200)
and a glass window cycle from the 16th century), and by various superlatives (like the
world’s largest bell). The tower platform (95 m, accessible by a staircase with 509 steps)
offers a nice view of Koln. A

St. Gereon

Kéln’s oldest church, founded in the 4th century over the grave of the martyr
St. Gereon, was completed as a romanesque church in 1227. It hides an outstanding
piece of architecture, the boldly constructed decagonal (ten-sided) crossing cupola, which
is sometimes compared with the famous cupolas of Hagia Sofia or the Florence
cathedral.

Other places of interest which you may explore on your own

- Wallraf-Richartz-Museum/Museum Ludwig (between Kélner Dom and Rhein
river): two art museums of high repute.

- Rdmisch-Germanisches Museum (south of Kéiner Dom): depicts the Roman
history of K&ln and the Rhein river valley.

- Hohe StraBle/Schildergasse (connecting Koéiner Dom and Neumarkt): a
pedestrian zone, Kdln’s shopping area number one.

- Rathaus (city hall in the centre of the Altstadt) with Praetorium (underneath;
excavation of the seat of the Roman governor) and Mikwe (on the forecourt;
Jewish cultural bath).
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List of Participants

A. Abbes (Orsay)

V. Acharya (Pune)

P. Arias (MPI)

A. Assadi (Univ. of Wisconsin)

D. Baeumer (MP1)

C. Bejan (Univ. of Targoviste)

R. Berndt (Hamburg)

E. Bifet (MPI)

M. Bithan (METU Ankara)

J. M. Bismut (Orsay)

A. Borel (1AS, Princeton)

D. Borenstein {Columbia Univ.)

J.-B. Bost (IHES)

V. Brinzanescu (Bucharest)

J. Burgos (Barcelona)

M. Caibar (Univ. of Targoviste)

F. Catanese (Pisa)

A. Chambert-Loir (E.N.S. & Univ. Paris V1)
A. Dabrowski (MPI)

N. Dan (Ecole Normale Supéneurc Paris)
A, Dancer (MPI)

R. Del Angel (Univ.Autén.Metrop. Mexico)
H. Elsherbeny (Ain Shams Univ. Cairo)
R. Emé (Univ. de Rennes)

H. Esnault (Essen)

B. Fantechi (Univ.di Trento, Pavo)

I. Fesenko (St. Petersburg State Univ.)
T. Fimme} (Kdin)

M. Flach (Heidelberg)

M. Fontaine (Bonn)

R. Freitas (Lille)

G. Frey (Essen)

D. Fulea (Mannheim)

C. Gasbarri (Orsay)

I.. Gotsche (MPT)

V. Gritsenko (Steklov Inst., St. Petersburg)
F. Grunewald (Diisseidorf)

J. Guardia ( Barcelona)

W. Gubler (ETH Zirich)

U. Hamenstidt (MP])

G. Harder (Bonn)

B. A. Hedi (Tunis)

R. Hill (MPT)

G. Hohn (MPL)

D. Huybrechts (MPT)

A. V. Ivanov (MP])

J. Jahnel (Gottingen)

U. Jannsen (Koln)

J. Jorgenson (Yale University)
K. Joshi (Tata Inst. Bombay)
Ch. Kaiser (Bonn)

H. Kanarek (Essen)

M. Kaneko (Kyoto Inst. of Technology)
E. Kani (Queens University)

R. Kaufmann (MP1)

1. Kausz (Koln)

E. Kleinert (Hamburg)

T. Kleinjung (Bonn)

K. Kahler (MP1)

W. Kohnen (MP])

M. Kontsevich (MP])

J. Kramer (ETH Ziirich)

K. Kiinnemann (Munster)

A. Kiinzle (MPI)

S. Lang (Yale)

N. Lauritzen (Aarhus)

M. Lippert (Bonn)

W. Liitkebohmert (Uim)

V. Maillot (Ecole Norm. Supérieure Paris)
Y. Manin (MPI)

T. Maszcyk (Warsaw)

V. Metha (Tata Inst., Bombay)
P. Mikkelsen (Columbia Univ.)
L. Moret-Bailly (Univ. de Rennes 1)
C. Mortici (Univ. of Targoviste)
W. Milller (Bonn)

S. Nayatani (MP1)

G. Negyesi (Szeged University)
J. Nekovdt (Prag)

T. Ooe (Mannheim)

N. K. Pandey (Rewa)

Petridis (MPI)

J. Pfeiffer (Bonn)

S. Piunikin (MIT)

D. Portelli (Trieste)

P. Pragacz (MPI)

M. Puschnigg (Heidelberg)

A. Rajaei (Princeton)

W. Raskind (Univ. of South. California)
A. Rasteghar (Princeton)

D. Reed (Oxford)

A. Reznikov (Jerusalem)



M. Richartz (Bonn)

D. Roessler (Paris-Nord)

A. Rosenberg (MPI)

M. Rosellen (Ecole Polytechn. Palaiseau)
K. Rubin (Ohio St. Univ.)

R. Rumely (Univ. of Georgiua)

N. Schappacher (Strashourg)

A. Schmidt (Heidelberg)

A. Schmitz-Tewes (Bonn)

P. Schneider (K&ln)

Ch. Schoen (Duke U. Durham)
A. J. Scholl (Durham England)
M. Schroder (MPI)

W. K. Seiler (Mannheim)

S. Sigg (Bonn)

A. Smirnov (Steklav Math. Inst.)
Y. Soibelman (Inst. Adv. Studies Princeton)
C. Soulé (THES)

J. Spies (ETH Zirich)

V. Srinivas (Bombay)

O. Such (Princeton Univ.)

A. Steffens (MP])

B. Steinert (Bonn)

R. Szoke (E6tvés Lor, Univ. Hungary)
L. Szpiro (Orsay)

H. Tamvakis (Chicago)

§.-L. Tan (MP))

1.-H. Tsai (Taiwan)

E. Ullmo (Orsay)

A, Venkov (Steklov Inst., St, Petersburg)
B. Vettel (Disseldorf)

E. Viehweg (Essen)

S. Vishik (MPI)

P. Vojta (Univ. of Calif. Berkeley)
M. Weisfeld (Duke Univ.)

R. Weissauer (Mannheim)

L. Weng (MPI)

A Werner (Minster)

G. Wiesend (Erlangen)

G. Wistholz (ETH Ziirich)

M. Xu (Academ. Sinica Peking)
Ch. Yogananda (Bangalore)

K. Yokogawa (MPI)

S. Zhang (Princeton)

K. Zuo (Kaiserslautern)



Titel: ﬂJ\;t‘fmh‘c Inrese o r'\"“‘g
Autor: Sou C S Seite: 1
Adresse: | . H.&-5:

35 Rauke Ao ChaFres
64 40 : ’Bwfs/?’u-o&ﬂ T RANCE

01«5‘\»& L Lok H-GILLeT.

X - gt gt b 7
, . T KO () eeplen
NCC): (o oo g Grgoation.

TFPCx) = et s 156 g (187




Autor: SO U (-é N ¥
or Y, ﬁ/\hw( Mo—* ’—[\M.BB Seite: 2

X(c) Y
wlae V! e sy AN U@”VTQJT& e
- ¢ ()ﬁ%\ AdS :?i
A~ +7? T G i
Eravpler vl e X
9_(-___:“-/5\> () ~ Ko LN o~ /\-P
0. % kim0 HNW;?‘& 2 La/k\1bl;l—£~/*°/")
L R o:. g \j/
W CL'/ ‘ [__0-“ ><
Upore 2 - relo~ed i E’% 0"@
The. Z= dv(8) 7 ‘“’m;ﬁ L
X ok
Clirerom O Qoneaed v DR
A xcey B METT
Privarn — -
c (L &) EA (X




Autor: S0 U (/(-/':/ F\MM‘ L._kt_u.ut\‘o- M’a Seite: 3

\N-Q\bJ Cd_(t_q:./e)w%‘iél-;/{_ C.Q\QJ\.\(?&?J .
oA xn/--,Dro(.

9X:W2 wa%o.-lm cgndoast

>/: .[Cx‘)éﬁi /10;.. =X gt :O;

- AT
2‘--+|9¢4\z) oL =
(Z.J:- %(\1oi* \ “L) ()7,;()~AC(
- [ 1Xe] 4 - +1Xp=?t
o"__e'ﬂa x -1 . @.4.4 . X(C)"?/(C)
A:@_() Z o4 (’5
o Cc)~ Y(o)
e ). Ao Lt K
Tpnerr ( H-Le -~ lm%d,k&l’
M,_,Q-\L ‘,Ln_&‘—wa* X
Tha
c c =
JaS A+ 3y
N S0, &X | Pewdep
(:56) %WW@M




Autorr  SOU Lé/ At ek ng Seite: U

Cyt (;< 7& A /"() C/JF;P(K)_%CH?(X)—)o

w cm’m AR (x)
D Aot woﬂ“-"\& :

(2,8) =T
Mew CRECR) o e o Char 0D
w(:g/a)- Ad 3*5&/

iy ’/P'-l(x) / lrwfb—‘_}*“?

