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A NOTE ON KUTTLER-SIGILLITO’S INEQUALITIES
ASMA HASSANNEZHAD AND ANNA SIFFERT

ABSTRACT. We provide several inequalities between eigenvalues of some classical eigenvalue prob-
lems on domains with C? boundary in complete Riemannian manifolds. A key tool in the proof is
the generalized Rellich identity on a Riemannian manifold. Our results in particular extend some
inequalities due to Kutller and Sigillito from subsets of R? to the manifold setting.

1. INTRODUCTION

The objective of this manuscript is to establish several inequalities between eigenvalues of the
classical eigenvalue problems mentioned below. Let (M, g) be a complete Riemannian manifold
of dimension n > 2 and Q be a bounded domain in M with nonempty C? boundary 052. The
eigenvalue problems we consider include the Neumann and Dirichlet eigenvalue problems on €2:

{Au+)\u:0 in €,

(1.1) Dirichlet eigenvalue problem ,

u=20 on 0f),
(1.2) { gz—i%u =0 glll %’Q Neumann eigenvalue problem ,

where A = divV is the Laplace-Beltrami operator, v is the unit outward normal vector on 02,
and 9, denotes the outward normal derivative. The Dirichlet eigenvalues describe the fundamental
modes of vibration of an idealized drum, and the Neumann eigenvalues appear naturally in the
study of the vibrations of a free membrane; see e.g. [2] [5].

We also consider the Steklov eigenvalue problem, which is an eigenvalue problem with the
spectral parameter in the boundary conditions:
{ Au =0 in Q,

(1.3) o,u = ou on 052,

Steklov eigenvalue problem .

The Steklov eigenvalues encode the squares of the natural frequencies of vibration of a thin mem-
brane with free frame, whose mass is uniformly distributed at the boundary; see the recent survey
paper [8] and references therein.

The last set of eigenvalue problems we consider are the so-called Biharmonic Steklov problems:

A%y =0 in Q, . . .
(1.4) { w= Au— O =0 on 99, Biharmonic Steklov problem I;
A%u =0 in €, . .
(1.5) { D = B, A + €u = 0 on 99, Biharmonic Steklov problem II.

The eigenvalues problems ([1.4)) and (1.5]) play an important role in biharmonic analysis and elastic

mechanics. We refer the reader to [7, 4, 14l [T5] for some recent results on eigenvalue estimates
of problem ([1.4). Moreover, a physical interpretation of problem (1.4]) can be found in [7], [14].
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2 ASMA HASSANNEZHAD AND ANNA SIFFERT

Problem ([1.5]) was first studied in [10], 9] where the main focus was on the first nonzero eigenvalue,
which appears as an optimal constant in a priori inequality; see [9] for more details.

It is well-known that the spectra of the eigenvalue problems f are discrete and nonneg-
ative. We may thus arrange their eigenvalues in increasing order, where we repeat an eigenvalue
as often as its multiplicity requires. The k-th eigenvalue of one of the above eigenvalue problems
will be denoted by the corresponding letter for the eigenvalue with a subscript k, e.g. the k-th
Neumann eigenvalue will be denoted by ux. Note that uy = o1 =& = 0.

There is a variety of literature on the study of bounds on the eigenvalues of each problem
mentioned above in terms of the geometry of the underlying space [12, 14], 19, 8]. However, instead
of studying each eigenvalue problem individually, it is also interesting to explore relationships and
inequalities between eigenvalues of different eigenvalue problems. Among this type of results, one
can mention the relationships between the Laplace and Steklov eigenvalues studied in [21, 1T, 18],
and various inequalities between the first nonzero eigenvalue of problems f on bounded
domains of R? obtained by Kuttler and Sigilito in [10]; see Table 1 (Note that there was a misprint
in Inequality VI in [10]. The correct version of the inequality is stated in Table 1.).

TABLE 1. Inequalities obtained by Kuttler and Sigillito in [10].

Inequalities Conditions on ) C R? Special case of
H202 < & Thm. |1.6]
pioPmin/ (1 + /é/ ZTmaX) < 20y star-shaped with respect to a point Thm. (1.7
m < %Alhmax star-shaped with respect to a point Thm. 1.9 i)
)\1/ 2 < 211 Tmax / Pnin star-shaped with respect to a point Thm. (1.9 (7)
& < pihmax star-shaped with respect to its centroid | Thm. [1.9] (4)

We extend Kuttler-Sigillito’s results in two ways. Firstly, we consider domains 2 with C? boundary
in a complete Riemannian manifold (M, g) of arbitrary dimension n > 2. Secondly, we also prove
inequalities between higher-order eigenvalues.

Our first theorem provides lower bounds for & in terms of Neumann and Steklov eigenvalues.
Theorem 1.6. For every k € N we have (a) proy < &, and (b) psop < &.

Compared to inequality (b), inequality (a) gives a better lower bound for &, for large k. For
k=2 and Q C R?, Theorem was previously proved in [10]. Kuttler in [9] also obtained an
inequality between some higher order eigenvalues &, and iy, for a rectangular domain in R? using
symmetries of the eigenfunctions.

