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Announcenlent of an International Conference on

Arakelov Theory
Differential Geometrie Methods in Arithmetie

BOlID, lune 1-7, 1994

At the center of the Special Activity on Arakeloy Theory held at the Max-Planck-Institut ftlr
Mathematik in Bann from May to July 1994 we will organize an International Conference on Arakeloy
Theory from June 1 through 7, 1994. It will take the p)ace and time of the traditional Bann
Mathematische Arbei!stagung, which will not be held in 1994.

In the last 10 years, Arakelov theory has developed rapidly and branched out in several directions.
The foundations of a general theory have been laid, including the so-called Arithmetic Riemann-Roch
Theorem, and significant arithmetic applications of the methods have been fouod. For examp)e, it is
fair to say that the ideas and concepts of Arakelov theory led to all three proofs of the Mordell
conjecture (by Faltings, Vojta, Bombieri). Yet, the theory is far from comp)ete, and direct
applications are only beginning to emerge. The aim of the conference (as weil as of the whole MPI
activity) is to bring together the experts in this field, as weil as interested non-experts, to allow direct
exchange of informatiun, and to present a l:oherent picture oi the eurrent state of the theory.

The Bonn conferenee is also the last part of aseries 01' al:tivities related to Arakelov I1leory, organized
under the auspices of the Programme Jor lJuernational Cooperation in Mathematics and its
Applications (PICMA). The central goal ofPICMA is to promote mathematical research in developing
countries. The first major meeting of this series took place at ICTP (Trieste, Italy), August 31 
September 11, 1992, ami the second one was held at Ain Shams University (Cairo. Egypt), September
4-15, 1993. There have been additionallocal workshops preparing for parts of the project - in China,

I Iran and Turkey. At Bonn, there will be opportunities for r~ports on the work in these eountries.
Participants uf previous PICMA m:tivitie.l;j are eOl:ouraged to try and attend the Bonn conference,
although funds tor tinancial suppurt are unfortunately rather limited.

Sinee the goal of the conference is to get a coherent picture of Arakelov theory, and in view of the
fact that the audience will not just consist of the inner circle of experts, some of the talks will be of
a more synthetic and general nature. The list of speakers will probably include: J. M. Bismut, S.
Bloch, J. 1. Burgos, R. Elkik, G. Faltings, H. Gillet, V. Maillot, L. Moret-Bailly, A. Parshin, C.
Soule, L. Szpiro, Q. Tian, I. H. Tsai, E. Ullmo, P. Vojta, G. Wüstholz, S. Zhang.

If you wish to attend the conference. please copy the attached form amI return your copy with the
necessary data (as soon as possible. sißce hotel space is rather shortl). There is also a possibllity of
requesting financial support. but our resourl:es are fairly rcstricted. Applications will be treated on
the basis of need and availability of funds.

Uwe Jannsen
Mathematisches Institut
der Universität zu ·Küln
Weyertal 86-90, D-50931 Köln
GERMANY
Jannsen@mi.Uni-Koeln.oe

Norbert Sehappal:her
U.F.R de mathematique er d' informat ique

Universit6 Louis Pasteur
7, rue Rene Descartes, f.·67084 Strasbourg

FRANCE
schappa@math.u-strasbg. fr





International Conferenee on

Arakelov Theory - Differential Geometrie Methods in Arithmetie

Bonn, June 1-7, 1994

Seientifie Programme

Alllecttu'es of the conference (except on June 3) take place at Großer Hörsaal, Mathema
tisches Institut der Universität, WegeleI' Str. 10, Bonn.

The talks by Bismut, !(öhler and Soule are designed to give an overview of the subject
(esp. higher dirn-ensional Arakelov theory), and are of a more expository nature.

Tea and coffee will be served between lectures, at 11:15 and 17:00, except on June 1.

Weclnesday, 1 June 1994

16:15 Opening
16:30-17:30 C. Soule
17:45-18:45 K. !(öhler

Arithmetic intersection theory
Analytic torsion and Quillen metric

Thursday, 2 J une 1994

10:15-11:15 E. Ullmo
11:45-12.45 J. Jorgenson

16:00-17:00
17:30-18:30

C. Soule
S. Zhang

Integral points on arithmetic sunaces
An analytic discriminant for polarized,
algebraic K3-surfaces

Chern classes and heights
The height and reduction of a semistable variety

Aigebraic geometry over Q
On Faltings 's product theorem

Friday, 3 June ~994 - Excursioll day: lectures take place at Mathematisches Institut der
Universität !(öln, Weyertal 86-90, !(öln.

16:00-17:00 L. Szpiro
17:30-18:30 G. Wüstholz

Saturday, 4 June 1994

10:15-11:15 K. !(öhler
11:45-12.45 V. Maillot

16:00-17:00 J.I. B1U'gOS

17:30-18:30 P. Vojta

Analytic torsion on Hermitian symmetrie spaces
An arithmetic Schubert calculus

Ari thmetic Chow rings and
Deligne-Beilinson cohomology
Integral points on open subvarieties of
semiabelian varieties

Please turn over .
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Tuesday, 7 June 1994

10:15-11:15 A. Abhes
11:45-12:45 !(. !(ünnemann

Sunday, 5 June 1994

10:15-11:15
11:45-12:45

15:30-17:00

17:30-18:30

Monday, 6 June 1994

10:15-11:15
11:45-12:45

16:00-17:00
17:30-18:30

16:00-17:00
17:30-18:30

J.M. Bismut
W. Gubler

G. Frey / E. !(ani

R. Rumely

C. Soule
LH. Tsai

L. Moret-Bailly
A. Smirnov

J.B. Bost
A. Reznikov

Complex immersions and Quillen metrics
Heights of subvarieties

Curves of genus 2 and
the height conjecture for elliptic curves
Existence of asymptotics for volumes
of adelic metrized line bundles

Arithmetic Riemann-Roch
Connections on determinant line btmdles

Integral points on algebraic stacks
Some absolute constructions

The "arithmetic" Hilbert-Samuel theorem
On the arithmetic analogues of the
standard conjectures

Stability and heights of arithmetic vaxieties
The Bloch Conjecture

SOCIAL EVENTS

Concert
Thursday, 2 June 1994, at the Festsaal der Universität, Am Hof 1, Bonn.

20:00-21:45 Piano recital, Gülsin Onay
(Chopin, Medtner, Mussorgski)

Excursion day: Friclay, 3 lune 1994 (see separate infonnation sheet)

09:48 departure from BOIll1 Main Station to Brühl: tour of Schloß Augustusburg. Con
tintling to !(öln (Cologne): possibility of visiting the cathedral, as weIl as a church from
the Romanesque period. After the lectures, back to !(öln Altstadt. Returning to Bonn by
train later at night.

Reception
Sunday, 5 June"1994, at the Festsaal der Universität, Am Hof 1, Bonn.

