A CHEN MODEL FOR MAPPING SPACES
AND THE SURFACE PRODUCT
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ABSTRACT. We develop a machinery of Chen iterated integrals for higher
Hochschild complexes which are complexes whose differentials are modeled by
an arbitrary simplicial set much in the same way that the ordinary Hochschild
differential is modeled by the circle. We use these to give algebraic models for
general mapping spaces and define and study the surface product operation on
the homology of mapping spaces of surfaces of all genera into a manifold, which
is an analogue of the loop product in string topology. As an application we
show that this product is homotopy invariant. We prove Hochschild-Kostant-
Rosenberg type theorems and use them to give explicit formulae for the surface
product of odd spheres and Lie groups.
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An element of the Hochschild chain complex CHq(A, A) of an associative alge-
bra A is, by definition, given by elements in a multiple tensor product A® ---® A,
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whose tensor factors all consist of the algebra A. When defining the differential
D :CH,(A,A) - CHq,_1(A, A), it is however instructive to picture this linear se-
quence of tensor products as placed in a circular configuration, since the differential
multiplies any two adjacent tensor factors, with its last term multiplying the last
factor of the sequence to the first factor,

a; a: oy
D

: : — > :

X . = multiply a; to a;4+1 X . N

p oo 01 for all i=0,...,n, Qp --oom” 1

® ao ® ® ao ®

with an41=ao

As it turns out this is not just a mnemonic device but rather an explanation of
the fundamental connection between the Hochschild chain complex and the circle,
which, for instance gives rise to the cyclic structure of the Hochschild chain com-
plex and thus to cyclic homology, see [L]. This connection is also at the heart of
the relationship between the Hochschild complex of the differential forms 2°M on
a manifold M, and the differential forms Q°*(LM) on the free loop space LM of
M, which is the space of smooth maps from the circle S* to the manifold M; see
[GJP]. At the core of this connection is the fact that the Hochschild complex is the
underlying complex of a simplicial module whose simplicial structure is modelled
on a particular simplicial model S} of the circle. The principle behind this can be
fruitfully used to construct new complexes whose module structure and differen-
tial are combinatorially governed by a given simplicial set X,, much in the same
way that the ordinary Hochschild complex is governed by SI; see [P]. However
carrying the construction to higher dimensional simplicial sets turns out to require
(associative and) commutative algebras. The result of these constructions define
for any (differential graded) commutative algebra A, any A-module N, and any
pointed simplicial set X,, the (higher) Hochschild chain complex CHX+(A,N) of
A and N over X, as well as the Hochschild cochain complex CH%. (A, N) over Xs;
see [P, G]. These Hochschild (co)chain complexes are functorial in all three of their
variables A, N and X,.

The analogy with the usual Hochschild complex and its connection to the free
loop space is in fact complete, since the Hochschild complex CHXe(Q*M,Q*M)
over a simplicial set X, provides an algebraic model of the differential forms on the
mapping space MX = {f : X — M}, where X = |X,| is the geometric realisation
of X,. This is one of the main result of Section 2 of this paper; see Section 2.5. The
main tool to prove this result is a machinery of iterated integrals that we develop,
which in turn enables us to work with the associative and commutative algebra
of differential forms yielding a quasi-isomorphicm ZtXe : CHX(Q*M,Q*M) —
Q*(MX), for any k-dimensional simplicial set X, and k-connected manifold M:;
see Proposition 2.5.3, and Corollary 2.5.5 for the dual statement. Further, for any
simplicial set X, and (differential graded) commutative algebra A, the Hochschild
chain complex CHX+ (A, A) has a natural structure differential graded commutative
algebra given by the shuffle product shx, (Proposition 2.4.2). We show that the
iterated integral Zt~ : (CHX(Q°M,Q*M),shx,) — (Q°(M¥),A) is an algebra
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map sending the shuffle product to the wedge product of differential forms on the
mapping space; see Proposition 2.4.6.