In order to state our next results, we need to introduce some notation first. For any given
p € M, consider the distance function
d,: Q2 —[0,00), dy(x):=d(p,x),

and one half of the square of the distance function,

o) = ()

Furthermore, we set

Pmax 1= Max dy() = max dp(z),

hmax = gé%g(vp;m V>7 and hmin = ;Ielgé<vpp7 V>7



where we borrowed the notation from [10].

We shall see that under the assumption of a lower Ricci curvature bound, there exists a lower
bound on the first nonzero Steklov eigenvalue o5 in terms of us on star shaped domains.

Theorem 1.7. Let the Ricci curvature Ric, of the ambient space M be bounded from below
Ric, > (n — 1)k,

and let Q2 C M be a bounded star shaped domain with respect to p € 2. Then we have

hmin
(1 8) 02 Z 1//;2 )

where Cy := Cy(n, K, max) 1S a positive constant depending only on n, k and ryax.

When the ambient space M is Euclidean, inequality (|1.8) was stated in [10] with Cy = 2.

In the following theorem we provide several inequalities for eigenvalues of ([1.2)—(1.5) on star
shaped domains under the assumption of bounded sectional curvature. Here and hereafter, we
make use of the notation

AV B :=max{A, B} for all A, B € R,

and the convention ¢/0 = 400, ¢ € R\ {0}.

Theorem 1.9. Let the sectional curvature K, of the ambient space M satisfy k1 < K, < K.
Moreover, let 0 C M be a star shaped domain with respect to p € 0 which is contained in the
complement of the cut locus of p. Then there exist constants C; := C;(n, K1, K2, Tmax), 1=1,2,
depending only on n, K1, Ky and rma and Cs = Cs(n, K1, Tmax) Such that

i) Cin/max < A < (472, 02 — 2C5hminmy) /h2.,, where m is the multiplicity of \g;

it) Ema1 < hoaxpd/ ((C3 — ntvol(Q) 7 e [, 42 dvg) v 0), provided 1y < 0.

Note that the constants C;, 1 = 1,2,3 are not positive in general. However, there exists ry :=
ro(n, K1, kK2) > 0 such that for ry., < 7o these constants are positive; see Section for details. In

inequality 4i), we have a non trivial upper bound only if

-1
i < nCsvol(Q) (/ dz dvg) :
Q

When € is a domain in R", the quantity fQ dzdvg is called the second moment of inertia; see
Example 4.10l The proof of Theorem [1.9| also leads to a non-sharp lower bound on 7
hminCZ

r2

max

m =

This in particular shows that the right-hand side of the inequality in part i) is always positive.

The proof of Theorem [1.6] is based on using the variational characterization of the eigenvalues
and alternative formulations thereof. Apart from the Laplace and Hessian comparison theorems,
and the variational characterization of the eigenvalues, the key tool in the proof of Theorems|l.7]
and is a generalization of the classical Rellich identity to the manifold setting. This is the
content of the next theorem.
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Theorem 1.10 (Generalized Rellich identity). Let F': Q — T2 be a Lipschitz vector field on €.
Then for every w € C*(Q) we have

/Q (Aw + Aw)(F, Vas)du, — /

1 A
O, w(F,Vw)ds, — 5/ |Vw|*(F,v)ds, + 5/ w?(F,v)ds,
o0 o9 B

Q

1 A
+ = / divF|Vw|*dv, — / DF(Vw,Vw)dv, — = / w divE do,,
2 Q Q 2 Q

where v denotes the outward pointing normal and (-, ) =g(-, ).

The classical Rellich identity was first stated by Rellich in [20]. A special case of Theorem
, called the generalized Pohozaev identity, was proved in [I8] 22] in order to get some spectral
inequalities between the Steklov and Laplace eigenvalues.

The paper is structured as follows. In Section[2 we recall tools needed in later sections, namely
the Hessian and Laplace comparison theorems. Moreover, we give variational characterizations
and alternative representations for the eigenvalues of problems f. Section contains the
deduction of the Rellich identity on manifolds, as well as several applications thereof. Finally, we
prove the main theorems in Sectionfd]

Acknowledgments. The authors are grateful to Werner Ballmann and Henrik Matthiesen for
valuable suggestions. Furthermore, the authors would like to thank the Max Planck Institute for
Mathematics in Bonn (MPIM) for supporting a research wvisit of the first named author. This
work was mainly completed when the first named author was an EPDI postdoctoral fellow at the
Mittag-Leffier Institute. The first named author would like to thank the Mittag-Leffler Institute
and the second named author would like to thank the MPIM for the support and for providing
excellent working conditions.

2. PRELIMINARIES

In this section we provide the basic tools needed in later sections. Namely, we give the variational
characterizations and alternative representations of the eigenvalues of problems (|1.2))-(|1.5)) in the
first subsection. In the second subsection, we recall the Hessian and Laplace comparison theorems.