19:30-22:00 Rector's reception - cocktails and buffet

Uwe Jannsen Norbert Schappacher
Max-Planck-Institut für Mathematik

Gottfried-Claren-Str. 26, 53225 Bann, Germany
Tel. (49) 228 40 21 Fax (49) 228 40 22 77

jannsen~mpim-bonn.mpg.de norbert~mpim-bonn.mpg.de
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Piano Recital

GÜLsiN ONAY

Festsaal der Universität, Am Hof 1, Bonn, 2 June 1994, 20:00 h

Frederic Chopin
(1810-1849)

Nikolai Medtner
(1880-1951)

Modest Mussorgski
(1839-1881)

Variations brillantes sur le Rondeau favori 'Je vends des scapulaires'
de 'Ludovic' de Herold et Halevy, B-flat major ap. 12 (1833)

Ballade A-flat major ap. 47, no. 9 (1841)

Nocturne f-sharp minor, ap. 48, na. 2 (1841)

Scherzo b mi nor ap. 20 (1832)

Tema con variazioni c-sharp minor op. 55, no. 1 (1933)

* * *
Pictures at an exhibition (1874)

Promenade - Gnomus - The old castle - Tuileries (cbilclren in
play quarreling) - Bydlo - Ballet of the ducken in their eggs 
Samuel Goldenberg and Schmuyle - Promenade - Thc market of
Limoges - Con mortuis in lingua morta - Catacombs (Sepulcrum
Romanum) - The hut of Baba-Yaga - The grand gate of Kiev

istanbul-bom Gül~in On4Y was first tn.ught by her piAnist mother. Her exceptional mmicn.l talent WlLS

soon recognised lilld she gave her first publie concert n.t the age of six on Turkish rM..io. A scholarship

from the Turlcish govemment ena.bled her to study n.t Lhe PlU"is Conurv4toire where her teachers inclmled

Nadia Boulanger, Monique Hn.n.s and Pierre Sancan ll.lld where at jusL 16 she WM awarded Lhe coveLed

1er Prix du Pi4no. Lat.er she sLmlied with Bemhard Ebert in HlI.IU1over. G1il~in OnltY ia a prizewiruler

of several int.enlatiollaJ competitions, incJnding the MATgUerüe Long - Jacques Thjbaud competit.ion in

Paris and the Ferrucjo Busonj cOlllpetit.ion in It.aJy.

A truly internationN artist, GiJ4in Onlty has perfonned in 30 countrir:s on five continen~ to date. She

has appeared w ith world clItss orchest rlLS such a.a t he thr: WlII8tJ.w P hilhannonie, S t4 ltükltpeJl e Dre~den ,

Dresden Philhannony, Radio Syrnphony Orchestra Berlin, the SaJ.zbnrg MOZlU'Leum Orchestr"", the Tokyo

Symphony, the Japan Philharmonie Orchestr"", the Bavarill.ll, Danish, An~trian and Finnish R.a.d.io Sym

phony OrchestrlLSj Academy of London, Basel Sinfonietta, ami the Sinfonia Varsovill..

Gül~in Onay is a popula.r guest n.t presLigious intel'nlliionn.l Festivn.ls, such as the Wa.rsaw Autumn, Styrian

Autllmn, Berlin Festival, Mozartfe.st WürLburg, Schleswig-Holstein Festivn.l, istlUlbul Festivn.l.

She hlLS recorded a wide range of 6010 repertoire including Schubert, Chopin, Debussy, Ravel, Franck,

Bart.6k, lLS welllLS piano concertoe by TchAikovsky, HuberL Stnppner ll.lld A. Adnan Sayg:un.

Gii.J&in On4Y's reperLoire eneompaMetI lllosL of the European c1MSical and TOITllUlt.ic composers, but she is

NSO a highly regnrded int.erpreter or 20Lh century Illmie, including tltat oe the Turkish eompOBer Aluned

Adnall Saygt~'whOBe work she regularly perfonns ll.lld hAB recOI'ded.



NOTES

Mussorgski's Pictures at an exhibition are so well-known, and immediately expressive, that
they do not seem to need any commentary. In the first part of the programme, however,
three very well-known works of Chopin are surrounded by two variation works which are
almost never played in cancert. At the moment, there is not even a recording of the
1.1edtner variations available on the market. (Gülsin Onay recently finished recording a
CD with six variation works by different composers which will also include both variations
performed in the recital.)

Chopin 's Ludovic variations were perfectly characterized in a critical review that Robert
Schumann wrote in his own Music J\.1agazine "Neue Zeitschrift für Musik" in 1836, and
where he coit'tpared Variations Br-illantes by eight different composers. He regrets the gen
eral lack of depth and honesty in this kind of brilliant musie. Hut he also puts Chopin '8

eomposition above the others by comparing Chopin to a great actor who draws applause
from the public even when he just happens to walk aeross the open stage, helping some
body earry something: Chopin can never eompletely betray his true genius, even in a
work whieh is not as deeply eoneeived and not as painstakingly perfected as his other
compositions.

Incidentally, it is precisely this lack of the last finishing touches in Chopin 's nsnal
style which prodnces in some of the Ludovic variations eertain passsages that strike us
today as distinctly 'Schumannian' .....

Nikolai Medtner's variations from 1933 are the exact opposite of Variations Brillantes 
they are serious, quite eomplicatcd music, written in our century, for the modern grand
piano, by an excellent russian pianist who, like Rachmaninoff (both belong to the same
generation), left Russia after it had turned into the Soviet Union.

Unlike Rachmaninoff, Medtner never enjoyed big publie suceess. This may be partly
due to his somewhat introverted style of writing, which lead hirn into intricate harmonie
developments and unusual rhythms. But such features do of course oceur in the works of
other, very successful composers of the same period, for instance Stravinski or Bart6k.

Indeed: it may be said that Medtner stood in the way of his own success because
of the decidedly anti-modern image he liked to give himself. His music is wrapped into
overall forms which reminded many music critics of Brahms. And in his opposition to
Ravel and Stravinski (in 1935, during his Paris exile, before settling in London) he even
went as rar as to publish a. polemicallittle book against these modern composers, entitled
The muse and modernism.

Thus the many wonderinl new-and thereby modern-things that Medtner develops
in his pianistic style are wrapped in traditional structures. This makes it an extremely
rewarding intellecttlal adventure to hear his music as what it really is: the work of an
eminent composer of our 20th century.

J\.1edtner was a lonely man; but since he was one of the biggest masters of world piano
literature, there is no reason to eondemn his work to the same fate that he bad during
his lifetime. The short variations performed by Gülsin Onay may give some idea. of the
richness which is still waiting to he discovered in Medtner's reuvre.



Excursion, Friday, 3. June 1994

09.48 Bonn main station (platform 2) ~ train to Brühl (arrival 10.01; you have to use the ticket
the whole day through, so please keep it).

10.05 ~ 11.55 Visit of Schloß Augustusburg (opposite the Brühl station). There will be two
guided one~hour tours (one English, one German) at approx. 10.05 and 10.25. Possibility
to have a walk in the beautiful park.

12.01 Brühl station· train to Cologne (arrival 12.18).

Arranged programme at Köln (Cologne):

13.00 - 15.00 Four guided tours of the Kölner Dom have been arranged: two 13.00 ~ 14.00 (one
English, one German), (Wo 14.00 ~ 15.00 (both English). Meetin~ at the main entrance.

14.15 - 15.15 Two guided one~houf tours of St. Gereon have been arranged (one English, one
German).

For those who want to see Dom and St. Gereon: after the Dom tour 13.00 ~ 14.00 it is
possible to walk to 51. Gereon in 15 minutes·.
After leaving St. Gereon, you should immediately walk southwards to Neumarkt·.