/\? )@Cﬁq (x) — C‘ﬁq q(N\Z
CHHR | e ol

.t 4D ——EE . maia 3 m-hu Pttt o e



por 50U CE | AU b Ty e 5

M’%y%w‘gy—%x N W

]
p*. FRbn — Cuty) £ % () =TTy

* £ Yot
i()fsw-awﬁag:x—anL*J*“ et e
ﬁlX(C) > Y (<) J/"f"rﬁa "':"L’"MT' i)

gﬁ" : C/RLP(X) — CH
seste S0t Lo (5 0] = Balxd g

VAN
A TR S\ 4 @
A o QP > CH (1) 85 (HTZ=R
= >x
(x o) """ %,
" \3 Lo e
(-P-&;—:\M( b:\’—//_‘l\’\—____“’&)wbe lH"E$ 42_(19”)-’?["
‘ /
!&ggw:y“ (e J—rn or Aratbolo W
! chw‘—d‘/ W/ Ko /







Titel: A;m(y{‘a‘c Cortion and Reuille. melric
Autor: [Ka: l(gL(ar ,
Adresse: [7ax- Plaseck *}hﬂ(i{“{ Seite: 1

Golt Pried— Clare~ P 26

D-6322¢ Bown

gL ) T

Let % oo te a Laémmpl.?c Lepmitran veelor bu Ll
oVer a Cm..'farcf Larmc'l.(:‘aﬂ maﬁ‘:fa{o(_ Tl @ua (7 tic ‘(Mém T
ora FO:I:’(“JV weal nbmber associated to tha f/oecfr«a.. ,./ L
Woda:ra (-apéfcfa« 44{'7"013 om forme overt with caf/,’fr‘c?e..ff mE
Tle Qu:ll,. netr=c 1 a cartade pateic on dle Ao tepminant
of the colomaloy HOF(E,E).
The resu (s dgbedd tlis note wlere o/clﬂl(appta( é)z B e,
Cilet awdd Sou & in [B697.

0 Bott- Chem ge condary clrited

Tle date (E(L)a&{eﬁw%q u.,;gu/y al«?é"m“f?l:( Lerw! ){Ta\ mucl{e‘m
vE I erva ture 525:: &€)ie A"‘T*’?@Ena(l:' Mo (nAl-
Covm witl Céfﬂ}cse&{j » End E. Let 3 End(c‘("‘“g)-:a:' be a
Fa(ynm-‘a( or a/’wv»ea(/aoua-m-:e,s vl 2sytane Chaf &
iuvariawt Unoler mJ'afafr‘au with Gl ok (€ eg.

hm =Tt o TR At

T, G (6N = G(SRT) s a wcl-defined 1 of i)~ frres o1 .
By Chone - Uel theony , ¢EL) 3 clowedl and cﬂ‘m;[aﬂ/ cley
w H(R O A-closed frmis” i Mfc..;&nf o the metrics,
Furtbermorc, for a map X2 the ‘pu/l-CuL boolle ETEover X
has the $-clas cf)((”‘E) (¥ &)
Contider nows &'h?.i':aﬁ; exact feqUencel 0[ La{mu.vecfar éuu/éx,\

€ P& >E =E" (k)
pilere ELEE arc equipped wi bl G—éc"(rdr,v hepni Lidn mefrics.




Autor: L(a,‘ L(&L(Q: Seite: Q_

TL.CBEsT: The [’o/(aub\f axioms Aeternine un:guely gecondary
cluses @ () e ?A""’(z) :
‘)i?r_? $(0)= ¢E - G(E®EY) (or any $t3utice GI,
) Feer = HEFE) For 143,
m) & gpliﬁ metrically = FCe) =0.

Congbruction for £l teque.ce 0= (EN) = (EN) >0

(Elr) ~
Cloose ?"'ﬂ"'t ¢.t. “IE‘{O}:L 2ol rl'lz{av;:l\,, cet
$(£’) = —f{‘£¢ (E,'l?) {01 I/ (2 coorolmate on pPc).
Tle.

3 e 1) = -5, bER) 3 bp bl =gl -dEN]
x¢ P"C ~———
= §oo 4o
’h “\l 'Dludm(dw,m associatey o € a Legue, ce
¥i0=EUD = EOE LG —E"0
‘?itP'c

here E'V k-mlofeo/ to E'%)=E'® O via tec tion whick

vn—..?rlaA et {0}, ’
Crample © & (LA =log 1 for Guy (e bl L.

({) Con et uction 0{ the &y‘j}hfﬂ‘ tmiion and L(LLQI(/%« Mﬁ'c‘c

Hot:vation i Conjider the complox [z, AT 0L),T) eguipe|
oifl the (Pometeic il = C2x) Y (Geakady . Ue vould
[;ke to comsbuct the doterninant o{ o com-{oék,' the obbesr-
hnant of a .C’n.‘»(c vector epace V& a&[c‘uo(m A"y,

of [inite o . kemifio wctor tpaces

witl Laf/ac:‘a.. [2:=C3+3*)}

3-?-4 @ (m S;;u ond

Cmq:t&r a Cmpkk

Cs F.’Ct -~ =
Tlew cacl Cq splifs as Gy =leer lg &
ker Og & HE(G,S). Tlan pverifies earily that
Aot C, = dit (8 A, o by St okt U “adbl e =t H'

(%x)




Autor: |Kac Wo Ller Seite: 2

det H has 2 ctmonical matric -4}, induced by raf‘r.'cz‘:n(y the
e tric om ct »~ H'c C.  Buf g}l([z thyg mzl‘ric/ the ij«ﬂfl-hu‘

Y ‘ﬂ\i O 51’0“"16’1‘17- (¢ g’,ﬂ('! Mowmetric by é“)‘?"o(’ incleaol
(0, (ot "0)*— )

d//f(d,l'lz) Tl I'/,;,”.' 7l O (et Dg)
(et domotes thpﬁ@:l&/&h now-2er0 2iph valuwer). The frctoc
may be writte. ay
(9 7 Pl
axpé cn R . .

$ls=0 24 %ifg clg )
Iy the nfoni te dite. situation , b (C(AT*"2 0E), 5)/ Ray
amol fingsr defined the reta fimeliom
f ﬁv &pré‘m?[ﬁg],

()= c0f9 T
\Sgg [ ?;}4(4) Q})ei%“q

TL:g '}e(a ﬁ(—-c‘{r\?\« Lu 74 Mrmorf)‘-ic exl‘e«r;w éo éLc cm’o(ﬂx

P(aue whicl i bolpmorplic af s=0.
270

Pf£ The Ray - Q“",,e“’" awalylic tortipy 16 a{/fuo/a.d e =T,
Tle Quillen, webric s Llhe heymifian metric
hy= IHi-< o le line ot HP'CRE),
W) Propertes of the Quille nelric for fibrations
Cons)vét" now a f:gr‘a 'l:;“on g op Cmup[ex wan:{oldd UL:(L E
i proper Lo&'mWPLtc U:{L JEéPC 2/&{ E be a Lg&u ::1
nlE
B

vactoe bundl over M puol cloose @ shogth

Lerm.
V(JJ)’;‘-'\;, Wil ler metric gnrh« e ,['-‘5»{,5_ Atsume \‘,LM{
Lick need wof

localy o B there oxstls a Wil lor medic om 11 (u
tobe Cawpafiéé, with fﬂ) '
The WKnudien ~Iten ford Aobeominant don = det RmpE 75 a
Lo lrme. line bundl om® uith Lbes Ak H”*(E,Eh).




Autor: Vﬂ- 7 kouu‘ Seite: &

1“1:-_ [B6sT: The Q uill, meteic LQ wmducey a gmoaﬂu .
mefr,'c m )kn :

Thi¢ Aoer &f La{o{ th ng,,era( fo He L e fric ””‘t}(

NOU, e c(aMica( GW{LL.déecL.-—p;%MA—'ROGL U. f\["{“ H‘“"{

L (Rry &) = [Ta(T2)cl (E) (oo i),

n particular, @
i ¢, (uer g 5[{ TA(TY, T L (E, L)]{m( imecl).

: &)
TL.CB6SS" o (2yem k) :];f.—a((ﬂ,;@ ch (E,L)] ay frrme m G
Thas , et Las a fhomp velinement of the clearreal Biti 2 —Rock |
Contidie row boo paits of webrics (2L, (TN o1 2ot
are mduct olfboreat Quille vt tics baol by, vloce ol fletnce
i S pvﬁ‘ l)y tle (’a((ou;‘ng quM '

:EL-WGS? ’ﬁ_ -
S (o bob) = [T, § DM ED)

t ( (o)
+TA(TR, 7Y ZK(E,L,L))] _

The last too theowms may be extadol to the eufice
Clam claracter of R € +f o fibration s WKa Ll audd

[ e pmensioasofH*(ER) ar e shand [BKCT. In this care, ome
rowsiders the co-callol anal tiC tosion Loomg TG?A“”P(s),T”Lr_

Refecen cen
[286¢] -+ st {.Gilbl, C.Coule': Analytic Aortim aud LWF‘L"‘
MWThMt‘ bunollr, Comme. Ha ﬂ\,n)rs'. A4S (1999).
[®K] J.-f'I.B?IMWf, k.l(é'l\(e.r : /{,;LA« amal ('TCWFMfM pﬂ-
et 140G gudl &nwaﬁ[)ﬂhul;l .Ml .Germ 1(4999).
Cog) DB.Rar, L+ Singer : Analybc tosion for complex manifolbh,
fan. Matl . 32(19%73) .




'c S a s
Autor: Eﬁwm ULLMO Ma | Seite: 1
Adresse: UN\.\UQML{Q PWT % d:”-' 15

%‘405 Ouma qux FRAMCE

Lk k\oeamumeLMo! 6 pmm

[-Ut' B (Nu Xm) o ‘%‘D‘Bm o
m O Mol

m% boe a ;; ouphx {_l(z(:(“ l’@iﬁig \?:ciﬂ

FiGuy ) =0 Veelhm).

GWJUA IQ&JF X—L) 5(“ k)b o MJCQ
S ,(Lhw\{l d{)c)w\\‘m }:O‘?Mt”’ix[&k_

Thegun | )

| —LA K 3 ouudbci &M.Qc/[uu‘/ljﬂ 0{ (/W\ij’u o«%
J /

u/quloM\m X(6;) o g | spcbuve.