2.1. Variational characterization and alternative representations. Below, we list the vari-
ational characterization of eigenvalues of f and their alternative representations. For the
special case Q) C R?, the proofs are contained in [I0]. The general proofs follow along the lines of
these proofs and are therefore omitted.

Dirichlet eigenvalues:

Vul?d
(2.1) A, = inf sup M
VCHY(Q) 0tuev  Jo u? dug
dim V=k
= inf sup fQ(AU)Q dug

VCH2(Q)NH(Q) 0£ueV fQ \Vul|?dv,

dim V=k



Neumann eigenvalues:

Vul? dv
(2.2) pe = nf o sup %
VCH u u? dv
dlfnv(k) 0£ucV  Jq g
¢ Jo (Au)? do,
= in sup Se————
8VcH2(Q) ozucv Jo |Vul>dvg’
Uclitl?n\/('mk
Steklov eigenvalues:
Vul|? dv
(2.3) o, = inf sup M
‘QCHl(k) 0#£ueV faQu dvg
(O,u)?ds
= inf sup fm—Q‘q
(\i/CH(Q)O;,gueV fQ|Vu| dv,

where H(£2) is the space of harmonic functions on €.

Biharmonic Steklov I eigenvalues:

Jo 1Au)? dv
2.4 = inf o= 79
(24) 1Tk VCIf(Q)mHl(Q) 0£ueV fm (O,u)? dsg
Biharmonic Steklov I eigenvalues:
Aul? dv
(2.5) & = inf  sup M,
VCH; (SZ:) 0#ueV fag (Y ng

where H%(Q2) := {u € H*(Q) : d,u =0 on 9N}.

2.2. Hessian and Laplace comparison theorems. The idea of comparison theorems is to
compare a given geometric quantity on a Riemannian manifold with the corresponding quantity
on a model space. Below we recall the Hessian and Laplace comparison theorems. For more details
we refer the reader to [3] [0, 17] and [6] [17], respectively.

For any k € R, denote by H, : [0,00) — R the function satisfying the Riccati equation

H,
H + H?+ k=0, with lim (r)

r—0 n —1

=1.

Clearly, we have

(n — 1)y/k cot(y/kr) k>0,
HH(T> = nl K= Oa
n—l )/ |kl coth(y/|k|r) K <O.

With this preparation at hand we can now state the Hessian comparison theorem.

Theorem 2.6 (Hessian comparison theorem). Let+y : [0, L] — M be a minimizing geodesic starting
from p € M, such that its image is disjoint to the cut locus of p. Assume furthermore that

k1 < Kg(X, (1) < ke
for allt € [0, L] and X € TyyM perpendicular to (t). Then
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(a) d, satisfies the inequalities

H, (t .
V3, (X, X) < - 1(1) g(X, X), vte[0,L], X e ) CT,umM,
V3id,(X, X) > H’”(t)g(X X) Vit € [0, L A I, X € &)t CTyumM.
A R T 2Vka VO ’

Furthermore, we have

Here AN B :=min{A, B} and AV B := max{A, B} for A,B € R.
(b) p, satisfies the inequalities

tH,, (t)

Vipp(X, X) < —2g(X, X)), VEe0.L], X € (3(t) € Ty M,

200(X, X >tH’”"2(t> X, X % L X e ()Nt ¢ TywM
Vopu(X, )_ﬁg( , X), t €0, Ny @\/0]7 € (¥(t)” C TywM,
and

Vip,(3(1),5(t) =1,  Vtelo,L].
Next, we state the Laplace comparison theorem.
Theorem 2.7 (Laplace comparison theorem). The distance function d, and the squared distance

function satisfy the following.
(a) Let Ric, > (n — 1)k, k € R. Then for every p € M the inequalities

Ady(z) < Hi(dy(x)), and  App(r) <1+ dy(x)He(dy(2))

hold at smooth points of d,,. Moreover the above inequalities hold on the whole manifold in
the sense of distribution.
(b) Under the same assumption and notations of Theorem the following inequalities hold.
(i) For every t € [0, L]

Ady(y(t)) < Hi, (1), and - App(y(t)) < 1+ tH, (1) ;

(ii) For every t € [0, L A 572]

Ady(y(t)) 2 Hi,y (1), and  App(y(t)) = 1+ tHy,(1).

Notice that part (b) in the above theorems is an immediate consequence of part (a), since the
distance function d, and one half of the square of the distance function p, satisfy

V2, = d,V2d, + Vd, ® Vd,,  Ap,=|Vd,|]> + d,Ad,.

3. GENERALIZED RELLICH IDENTITY

An important identity which is used in the study of eigenvalue problems is the Rellich identity.
To our knowledge it was first stated and used by Rellich [20] in the study of the eigenvalue problem.
Some versions of the Rellich identity are also referred to as Pohozaev identity; see [18, 22]. In this
section, we provide the generalized Rellich identity on Riemannian manifolds, i.e. Theorem|1.10]
and its higher order version. Applications of this result can be found in the last subsection and in
Sectionl]
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3.1. Rellich identity on manifolds. The next theorem states the Rellich identity on Riemann-
ian manifolds.