How to get to the lYlathematisches Institut (Department of Mathematics):

either 15.19 departure from Köln main station (platform 6, sections D ~ E) by train (direction
Bonn). Get off at Köln-Süd (15.26, second stop), leave the station at the north end (via
the other platform) onto Zülpicher Straße, tUfn left and walk through the campus of
Universität zu Köln (University of Cologne) to the Mathematisches Institut-.

or 15.30 departure from Neumarkt (north side of the middle oval) by bus (line 136 or 146
leaving every 5 minutes). After about 8 minutes get off at stop 'Hildegardis-Kranken
haus' (fust step after a large park area), enter the street Weyertal (across the Pedestrian
cressing) and reach the Mathematisches Institut after 300 metres on the left-.

In case yeu want to come directly from Bonn to the afternoon lectures at the
Mathematisches Institut Köln. a convenient train leaves Bann main station at 15.12 and
arrives at Köln-Süd 15.31. Then follow the map.

Programme at the Mathematisches Institut (Weyenal 86-90):_
16.00 - 17.00 Lecture by L. Szpiro 'AJgebraic geometry over 4)'
17.00 . 17.30 Tea
17.30 . 18.30 Lecture by G. Wüstholz 'On Faltings's product theorem'

End of the day

18.45 A bus will take us frorn the Mathematisches Institut to the Kölner Altstadt.

22.20 Köln main station (platforrn 6 B ~ C) - train to Bonn (arrival 22.48).
If you don't use this train. you have to care for yourself. Trains you can use in this case
(E and N trains) leave Köln 19.19, 20.19, 21.19, 22.57 and 0.02 (last train!).

see the copied map; a guiding person for this group will also be provided



Schloß Augustusburg

Brühl's Rokoko palace was the summer residence of the Cologne archbishops and

electoral princes, and in present times is used for state receptions by the German

Government. It is on the UNESCO list of cultural monuments and famous for the

staircase by Balthasar Neumann and the beautiful palace gardens.

Kölner Dom

This gothic style cathedral, started in 1248 and completed 1880, is Köln's symbol.

It impresses by its architecture, precious art treasures (like the medieval choire stall

(Chorgestühl, 1320), the shrine of the Holy Three Kings (Drei-Königen-Schrein, 1200)

and a glass window cycle from the 16th century), and by various superlatives (like the

world's largest bell). The tower platform (95 m, accessible by a staircase with 509 steps)

offers a nice view of Köln.

St. Gereon

Köln's oldest church, founded in the 4th century over the grave of the martyr

St. Gereon, was completed as a romanesque church in 1227. It hides an outstanding

piece of architecture, the boldly constructed decagonal (ten-sided) crossing cupola, which

is sometimes compared with the famous cupolas of Hagia Sofia or the Florence

cathedral.

Other places of interest which you may explore ·on your own

Wallraf-Richartz-MuseumjMuseum Ludwig (between Kölner Dom and Rhein

river): two art museums of high repute.

Römisch-Germanisches Museum (south of Kölner Dom): depicts the Roman

history of Köln and the Rhein river valley.

Hohe StraßejSchildergasse (connecting Kölner Dom and Neumarkt): a

pedestrian zone, Köln's shopping area number one.

Rathaus (city hall in the centre of the Altstadt) wirh Praetorium (underneath;

excavation of the seat of the Roman governor) and Mikwe (on the forecourt;

Jewish cultural bath).
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ALGEBRAIC GEOMETRY OVER Q

LUCIEN SZPIRO

In 1978 I gave a conference at the ENS in Paris with title "Faisceallx arithme
tiques coherents". The object was to introdllce the ruathematical publie to what
I called "Arakelov theory". To jnstify this introduction I explained what eould be
done with the idea of Arakelov and Parshin: "Put metries at infinity on veetor
bundles and you will have geometrie intuition of cOlupaet varieties to help you".
I also explained that nlY seminar [5z 1) was an open book of eonjectures onee
you knew the translation of:effective divisor, Kodaira-vanishing theorem, bonnded
families, Hodge index etc.... Needless to say I did not raised enthousiasm at this
point!

I present here a somehow detailed plan of what has been done on this program.

1. Faisceaux arithlnetiques coherents.
1-1 Heights the local-global equality defining the height of a point x E IP n (!() is:

(noting L = 0(1))

1 vol(Og) 1 rrsl~plxilv
(*)h(x) = ](: Qlogvol(L/Ex ) = !(: IRloglV(ixiOg)

where Ex is thc section of IPÖK --+ Spee O!{ eorresponding to the point x. This
formula teaehes you ruany things:

(1) It is aRielllann-Ro eh theorem in diruension one analogous to X(L ) =
degL - 9 + 1 on a eurve.

(2) The height is the "intersection" of ascheIne of dilnension 1 (Ex) with a
eycle of eoclilu 1 Cl (L ), whenee L is metrized. Thc funclamental theorenl on
heights is typical of the type of result one is ahle to get 011 Q:

Theorem l(Northcott's theorem):.
Given dEN 8Jld A E IR+ the set

{x E IP 7t(JR)lh(x) :::; A; deg[](x) : Q] :::; cl}

is finite.

As a corollary, 011ce you know 11 (thc N eron-Tate height on an abelian vari
ety A) you get the finitness of the torsion of A(!() beeause (h(p) = 0 {::} P torsion).
Also you get: [weak (Mordell-Weil) =} (Mordell-Weil (A(!() finite type over Z)].

1-2 Basic theorems of algebraic nUlllber theory It is good time now to prove
in the language of 11letrized Ene bundles on SpecOK the following classies:
cl (0/!() is fini te, Iclg I > 1, Diriehlet uni ts' theorelll, fix dg there is only a
finite number of !( possible. In fact this last stateluent is not the usefnl one.
One needs-and one proves - the following
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Theorenl 2:. Given 11. E N allel a finite set of prünes PI - Pr in CJI( tbe set of
nUlllber fields L sud] tbat [L : !{] ~ n alld 0 L is raJnified over CJ g only over the lJi
is finite.

The proof of this is not" arakelovian" you have to bound the wild vanification
(soInething false in equal charater p > 0) This is typical: arakelovian methods gives
you finitness of certain objects in Q, then the arithmetic of things allows you to
work over a given number field. In particular theorem 2 is what you need to prove
weak Nlordell-Weil.

1-3 The paper of Arakelov In 1972 Arakelov introeluces an intersection theory
on arithmetic surfaces with the followillg properties:

(i) Adjunction fonnula (with a "grain de seI"; when the divisor is not a section).
(ii) The theory extends Neron-Tate pairing on divisors of degree zero.

Z Oue should remark at this point that an arithmetic surface X ~ SpecOb.:
is analogous to a surface fibercd over a compact curve but with 110 fixed part in
the jacobian. It is elear: for the Neron-Tate height is zero on the fixed part and
not only on torsion points.
(iii) The admissible 111etrics he introduces are of elose arithnletric content, oue

can see that in two occasions (at least)
a) the case of elliptic curves has been workecl out quite cOlnpletly in [Sz 2]

after a start in [F 1].
b) the self intersection (w X 0 . wX 0 ) is a new invariant for Cllrves of genus

K K

at least 2. It is exploited below (2-1)
1-4 COholllo1ogie des faisceaux coherents

\·Ve all know that a theoreln of Rienlann-Roch computing the volunle for the
Quillen llletric of R!*E for a lnetrized Ene bundlc on a generically Sll100th X ~

SpecO g has been proposed by Gillet-Soule or Faltings. Üne should note that it is
not elear to anyone that the two versions of lliemann-Roch coincicle. The work of
Gillet-Soule has forced the beautiful long paper of Bismut-Lebea.tl in analysis. To
get down to business one needs another paper in analysis by Bismut Vasserot, and
one finally gets:

Theorenl 3 (The arithilletic Hilbert-Sailluel theorelll).
Let L be a positively Inetrized aJnple lille bundle on f : ){ -t SpecO1'(,

n d+1

ifn» ütl]en -10gvolL2(!*L@n) = (L···L) +o(nd+1
)

(d+l)!