Two of the most important features of Hochschild (co)chain complexes over
simplicial sets is their naturality in the simplicial set X,, and furthermore that
two simplicial models of quasi-isomorphic spaces have naturally quasi-isomorphic
Hochschild (co)chain complexes, see [P]. In particular one (usually) obtains many
different models to study CHX+*(A, N) for a given space X = |X,|. These facts
can be combined to carry geometric or topological constructions to the Hochschild
complex, which is applied in Sections 3 and 4 to study Hochschild (co)homology
over compact surfaces X9 of genus g.

The collection of compact surfaces of any genus is naturally equipped with a
product similar to the loop product of string topology [CS], also see [S2]. The idea
behind this product, that we call the surface product, is shown in the following
picture.

(1.1)

wedgy4 \pinch

In Section 3.1, we describe an explicit simplicial model for the string topology type
operation induced by the map

Map(£9, M) x Map(S", M) & Map(£9 v ", M) %% Map(£9+", M)

coming from the above picture (1.1). More precisely, we obtain a surface product
W He(Map(X9, M)) @ Ho(Map(2", M)) — Heygimary(Map(39+h, M)), which is
given by the composition of the Umkehr map (p;,,)1 and the map induced by poyt,

W: Hy(Map(%9, M)) @ He(Map(2", M))
@il g, (Map(s9 v ", M) P2 Hy(Map(S9+h, M)).
We prove that the surface product makes
( @ He(Map(39, M)),s) = ( @ Heotgim(an (Map(X9, M)), W)
g g

into an associative bigraded algebra with He(Map(3°, M)) in its center; see Theo-
rem 3.2.2 and Proposition 3.2.5. The restriction of the surface product to genus zero
(i.e. spheres), Hqo(Map(X°, M)), coincides with the Brane topology product defined
by Sullivan and Voronov He(Map(S?, M))®? — He(Map(S?, M)) see [H, CV].
In fact, in these papers it is shown, that H.+dim(M)(Msn) is an algebra over
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Ho(fDy+1), the homology of the framed n-disc operad; see also [S2] for related
algebraic structures.

In Section 3.3 we apply the machinery of (higher) Hochschild cochain complexes
over simplicial sets to give a fully algebraic description of the surface product. In
fact, for positive genera, we define an associative cup product U : CHg, (A,B) ®
CH%Q, (A,B) — CH;K.,M (A, B) for the Hochschild cochains over surfaces, where B

is a differential graded and unital commutative A-algebra, viewed as a symmetric
bimodule; see Definition 3.3.2. The construction of the cup-product is based on the
fact that for any pointed simplicial sets X, and Y,, the multiplication B ® B — B

induces a cochain map CHgy (4, B)®CH§,: (A,B) % CHlgoysny, (A, B) which can

Pinch?
be composed with the pullback CH(.Eyvzh).(A’ B) =" CHiZH (A, B) induced

by a simplicial model Pinchg p, : DILANLIN 3} VX! for the map pinch in Figure (1.1).

However, this product is initially only defined for surfaces of positive genera,
and more work is required to include the genus zero case of the 2-sphere in this
framework. To this end, we first recall a cup product for genus zero defined in
[G], and then define a left and right action, U, of C’H.E(') (A,B) on CHY* (A, B).
Taking advantage of the fact that one can choose different simplicial models for
a given space, we then show that U is equivalent after passing to homology to an
operation similar to the cup-product but defined on some other different simplicial
models for the sphere and surfaces of genus g; see Definition 3.3.13 and Propo-
sition 3.3.14. Putting everything together, we obtain a well-defined cup product
U : (®920 HH3, (A,A))®2 — @Dy>0 HH3,4(A, A) for all genera on cohomology;
see Theorem 3.3.18. More precisely, we prove that for a differential graded commu-
tative algebra (A, d4),

i) the cup product makes @@ g0 HH3g (A, A) into an associative algebra which
is bigraded with respect to the total degree grading and the genus of the
surfaces and has a unit induced by the unit 14 of A.

i) HHg (A, A) lies in the center of P - HHga (A, B).

The cup product is functorial with respect to both arguments A and B (see Propo-
sition 3.3.20).