Theorem 3.1 (Generalized Rellich identity for manifolds). Let (€2, ¢g) be a Riemannian manifold
with piecewise smooth boundary. Let F : Q2 — TS) be a Lipschitz vector field on Q2. Then for every
w € C*(Q) we have

/ (Aw + Aw){F,Vw)dv, = [ d,w(F,Vw)ds, — L \Vw|*(F,v)ds, + 2 / w*(F,v)ds,
Q 2 o0 2 o0

o0
1 A

+ —/ divF|Vw|*dv, — / DF(Vw, Vw)dv, — —/deivF dvy,
2 Jo Q 2 Ja

where v denotes the outward pointing normal and (-, -) =g(-, - ).

In [18, 22], the authors proved the above identity when w is harmonic and A = 0. The proof of
the general version follows the same line of argument. For the sake of completeness we give the
whole argument.

Proof of Theorem[3.1. We calculate [, Aw(F, Vw)dv, and [, Aw(F, Vw)dv, separately. In order

to calculate the latter, we apply the divergence theorem to obtain

/ w(F,v)ds, = / div(w?F)dv, = / (2w(F, Vw) + w’divF) du,.
o9 Q 0

Thus, we get

A
/)\w(F, Vw)dv, = = </ w*(F,v)ds, — / w?divF dvg> .
Q 2 \Jan Q

For the other term, using integration by parts, we obtain

(F, Vw)0,wds, —/(V(F, Vw), Vw)du,
Q

(3:2) /Q Aw(F, Vuw)dv, = /

o9
:/ (F, Vw)@,,wdsg—/(VWJF, Vw>dvg—/<VvMVw,F>dvg
o9 Q Q
—/ (F, Vw>8l,wdsg—/DF(Vw,Vw)dvg—/V2w(Vw,F)dvg.
o9 Q Q
For further simplification, we observe that
2/v2w(Vw,F)dvg:/div(F|Vw|2)dvg—/divF\Vdevg
Q Q Q
= [ |Vw|*Fds, — / divF|Vw|*dv,.
o9 Q
Plugging this identity into (3.2) we get

1
/QAw(F, Vw)dv, = [ O,w(F,Vw)ds, — 3 /69 |Vw|*(F, v)ds,

[2/9]

1
+ 5/divF|Vw|2dvg - / DF(Vw,Vw)du,.
Q Q

This completes the proof. 0J
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3.2. Higher order Rellich identities. In this section we provide a higher order Rellich identity.

The following preparatory lemma is a simple consequence from Theorem[3.1] For the special
case M = R", the identity stated in the lemma was first proven by Mitidieri in [16].

Lemma 3.3. For u,v € C*(Q2) we have

/ Aw(F,Vv) + Av(F,Vw)dv, = [ {0,w(F,Vv) + 0,0(F,Vw)}ds, — / (Vw, Vu)(F,v)ds,
Q o0 o0

+ / divF(Vw, Vv)dv, — 2/ DF(Vw, Vv)du,.
Q Q
Proof. Replacing w by w + v in Theorem[3.1] and set A = 0 we get the identity. U

The following theorem states the higher order Rellich identity.
Theorem 3.4. For w € C*(2) we have

/(A2w + MNAw)(F, Vw)dv, = %/ divF(Aw)?dv, — %/ (Aw)*(F, v)dv,
0 Q o9

+ | {0,w(F,VAw) + 0,Aw(F,Vw)}ds, — / (Vw, VAw)(F,v)ds,
o0N o0N

+ / divF(Vw, VAw)dv, — 2/ DF(Vw,VAw)dv, + )\/ d,w(F, Vw)ds,
Q 0 o0

A A
- — \Vw|*(F,v)ds, + —/ divF|Vw|*dv, — )\/ DF(Vw, Vw)dvy,.
2 Joo 2 Ja Q
Proof. If we choose v = Aw in Lemma[3.3] we obtain
/ A*w(F,Vw)dv, = — / Aw(F, VAw)dv,
Q Q

—|—/ {0, w(F, VAw) + 0, Aw(F, Vw>}dsg—/ (Vw, VAw)(F,v)ds,
G o)

—1—/ divF(Vw, VAw)dv, — 2/ DF(Vw, VAw)duv,.
Q Q
By the divergence theorem we have

/Aw(F, VAw)dv, = %/(F,V(Aw)Q)dvg
Q 0

1 1
= ——/divF(Aw)deg—i——/ (Aw)?*(F, v)dv,,
2 Ja 2 Joa

which together with Theorem[3.1] establishes the claim. O
For the special case M = R" and A = 0, the statement of Theorem[3.4]is contained in [I6].

3.3. Applications of the Rellich identities. In 1940 Rellich [20] dealt with the Dirichlet eigen-
value problem on sets 2 C R™. For this special case he used the identity derived in Theorem[3.]|
to express the Dirichlet eigenvalues in terms of an integral over the boundary. One decade ago,
Liu [13] extended Rellich’s result to the Neumann eigenvalue problem, the clamped plate eigen-
value problem and the buckling eigenvalue problem, each on sets 2 C R™. In the latter two cases
Liu (implicitly) applied the higher order Rellich identity.
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Recall that for any bounded domain Q C M with C? boundary 9 the clamped plate eigenvalue
problem and the buckling eigenvalue problem are given by

A?u+ AAu=0 in €, .
(3.5) { W= =0 on 90 Buckling problem ,
A%y -T2 =0 in €,
(3.6) { S on 90 Clamped plate,
respectively.