This is the definition of (L ... L) (d +1) tinles. (d is the dimension of the gencric
fiber). The following corollaries wherc indicated in lny talk in 78:

Corollary 1 (existence theorenl for sIllall seetions).
If (L ... L) > 0 and n » 0 tllere exists s E f*L0 n sud] tl]at

Proof. Minkowski famons theoreln on lattice points gives a term in n dlog 11.

( d comes from Riemann-Roch on the genetic fiber)
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Corollary 2. If H is nUIllerica,lly ample and (L / H . L / H ... L / H) (d times) is zero
tllen (L . L··· L) ~ O(d + 1 times). (index theorenl lllOSt striking wllen d = 1 :
(L·H=O--+ (L·L) ~O))

1-5 More applications of Corollary 1 of aritlunetic Hilbert-Salnuel.
The existence of slnall seetions is crucial in many cases we list a few below: (At

this point it is noticeable to quote the paper of Abbes and Bauche which gives
in less than 30 pages a self contained proof of theorenl 3 ([A-B])).

(i) (wxo](' WXOK) ~ 0 g ~ 1 (Faltings [F 1])
(ii) second proof of Mordell conjecture (Vojta [V])

(iii) Miyaoka ci ~ 4C2 for stables vector bundles on curves g ~ 2
(iv) My proof of Bogomolov conjecture gencralizing Raynaud's theoreln [Sz 2]
(v) Shouwu Zhang's Nakai NIoisheson is criteritun of alnpelness [Zh 1]

1-6 The degree of a subvariety is the self-intersection. The problern is non
gellerically SITIooth subvarieties (of pn for example or ... ) of course one wants
to put (0(1)· ··0(1)·0(1)) nurnber of times equal to diIn of generic fiber plus one
as adefinition!! This is fine when the generic fiber is SIllooth. Faltings finds a
way in [F 2], Gillet-Soule catched up later The nlore natural way is to get:

Theorenl 3' (arithlnetic Hilbert Sanluel far any variety). -log VOlL2!*L0 n =

(7J:~ \! (L ... L) +o( 11. d+ I) wllen tlIe L 2 norm is compu ted 011 tlle Sl1100tll locus of tbe
reduced variety.

This is decluced of theorem 3 by S. Zhang in [Zh 2] using resolution of singular
ities) .

The next usefull result is:

Theorenl 4. Tbe degree of tbe cut out of a small byperpla,ne section gives a sub
variety of small degree.

(This cau be lnaclc precise of coures (cf. [F2]) . This staternent wi th corollary 1
of theorem 3 is what is neecled of the theory in the proof by Faltings of his falnous
"product theorem". Then, with that in hands, and Vojta-Siegel idea, one gets on
to prove Lal1g's conjecture on abelian varieties:

Theorelll 5. X y A abe1ien val'ieties X(I{) C U Bi(I() wlIere Bi are translate
i=l···n

of sub-abelian varieties.

1-7 Grothelldieck-Rielnann-Roch?
Für a morphism ){ 1, y~ over SpecO!{ a fcw cases have been clone:

(i) Max Noether formula 12X(Ox) = Cl + 4C2 (Faltings [F1])
(ii) Nlax Noether formula on Mg (L.Moret-Bailly [~-.'1-B 1])

(iii) Functional equation of 8 functions (L. Moret-Bailly [M-B 2])
(iv) Cl (Rf*) for ! Iocal con1pIete il1tersection (Lin Weng [\\T])
(v) Cl (Rf*) for Macaulay scheInes (R" Elkik ([E 1], [E 2])

There is elearly work to be done if one likes Riemann-Roch theoren1s.
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2. A la recherche de petits points: NUlllerical properties of the relative
dualizing.
Ta try to progress anel get (colljecturally so far) effectivity statelnents I have pro
posecl in [5z 1) to look for small points. The reason is that the Parshin-Kodaira
constructivon teIls you that one is interested in bonnding (w.Y"jOJ()2 anel, the
following lelnma I have provecl:

Lelnma 5.
(WXjOK . wx/oJ() :::; (-E~)(2g - 2)(2g)

wllere Xl... is a curve of genus 9 2:: Land Ep the section of X --+ SpecCJ I ... given by
a rational point P E X/;,.,(I{).

2-1 v..'XjOK is big (i.e. points are not tao small).

Theorenl 6. Let){ be an arithmetic sUlface oE genus 9 2:: 2 and X g Y A an
elnbedding of XI'" in a polarised abelian variet'y, than tllere exists t: > 0 SUell tllat
{P E Xg(Q)lh(P) :::; t:} is finite exept nlay be if P "divides" wX/o K . When X
is slnootll over C) I\' then wi /0 K > 0 is equiva,lent to the full filli tness statell1ent
above.

This resnlt which generalized Raynaud 's [amons theoreln on torsion points it
was conjectured by Bogonl0lov. The exeption case is vcry interesting. It gives
an arithmetic meaning of an Arakelov invariant. To prove that W~jOK = 0 implies

there is an infini te sequence of points x Tl E X (Q) wi th i~(x Tl) --+ 0, I needccl to prove
that the linear systeln f*w~7oK has 110 fixed part. This has been provecl by Kim

([I<]). A lnore general theorenl has been obtained by S. Zhang [Z 1],

Theorenl 7 (Nakai Moisheson theorenl for arithlnetic surface). IE L lS

numerically a!nple(i.e. (L· L > 0 L . D > 0 for Rny effective D) then L@Tl lS

generated by its sections slnaller tlla11 one far the L 2 nonn, when 11, » O.

2-2 When is (WX/OK . WXjOK) > 0
S, Zhang [Zh 2] has proved the following:

Theorenl 8. If X -----t SpecO l\' is semi-sta.ble a!lC! not snl00th of genus 9 2:: 2
then (WX/OK . WX/OK) > O.

For the smooth case not everthing is known. The following authors have lnade
exalllples of (WX/OK . WX/OK) > 0 for smooth fibrations. (Burnol), (S. Zhang),
(Mestre, Bost, :NIoret-BaiIly) in genus 2

2-3 wS/o« IUUSt be sluall
Ta prove such a statelnent I have in [5z 1] a programlll in two points

(i) - I<odaira vanishing
(ii) - I<odaira 5pencer class.

In fact 0) has essentially been solved by Miyaoka 10 years aga

Theorenl 9 (Miyaoka). IE E is a. stable vector bundle Oll an arithmetic sU1face
tllen ci ::; 4C2'

This has been written up by Moriwaki. The vanishing theorenl is thcn deduceel
by the Mumford-Reider lllethod. C. 50ule has had the good taste of believing in
Miyaoka all these years, He then has published the proof of the following [S 1]:
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Corollary 10. IE L is a nUllleric1lary 8Jnple like bundle on an arithlnetic surface
and s E R 1 I*L0-1, thcn IIsllL2 ~ e(1oge = 1).