The connection to topology is precise, that is the cup-product is a model for the
surface product. We prove in Theorem 3.4.2 that for a 2-connected compact man-
ifold M, the (dualized) iterated integral Zt>" : (Dy>0 Hoo(Map(X9, M)),¥) —
(D,>0 HHy7 (2,9),V) is an isomorphism of algebras using rational homotopy
techniques as in [FT]. As a corollary of this, it follows that the surface prod-
uct W is homotopy invariant meaning, that, if M and N are 2-connected compact
manifolds with equal dimensions, and 7 : M — N is a homotopy equivalence, then
it (D g0 He(Map(X9, M)), ) — (B, He(Map(X9, N)), W) is an isomorphism
of algebras.

Section 4 is devoted to the Hochschild homology of (differential graded) symmet-
ric algebras (S(V'),d) and a Hochschild-Kostant-Rosenberg type theorem. Recall
that classically (when d = 0), this theorem states that the Hochschild homology
HH,(S(V),S(V)), thought of as the Hochschild homology of functions on the dual
space V*, can be identified with the space of Kéhler differential Qg(y), that is the
space of polynomial differential forms Qg(y) = Q*V* = S(V)@A(V) = S(VaV[1]).
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This result and its extension to the case where d # 0 are main tools for comput-
ing Hochschild homology in algebra and topology; see [L, BV, FTV1, FTV2] for
instance. Note that there is an obvious identification Qg = S(He(S*)®@V). Sim-
ilarly it is shown in [P] that HHS"(S(V),S(V)) = S(V & V[2]) = S(H4(52) @ V).

We prove a similar kind of theorem for surfaces. Indeed we show, that for a
surface 39 of genus g, there is an algebra isomorphism

Ho(S(Ho(S9) @ V), d™") = HHI*(S(V), S(V))

where d>’ is a differential build out of the differential d and the coalgebra structure
of He(X9), see Theorem 4.3.2. Tt is worth noticing that > = 0 iff d = 0. Further,
there is a commutative diagram

H,(S(H. (v SHeV)) L Hy(S(H(29) @ V) —2= H,(S(Ha(S?) @ V)

=1

o

IR
IR

2g ?i Sl (Egﬁ’SQ)-
HEY ™S (s(v), (V) = BHZ (5(v), SO 2" ((v), 8(v))
where the horizontal maps p q are the algebra homomorphisms respectively induced
by the homology maps H,( \/ SH@V) — He(%9) and He(X9) — H,e(S?) obtained

by the obvious inclusion and surjectlon of spaces and the lower maps are obtained
by functoriality of Hochschild homology.

The main idea that is used to prove this result is, that if X is a space ob-
tained by attaching various spaces along attaching maps, then the Hochschild ho-
mology HHX(A, A) can be computed by the Hochschild homology of the various
pieces and the attaching maps via derived tensor products. For instance, a genus
g surface can be obtained by suitably gluing a square along its bondary on a bou-
quet of circles from which we deduce that there is an isomorphism CH>’ (A, N) =
C'H.v?il s (A, N) é CHY (A, A) for any A-module N; see Section 4.1. With

CHS'(A,A)
this tool in hand, we reduce the proof of the main theorem to appropriate statements
about CHY 215" (A, M) and CHL' (A, A) for which the usual Hochschild-Kostant-
Rosenberg Theorem and contractibility of the square I? may be used. .

Further, the Hochschild-Kostant-Rosenberg type theorem for surfaces allows us
to explicitly compute the surface product for odd spheres $2"*! and a Lie group G.
The idea is that in both cases, the differential graded algebras 2°S?"*1 and Q°G,
are quasi-isomorphic to symmetric algebras with zero differentials; see Examples
4.4.6 and 4.4.7 in Section 4.4.
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matik in Bonn, where this project initiated. Also, we thank the Einstein Chair of
the City University of New York, and the University Pierre et Marie Curie of Paris
6 for their invitations. The last two authors are partially supported by the NSF
FRG grant DMS-0757245.

Conventions.

- In this paper we use a cohomological grading for all our (co)homology groups
and graded spaces, even when using a subscript to denote the grading. In
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particular, all differentials are of degree +1, of the form d : A* — AL and
the homology groups H;(X) of a space X are concentrated in non-positive
degree (unless otherwise stated).