Below we reprove the result of Liu for the case of the buckling eigenvalue problem. Note there is
no new idea for the proof, however, our proof is shorter and clearer since we do not carry out the
calculations in coordinates. One can proceed similarly for the clamped plate eigenvalue problem.

Lemma 3.7 ([13]). Let Q C R™ be a bounded domain with smooth boundary.

(i) Let w be an eigenfunction corresponding to the eigenvalue A of the buckling eigenvalue
problem. Then we have

A= fdQ (r*)ds,
4 fQ]Vdevg ’
where r? = 22 4+ -+ - + 22 and x; are Fuclidean coordinates.

(i1) Letw be an eigenfunction corresponding to the eigenvalue I' of the clamped plate eigenvalue
problem. Then we have

)dsg

1—\ faQ
8 fQ w dvg

Proof. In order to prove (i) we apply Theorem- for the special case 2 C R™ and where F' is
given by the gradient of the distance function. In this case we have DF(-,-) = g(-, ) and
divF' = n. Note furthermore that wygq = 0 implies Vw = d,wv on df. Since we have d,wsq = 0
by assumption, Vw vanishes along the boundary of 2.

Plugging the above information into the higher order Rellich identity we get
1
0= / (A% + AAw)(F, Ve)dv, = / (Aw)2du, — / (Aw)(F, v)dv,
Q 2 Jq 2 Joq
+(n —2) / (Vw, VAw)dv, + A(g —1) / |Vw|*dv,.
Q Q
Applying the divergence theorem once more, we thus obtain

AG 1) /Q|Vw|2dvg _ %/m@w)?w, Vs, — (2~ ) /Q(Aw)2dvg.

The variational characterization of A asserts that for an eigenfunction w corresponding to A we
have

(3.8) /(Aw)2dvg — A/ |Vwl|*dv, = 0.
Q Q
Furthermore, the identities
V> = ;xz&,xz = 581,(7’ )

and Aw = 92 w hold on the boundary of Q. Thus the claim is established.
The proof of (i7) is omitted since it is similar to the one of (7). O
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Remark 3.9. In Lemma(3.7) (i), when normalizing the eigenfunction w such that f,|Vw|*dv, = 1,
we obtain

A=t / (02,0)%, (1)ds,:
4 o0

i,e. A is expressed in terms of an integral over the boundary. A similar remark holds for
Lemmal[3.7] (i4).

Finally we use the Rellich identities to get some estimates on eigenvalues. Note that from now
on we do not assume anymore that 2 is a subset of the Euclidean space. However, we assume
that ) is a manifold with smooth boundary and that there exists a vector field F' on {2 satisfying
the following properties:

A) 0 < ¢ <divFE < ¢y, for some positive constants ¢, ¢y € Ry,
B) DF(X,X) > ag(X, X) for some positive constant « € R,
C) (F,v) > 0 on 0f.

Remark 3.10. Domains in Hadamard manifolds, and free boundary minimal hypersufaces in
the unit ball in R™™! provide examples for which conditions A-C for the gradient of the distance
function on () are satisfied. For the latter see Example [4.11] in which condition A with ¢; = ¢
holds.

The following lemma is an easy consequence of Theorem|3.1] and Theorem|3.4] respectively. It
establishes upper estimates for eigenvalues in terms of integrals over the boundary 02 and a.

Lemma 3.11. Assume that there exists a vector field F on Q C M"™ satisfying properties A-C
above. Then
(i) the eigenvalue \ corresponding to eigenfunction w of the Dirichlet eigenvalue problem sat-
isfies
faQ(&,w)Q(F, v)ds, .
2o+ e =) wi2dvg

A<

(ii) the eigenvalue A corresponding to eigenfunction w of the buckling eigenvalue problem sat-
1sfies
faQ(Aw)Q(F, v)dv,

<A
2a [o|Vw|?dv,  —

provided ¢y = ¢y =: ¢ in property A.