2-4 The instrisie slnall points conjecture. I have made nUlllerous variations on
[Sz 1]. The following is a version I rather like: Let )(!{ be a curve of genus 9 ~ 2
over a nuruher field 1(0. then there exists constants A(n) and B(n) depending
only on the curve over ](0 and on the integer n such that : if (]( : Q) ::; n, for
every P E X(]()3P' E X(Q) such that

(i) - E}, ::; []«(P') : Q](A(n) log Dg + B(n))
(ii) (Ep ' Epl)::; [1{P,P'): QJ(A(n)logDg + B(n)) this imply a strong effectivc

Mordell which if proved for only one curve inlplies the (a,b,c) conjecture (or
the conjecture of discrirninant for elliptic curves) -a result of L. Moret-Bailly
and myself following A. Parshin for modular curves-. In this direction note
the theorem of E. Ulhno:

Theoren111. ForevelY point P E ~Y(I()3Q E ~Y(Q) such that (Ep·EQ)finite = 0
and height (Q) is bounded.

Of course remains the problem of (Ep . EQ)oo!!

3. 'Vhat is our subject.
3-1 Integral lllodels 01' adelic studies

The difficulties of looking at geornetrical model integral over SpecO j't: has lead
rnany authors to try to go back to Weil'adelic point of view. In this direction
S. Zhang [Zh 2], Rumely, Soule-Gillet-Bloch have developped an adelic Arakelov
theory. In [Zh 2] S. Zhang uses his theory to prove theorern 8.

3-2 What Inetrics to choose
Each problem seems to have its rnetric

max
i) Faltings put Jw A w on A Sl;\ for A an abelian variety with thc success we

know. It leads hinl to ask hirnself the purely arithmetic question of evaluating
the discriminant of the kernel of an isogeny. This is a gooel exanlple of the
following philosophy:

a) determine a staternent on Q using a ruetric (here prove that the modular height
has logarithmic singularities and satisfies Northcott theorem)

ß) Then use aritlunetic (here R,aynauel (p, ... ,p) theorern and Grothenclieck-Illusie
"Barsotti-Tate tronques")
ii) S. Zhang these days seenlS to prefer the Poincare ruetric to Arakelov's original

one for it extends on the closure of the Deligne-:NIunlford conlpartification of
Mg

iii) In defense of adnlissible Arakelov metries I will quote:
a) it extends Neron-Tate (hence theorern 6)
ß) W~/OK is a height with log singularities on )\I1g as the work of Jorgenson on

Faltings 8 function shows
,) I proved in [Sz 2] 12degArakelov (w) = 10gDmin for an elliptic curve
iv) Soule, Gillet, Bismut have choosell the Quillen rnetric fo it is thc one that

gives then a Riernann-Roch theorem!
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3-3 Galois action
It is 111Y conviction, that to really prove staterncnts on a nlunber fielel (01' bettel'

on Q ) and not on Q (as an inclllctive limit) one has to put not only lnetrics at
infinity hut to take into account the Galois action.

Faltings [F 3] is, like I note above, a perfect eXaIllple.
To give a chance to the opposite opinion I will note two things:

a) lny conjectm'e 2-4 about intisic snlaU points is purelyon Q exept that D!( the
discrilninant is there.

ß) E. Ullmo has provecl the following:

Theorell1 12. Let ..:y be an scnü-state elliptic curve, cl = /21og(Dmin) tllen for
every c > 0 tllere exists onlya finite number of torsion points P in ..r\(lQ) such
that -eP~/[!{(P) : !(] ::; d - c. Here cj;p is tlle Q divisor tlJat Inakes Ep - E a + ePP
pure1y of degree zero.

This is a clever corollary of [Zh 1] anel [5z 2]. If d > 0 (i.c. if..r\ does not
have gooel recluction). Theorem 12 inlplies that the set of torsion points which
always pass by the conllected C0111pOnent of the N eron 1110del is finite
over Q. This could be obtained by Galois considention using Serre's theorem on
the irreclucibility of the inlage of Galois in GI2 (1F) for I »0. Here the proof is
global anel arakelovian !1

3-4 Conversation
Overhearcl at Max-Planck-Institute for Tvlathematics in Bann June 94:
!(- theorist: Let z be a cOlnplex ntunber.
Analyst: We should consider Izl.
Together: Ah! "'vVe just have proved a theoreln in aritlunetic.
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The Ray-Singcr analytic torsion is a positive real number associated Lo the
spectrulIl of the Kodaira-Laplacian Oll Hennitian vectoT bundles over compaet
Hermit.ian manifolels [9]. Using t.he torsion <t.S part of a direet ill1<ige , Bis
mut 1 Lebeau 1 Gillet allel Soule were able 1,0 prove an arithmetic Grothelldieck~

Riemann-Roch theorem relating the determinant of the direet image in the I\
theo ry to the di reet. image in the Ara kelov Cho\\' ring. One im portan t step in
thc proof of the theorem was its explicit verifieatioll for the canonical projection
of the projective spaccs t.o Spec Z by Gillet., Soule anel Zagier [4]. In particular 1

thc Gi lIet-Soule R-genlls I a rat.her eompi iea ted eh aracteristie cl ass occu ri ng in
the theorem was detenninccl this way. Thc discovcry of the salllC genus in a
completely different ca.lculatioll of seconclary characteristic c1asscs a.'·,sociated to
short. exact sequences by Bismut gave furt.her eviclence for t.he theorem.

In [6], an equivariall 1. version of the an aly t ie torsion wa.'5 i11 trod uced and
calculated for rotations with isolated fixed points of complex projective spaees.
The result led Bismut La conjectllre an equivariant ari thmetic G rothendieck
Ri email n- Roch form uIa [1]. Redoi ng his calculations concern iIl g short exact
seq uences 1 he fOll nel an eq 11 ivarian t ch aracteri stic cl ass R wh ich eq 11 als thc G illet
Soule R~genus i 11 t he lJOI\-eq uivarian 1. case ancl the function Umt iIl thc case
of isolatecl fixecl points. 111 [2), he was able Lo show the cOlilpatibility of his
conjecturc with immersiolls.

In this script , we give t.he value of equivariant torsion for all equivariant vec
t.or bunelles over any compact Hermit.iall symmetric space G/ J{ wi th respect to
the action of any 9 E G as calculated in [8]. Thc result is of interest also in the
non-equivariant case: The torsion was known oll1y for very few lIlanifolds; the
projective spaces, t.he elliptic curves alld the tori of dimension> :2 (for which it
is zero for elementary rca.soIl:'l). Also, \Virsch ing [11] found a COll1 pi icated algo
rithm for the determination of the torsion of complex Grassmanllians G(Pl n),
which allowed him Lo calculate it for G(2,4), (,'(2 , 5) and G(2 1 6). Thus, our
result.s extend largely t.hc kIlown examples for the torsion.