- We follow the Koszul-Quillen sign convention: “Whenever something of
degree p is moved past something of degree q the sign (—1)P? accrues”,
see [Q]. In particular, we will often write “t” in the case that the sign
is obtained by a permutation of elements of various degrees, following the
Koszul-Quillen sign rule.

2. CHEN’S ITERATED INTEGRALS FOR HOCHSCHILD COMPLEXES OVER
SIMPLICIAL SETS

2.1. Higher Hochschild chain complex over simplicial sets. In this section,
we define Chen’s iterated integral map for any simplicial set Y, and give explicit
versions of it in the three examples of the circle S!, the sphere S? and the torus
T, and combinations of those. In the next section, we will prove that (under suit-
able connectivity conditions) this gives in fact a quasi-isomorphism to the cochains
of the corresponding mapping space MY = Map(Y, M). We start by recalling
the Hochschild chain complex of an differential graded, associative, commutative
algebra A over a simplicial set Y, from T. Pirashvili, see [P].

Definition 2.1.1. Denote by A the category whose objects are the ordered sets
[k] ={0,1,...,k}, and morphisms f : [k] — [I] are non-decreasing maps f(i) > f(j)
for ¢ > j. In particular, we have the morphisms ¢; : [k—1] — [k],i =0,..., k, which
are injections, that miss ¢, and we have surjections o : [k + 1] — [k],s =0,...,k,
which send j and j 41 to j.

A finite simplicial set Y, is, by definition a contravariant functor from A to the
category of finite sets Sets, or written as a formula, Y, : A°? — Sets. Denote by
Y = Yo([k]), and call its elements simplicies. The image of §; under Y, is denoted
by d; :=Ye(d;) : Yx — Y1, for i = 0,...,k, and is called the ith face. Similarly,
s; :=Ye(0;) : Yy = Yiyq, for i =0,..., k, is called the ith degeneracy. An element
in Y} is called a degenerate simplex, if it is in the image of some s;, otherwise it is
called non-degenerate.

We will mainly be interested in pointed finite simplicial sets. These are defined
to be contravariant functors into the category Sets. of pointed finite sets, Y, :
A°? — Sets,. In this case, each Y, = Y,([k]) has a preferred element called the
basepoint, and all differentials d; and degeneracies s; preserve this basepoint.

Furthermore, we may extend these definitions to define simplicial sets, respec-
tively pointed simplicial sets, by allowing the target of Y, to be any (not necessarily
finite) set.

Now, a morphism of (finite or not, pointed or not) simplicial sets is a natural
transformation of functors f, : X¢ — Y,. Note that f, is given by a sequence of
maps fi : Xx — Yi (preserving the basepoint in the pointed case), which commute
with the faces frd; = d;fr+1, and degeneracies fry15; = s;fr for all £ > 0 and
i=0,...,k.

Definition 2.1.2. Let Y, : A°? — Sets, be a finite pointed simplicial set, and for
k > 0, we set yr := #Yir — 1, where #Y}, denotes the cardinal of the set Yj. Fur-
thermore, let (A = @,., At d,-) be a differential graded, associative, commutative
algebra, and (M = @,c, M*,dy) a differential graded module over A (viewed as
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a symmetric bimodule). Then, the Hochschild chain complex of A with values in

M over Y, is defined as CHY* (A, M) := @,,c,, CHY*(A, M), where

CHY*(A, M) := @D(M ® A®), 1,
k>0
is given by a sum of elements of total degree n + k. In order to define a differential
D on CHY*(A, M), we define morphisms d; : Y — Yj_1, fori =0,...,k as follows.