\l/?. (lwouh WA ﬂ/\M hu“{ $ ol \DC/I/W\CAAO% TLU&
U“V‘d Jﬂ’“ \/\U \/\)4’ O—X Gan \M{La«)& ﬁ)ow)r om omu,u« Lw.it«

S

ot LJ K—>3pec () \w il sudue
PE*K(H Od'u(/k E ’“/\Q CV) pom ut,tcm \etx )(EF

) Fud Q€ Ko (8'\ w\/\ \omw?ﬂ(/{ ‘I\M anch |
bownddad doguas d

Y Fimd AYK, K) | GCX k) @Q cmwt,m{? vl-l(ﬁwow}

€ omd _@exo(@;\ suds thad Tr(QV: KTCAGK) avd W06




(LMO
putor: U ) Seite:

Tty Qo 4
::;PX “o MJ L&N“JLM\‘JW

Thaae umjm QE Yo (O Q( tf’ DML J[L\WI—
\r\ (\Q\< W P\ Qo‘faL.Q,xf) (V( 'L\a[?“.y.UD (‘2.]

L\ " H’\-QQC/LAWHWM L\Uuw\\ﬂ\ : I‘ﬁ @:Hq&)

VARK ( bale ) \ﬁ\vﬂ Cr: RY

WiR) = /?m%(ve%m ~

, N.:U_ . (D\l — FLL ek\ Eki&x: )7—:1.-*?—51-1
Dk the obac,dm-»&«wj: "% N

R el TR AN ) ERT

o o e (it ok Bk T
A Wjre,, such o

Z ;¢ -—O}CIK

E#wﬂa [& - :W ? l:"
th \OQCK(,UJ\\/C (?QM() am l\,jk——-) [
wif\m:« O&thtu d. (e o ke d Yo S ﬂw)r
HU\E )BwQW‘Mma c)\.)k(k(a&ww\ ¥ (_W{T‘AL‘UQ T?\LK — 3(9‘:
\_Q_,\F PC\KK(K\ OMOl \{0 o~ E{;) (e — Br
T haar JZ;‘tﬂmh QA Ko (3~\ J)\&J/\ '\'\/\o«}
V| - Poc G} Lk 1
) e e | Ce_*‘;{_h/c l\nlf’ﬂ l\/hk %TL_ J

) W (Q \U«\(f’\*-/gmé
W\r\m)ﬂ:\x\\q W b (R o—%u‘)omt v Y

. NI fm et TV S bl s



Autor: ULLHO _ Seite: S

Qv

‘Qj X Yoo ana.AM—t; sead A . A

\- \— ¥ wLHf\ ook M_cLuutkrM 2/ o%\,ﬁ:k
S(xzc@l«\ Od UMX“’_

LJ’ Cs 6\(,((_\%\&& TruKen FW with Mo prume RO -
’_\—\'\QM ql Q&ct\- Fé YK lk.\ | Q_—; Pr P N am
il pomF ot Yo (6)=(x-Ee) (OR 1

(SZK @@)Fm\ m@m(lul tnch = (P = MM(Q))

ek \\M’J‘- \’&WAZK-\Q Al - Leb Ouy-- ,D,L\,;HM
(e dRink) wmen ki d hivhon -

By Siaggls e Ve (6 = 06D %@t_
EVW VCV\MJF Pe\ﬂw(k\ N w Yt(gk\ gcﬂ Sov—e {';-Cuﬂ,

Soo Y () @ %;b .

-T\f\Q(fLQ/‘VV] | |
Lok Y S ‘cﬁeﬂ he am c;,xﬁLM/‘L‘_C SW\%UUI Jwec*
w‘(\« A Acdu= s wwtdg af‘f ,~sz:\_- o} m‘wgcﬂn.
\(\-Q./\}V\/‘Ajuwb’\ _/Q,\NL \f)\bvxudﬂ (Q.-L\7O ,Q'SF(_B))>O g‘n' ‘T )
Vo Qoxc\/\ 'PGYK (k\[ ﬂ\ﬂ\i Js_x'vsbb Q& O( -E(’) [C-’E) Su(\'\
ok o (@) ¢ (kL

A:.B.Lu







| Titel: ,44 m' l(t clsua‘uw{ ﬁ /:OIQrJeJ 9.,{»&1: /(3 sur lsces

Autor: _]AJ j{le,\so,\ Seite: 1
Adresse: b‘f’{ p /774 e
f{q,]e Uns vers‘lj

New Haven, “CT_ Obs2o _2sh

Izlzs /1,,&’;.,/2045( )Ca—s c.f J;
f(’ c EV Q.ém op[
i{l,czlorsohckéxmsorc}aﬁ in One Fomoranl“ﬂ‘
J&scnle.s Zl‘e. eonu)lrc. '5:’£ua. ion UAJer tonsi q(grq_llon
7' &xn.ufZe, j X ¢/<I,T) C{wges a Mkec{ szg
Corve , ¢7 P)’J wH flat melrie.ona FHEET < ﬂ"“‘

Roy- Siges (fon. Tlath qa)sff oved ot z& Jotorninant
i‘z‘fz ZﬂI;Zacam auﬁ (,am,‘io_e, otd u.S&\J
ket donid fumo o Fe, 7=me1

vzd;é:‘%‘m = C /A(‘TJI (1)

m[ co.nséu‘! e ( c»JA- an Vanous mmz a_Aon).
W L:l&z ZAQLLNJ\::l oF Z’l{a S%Zz[e. ,:

View

‘For Some wunive

T,ﬂw, one Lom SLOW

v

op ‘)‘LL (\’aj’ A;ZC;Z Xé, /wme
in M\MJJ F pere cvrve ) 0) cs
w vﬁﬁu-LJIC /:Am [t of Y’IL

as Q[m!)m o

SmLe a{-\ mqrf&[ @A}L forves (04e
24:3 f Lo)oma? zmﬁ Va—jj 'Q/Waf)(‘h one-ﬁ,

I{ X (s A& /EW Sw(&ce cb’F
w‘H J palvra tr}”&‘— Aeihc mp\

JZJ l of e £ !M{Imsﬂ,.#ﬁw{m

2" .Sfec,
dan ' 52!00) J j'{ 05/\1 Y’I‘L [AA]ZZ reee ]CamaA. !




Autor: \_J“j j;rTensm Seite: L
L)AL his Zlno/ Sarna k. ( P /o) }mumf e celation

CI@% ( A +36- :)) CG[S))I ,(_{b) @)
A)ln& G()omannméf}! vthw/ %

cSQMﬂ:I Za}Q ﬂcgaw) c[zﬁo/dfel"n% /\a./p Ztue
Lcl.[zv/v /e 245 F

e &) 51 va can é}/er-

EMAW Sej Jtao[esl eS. ’2;2( Fa;f;jus %-6& J

of (2 55 - reqoac Sequence

Z,LLSB l)i UL-(_ ng (273 J ece oF eje Ua.[ 7 Pﬂi

Zkf/wu .
OM. TUe:R! Zlv dons,u/e 'Af. )Q/Aw

Zeio. fvmlz ons ie e,,vjyessel as a ze_)(a. %u)«‘ ;u-mlua?t

f&ow-r %L&go Lé(jws and / [QJ ¢

ya Liors wlen Lereco,«oe.sl[
S,ll ll ¢ é&mxt? }720 ;Uaém AQS

50 as 4
a_Venj cnm/

en om/JreJ men ;
ﬁe : % J o [fM 2 477,

f)\ﬁarem Ven _ Law
J jﬂ\ op (N JZL azSe oF’ /txju]ef

(anwc. Ké 50:‘& as Aee Cms: oed ]’
T.Jonr [72)32';,‘} f) ~Ln warK o/ae‘[

ot Shld, (k051229 o
Ghat Ho ol

i)”ax (Mm T M), ;L s Shawn
e;(a.Zg)Lm KjSuF‘lcﬁ FOQre.ecJ 2«)‘7!{

Sfueof' afr
1A Wf%ﬂsj et /{/(X2> Cax\{l Z_JBJ ‘i’Lrw




o J\J 121‘\50:\ Seite:J

ZL_ ‘FQ ‘J mﬂf as a_ f&" )"4 qbv-n de‘fel" a{: % Mmnadfnc
Space a,ssaaa_llca{ oV n
iui‘ r‘e}:mm}_ﬁo! ., M‘Lrw )b 53642 ;712% :;
Z‘a U:awel as a ﬁ e ¢ ene ri&vm aP %m’lﬁt or oF
‘140 SUFPQCe (See /{/iﬁz aﬂ Tc/omr (TkolkvﬂaykSﬂ
/fofh ashi (/4 Vane J.Sfujes tn /’M—% /9-IT) ) ,_({a_
AT o] sy peheyel st O
gl }&7 Flot

5urﬁqu ‘ﬂu‘e cs UP fo Sca e )
/\/a umre(c.‘ Pp&ﬂ[ﬂdd\él ve &
i odili of mnrkea( gl /02(:&-_

o famihy of Jorns k] comter
corves ilx ‘.lxt Go/\s‘fwc'iecl Sih ?’LL ‘75.1,14

orov > I-Z\f USHA /B
mj. TJ ‘AW ( - i/e_ Jt;{-dz‘e_;

/nach OAJ aﬁim r on il
ar }(5 5drFa,¢e5 Z(fdﬂ\ )(;;
an amJ Toa}ow / [ﬂ‘)/éa) 5
CZL ?: %ﬁ I‘Z‘:}m‘) m{‘ ;%7‘3::5:“ meklr.'c. on




Autor Seite: L/
Such that sl
o = |Fl @
ol 00 (W)
ZJ)“"‘- -cf‘i; A 23(4' ﬂﬁJZ/t'éxwm ”A./j_(&i’ 74‘/" c’/’!‘ «L‘"

‘-}r‘- -.Etzftm X(_a., amer Sur/ace
}o)@rJa?Lm e.aollruc,ecf from an even Hheta ﬁs}:‘m He

lted 4o
5ow"t;1 a)Lz cu\swgce Zﬁx FCaA o re
fjfz&s ca.& moejt)/ar Pomb (Joge.nban TJWU D dn ;Lr Zm

MRS ¢ *Am b odlan Zwo ‘To
0)2 #:L‘ [:,)[ Tfeicrbsw me r_ (om_ Pr»iu'fi?v,r
ma? ‘J):\;c me d;l \’JCLZN-C 25121’)1 jcm Ma,re,{ej
Q nsd rg ff’r\., - AN '#lnel(-e. %ro}:uz[gs aP

s ()n er u\\resllJJ ?L o mwjm;l% 7}0 M]

eASdon




Titel: C,QQ\M
donres O

Autor: So U ( é
Adresse: I =
boe.s. 35 Rodede
Chlotr '
e . » >/ F@ﬁww Seite: 1
| o e (&

——-—————-*‘—]l_\ 4 e g~y O o5
ety = e b T -
N R N
p(EY € CRTOP
d.) Co-/i';)
e b Mo,




Autor: S O U L el/ Cé\q_)"\u Morpasen Ok ﬁ-&»azg\'b Seite: 22

g ;xxkdw\‘w sdo KL
e,
. X
) fg 6 yi/ * e )
@*gp(g):q(@ or
| (e &) a o (R &) T
Lt-) (2/\,\/‘1&- c / N -E\J__&{ &JEW,JMCJM
f@,-ﬁ:(E@F/"’o‘@e")/ en
\
e Z/C\(’:) f-;(?)
o, (EeF) = <
P .A+d:?