Remarkably enough I a si In ila r calcu Iatioll i11 the context of Oat "ector bu nelles
over odel-dimensional Riemallnian manifolcls provicles the diffeomorphy classifl~

cat.ion of some locally symmetric spaccs of the compact type [7).
Let Al be a compad n-dimensional I\:ählcr manifold with hololllorphic tan

gent bundle TAt!. Considcr a hcrmitian holomorphic vector bUllClic E Oll M and
let. & allel 8"' c1enote the associated Dolbeault. operator ancl its formal adjoint.
Let Oq := (8 + ß"'f be the Kodaira-Laplacian acting on r(AqT",o,l M 0 E).
\Ve denote by Eig>.. (Dq ) the eigenspace of Dq correspondillg to an eigenvalue A.
Consider a holomorphic isometry 9 of AI which induces a holomorphie isometry

Seite: 1



g. of E. T hell t he eq LI ivar iant an a Iy tic torsion is clefined via the zeta fu netion

Z9(S) := L(-l)q+lq L .A-~TrgtEig.\(Oq)
q> 0 ), ESpecCl q

), ;ltO

for 9le s »0. Classically, this zeta funetion has a meromorphic continllation
to the eomplex plane which is holomorphic at zero. The equivariant allalytic
torsion is deH Iled as Tg := cxp (Z~ (0) ). Th is gives for g = leCH the orel i11 ary
analytic torsion T of Hay alld Singcr [9].

Let, G11..... be a eompaet hermitian symmetrie space t cquippeel with any G
invariant Illetric (" -)0' \Ve ll1ay a...,sllme G 1.0 be cOll1pact. alld sellli-simplc. Let
T ~ K denot.c a fixccl maximal torns. Let. e be a system of posit.ive root.s of [{
(wit.h respect to some ordering) and let. \11 denote t.he set of roots of an invariant
com plex st.r tldurc in the sellse of [:{]. Theu e u \11' =: .6.+ is a systcm of posi t ivc
roots of G for a suit.able ordering t which we fix [~{, 13.7].

Let Pa clenote the half sum of the positive roots of G anel let. t'Va be its
\Veyl group. As usual, we defille (0', pa) := 2(a, pa)o/IIO'I[~ for any weight. o.
For any weight b, t.he (virtual) charaeter Xb e\'aluated at lET is given via the
Weyl character formula by

'"'" , c1et.(w) e2lfiwb(t)
, (l) - L....,wE!\ 0

\b . - . ()'. '"'" deI (w) e2lflWPG t
L....,wEI\'o '

This ext.encls Lo all of C by setting Xb to be invariant uncler the adjoint action.
Let. \I be an irreducible [{-represcntatiou with highest wcight, A alld let E :=

(G x \1)/ fi,· denote t,he associated G-invariant holomorphic vector bundle on
GI f{. The metric (-, .) 0 on 0 ind uces a hermi tiall metric on E. Usi ng si m ilar
met hods as i11 [5], Olle lIlay rcduce t 1I e probIcm of d etermin ing Z9 (.'i) to a problem
in finite-dimensional represelltation theory. This way Olle gets our key result

Theorelll 1 The zehl fuuetioH Z (lssocialed to lhe veeto'l' IJlllldle E ovcr G11{
is given by

Z(s) = -2~ L (ko, ko + '2PG + 2A);~Xpa+A+ko.
<>E~

k>O

Let far 4> E R ami s > 2

denoLe t.he Lerch zet.a funct.ioll. Let P : Z -t C bc a funetion of lohe fonn

In

P(k) = 2: cjkHjeikrJ;>j

j=O
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Autor: K'a( {(li ~ fR.,

with 11l E No, Il} E No, Cj E C, 4Jj E n for all j. Set podd(k) .- (P(k) 
P(-I.:))/2. \Ve elefine analogously to [4, 2.~~.4]

Seite: 3

(P

CP

ln

2::= C}(L (-nj, <Pi)'
}=o

m Hj 1
L cJ (/, (- n j , <Pj) L e
j=O l=l

allel

m

c.'P:= Lc}(U-nj,<pj)
j=O

m

j=o
~jlOlO modJ ..

Then theorem 1 implies by some ealeulus on zeta funct.iolls

TheorCIll 2 The logarithm oJ the equjvariant torsion 0/ E on GI !\" is given hy

One ean show that the polynomialelegree in k ofLII' Xpo+A+ko(g) for anY!I E G
is at most the dimension of the fixed point set of the aet.ion of 9 on GI J{. 111
particlli ar, it. is less or eq 11 al # W. The torsion beh aves adel itivel y 11 nder d ireet.
sum of vector bund les, t h lIS this resll Jt, gives t.he torsion for any homogencoll S

vector bundle.
Renul.rk: If t.he deeomposition of the spaec GI J{ in its irreducible eompo
nents eloes not contain olle of thc spaces SO(p + 2)/SO(p) X SO(2) (p 2: ;{)
or Sp( 1l ) IV (11) (11 2: 2L olle may ehoose thc metrie (-,.) 0 in sueh a way t.h at.

log l1QII~/2 = 0 for all Cl E \11. Thus the eorresponding term in t.heorem 2
vanishes.

We shall now eomparc thc result wi th BisllllI t 's eonjecture of an equi variant,
Riemanll-Roeh formula. COllsider again a eompact I<ähler mallifold A1 allel a
vector bundlc E acted on by 9 anel let l\1g denote the fixeel point. set,. Let N be

the Honnal bunelle of the imbedding Pl'1g 4 A'l. Let 'I~ (resp. 'I~) denote the

infini tesima.l action of 9 at ;I: E A,Jg' Let OT /11 g, ON anel OE elenote the eurva

tures of the corresponding bundles with respeet to the hermitiall holomorphie
eonnedion. Define thc fundion Tel on squa.re mat.riees A as Td(A):=det A/( 1
exp(-A)).

Definition 1 Let Tdg(TJH) (md ehg(TAf) denote the Jo1lowing differentiell JO,.11I5
on AIg :

( _rl™g) ( T rlN)-t
Tdg(TAn := Tel 27l"i det I - b J

\ )-t exp 27l"i



(md _nE
ehg (T1H) := Tr , E exp 'j [,:1 9

•

L.lrl

ASSllll1e now for simplicity t.hat. E is the t,rivialline bundle. Ln [IJ, Bismut intro
dueecl the equivariant. R-genus Rg(Tkf). Usillg this genus we may reformulate

theorem 2 as folIows:

Theormu 3 The loga1'ithm 01 the torsion is given by the eCJuatioll

Seite: 'f

logTg(GjK) -logvolo(G/K) + L (~+ (X~~<!rkn(g)) log Ilo~l~
1J'

=1 Tdg(T(G/K))Hg(T(G/ I\)) - 'L X~~d+ko(g) - 2L Xpo-ko(9r ((0', PG))'
(GIK)9 'I' 'I'