First note, that for any map f : Y, — Y; of pointed sets, and for m®a1®---®a,, €
M ® A®Y% we denote by f. : M @ AV — M ®@ A®Yt,

(2.1) fm@a @ @ay) = (1 n@bi@-aby,
where b; = [[;c;-1; @i (or b = 1 if 1) =0) for j = 0,...,y;, and n =
- [Lic p-1 (basepoint),izbasepoint @i- Lhe sign € in equation (2.1) is determined by the
usual Koszul sign rule of (—1)!*I% whenever 2 moves across y. In particular, there
are induced boundaries (d;). : CH)*(A, M) — CH)* (A, M) and degeneracies
(85)« : CHY* (A, M) — CH,?}A(A, M), which we denote by abuse of notation again
by d; and s;. Using these, the differential D : CHY*(A,A) — CHY+*(A,A) is
defined by letting D(ap ® a1 @ - - - ® ay, ) be equal to

Yk k
D (Va0 @ @ da) @ B ay, + Y (D) dila0 ® - @ ay,),
=0 =0

where ¢; is again given by the Koszul sign rule, i.e., (—1)§ = (—1)leol++lai-al The

simplicial conditions on d; imply that D? = 0.

More generally, if Y, : A%? — Sets is a finite (not necessarily pointed) sim-
plicial set, we may still define CHY*(A, A) := @, ., CHY*(A, A) via the same
formula as above, CHY*(A, A) := P+o(4A @ A®Y*), ). Formula (2.1) again in-
duces boundaries d; and degeneracies s;, which produce a differential D of square
zero on CHY* (A, A) as above.

Remark 2.1.3. Note that due to our grading convention, if A is non graded (that
is, concentrated in degree 0), then HHY*(A, A) is concentrated in non positive
degrees. In particular our grading is opposite of the one in [L].

Note that the equation (2.1) also makes sense for any map of (pointed) sets
f+ X — Y, where X, and Y, are simplicial (pointed) sets. Since A is graded
commutative and M symmetric, (f o g)x = f« o g, hence Yy — CHY*(A, M)
is a functor from the category of finite pointed simplicial sets to the category of
simplicial k-vector spaces, see [P]. If M = A, CHY*(A, A) is a functor from the
category of finite simplicial sets to the category of simplicial k-vector spaces.

Definition 2.1.4. Denote by Dy the subspace of CHyk+l(A,M) spanned by
all degenerate objects, Dyq1 = Im((s0)«) + - -+ + Im((sk)«). It is well-known ([L,
1.6.4, 1.6.5]), that the Dy form an acyclic subcomplex D, of CHY* (A, M), which
therefore implies that the projection CHY* (A, M) — CHY*(A, M)/D, is a quasi-
isomorphism. We denote this quotient by NH}*(A, M), and call it the normalized
Hochschild complex of A and M with respect to Y.

The tensor product of differential graded commutative algebras is naturally a
differential graded commutative algebra. Thus, for any finite simplicial set Y.,
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CHY+*(A, A) is a simplicial differential graded commutative algebra, and further
CHY+(A, M) is a (simplicial) module over CHY* (A, A).

Definition 2.1.5. Let X,,Y,, and Z, be simplicial sets, and let f, : Z¢ — X, and
Je : Ze — Yo be maps of simplicial sets. We define the wedge W, = X, Uz, Y, of
X, and Y, along Z, as the simplicial space given by Wy, = (X UYy)/ ~, where
~ identifies fx(z) = gi(2) for all z € Zy. The face maps are defined as d}'* (z) =
d;** (x),d}"* (y) = d*(y) and the degeneracies are s, *(z) = s;*(z),s)"*(y) =
s}f‘ (y) for any z € X) — Wy, and y € Yy, — Wy. It is clear that W, is well-defined
and there are simplicial maps X, = W, and Y, 2 W,

If X, is a pointed simplicial set, then we can make W, into a pointed simplicial
set by declaring the basepoint to be the one induced from the inclusion X, — W.
(Note that this is in particular the case, when X,,Ys, Z, fo and g are in the
pointed setting.)

Lemma 2.1.6. There is a map of Hochschild chain complezxes
CHI* (A, M) @ yze g 4 CHJ* (A, A) — CHY* (A, M)

If Z, injects into either Z, ﬁ Xeo Or Zo ELY Y,, then this map is in fact an isomor-
phism of simplicial vector spaces.

The tensor product in Lemma 2.1.6 is the tensor product of (simplicial) modules
over the simplicial differential graded commutative algebra CHZ* (A, A).