Autor: SO U LG\/ %\M lorses Gk "\L«-a}‘x’ Seite: <

S e 7R m""“”-&"\’*ﬂ o Clhorn~ daciter cloos
P
G (@%@ CHP (N O aasodd b

(240) z

/\ A~ @ ‘
P(?K)
l&(e3 < 9@0 CH ®

Z

e amom Y We é_,ﬁtm-ﬂva
Fr (prorqeee o)
Qs B
_:\_'D_ﬁ\"r—""“" . E . Q o

/ _ ca{(éﬂ/
C c00)—Cpl€) 77 0 bt~ (e
R ETE I L L
_(s) € ATV
WQ-M CP

a»g\v\x\u-/?"ga e /DTM o Z—
\\F ~ NM”““’Q m \) oy
TP = N . Obd\v(/ |

prdor s p
v wAe S J\é
N e
Yy o @‘\F/M\




Autor: SOU ( é/ % clorses ard auzﬁjj; Seite: ¢

%(II\/):: Xy __,5_— f 9\/@0(1)

PVCe)

s

(VMM A;La('xl\f) okarsere Yo
)(Al,a,irw r,vd@\\re @QOJ/Z dow Y =P

< € Catx), YT or &
I . e ‘P -
. p (v ey & (08 | 7)
W = o a .
it vwba\nﬁl
where OO JM%M.WUL = i X
O -A.)  a~d O(-t) Han v ‘. Ca,.»pv-"c""e .
/ CN‘M- o X
SR %\‘”
e N+ (G —> O
) —> O e —
o.— O-7 p .

M(G—Q&M—So) NP \
~ (G (P N
CP(C))=LQC1M°’€ L;u{u




Autor: SOULE!:/ CQ\O’\M CGQ-WM % Seite: S

Dopive M projedve Rai fb LV hobe

-Q\(Y):*:: % E\P(COIY)
A

) Ssmand
R ﬁ:i&

L&
i

Thesrom 2 - |
>/ Asred »;*ML’QQ/,A“\“(Y) =P )
%249 '),

( -._E ()f)—-
2 WPt A v) = Re e
u,mvlza”cﬁ): algaroe /R
) Rz 0 gty T

Qovans sodesfore X (TP?-‘L)/ ~ 5N+i |

N oz
- [ -
Theve3 0 Y CP ; Y@,wqxz@wl-%-
ollw}’:_@/ou"‘?

%Z)é"“a(\/@)m%hr (2.) -
' 959 ) zﬁa(z)auo%)‘*ﬂa Q
-\—(‘(-Fi" 2

. , Mador . 13]
M" G20 C.Sweﬂiﬂ'\'"";ﬂéc-g ,63_258.
o domen : O (1990, pp-

ook, €S HonghXs <6

% "
s ) 0L e G

proeve Ve

ook

(= 27 )
E{Sa_m\&_&,\b; Afgu)...@ agvtﬁe A S '&Mwﬂ'T

— e






Titel: H &SUS ond Reduchions of Sexms‘lviv/e Ve dieg
Autor: how Wwu JZM Seite: 1
Adresse: DeqJ avhnaat G—P Wa.ﬂ-mﬁ:t\d’ y (R{n ceJ\:n WVBU;\{V

Princebon, N.J 08544 U S.A

-[tc aé,@paiw .t{m reeld b m praze-.n‘cef e my dulk .
L. We o s e anebgie o~ Peligoe - Honfordd”
Ae”'ﬂsm rede. thon P "Ry‘,,(W me,)'n‘c. 'ﬁ* G Ol Fi“ﬂ“u{
Vv &»fpu fnu«i&jf -
For i vamed Pell K o cune € oven K an aapl
/eihc ﬂumﬂ& oz on CJ e Ml&c{‘ Q‘Ke‘ y%‘e}&p‘(«\b fhe _
Q)= j—((z‘iﬂ> - ‘Z'_T{(DCDC?’
‘J: d"j"fJ -Q - fanon-:c-.ﬂ "&-nﬂéﬁ ‘“}pc/.<,> 7
“;f-(' MZN' p“'}’"’g, TL’""L o ”q?"@:&“c v @ &
o e a Neom o L1 {3 b cnvatune” and &.,;ﬁ,‘,,
Yok a0 meen Qi ) = AR) Thoo we
Chow Hat
“) I”?( K a hon ords medean., 186 »{/va-&a;h‘au n‘rg

R_, amd il o o movm on ,;Jla@wiﬁaa/
medl (Ko Zo ) of (%) on Spec R sucl Kok
Ko enbedlin,  Xp elO0q Z2%) 5 Chas - ses tebd]




Autor: S Low LT ngg Seite: g

o e e (X i) » @Wkk&g @Ewu-%“shﬂé/
Fo B 5 @ manimal poict frAurcbncl Q

U‘) I](‘ K= ¢ :Oérdaf;mec&m.,} Vi w wmﬁ& °"‘DZ,D
‘-Jéz'dgt p 1? ommome L ’l@afeoy[ ﬁi‘po;.‘am ’w'“éfq He,
Ly K U e Mamim ] FO,;J c—f e “C“*""JQ.

Bg”&m»f Modod K. K ronacdimedian
e webic ay 1) adad by “Delgn - Munoed sonilt
rdchon * 5 4 Maxim f ff’“” c{ . #«Ld(:m.;«a Q
WCMV “mebits e O Ao phow o Q (x, L«S) 71'&
Hos £ gy 4 /@:é’h? Lo o e (i) and G)

Aers tubd,

2. For @ yone X Pif " e
\ ', A\ ‘g =2 laz , we szj}r“dc ’eu%d‘
A0 Wkl S5 bvonad wde S (0o @) and we
5&,‘) L.t 2[&) o Bowmdd Lelov L, a ‘5.7%\46 Gt
d b wsgoiiled ds oin MT,,& wekisd Hive Amﬂ;
on e ?«a,o!':o.ﬁl‘ Cha ‘Mfi\da,'

f:“'Y G @vaep()chtj X < %H: %_ ‘Qmm‘jﬂ‘an vechoud

M o SPQCOK il am L(-tob-un.qy‘e\\jm, g&- ééﬁQ‘jMﬂ




Autor: Seou. - ?Q an j | Seite: 3

owe cﬁg_‘ﬁ.‘m e Mﬁgs /%PL &ju‘

t](r\): Mf - i(uis:)(_é_ ’ N
£ [@‘ww)%x Wel 1/ Lo,

K= Paish oo of X in P(E)

Jg: @53(5) () IJ?

@ ) X 5 awdalde < /)a/x)?o
“g’o%ou ‘um.s Go o '#uma‘m 4{ W

an (1) Df X 5 amsde Ho
A
h Jd s
N7y 22

Ol!) E&)z inf Agfk) b 4 ‘QA
£

ek a)fert "D I (1) 5 due o Comdhr Moy

im ﬁldﬁmwg Cee gy Bogt
€) Soks dimo o o fur hylk) 0 dorm
“?{ AuC Cearne by, qg p(g)/ Lok cn s Grver a_

Cower boumg @&Io&.dc‘%\ﬁ on e G&#Hﬂ!{w f\ejf Ofg




Autor: Sﬁowwh— Wm)ﬂ ' Seite: 4

Oun Pmcga &wf on Soulis Ofrgu,m@w*

3. We Cauek  Clanosf) Fokor - Stedy mednc s
ﬁ” ﬂ%‘:sﬁl@; vanehe, X < P |
Q‘Lﬁ_ﬁ_‘f’_‘_’_ﬁ__. Lt Z be am Végdr—f?‘d LML«J@
P Gl vodich Ve Do) e avey
Iopt Leor Syslen S By X < PLV)
A peoibee mebic [ on & o cobed wort V
{ for an orthoromd Auss 8- 5, wik

A/

/Uafa./ 4‘0 d@ﬂv{,}%f(v (/K./g Si= —L</(d’-<y>c[z)"'
S e '?,{’ |
ore & f&f e &5 tors 7@»@41”:7/1
S A ”
é// i )= Nef .z]”,‘{ff” ) =4

I -]

Theorm (<) Hto &4 a méaﬁm&z W AV

e X e PO) 5 on; studi

) L X s Plr) 6 sdudd o

fhee eaists oot coibil ety o 2 s

—év‘ Vosp o st milbbipl annd Qctomrphsn. A
per (k Z).