Proof. We start by proving (7). Theorem|3.1] implies

O:/(Aw—i—)\w)(F, Vw)dv, < 8 Lw(F, Vw)ds, — 1/ |Vw|*(F,v)ds,
Q

A
—/|Vw| dvg — /DF (Vw, Vw)dv, — % Qw2 duy.
Since w = 0 on JN) we have Vw = 0, wr on d). Thus, we obtain
A 1 A
24 wdv, < —/ (O,w)*(F,v)ds, + (ﬁ — a)) / w? dv,,.
2 Jo 2 Jaq 2 Q

The latter inequality implies the claim.
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Below we prove (ii). Theorem([3.4] implies
1
0="< /(Aw)deg - —/ (Aw)*(F,v)dv, +c/(Vw,VAw)dvg
2 Jo 2 Joa Q

A
—Q/QDF(Vw,VAw)dvg—k%/Q|Vw|2dvg—A/QDF(Vw,Vw)dvg

1 A
< (2a- 9 /(Aw)2dvg - —/ (Aw)(F, v)dv, + (= — Aa)/|Vw|2dvg,
2" Ja 2 Joa 2 0
where we made use of
/(Vw,VAw)dvg = —/(Aw)Zdvg,
0 0

what is a consequence of the divergence theorem. Applying (3.8)) yields

1
0< ——/ (Aw)*(F, v)dv, —|—Aa/|Vw|2dvg,
2 Joq Q
and thus the claim is established. O
4. PROOF OF THE MAIN THEOREMS

Proof of Theorem[1.0. Inequalities (a) and (b) are an immediate consequence of the variational

characterizations of ug, o, and & given in (2.2), (2.3) and (2.5). Indeed, let V' be the space
generated by eigenfunctions associated with &, ..., &, with [ aqu =0, for every u € V. Then by

the variational characterization (2.2)) we get

- 0#£ueV fQ |vu|2 d/Ug o 04ueV fQ |VU’2 dUg

_ gk( - M) C &

0AueV faQ u? dv, 09
The proof of part (b) is similar and we leave it to the reader. U

Proof of Theorem[1.7. We use the following identity

1 1
—/ w? (v, Vpp)dsg:/w<Vw,Vpp>dvg+—/w2Appdvg
2 Jon Q 2 Jo

which follows easily from integration by parts. Using the Laplace comparison theorem, we thus
get

1 1
(4.1) = [ w*(v,Vp,yds, < | w(Vw,Vp,)dv, + = max(1 + dy(z)Hy, (dy(2))) | wdv,.
2 a0 0 2 zeQ Q

The Cauchy Schwarz inequality yields
(/ w(Vw, Vpp>dvg)2 < T?nax/ w?dv, / |Vw|*dv,.
Q Q Q
Assuming fQ wdvy = 0 and using the variational characterisation of ;5 we get
/ w(Vw, Vp,)dv, < rmax,uz_lm / |Vw|*dv,.
Q Q

Thus, from inequality (4.1]), we get

1 _ 1 _
42) 5 [ w0 Valds, < Gy 4 5 max(1+ @) () [ [Vulds,
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Let u be an eigenfunction associated to the eigenvalue oy and choose w to be

w :=u — vol(Q) ™! / udv,.
Q

/|Vw\2dvg = /|Vu]2dvg = 02/ u?ds, < 02/ w?ds,.
Q Q o0 o0

Combining this inequality with (4.2)), we finally get

Then we have

1 1
—hmin/ w2dsg < —/ w*(v, Vpp)ds,
2 80 2 Joa

_ 1 _
< ity + 3 max(1 4 ) H (d0)i") [ [Vl

- 1
S (Tmaxlu2 V2 + 5 ?gg(l + dp(‘r)Hﬁ(dp(x)))ru’Q_l)UQ /&)Q w2d89'

Thus the claim is established.

O

Proof of Theorem[1.9. Throughout the proof we repeatedly use the Hessian and Laplace compar-

ison theorems as well as the generalized Rellich identity, i.e. Theorem|3.1}

i) We start by proving the first inequality in 7), namely C17,,/hmax < M. Let Ej. be the eigenspace

associated with Ay and let uq,--- ,u,, be an orthonormal basis for Ej.
The functions d,uq,--- ,d,u,, are linearly independent on 0€2. Indeed, if there exist u
Span(d,uq, - - ,0yuy,) such that d,u = 0, then we define

~Ju(r) ifreq,
Y@= frem\o

S

Clearly, we have v € H'(M). Furthermore, v satisfies the identity Av = A\gv. Since v = 0 on
M\ Q we get v =0 on M by the unique continuation theorem. Thus, we can consider Ej, as a
test functional space in ([2.4)).

Let hmax = SUD,co0(Vpp, V). Since 0 < ——(Vp,,v) < 1, we get

hmaX
Jo [Aul? du, ) Jo u? dvg
m < sup ——————— < Apax Az SU .
= eE ha@u)? ds, © b TV op 1) (0,u)? dsg

Next we bound the denominator from below. Applying Theorem [3.1] with A = 0 and F' = Vp,
yields

/ (Vo v)(0u)*ds, = 2/Au(Vpp,Vu)dvg—/App]Vu|2dvg+2/Vzpp(Vu,Vu)dvg.
20 Q Q Q

Using u € E) and integration by parts we get

2/ Au(Vp,, Vu)dv, = —)\k/(Vpp,VUQ)dvg = )\k/UQAppdvg.
Q Q Q
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Consequently, we have

/89<Vpp,u>(8,,u)2 ds, = )\k/QU2Appdvg—/QApp|Vu|2dvg+2/QVQpp(Vu, Vu)duv,

M (1+mindp(x)m2(dp(x))) /Q v,

e

v

_ (1+maxdp(x)Hm(dp(x))) /Q Vul?do,

z€Q

+2m1n dp(x)Hﬁz(dp(x)) / |vu|2dvg
n—1 QO

€N

= )\kcl/UQd?}g.
Q

In the second line we used the Hessian and Laplace comparison theorems; see Section [2 Here
Cl is

n—1/ re0,rmax) 7€[0,rmax)

(4.3) Oy = <1+ 2 ) min  rH,,(r) — max rH,(r).