Using the R-genus
l

Bismut formulated a conjeetural equivariallt arit.llInetic
Grothendieck-Riemann-Roch theorcm (1). Suppose thaI, 1\-1 is given by J\;f <9 C
for a flat regular seheme 11'" : .'\;f -4 Spee Z alld thaI, E stems from an algcbraie
vector bu nd le E over ;\;1. Let I:(- 1)q Rq rr "' E denoLe the cl ireet il nage of E. under
rr. \Ve equip t.he associaLeci eomplex vector space with a hcrmitian metrie via
Hodge thcory. Bismut's eonjeeture implies t.hat thc equivariant torsion verifies

the equation

log Tg(J\rI, E) + c~ (L (-1)q nq
rrO'E.) = rrO' (Tdg(T.M)cl1g(E.)) (1)

q>O

+1 Tdg(T(Gj h:))Rg(T(G/1\))chg(E) (1)
(GIK)9

-I
(\Ve identify the first arithlllctie Chow group eH (Spee Z) with R). Here C~l

rfd g alld c11 g denote ecrt,ain cquivariant arithmetic characteristic classes whieh
are on Iy clefi lied iu a lloIl-eq 11 ivari an 1. si t uat.ion up Lo now (see [10]). Bisrll 11 t. [2]
has proven thaI, this formula is eompatible with the behaviour of t.lle equivariant.
torsion \Inder immersions e\.lld ehanges of the occu ring l1lctries. In the non
equi variant ease, eqllation (1) ha...:; been proven by Gillet, SOllle~ Bismll t alld
Lebeau [5]. 111 ou r case l t 11C c~ term i11 (I) sho\lld be ilidependent of!/. By
the dcfinition of cl, ii. shollid equal milllis the logarithm of thc nOflll of the
elemen L 1 E fl 0 ( G j 1'..:L thus - log \'010 (G / I~ ). Hence, theorem 3 fi ts very weil

with Bismut 's conjecture.
\Ve consider now the ease !I = Icl. For this actiOll l t,he equivariant torsion

equals the original Ray-Singer torsion. The values of the eharaeters Xpa+kn at.
zero are givcll by thc \Veyl dimension formula

, (0) - ,. T( - rr (1 I, (ß,o) ),\po+kn - (Im Ipo+ko - + ,.-(--) .
ßEll.+ ß, PG

--- -----.--------



Autor: k'ai ttö·~l..r

In particular! the first term in theorem 2 is givcn by (' applieel 1,0 t,he ocld part.
of t.he polynomial

At a first. sight l t.his looks like a polynomial of degree #f:j.+, but, it has in fact
degree ::; #W, Ums all higher degree t.erms cancel. By cmnbilling theorem :~

with the ari thmet,ic Riemallll- Roch thcorem, wc gel. t.he following fOrIllII la:

TheoreUl 4 The direet image 01 fhe arithmelic Todd dass is givell by

Seite: ~
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..-.- -- ,Recall- that .a. semiabel ian. variety. is a grou p variety A -such t hat, after suitable- base- - 
. change, there cxists an abelian variety Ao and an exact sequence

• ,Ij. .~..". ~ t

o-+ G~ -+ A 4 Ao -+ O.

,L,et k be a number field and let S be a finite set of places of k containing all
l archimedean places. Let R be the. loc'alization of the ring of integers of k away from
placcs in S.

Let )( be a quasi-projective variety over k. Then a model for .X over R is an
'"' _.integral scheme, surjeetive and ·quasi-projective· over -Spec R',-together-with -an-isomor- -- 

phism of the generic fiber over k with X. An integral point of &: is an element of
.2:(R) .

Let us begin by stating four theorems.

Theorem 1 (Faltings). Let ..,'{ be a subvariety oE an abelian variety Alk. Then there
cxists a. finite collection BI".' B n oE translated abeJian subvarieties of~-A- such
tllat Bi ~ ~Y for all i and

~Y(k) = UBi(k).

Theorem 2 (Vojta). Let ~Y be a c10sed subvariety of a semiabeJian variety A. Let
.2: be a model for X' over R. Thel] there exists a finite collection &i11 , ••• , fJ!Jn
o[ sllbschemes o[ &: whose generic flbers (over k) are translated semiabelian
SlJ bva~!eties o[ A, such th.at

Theorem 2 is the obvious generalization of Theorem 1 to the case of semiabelian
varicties. lnclccd, in the notation ·of Theorem 2, if A is an abelian variety then we
can take &: and ~l,"" §1n proper over Spec Rand. then the valuative criterion of
prop0l'ness implies that

and

TheoreIll 3 (Faltings). Let D be an ample effective divisor on an abelian variety A
a,lld let 0/1 be CL model for A \ D. Then o/i' (R) is finite.

Again, Olle would like to find a Theorem 4 that generalizes this to the semiabelian
caso. I-[ore, however, the assertion that OlL' (R) is finite is too strong, as the following
exam pies ill ustrate.

1



Autor: PC1V. \ V~~

2

Seite: L.

," \

Example. Let A = G~l ancllet D be the diagonal on A. Completing A in the obvious
\Vay to (Pl)2 , it follows that the closure of D is ample. Yet

A \ f! ~ (Gm \ {I}) X Gm,

so it may have infinitely many integral points (depending on the model).

Of COllrse in this case there is a nontrivial group action on A. The following
-- --'exafil-plcc)oes-nofli"ave this ·pro"perty.- --~~ --_. - -'- . ..-- ..0-_. -.~- - _.---. -"- ..._-_.

". ~ . Example. Let E be an elliptic curve and let A = Gm xE. Let f be a nonzero r~tional
function on E with a p"ole. (i,t ,<1: f1ttiPDal.point_P ..Let_ D. J).e_.the..closure.in __.Gm_x.E. oL_ .

._.,- ,- - the-gr;~Pll-~Ytll·~· ~;rti~nal function f. Then A\D has no nontrivial positive dimensional

grollp action, yet it contains the nontrivial translated subgroup Gm X {P}.

A correct formulation of Theorem 4 therefore needs a weaker condusion:

Theorem 4. Let D be an effective divisor on a semiabelian variety A, and let 0// be

a model [ar A \ D. Then there is a finite collection .@l, ... ,!$n of subschemes
of '0/1 whose generic fibers (over k) are translated semiabelian subvarieties of A,
such tlJat

Oll (R) = U!$i(R).

___ Thgor~ll1 4. implics Theorem 3 by induction on dimension, since the restriction .or ..
D to a Bi is still ample.
. ,0 Theorcms 1-3 were conjecturcs of Serge Lang.

The conclusions of T~c:ore~1s 2 and_ltare very sinülar. :;rJl.i~ ~.llggests ~l(at they. can. _
. -"be comb(ned to €I.. single theorem: .

Theorem. Let ..Y be a c10sed subvariety of a semiabelian variety A, let D be an
effcc/.ivc divisor on ..Y J and let 0/1 be a model for )( \ D. Then there is a finite
collecLioll ~l,'" 1 ~n of subschemes of o/L' whose generic fibers (over k) are
translated semiabelian su bvarieties of A, such that

The proof of this, given Theorems 2 and 4, is very short:

. Pr'Oof. Firsti let .2" be some model for ..Y . Then .

o/L' (R) ~ &: (R) = U~i(R)

by Theorem 2; hence applying Theorem 4 to the !!8i n Olf gives

o//(R) = U(~i n o//)(R) = UU&9ij (R).
i j

~_... ~ .. .----"-- - -_ ............ -

o

-$
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Time docs not permit a full proof of Theorem 4, but it is possible to state the main
.<:rp..r.~ximapon .tl~eoTcm_, after a. few dennitions. . ~ _. _ ... __ . _._

Definition. Lct .Y/ k be a variety. A generalized Weil function is a function

v

_. _~ ....... _ ........ ~· ...... - ~~ __~__ ........4~& ... _._ ...

. ._..-- -_ .. --- '\Vh-er~'[fis ~ Iloll"cmpty Zariski-open sllbset of X~ , such that thcre exists <l: prop'er

, i", ,,/' bira,tiolla.l morphism q>: ...Y* -+ ...Y such that go q> extends to a Weil function""for
some divisor D* on ...Y*.