Autor: g Low W 2 'Q“"ﬁ Seite: £~

P@&ud&!_
Best, 3- G- Sem: - stub; H»7 tund &Jhw‘s\fodo&
P"ifr‘m* THE s (k3)

“

COV’!\«_QBA—/ H. ﬂm,c! Ha.rrfs I fDJ‘W‘SN Ggﬂae—é MB&-‘OJCJ

+- @mi;e,g c€ S‘J-bwuw;%a qu-"e apf)ﬁa‘hu

o MM SP4@6 1}0 Garvea, ol
oSt e e, T a1 the8),
Sk, €, Glanebic dhrabehs ot Hiome St b

J“r'aqc'@wdamt “in Journie WMJ-,W

L Y 489 Askengue 178-200(t371)
365 - 3

Sou'&: 6/ ”S‘-LCCQAKL‘N b.’h\m‘m;., o M\%M& ‘A\(_ V’d‘f‘l.f%{“
Pe v F (1943) |

%J’ S “GComeAE ,—caé,.¢¥>'w'§ at arvﬁm;ém../;éce_g “
Preprint 1943

Z&% S, leights and Rokuchios o S

vaiehe ' Peprnt 1974
%Jf S, ;W,zﬁ[,, ﬁ@g 0{5724{«6, Cerred
preforehion.

2h







ALGEBRAIC GEOMETRY OVER Q

LUCIEN SZPIRO

In 1978 T gave a conference at the ENS in Paris with title " Faisceaux arithmé-
tiques coherents”. The object was to introduce the mathematical public to what
I called ” Arakelov theory”. To justify this introduction I explained what could be
done with the idea of Arakelov and Parshin: ”"Put metrics at infinity on vector
bundles and you will have geometric intuition of compact varieties to help you”.
I also explained that my seminar [Sz 1] was an open book of conjectures once
you knew the translation of:effective divisor, Kodaira-vanishing theorem, bounded
families, Hodge index etc. ... Needless to say I did not raised enthousiasm at this
point!

I present here a somehow detailed plan of what has been done on this program.

1. Faisceaux arithmétiques cohérents.
1-1 Heights the local-global equality defining the height of a point x € P*(K) is:
(noting L = O(1))

Loy 1, Do
K:Q °Vol(L/Ex) K R °N(S. :0x)

where Ey is the section of Py — Spec Ok corresponding to the point x. This
formula teaches you many things:
(1) It is a Riemann-Roch theorem in dimension one analogous to x(L) =
degL — g -+ 1 on a curve.
(2) The height is the ”intersection” of a scheme of dimension 1 (Ex) with a
cycle of codim 1 ¢;(L), whence L is metrized. The fundamental theorem on
heights is typical of the type of result one is able to get on Q:

Theorem 1(Northcott’s theorem):.
Given d € N and A € Ry the set

{x € P*(R)|h(x) < 4; deg[K(x) : Q] < d}

()h(x) =

is finite.

As a corollary, once you know h (the Neron-Tate height on an abelian vari-
ety A) you get the finitness of the torsion of A(K) because (A(P) = 0 < P torsion).
Also you get: [weak (Mordell-Weil) = (Mordell-Weil (A(R) finite type over Z)).

1-2 Basic theorems of algebraic number theory It is good time now to prove
in the language of metrized line bundles on SpecOy the following classics:
c(O/K) is finite, |dx| > 1, Dirichlet units’theorem, fix dy there is only a
finite number of ' possible. In fact this last statement is not the useful one.
One needs-and one proves - the following
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Theorem 2:. Given n € N and a finite set of primes p; — p, in O the set of

number fields L such that[L : K| < n and Oy, is ramified over O only over the p;
is finite.

The proof of this is not ”arakelovian” you have to bound the wild vanification
(something false in equal charater p > 0) This is typical: arakelovian methods gives
you finitness of certain objects in @, then the arithmetic of things allows you to
work over a given number field. In particular theorem 2 is what you need to prove
weak Mordell-Weil.

1-3 The paper of Arakelov In 1972 Arakelov introduces an intersection theory
on arithmetic surfaces with the following properties:

(1) Adjunction formula (with a ”grain de sel”: when the divisor is not a section).

(ii)) The theory extends Neron-Tate pairing on divisors of degree zero.

Z,  One should remark at this point that an arithmetic surface X — SpecOy
1s analogous to a surface fibered over a compact curve but with no fixed part in
the jacobian. It is clear: for the Neron-Tate height is zero on the fixed part and
not only on torsion points.

(ii1) The admissible metrics he introduces are of close arithmetric content, one
can see that in two occasions (at least)

a) the case of elliptic curves has been worked out quite completly in [Sz 2]

after a start in [F 1].
b) the self intersection (wx,,  -wxo, ) is a new invariant for curves of genus
at least 2. It is exploited below (2-1)
1-4 Cohomologie des faisceaux cohérents

We all know that a theorem of Riemann-Roch computing the volume for the
Quillen metric of Rf.E for a metrized line bundle on a generically smooth X —
SpecOp has been proposed by Gillet-Soulé or Faltings. One should note that it is
not clear to anyone that the two versions of Riemann-Roch coincide. The work of
Gillet-Soulé has forced the beautiful long paper of Bismut-Lebeau in analysis. To
get down to business one needs another paper in analysis by Bismut Vasserot, and
one finally gets:

Theorem 3 (The arithmetic Hilbert-Samuel theorem).
Let L be a positively metrized ample line bundle on f : X — SpecOy,

71d+l

d+1)!

This is the definition of (L -+ L) (d+1) times. (d is the dimension of the generic
fiber). The following corollaries where indicated in my talk in 78:

ifn > 0then — logvoly2(f.L®") = (L---L) + o(n‘“")

Corollary 1 (existence theorem for small sections).
If(L---L) >0 and n > 0 there exists s € f,L®" such that

|[s{|Lz, < 1Vo € 00

Proof. Minkowski famous theorem on lattice points gives a term in nflogn
( d comes from Riemann-Roch on the genetic fiber)



Corollary 2. If H is numerically ample and (L - Lyy --- L) (d times) is zero
then (L -L---L) < 0(d + 1 times). (index theorem most striking when d = 1 :
(L-H=0—(L-L)<0))

1-5 More applications of Corollary 1 of arithmetic Hilbert-Samuel.

The existence of small sections is crucial in many cases we list a few below: (At
this point it is noticeable to quote the paper of Abbes and Bouche which gives
in less than 30 pages a self contained proof of theorem 3 ([A-B])).

(i) (wxox wxox)2 0 g=1 (Faltings [F 1])
(i) second proof of Mordell conjecture (Vojta [V])
(11i) Miyaoka c} < 4c; for stables vector bundles on curves g > 2
(iv) My proof of Bogomolov conjecture generalizing Raynaud’s theorem [Sz 2]
(v) Shouwu Zhang’s Nakai Moisheson is criterium of ampelness [Zh 1]

1-6 The degree of a subvariety is the self-intersection. The problem is non
generically smooth subvarieties (of P" for example or ...) of course one wants
to put (0(1)---0(1)-0(1)) number of times equal to dim of generic fiber plus one
as a definition!! This is fine when the generic fiber is smooth. Faltings finds a
way in [F 2], Gillet-Soulé catched up later The more natural way is to get:

Theorem 3'(arithmetic Hilbert Samuel for any variety). —logvoly: f,L®" =
(%:—_J.rl—l)!(L AL o(nd""l) when the L? norm is computed on the smooth locus of the
reduced variety.

This is decuced of theorem 3 by S. Zhang in [{Zh 2] using resolution of singular-
ities).
The next usefull result is:

Theorem 4. The degree of the cut out of a small hyperplane section gives a sub-
variety of small degree.

(This can be made precise of coures (cf.[F2]). This statement with corollary 1
of theorem 3 is what is needed of the theory in the proof by Faltings of his famous
"product theorem”. Then, with that in hands, and Vojta-Siegel idea, one gets on
to prove Lang’s conjecture on abelian varieties:

Theorem 5. X «— A abelien varieties X (K) C |J Bi(IV) where B; are translate
i=1---n
of sub-abelian varieties.

1-7 Grothendieck-Riemann-Roch?

For a morphism X -!-> Y over SpecOy a few cases have been done:
(i) Max Noether formula 12X (Ox) = ¢1 4 4¢; (Faltings [F1])
(ii) Max Noether formula on M, (L.Moret-Bailly [M-B 1])
(iii) Functional equation of 8 functions (L. Moret-Bailly [M-B 2])
(iv) e1(Rf.) for f local complete intersection (Lin Weng [W])
(v) c1(Rfs) for Macaulay schemes (R. Elkik ([E 1], [E 2])
There is clearly work to be done if one likes Riemann-Roch theorems.



2. A la recherche de petits points: Numerical properties of the relative
dualizing.

To try to progress and get (conjecturally so far) effectivity statements I have pro-
posed in [Sz 1} to look for small points. The reason is that the Parshin-Kodaira
constructivon tells you that one is interested in bounding (wy/e, )* and, the
following lemma I have proved:

Lemma 5.
(wX/OK ‘ w«\'/on') < (—E%)(Zg - 2)(29)

where Xy is a curve of genus g > L and Ep the section of X — SpecOy given by
a rational point P € X (K).

2-1 wx/o, is big (i.e. points are not too small).

Theorem 6. Let X be an arithmetic surface of genus ¢ > 2 and Xy — A an
embedding of Xy in a polarised abelian variety, than there exists ¢ > 0 such that
{P € Xg(Q)|A(P) < €} is finite exept may be if P "divides” Wyx/0r. When X
is smooth over Oy then w?\./ok > 0 is equivalent to the full finitness statement
above.