Therefore, we get
C(177m < hmax)\k-

We conclude the proof of the first inequality with a remark on the sign of Cj. The function
rH(r) is constant if x = 0, increasing on [0,00) if K < 0, and decreasing on [0,00) if K > 0.
Thus we calculate C; considering the following different cases:

(a) If k1 = ko = 0, then C] = 2.

(b) If k1 < Ky <0, then C; =n+ 1 — rpax Hey (Tmax) -

(¢) If 0 < k1 < Ko, then C = (1 + %) Tmax H s (Tmax) — (n — 1).

(d) If k1 <0 < ko, then C1 = (14 =27) rmaxHo, (Tmax) — TmaxHiy (Tmax)-

Of course when C < 0, we only get a trivial bound. However, depending on k1 and ks, in all
cases, there exists 9 € (0, 00] such that for ry.. < ro, Cy is positive.

We proceed with the proof of the second inequality of part ). Let uy,---,u, € H?()

be a family of eigenfunctions associated to 7y,--- ,nx. We can choose uq,--- ,u; such that
d,u1, -+, Oyuy, are orthonormal in L*(9€2). Then, due to (2.1]) and (2.4]), we have
o,u)?d
(4.4) Ao < 1, sup M

u€E) fQ |Vul? dv, 7
where E) := Span(uy, --- ,ux). Applying Theorem with A = 0 and F' = Vp, we get

/ (Vpp, v)(O,u)?ds, = 2/Au(Vpp,Vu>dvg—/App]Vulzdvg+2/V2pp(Vu, Vu)dv,
o9 Q Q Q

1/2
2max |Vp,| (/ (Au)deg/ |Vu|2dvg)
€S Q Q

i (‘1 ~ min d, ) H, (dy 1)) + 2 mae 2D ”(x))) / Vuld,

IN

e e

1/2
27’max77]§ (/(;Q(@VU)Q ng/Q’VUFdUg) —CQ/Q|Vu]2dvg,

IA
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where

(4.5) Cy =1+ mind, (2) Hy, (dy(x)) — 2max (@) Hr (dp (7))

FISY) n—1

2
Let A% := %. From the above inequality, A satisfies
Q g

hmin A% < QTmaxnk% A—C,.
This implies
T2 ol — PninCa > 0,
Remark that since this is true for every k, we get in particular
Pmin C2

) .
max

We now obtain the following upper bound on A2

1 2
(Tmaxnlg + \/TIQna.Xnk - Cthin> 4r1211axnk — QCthin
h2 = h; '

min min

A? <

Replacing in (4.4) we conclude

4Tr2nax77]% B 202hmin7]k
h? '

min

A <

Remark 4.7. The function rH,(r) is constant if x = 0, increasing on [0,00) if k < 0, and
decreasing on [0, 00) if K > 0. We calculate Cy considering different cases:

(a) If k1 = ko =0, then Cy = n — 2.

(b) If k1 < Ky <0, then Cy =n — 2%.

(¢) 0 < Ky < Ky. Then Cy = raxHy, (Tmax) — 1.

(d) k1 <0< Ky Then Cy =1 4 ripaxHy (Fmax) — 2%711(7"‘““).

Depending on k1 and ko, in all cases , there exists 1o € (0, 00] so that when 7. < ro, then Cy
is positive.

it) Let ¢ > 0 be a continuous function on 9. For every | € N set

Aul? dv
bn(@) = wf supdal®Td g
VCH% () ueV faﬂu ¢ ds,
dim V=l

where % ,(Q) := {u € H*Q) : O,u = 0 on 0Q and [, puds, = 0}. The following relation
between & and &(¢) holds:

(4.8) & < [[9llc&u(9).
Indeed, let V' = Span(vy,---,v;) be a subspace of FI]%,¢(Q) of dimension [. The functional
space W = Span(wy, - -+ ,w;), where w; = v; — m [ vjdsg, is an [-dimensional subspace of

0%(Q) = {u e H*(Q) : d,u=0o0n0Q and [,,uds, =0} since 1 ¢ V. It is easy to check that
for every v € FI%,AQ) and w =v — m [ vds, we have
Jo [Aw|? do, < Jo [Av|* du,
Qlloe Joqw?dsg — foq v?@ds,
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and inequality (4.8)) follows. Later on we take ¢ := (Vp,,v). Thus, it is enough to show that

Mk
€m+1(¢) (03 _ n /,Lk?a ) \/ 07
for some constants C3. Let Ej be the eigenspace associated with ug, £ > 2, and uq, -+, u,, be

an orthonormal basis for E. Let F' be a vector field on €2 satisfying properties A—C on page
M0 Consider

1
= U= (F, v)d j=1,---,m.
U] UJ deiVdeg/BQuj< 7V> 897 J ) , M

The functional space V' = Span(vy, . .., vy,) forms an m-dimensional subspace of I—E{, +(82), where
¢ :=(F,v).