Definition. Let Y be a proper closed subset of a variety )(/ k. Then a logarithmic
distance function for Y is a' generalized 'Veil function 9 on ...Y such that, if
~1?: ~Y* -+ ...Y and D* are as abovc, then D* is effective and Supp D* = q,-l (Y) .

_ N.ote that this is not really minus. the logarithm of the distanee .to Y , especially _
near singularities.

Definition. Let G be a variety. A compactification of G is a proper variety G with an
open immersion Gy G'. A eompaetification G ofagroup variety G is translation
invariant if thc group }aw G X G -+ G cxtends to a morphism G X G -+ G.

Relnark. A- tra.nslation invariant eonipactification G of G::l dfitermines a translation 
;in\.'ariant compactifieation A of A such that p extends to a morphism ß: Ä· -+.. ,Ao
with fibers isomorphie to G.

..... ~ ... _ .... _ ~ • ,~ 4~

Theorem (ll/Iaill Approximation Theo~em). Let A be a semiabelian variety, Ä a trans
];l.tiOIl in \'arian t compactification of A as in the remark, L an ample line sheaf on
;\, hL a height function relative to L, Aw a generalized Weil function on A at
a. place 7.V ES, and Aoo,w a logarithmic distance function for Ä \ A. Then there
do not exist K, > 0 and .9 ~ A(R) such that (1)

{Ol' all P E .9 ; and (2) for all" 7] > 0 the inequa.Iity

h01ds for infinitely many P E S/ .

Tile prüüf that the Main Approximation Theorem implies Theorem 4 is an appli
catioll of thc theory of toric varietiesj see (V 2] for details.

The proof of this theorem is an applieation of Arakelov theory and Faltings' Prod
uct Theorcm Lo ThLlC'S method; details will appear in (V 1] and [V 2]. We sketch some
of thc ma.in ideas here.

'"'!"!'-
.... ~ _,=X"
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First, \\TC may assume that A is thc translation invariant eompaetifieation of A
associated to the eompactifieation' ~ y (pl)ll. Let La be an ample symmetrie

divisor on .4 0 1 and let LI be the divisor Ä \ A. Then

L := p* Lo + LI

is ample. \Vc mayaiso assume that gw is a Weil function associated to an effeetive
divisor D.

Given rational f > 0 and s E Z+ , let

-- - •• < _. .rn-I. - rn-I 'rn-' --
Lf.,g = L (8i+l . pri+l -Si' pri)*P* ~o + L (sr+1 . pri+1 -sr· pri)*LI + € L pr; L

i=1 i=1 i=1

and

rn-I

1'd f.,p, = L (Si+l . pri+1 -Si' pri)*p'" La
i=1

+ si pri LI + 2s~ pr; LI +... +28~_1 pr~_l LI +S~ pr~ LI
rn

+.€ L pr; L
i=1

=Lf.,a + an effective divisor.

- 2 2Notc thal Lf.,s is not defined on .A, because the Si+1 . pri+l -Si' pri do not give
morphisms Arn ---+ Ä. Instead a certain blowing-up of Äm is needed. Also, these
are Q-divisors, but they will always be multiplied by an integer whieh will eaneel the
dcnominators.

The key step in the proof, then, is to eonstruet a small section of

(*)

for suffieiently largc anel divisible cl. Here "'\{i are closed subvarieties of A gotten
frolll thc prod lIet theorem, }< i are the closu res of "'Yi in Ä, W is a blowing-up of
rr .\\ so that dLf.,8 is defined as a line sheaf, and 1/ is a model for rr ...Yi. The
subscript b in the third term above refers to the submodule of seetions with index
~ b at (D.n ...\d X ... X (D n ...Ym ). Likewise, the second term is ·determined by an
appropl'iate indcx-like eondition.

To construet this section, we first prove bounds on the rank and Arakelov degree
of ['(1/, dJ.'I[f..S)' \Ve then successively restriet to evcntually get the metrized R-module
(*), keepingl bounds on the degree .at each step. Eaeh step involves derivatives, whieh
are defined as folIows.
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Let .-Y/ k be a smooth variety, let D 1, .•• , Dr be smooth irreducible divisors on
.Y which mect transversally, and let ~ E f(.X,2') be a section of a line sheaf. Then
given i 1 , ... 1 1~r E Nr

, we may define a "derivative"

D·. . F(D1 n··· n D ) E r(D l n ... nD 2 iO. (j(-iID l - ..• - i D ).11 .. ··,1,...,. r r, \()I r r

lt is weil defined if it represents a leading term; i.e., if all derivatives for smalleI'
. _... (i 1 , •.•• ,-ir)' vanish.
~ • <> Of course, in order to control the degrees of thc above modules, we need: to, .fi.nd

.. '~ these eleriv:1tives in the Arakelov s~tting. This leads to two questions:

- ... (1) .. How much do- the metrics of this derivative increase'overthemetrics'of·E ?.--.
(2). Ir ~ is integral (over some model of )( and D1, ••• , D r ), then how large will

the denominators of the derivatives be?

These a.re actllally two versions of the same question, for archimedean anel finite pIaces ,
respectively. The answer to (1) is obtained by complex analysis via the Cauchy integral
form lila, anel the answer to (2) is obtained similarly, in the context of p-adic analysis:' 
Thus in this case the complex analysis comes first, and provides intuition for the finite
places.

This is the reverse of the usual situation in applications of Arakelov theory: one
usually proves somcthing first in the function field casej if it is done right (e.g., does

, .Hot i Ilvolve differentiation with respect to the base curve) then thc translation to the
nU!TIber field casc is straightforward.
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Let K be a number field, K an aIgebraic closure of K, and let R be some

localization of the ring of integers of K (such as a ring of S-integers). We denote

by Max (R) the' set of (nonzero) maximal ideals ofR, identified with a subset of

MK={all places ofKl. As usual, Ku (resp. Ru) denotes the v-completion of K

(resp. R) for vEMK (resp. vEMax(R)).

Let X be an algebraic R-stack (in the sense of Artin [AD. We assume that

Xis of finite type, fiat aod surjective over Spec (R) a'nd that X K is geometricaIly

irreducible over K.
Then X has a point over R, the integral closure of R in K.
In fact we prove more: let L be a finite subset ofMK ; we assume (mainly

for convenience) that Ln Max (R) = 0, and (this is essential) that

LuMax (R) ~ MK . For each VEL, fix a nonempty open subset nv ofX(Ku)' Here

"open" means that:

(i) 0v is a set of objects of X(Ku)' stable under isomorphisms ;

(ii) for each K v-scheme of finite type S aud each object x ofX(S), the

set of points SES (Ku) such that the induced 0bject s·(x) is in nv is

open in S(Kv ) for the v-topology.

Denote Hy Kl:cK the maximal extension of K which is totally split over
each VEL, and by Rr. the integral c10sure of R in Kr.. If X EX(Kr.) and VEL, we

say, by abuse of language, that XEO u if, for every place W of Kr. above v, the

image of x inX(Ku) viaKr.~ (Kr.)w~Ku belongs to 0v'

Theorem. With the above notations and assumptions, there exists an object

xEX(Rl:) which is in 0u ' in the above sense, for all VEL.

This theorem generalizes results in [8], [C-R], [R], and [MB] ; in fact the

proof proceeds by reduction to the ease where Xis ascheme, treated in [MB].
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