This result which generalized Raynaud’s famous theorem on torsion points it
was conjectured by Bogomolov. The exeption case is very interesting. It gives
an arithmetic meaning of an Arakelov invariant. To prove that w} JOx = 0 implies

there is an infinite sequence of points z,, € X(Q) with fz(mn) — 0, I needed to prove
that the linear system f*w.%?OK has no fixed part. This has been proved by Kim

([K]). A more general theorem has been obtained by S. Zhang (Z 1].

Theorem 7 (Nakai Moisheson theorem for arithmetic surface). If L is
numerically ample(i.e. (L-L > 0L-D > 0 for any effective D) then L®" is
generated by its sections smaller than one for the L? normn, when n > 0.

2-2 When is (wy/o, wx/o,) >0
S. Zhang [Zh 2] has proved the following:

Theorem 8. If X — SpecOy is semi-stable and not smooth of genus g > 2
then (WX/OK . w‘\’/oK) > 0.

For the smooth case not everthing is known. The following authors have made
examples of (wx/0, " wx/0,) > 0 for smooth fibrations. (Burnol), (S. Zhang),
(Mestre, Bost, Moret-Bailly) in genus 2

2-3 wyjo, must be small
To prove such a statement I have in [Sz 1] a programm in two points
(i) - Kodaira vanishing
(i) - Kodaira Spencer class.
In fact (i) has essentially been solved by Miyaoka 10 years ago

Theorem 9 (Miyaoka). If E is a stable vector bundle on an arithmetic surface
then ¢t < de,.

This has been written up by Moriwaki. The vanishing theorem is then deduced
by the Mumford-Reider method. C. Soulé has had the good taste of believing in
Miyaoka all these years. He then has published the proof of the following [S 1]:

4



Corollary 10. If L is a numericllary ample like bundle on an arithmetic surface
and s € R' f.L®™', then ||s||r2 > e(loge = 1).

2-4 The instrisic small points conjecture. I have made numerous variations on
[Sz 1]. The following is a version I rather like: Let X be a curve of genus g > 2
over a number field Kp. then there exists constants A(n) and B(n) depending
only on the curve over Ko and on the integer n such that : if (K : Q) < n, for
every P € X(K)AP' € X(Q) such that
(i) - Bp < [K(P') : Q(A(n)log D + B(n))

(i) (Ep-Ep) < [KP,P'): Q)(A(n)logDk + B(n)) this imply a strong effective
Mordell which if proved for only one curve implies the (a,b,c) conjecture (or
the conjecture of discriminant for elliptic curves) -a result of L. Moret-Bailly
and myself following A. Parshin for modular curves-. In this direction note
the theorem of E. Ullmo:

Theorem 11. Forevery point P € X(K)3Q € \’(@) such that (Ep-EQ)finite = @
and height (@) is bounded.

Of course remains the problem of (Ep - Eg)co!!

3. What is our subject.
3-1 Integral models or adelic studies
The difficulties of looking at geometrical model integral over SpecOy has lead
many authors to try to go back to Weil’adelic point of view. In this direction
S. Zhang [Zh 2], Rumely, Soulé-Gillet-Bloch have developped an adelic Arakelov
theory. In [Zh 2] S. Zhang uses his theory to prove theorem 8.
3-2 What metrics to choose
Each problem seems to have its metric

i) Faltings put [w A @ on NQ 1, for A an abelian variety with the success we
know. It leads him to ask himself the purely arithmetic question of evaluating
the discriminant of the kernel of an isogeny. This is a good example of the
following philosophy:

@) determine a statement on Q using a metric (here prove that the modular height
has logarithmic singularities and satisfies Northcott theorem)
B3) Then use arithmetic (here Raynaud (p, ... ,p) theorem and Grothendieck-Illusie

" Barsotti-Tate tronqués”)

il) S. Zhang these days seems to prefer the Poincaré metric to Arakelov’s original
one for it extends on the closure of the Deligne-Mumford compartification of
M,

i1) In defense of admissible Arakelov metrics I will quote:

a) it extends Neron-Tate (hence theorem 6)

B) w?\,/OK is a height with log singularities on M, as the work of Jorgenson on
Faltings é function shows

~) I proved in [Sz 2| 12degarakelov (w) = log Din for an elliptic curve

iv) Soulé, Gillet, Bismut have choosen the Quillen metric fo it is the one that
gives then a Riemann-Roch theorem!



3-3 Galois action

It is my conviction, that to really prove statements on a number field (or better
on Q@ ) and not on @ (as an inductive limit) one has to put not only metrics at
infinity but to take into account the Galois action.

Faltings [F 3] is, like I note above, a perfect example.

To give a chance to the opposite opinion I will note two things:

a) my conjecture 2-4 about intisic small points is purely on Q exept that Dy the

discriminant is there.

B) E. Ullmo has proved the following:

Theorem 12. Let X be an semi-state elliptic curve, d = %log(Dmin) then for

every € > 0 there exists only a finite number of torsion points P in X(Q) such
that —¢% /[K(P) : K] < d—¢. Here ¢p is the Q divisor that makes Ep — Eq - ¢p

purely of degree zero.

This is a clever corollary of [Zh 1] and [Sz 2]. If d > 0 (i.e. if X does not
have good reduction). Theorem 12 implies that the set of torsion points which
always pass by the connected component of the Néron model is finite
over Q. This could be obtained by Galois considention using Serre’s theorem on
the irreducibility of the image of Galois in Gl3(F) for [ 3> 0. Here the proof is
global and arakelovian !!

3-4 Conversation

Overheard at Max-Planck-Institute for Mathematics in Bonn June 94:

K -theorist: Let z be a complex number.

Analyst: We should consider |z]|.

Together: Ah! We just have proved a theorem in arithmetic.
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The Ray-Singer analytic Lorsion is a positive real number associated to the
spectruin of the Kodaira-Laplacian on Hermitian vector bundles over compact
Hermitian manifolds [9]. Using the torsion as part of a direct image, Bis-
mut, Lebeau, Gillet and Soulé were able to prove an arithmetic Grothendieck-
Riemann-Roch theorem relating the determinant of the direct image in the K-
theory to the direct image in the Arakelov Chow ring. One important step in
the proof of the theorem was its explicit verification for the canonical projection
of the projective spaces to Spec Z by Gillet, Soulé and Zagier [4]. [n particular,
the Gillet-Soulé R-genus, a rather complicated characteristic class occuring in
the theorem was determined this way. The discovery of the saine genus in a
completely different calculation of secondary characteristic classes associated to
short exact sequences by Bismut gave further evidence for the theorem.

In [6], an equivariant version of the analytic torsion was introduced and
calculated for rotations with isolated fixed points of complex projective spaces.
The result led Bismut to conjecture an equivariant arithmetic Grothendieck-
Riemann-Roch formula [1]. Redoing his calculations concerning short exact
sequences, he found an equivariant characteristic class R which equals the Gillet-
Soulé R-genus in the non-equivariant case and the function R™" in the case
of isolated fixed points. In {2], he was able to show the compatibility of his
conjecture with immersions.

In this script, we give the value of equivariant torsion for all equivariant vec-
tor bundles over any compact Hermitian symmetric space G/ K with respect to
the action of any g € (i as calculated in [8]. The result is of interest also in the
non-equivariant case: The torsion was known only for very few manifolds; the
projective spaces, the elliptic curves and the tori of dimension > 2 (for which it
is zero for elementary reasons). Also, Wirsching [11] found a complicated algo-
rithm for the determination of the torsion of complex Grassmannians G(p, n),
which allowed him to calculate it for ((2,4), 7(2,5) and G(2,6). Thus, our
results extend largely the known examples for the torsion.

Remarkably enough, a similar calculation in the context of flat vector bundles
over odd-dimensional Riemannian manifolds provides the diffeomorphy classifi-
cation of some locally symmetric spaces of the compact type [7].

Let M be a compacl n-dimensional K&hler manifold with holomorphic tan-
gent bundle 7'M . Consider a hermitian holomorphic vector bundle £ on M and
let. & and @* denote the associated Dolbeault. operator and its formal adjoint.
Let O, := (J + 8°)? be the Kodaira-Laplacian acting on T(AYT*®'M ® E).
We denote by Eig, ([3;) the eigenspace of O, corresponding to an eigenvalue A.
Consider a holomorphic isometry g of A7 which induces a holomorphic isometry
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g~ of E. Then the equivariant analytic torsion is defined via the zeta function

Zg(s) =3 (=1)"'y Y AT Irging @)

q>0 reSpedly
A0
for Me s » 0. Classically, this zeta function has a meromorphic continuation
to the complex plane which is holomorphic at zero. The equivariant analytic
torsion is defined as 75 1= exp(Z(0)). This gives for g = Ida; the ordinary
analytic torsion T of Ray and Singer [9].

Let G/K be a compact hermitian symmetric space, equipped with any G-
invariant metric (-, -},. We may assume ' to be compact and semi-simple. Let,
T C K denote a fixed maximal torus. Let @ be a system of positive roots of &’
(with respect to some ordering) and let ¥ denote the set of roots of an invariant
complex structure in the sense of [3]. Then @ UW =: At is a system of positive
roots of G for a suitable ordering, which we fix [3, 13.7].

Let pe denote the half sum of the positive roots of ¢ and let We; be its
Weyl group. As usual, we define (o, pg) 1= 2(e, paho/||c||? for any weight o.
For any weight b, the (virtual) character y, evaluated at { € 7" is given via the
Weyl character formula by

E"’E“'G det-(U)) egﬁiwb(t)
ZU—"E“’G de"(“)) e?vriwpc(t) .