Avl|? dv w2 [ou?dv
Guinl0) < sup A2 DA oy

vev Joq VHEF V) dsg  uen, Joq uP(F.v)ydsy — ([ divE dvg) =" ([, u(F, v dsg)

By the Green formula and Theorem [3.1] we get
/ w*(F,v)ds, = 2/u<Vu,F)dvg+/u2didevg
B Q 0
= 2" / Au(Vu, F)dv, + / u*divFdv,
0 0
= u' (/ \Vu|*(F,v)ds, — / divF]Vu]deg+2/ DF(Vu, Vu)dvg)
o9 0 Q
+ / u?divFdo,
0
,;1/ |Vul>(F,v)ds, + (c1 — ca + 2a) / u? dv,
o9

0
(c1 — 2 + 2a) / u? dv,.
0

v

Vv

We also have

2
(/ u(F,V)dsg) = (/(F Vu) dvg> /\F\2dvg/|vu\2dvg
o0 Q
= ,uk,/|F|2dvg/u2dvg.
Q Q

2
Hi
((e1 — 2+ 200) — ¢ 'vol(Q) g, [y |[F|? dvg) V O

Thanks to the Laplace and Hessian comparison theorem, the vector field F' = Vp, satisfies
properties A — C' (see page on ) with a = 1, and

Therefore,

£m+1(¢) S

c1 =n, co =1+ max THH(T) =1+ rmame(Tmax)-

r€[0,7max)
Taking
(49) C3 =n+1- Tmaan<rmaX)7
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we get

2
o
<
Em+1(¢) < (C5 — n=tvol(Q) "y [ d2 dvg) V O

which completes the proof.
OJ

Finally, we provide examples for Theorem [1.9| (i7) in which vector fields satisfying conditions
A-C arise naturally. The first example is just a special case of Theorem [1.9] (i7).

Example 4.10. Let € be a star-shaped domain 2 in R™ with respect to the origin. Thus F(x) = x
satisfies properties A — C above on 2 for « = 1 and ¢; = ¢ = n. Then by Theorem [1.9| part ii we
have

maxx€89<x7 V>,ui
(2 — n=1vol(Q) L I2(Q)) VO’

where m is the multiplicity of ux and I,(Q) = [, |z[* dv, is the second moment of inertia.
If in addition the origin is also the centroid of Q, i.e. [, xdv, = 0, then we have

§m+1 S

< 2
£m0+1 = gé%é@ja V)MZ»
where mg denotes the multiplicity of pp. Combining this inequality with T heorem (b) we get
< .
Omo+1 > gé%?%(xa V>M2
These two last inequalities has been previously obtained in [I0] for the special case n = 2.

Example 4.11. Let B™™! be the unit ball in R**! centered at the origin, and Q be a free

boundary minimal hypersurface in B***. Consider F(z) = x, or equivalently po(z) = p(z) = @

It is well-known that the coordinate functions of R®*! are harmonic on 2. Hence
divF = Ap = n.

Also, by the definition of a free boundary minimal hypersurface, we have (Vp,v) = 1 on 0.
Thus, conditions A and C on page [10| are satisfied. To verify condition B, one can show that the
eigenvalues of V?p at point x € Q are given by 1 — r;{(x, N(z)), i = 1,--+ ,n, where N(x) is the
unit normal to the €2 such that N|gq = v, and k; are principal curvatures. Indeed, let X, Y € T,Q.
Then we have

Vip(z)(X,Y) = X - (Y- p(z)) = VxY - p(z)
= X(z,Y)— (z,VxY)
= (X,Y)+ (2, DxY) — (z,VxY)
= (X,Y) = (z,(5(X),Y)N(z))
= (X = 5(X),Y)(z,N(z)),

where (-, ) is the Euclidian inner product, V is the induced connection on €2, D is the Euclidean
connection (or simply the differentiation) on R"!, and S(z) is the shape operator

S:T.Q—=T, X +— VxN.
Then the eigenvalues of V?p(z) are of the form 1 — k;(z){x, N(x)), i =1,...,n. Define
= 'Hllin (1 — ki(z, N(x))).

i=1,..., n
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When a > 0, then Q with vector field F' as above satisfies all three conditions A-C on page [I0] In
particular, following the proof of Theorem|1.9 i, we get
2
H
< .
Sm1 S (2a — n=tvol(Q) Lk [ 2] dvg) V O
In dimension two, a > 0 is equivalent to |x;|(z, N(x)) < 1. By results in [1], if |x;|(x, N(z)) < 1
then (x, N(z)) = 0 on , and €2 is the equilateral disk. Hence, there is no nontrivial 2-dimensional

minimal surface satisfying condition A-C. It is an intriguing question whether there are non-trivial
minimal hypersurfaces with a > 0 in higher dimensions.
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