Xo(t) =

This extends to all of G by sctting xs to be invariant under the adjoint action.
Let V' be an irreducible K-representation with highest weight A and let 17 =
(G x V)/K denote the associated G-invariant holomorphic vector bundle on
G/K. The metric (-, -), on g induces a hermitian metric on E. Using similar
methods as in [6], one may reduce the problem of determining Z,(s) to a problem
in finite-dimensional representation theory. This way one gets our key result

Theorem 1 The zeta function Z associated to the vector bundle I over GJK
15 given by

Z(s) = -2* Z(ka,ka+ 20c 4 20) 7 X pat Atka-
oCc¥
k>Q

Let for ¢ € R and s > 2
pikd

s 0) =) 5

k>0

denote the Lerch zeta function. Let P:Z — C be a function of the form

m

P(k) =) cikmiets®s
Jj=0
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with m € Ng, nj € Ng, ¢; € C, ¢; € R for all j. Set Podd(k) := (P(k) -
P(—k))/2. We define analogously to [4, 2.3.4]

" m
CP = Y ciCul-ny,45), D SCACUIRH
j=0 j=0
m nj m : ig]
N ) i P"J+1 1
(P = ciCr(=n;, ¢;) s and  Pi{p) = — Z J ra
; =1 ¢ j=0 4(71". + l) =1 £

#; &0 mod2w
Then theorem 1 implies by some calculus on zeta functions

Theorem 2 The logarithm of the equivariant torsion of If on G/ N is given by

2'(0) = 2¢' Z ng(![-l\+k° -9 Z X;G-M—ka ((a, pa + A))

ag¥ [
e ! Lol
+3 D Nota-kalogh+ Y (§ - Ck‘ggiuka) log ==
acd k=1 g W

One can show that the polynomial degree in k of 3" ¢ Xpo+a+kaly) forany g € G
is at most the dimension of the fixed point set of the action of ¢ on G/K. In
particular, it is less or equal #W¥. The torsion behaves additively under direct
sum of vector bundles, thus this result gives Lhe torsion for any homogeneous
vector bundle.

Remark: If the decomposition of the space G/R in its irreducible compo-
nents does not contain one of the spaces SO(p + 2)/SO(p) x SO(2) (p > 3)
or Sp(n})/U(n) {(n > 2), one may choose the metric (-, ), in such a way that
log|lal|2/2 = 0 for all a € W. Thus the corresponding term in theorem 2
vanishes.

We shall now compare the result with Bismut’s conjecture of an equivariant
Riemann-Roch formula. Consider again a compact Kahler manifold A and a
vector bundle £ acted on by g and let M, denote the fixed point set. Let N be
the normal bundle of the imbedding Mg — M. Let 7{}" (resp. 'yl"f,) denote the

infinitesimal action of ¢ at 2 € M. Let Q7*s Q¥ and QF denote the curva-

tures of the corresponding bundles with respect to the hermitian holomorphic
connection. Define the function Td on square matrices A as Td{A):=det A/(1-

exp(-A)).

Definition 1 Let Tdy(T'M) and chy (T M) denote the following differential forms
on Mgy:

_QTM, NP LA
Tdg(TAM) :="Td ( 5 )det (l = (y") exp %)
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and

-0k
chy(TM) :="Tr ~F exp _(l_._u_,
2m
Assume now for simplicity that E is the trivial line bundle. In [1], Bismut intro-
duced the equivariant R-genus Rg(TAf). Using this genus we may reformulate
theorem 2 as [ollows:

Theorem 3 The logarithm of the torsion is given by the equation

- 1 > l QUL a :02
log 74 (G/ K} — log volo(G/K) + Y (5+ CXo% ke (8)) log liadle .2”
¥

= ] Tdg(1(G/KY) Rg(T(G/E)) = C 3 Xothkal9) =2 Xpa—ial9)” (o, pa))
(G/K)q v v

Using the R-genus, Bismut formulated a conjectural equivariant arithmetic
Grothendieck- Riemann-Roch theorem {1]. Suppose that M is given by M ® C
for a flat regular scheme m : M — Spec Z and that £ stems from an algebraic
vector bundle £ over M. Let Y(—1)4 R97.£ denote the direct image of £ under
7. We equip the associated complex vector space with a hermitian metric via
Hodge theory. Bismut’s conjecture implies that the equivariant torsion verifies
the equation

—~ - (1)
log (M, B) + & | S (~)7RImE | = m. (Td_,,(T.M)chg(g))
g2>0

# [ RGN RTGIRehg(B) (1)
(G/K)qg

.—-"‘-l
(We identify the first arithmetic Chow group CH (Spec Z) with R). Here E;,,

']:Elg and éhg denote certain equivariant arithmetic characteristic classes which
are only defined in a non-equivariant situation up to now {sce [10]}. Bismut (2]
has proven that this formula is compatible with the behaviour of the equivariant,
torsion under immersions and changes of the occuring metrics. In the non-
equivariant case, equation (1) has been proven by Gillet, Soulé, Bismut and
Lebeau {5]. In our case, the éé term in (1) should be independent of g. By
the definition of &', it should equal minus the logarithm of the norm of the
element 1 € H%G/K), thus — log vol,(G/K). Hence, theorem 3 fits very well
with Bismut’s conjecture.

We consider now the casc ¢ = Id. For this action, the equivariant torsion
equals the original Ray-Singer torsion. The values of the characters Xpg+4a at
zero are given by the Weyl dimension formula

Npg+ha(0) = dim Vg ke = H (1 + k&ﬁ':{g) .

pea+ {
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[n particular, the first term in theorem 2 is given by ¢’ applied to the odd part.
of the polynomial

ﬁ,cr))
cor k
3 trorsal0) = §6§+(1+ e

At a first sight, this looks like a polynomial of degree #A*, but it has in fact
degree < #W, thus all higher degree terms cancel. By combining theorem 3
with the arithmetic Riemann-Roch theorem, we get, the following formula:

Theorem 4 The direct image of the arithmetic Todd class is given by

Ty ) L . odc [[ex Ig
(71'. _[‘d(l.M)) = ¥(§+C(([1m Vogaka) ) logTI
+ EZ (dim ’l/;,a.,.;\.a)od‘] +2 Z (dim Vg 4ia)” (o, p6)) .
v ¥
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w-—-.Recall.that .a.semiabelian. variety. is a gréup variety A -such that, after suitable-base-- -
. change, there exists an abelian variety Ay and an exact sequence

026G 545 495 0.

el ot - i

+ ,Let & be a number field and let S be a finite set of places of k containing all
"archimedean places. Let R be the localization of the ring of integers of &k away from
places in S.

Let X be a quasi-projective variety over k. Then a model for X over R is an

- —.integral scheme, surjective and quasi-projective over- Spec R ;-together-with-an-isomor--— -
phism of the generic fiber over £ with X . An integral point of 2 is an element of
Z'(R).

Let us begin by stating four theorems.

Theorem 1 ([altings). Let X be a subvariety of an abelian variety A/k. Then there
exists a finite collection By ..., B, of translated abelian subvarieties of-A- such
that B; C X for all i and

=|JBi(k)

Theorem 2 (Vojta). Let X be a closed subvariety of a semiabelian variety A. Let
Z be a model for X over R. Then there exists a finite collection %,,..., %,
of subschemes of & whose generic fibers (over k) are translated semiabelian
subvarieties of A, such that

=J@i(R)

Theorem 2 is the obvious generalization of Theorem 1 to the case of semiabelian
varieties. Indced, in the notation-of Theorem 2, if A is an abelian variety then we
can take 2 and %,,...,%, proper over Spec R and.then the valuative criterion of
properness implies that

Z(R)=X(k) and  %i(R)= Bi(k).
Theorem 3 (Faltings). Let D be an ample effective divisor on an abelian variety A

and let % be a model for A\ D. Then % (R) is finite.

Again, one would like to find a Theorem 4 that generalizes this to the semiabelian
casc. Here, however, the assertion that % (R) is finite is too strong, as the following
examples illustrate.
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Example. Let A =@ andlet D be the diagonal on A. Completing A in the obvious
way to (P')? it follows that the closure of D is ample. Yet

A\ND = (G \ {1}) X Gum,

so it may have infinitely many integral points (depending on the model).

Of course in this case there is a _nontrivial group action on A. The following
~examplé does not Have this property.” o

‘Example. Let £ be an elliptic curve and let A = G, x E . Let f be a nonzero rational
~_function on E with a pole at a rational point P. Let_ D be the closure.in_Gp, %X E of

the graph of the rational function f. Then A\D has no nontrivial positive dimensional
group action, yet it contains the nontrivial translated subgroup G,, x {P}.

A correct formulation of Theorem 4 therefore needs a weaker conclusion:

Theorem 4. Let D be an effective divisor on a semiabelian variety A, and let % be

a model for A\ D. Then there is a finite collection B,,..., B, of subschemes
of % whose generic fibers (over k) are translated semiabelian subvarieties of A,
such that

= J%(r

. Theorem 4 implics Theorem 3 by induction on dimension, since the restriction .of ..
"Dtoa B; is still ample.
*" Theorems 1-3 were conjectures of Serge Lang.
The conclusions of Theorems 2 and 4 are very similar. This suggests that they can
“be combined to a single theorem:

ooy

Theorem. Let X be a closed subvariety of a semiabelian variety A, let D be an
effective divisor on X, and let % be a model for X \ D. Then there is a finite
collection %y,...,%B, of subschemes of % whose generic fibers (over k) are
translated semiabelian subvarieties of A, such that

=J%i(R)

The proof of this, given Theorems 2 and 4, is very short:

- Proof. First; let 2 be some model for X. Then -

%(R) < #(R) = #(R)

by Theorem 2; hence applying Theorem 4 to the &, N % gives

% (R)=\J(#:n%)(R) = UU@,-J-(R)
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Time does not permit a full proof of Theorem 4, but it is possible to state the main
_approximation theorem, after a few definitions.

Definition. Let X/k be a variety. A generalized Weil function is a function
g: H U(k,) >R
v

“where U is a nonempty Zariski- open subset, of X such that thcre exists a proper

v7" birational morphism ®: X* — X such that go <I’ extends to a Weil function for

some dmsor D* on X

Deﬁmtlon. Let ¥ be a proper closed subset of a variety X/k. Then a logarithmic
distance function for Y is a generalized Weil function g on X such that, if
®: X* = X and D* are as above, then D* is effective and Supp D* = &~1(Y).

. Note that this is not really minus.the logarithm of the distance.to Y , especially -
near singularities.

Definition. Let G be a variety. A compactification of G is a proper variety G with an
open immersion G' < G'. A compactification G of a group variety G is translation
invariant if the group law G x G = G extends to a morphism G x G — G .

Remark. A translation invariant compactification G of G# deétermines a translation
Jnvariant compactification A of A such that p extends to a morphism 5: A —. A,
with fibers isomorphic to G'.

" Theorem ‘(li/'l'a.in Apfnoxhﬁa.tion Theorem). Let A be a semiabelian variety, A a trans-

In tion invariant compactification of A as in the remark, I, an ample line sheaf on

, hy a height function relative to L, A, a generalized Weil function on A at
i p[acc we€S, and Ay a Ioganthmic distance function for A\ A. Then there
do not exist £ > 0 and ¥ C A(R) such that (1)

Aw(P) > khy(P)
forall P& % ;and (2) for all'n > 0 the inequality
Aco,w(P) < nhy(P)

holds for infinitely many P € %

The proof that the Main Approximation Theorem implies Theorem 4 is an appli-
cation of the theory of toric varieties; see [V 2] for details.

The proof of this theorem is an application of Arakelov theory and Faltings’ Prod-
uct Theorem to Thue’s method; details will appear in [V 1] and [V 2]. We sketch some
of the main ideas here.
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First, we may assume that A is the translation invariant compactification of A
associated to the compactification G < (Pl)'u. Let Lo be an ample symmetric
divisor on Ag, and let L; be the divisor A \ A. Then

L= p*Lo + Iy

is ample. We may also assume that ¢, is a Weil function associated to an effective
divisor D.
Given rational € > 0 and s € Z7, let

[ T m=-1. - m~—1 - me = —. e

Les = Z ($i41 - Pripy =i pry)"p" Lo + Z (8%r1 - Prigr =57 - pry)"Ly + GZPTI L

i=1 =1 i=1
and

m—1
Mg = Z (Sig1- Pripy —S8i- pr;)*p" Lo
=1

+ s:'l’ pri L, + 23% pra Li+--+ 23,2,1_1 PPy L1+ an pry, Ly

m
3 +-eZpr;’ L
=1

= L. 4 + an effective divisor.

Note that Lg is not defined on A, because the 2,1+ Pripy —s7 - pr; do not give
morphisms A™ — A. Instead a certain blowing-up of A™ is needed. Also, these
are Q-divisors, but they will always be multiplied by an integer which will cancel the
denominators.

The key step in the proof, then, is to construct a small section of

() D(¥,dMes) O T(W, dLeg) N s (T] XidM. )

for sufficiently large and divisible d. Here X, are closed subvarieties of A gotten
from the product theorem, X; are the closures of X; in A, W is a blowing-up of
HK"; so that dL., is defined as a line sheaf, and ¥ is a model for Hi’g. The
subscript 6 in the third term above refers to the submodule of sections with index
> 46 at (DNXy) x---x (DN X,,). Likewise, the second term is determined by an
appropriate index-like condition.

To construct this section, we first prove bounds on the rank and Arakelov degree
of U(¥,dM,s). We then successively restrict to eventually get the metrized R-module
(*), keeping, bounds on the degree.at each step. Each step involves derivatives, which
are defined as follows.

—— e - - - eA— e . - ey
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Let X/k be a smooth variety, let Dy,..., D, be smooth irreducible divisors on
X which mect transversaily, and let £ € I“(X _if’) be a section of a line sheaf Then
given ip,.. € N™, we may define a “derivative” o
Dy, .. 8Din---nDY)el(DyN---ND,, QR 6(~11Dy —---—i,.D,).

It is well defined if it represents a leading term; i.e., if all derivatives for smaller

(g, ey Tp ) vanish, e S R T

Of course, in order to control the degrees of the above modules, we need. to find
" thesc dcrwatwes in the Arakelov setting. This leads to two questions:

- - {1). How much do-the metrics of this derivative increase over-the metrics-of ¢ 7~~~

(2). I £ is integral (over some model of X and Dy,..., D), then how large will
the denominators of the derivatives be?

Thesc are actually two versions of the same question, for archimedean and finite places,
respectively. The answer to (1) is obtained by complex analysis via the Cauchy integral
formula, and the answer to (2) is obtained similarly, in the context of p-adic analysis.- -
Thus in this case the complex analysis comes first, and provides intuition for the finite
places,

This is the reverse of the usual situation in applications of Arakelov theory: one
usually proves something first in the function field case; if it is done right (e.g., does

_.not involve differentiation with respect to the base curve) then the translation to the

number field case is straightforward.
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arithmetic de@ree of an adelic metrized line bunsUe.\ under
Ver7 weak conditlons ow the metrics. Our seﬂfna is as
Follows «

| K= S\o\oa( field ‘
X/ = prod'ed’uue)ﬁeomdrica,“\l irceducihle vaciety
L = ample line bundle on X. o= dwn (K.

For each p\ace v of K, let 1Y, bea me+ﬁ'(__v on the
geomettic fibres of Jv = k@iw that is, a Sunction such
that for each Xeﬂcq\) sach local section § ot x| avd each

a e

Ko jafsak - la\,- 4,
We assume the mekeics ave qalois-stable , eq. eada continugus
automerphism o e Gal ( CyfK,\ sa¥isdles *@H""\\(,c {m)k-u y but
we wake no h Pon\&es about SmocrH\b\cSS) positivity or even

P‘?i“\d' lay po;d"conﬁnu'(‘ry, “The weteics Vﬂmf be O oZ\) cettain
Libres .

let R = Zé:o F(‘i(@“) i suppose Gy, L a set
of 3ev\em5}ors for R as a K—o_lﬁchfq, Tn addition 1o galols
S‘}a‘ml'&\h Wwe oscume the mettics are bounded in the o owing
Sense. For ‘?e [_'(EL@“)} write \\&hv = f:&@vi{’%‘\tru-

@ For each v, +here s a constant Qvéaa such that
Mgl = B, Sordl iy
(D For all bout Sinitely wany v, R =1.
For each n, pat
F oy = § e K@)« Wl 1%,
a»ol)wr'd}nj A fov the adele ring of K = put

l%[v\\ = (TE F;(n\\ O(AG)\"(KM“ .
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Thesrew . Twn s se&?nglvﬂe cpoﬂauul‘ug limit exasts:
a(aaéz} = Erm —% Ioﬂ(ud,(ﬁ(n\)ﬁau%(m]) .

The idea $or the prooF is to diest define local degrees
deg (%) and show cl‘nay/ exist | and thea to show fhat

ey (F ) =" S dug (F). ey 0)

where the numbers Nu are aliosen as b the pmo{uﬂ(' '
formula, The construction of Hhe local degrees is bosed
on o constraction which V.0 2Zaherjuda used +o show the
extence of dhe Fekete -lgja. trunsinite diameter on €™,
The main Sact which it rests apom s the existence o{- a
K- .BQSI\S &Y (2-.: &) r'(fﬁj W‘I% pra{')er'h‘es m&Ck like.
fhose. of the standand monomtlals | dor (B This basis

s constracted by an indudive pracedure, cotbing X by well-
Cfmsen ‘\y,o@:r{;(‘m,gs1 and aanHv\S in the case of curves .

“Ihe work described above s Joiw(- work with C.F Law

amd Q.Vax(ey.

eetpefev\ces .
CR-LT.  Artthmetic Capacities on IPM3 by CFlan

and R-Rumly, To appear W Math. 2o,
fL—Q-Vl Bxistence ot e Sectlonal Cafacf{»y by C.F. Lau’
R. meeh/) and R. Ua.ﬂet/, Unl veFSH«/ ol (?390(11 la, M"ﬂﬂﬂa:ﬁ'cs
preprint sertes, No-25 vl T (i454Y,
Al "Tra,%\s@(n'x{e, d{ameter, C’nefoy shey constants and Cmpaclt)«
Jor compacka tn €8 by V0 Zhbarjuta.  Mak USSR
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Let K be a number field, K an algebraic closure of K, and let R be some
localization of the ring of integers of K (such as a ring of S-integers). We denote
by Max (R) the'set of (nonzero) maximal ideals of R, identified with a subset of
M ={all places of K}. As usual, K, (resp. R,) denotes the v-completion of K
(resp. R) for ve Mg (resp. veMax(R)).

Let X be an algebraic R-stack (in the sense of Artin [A]). We assume that
X is of finite type, flat and surjective over Spec (R) and that X is geometrically
irreducible over K.

Then X has a point over R, the integral closure of R in K.

In fact we prove more : let  be a finite subset of My ; we assume (mainly
for convenience) that TN Max (R) = @, and (this is essential) that
ZUuMax (R) # Mg . For each veZ, fix a nonempty open subset 2, of X(K, ). Here
"open" means that:

(i) €, is a set of objects of X(K|), stable under isomorphisms ;

(ii) for each K -scheme of finite type S and each object x of X(S), the
set of points se€ S(K,)) such that the induced object s*(x) isin , is
open in S(K))) for the v-topology.

Denote by K*cK the maximal extension of K which is totally split over
each veZ, and by RY the integral closure of R in KX, If xe X(K¥) and veX, we
say, by abuse of language, that xeQ, if, for every place w of K £ above v, the
image of x in X(K,) via Ki— (Kz)w%Kv belongs to Q, .

Theorem. With the above notations and assumptions, there exists an object
x€X(RY) which is in Q, , in the above sense, for all veX.

This theorem generalizes results in [S], [C-R], [R], and [MB] ; in fact the
proof proceeds by reduction to the case where X is a scheme, treated in [MB].
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