Proof. Using the functoriality of the Hochschild chain complex [P], there is a com-
mutative diagram,

(2.2) CHZ (A, A) —L = CHX (4, A)

CHY+(A, A) —L= CH~ (4, A)

which induces the claimed map. If Z, injects for example into X,, then the tensor
product A%+ @ 1o 1 ABYEHL is isomorphic to A®@r—2k)+k+] which gives the
isomorphism of the Hochschild complexes. (I

2.2. Definition of Chen’s iterated integrals. Assume now, that M is a com-
pact, oriented manifold, and denote by Q = Q°*(M) the space of differential forms
on M. For any simplicial set Y,, we now define the space of Chen’s iterated in-
tegrals Chen(MY') of the mapping space MY = Map(Y, M), and relate it to the
Hochschild complex over Y, from the previous section.

Definition 2.2.1. Denote by Y :=|Y,| = [[A® x Y,/ ~ the geometric realization
of Y,. Furthermore, let So(Y") be the simplicial set associated to Y, i.e. Si(Y) :=
Map(A¥ Y) is the mapping space from the standard k-simplex A* = {0 < #; <
-+« <t <1} to Y. By adjunction, there is the canonical simplicial map 7 : Yy —
Se(Y), which is given for i € Y, = {0,...,yx} by maps n(i) : A¥ — Y in the
following way,

W)t < <) = < <) x (i) € ([TAT x Yo/ ~) =Y.
Here we identify 0 with the base point of Y.
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Denote by MY = Map(Y, M) the space of continuous maps from Y to M, which
are smooth on the interior of each simplex I'mage(n(i)) C Y. Recall from Chen [C,
Definition 1.2.1], that to give a differentiable structure on MY | we need to specify
a set of plots ¢ : U — MY, where U C R" for some n, which include the constant
maps, and are closed under smooth transformations and open coverings. To this
end, we denote the adjoint of a map ¢ : U — MY by ¢y : UxY — M. Then, define
the plots of MY to consist those maps ¢ : U — MY, for which ¢y :UXY — Mis
continuous on U X Y, and smooth on the restriction to the interior of each simplex
of Y, i.e. ¢4|ux (simplex of Y)o 15 smooth.

Following [C, Definition 1.2.2], a p-form w € QP(MY) on MY is given by a p-form
we € QP(U) for each plot ¢ : U — MY, which is invariant with respect to smooth
transformations of the domain. Let us recall from [C] that a smooth transformation
between two plots ¢ : U — MY and ¢ : V — MY is a smooth map 6 : U — V such
that the following diagram

¢
UxY —2 o~ M

|

VxY

commutes. The invariance of a p-form means that 6*(wy) = we. The differential,
wedge product and pullback of forms are all defined plotwise. We will now define
certain forms on MY, which we call (generalized) iterated integrals.

To this end, assume that ¢ : U — MY is a plot of MY, and we are given y, +1 =
#Y), many forms on M, ag,...,ay, € Q= Q*(M). We define ps := ev o (¢ X id),

(2.3) po U x AF XN s AR 0 ot
where ev is defined as the evaluation map,
(24) ev(y:Y = Mty < <t) = ((yon(0)(ty < - < tw),
(vonW)(t < -+ <)y, (yonlyr) (b < -+ < ty)).

Now, the pullback (pg)*(ao®- - ®ay,) € Q*(U x A¥), may be integrated along the
fiber A*, and is denoted by

</Cao...ayk)¢;_ /M(Pab)*(ao®~~®ayk) €O (U).

The resulting p = (3, deg(a;) — k)-form [, aq ... ay, € Q?(MY) is called the (gen-
eralized) iterated integral of ag, . .., ay,. Here, we used the symbol [, instead of [,
since our notation differs slightly from the usual one, where iterated integrals refer
to the integration over the interior of a path, see also example 2.3.1 below.

The subspace of the space of De Rham forms Q°*(M?Y') generated by all iterated
integrals is denoted by Chen(M?"). In short, we may picture an iterated integral as
the pullback composed with the integration along the fiber A* of a form in MY++1,

MY x Ak _ev MYet1

fAkl

MY
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We now use the above definition to obtain a chain map Zt¥* : CHY*(Q,Q) —
Chen(MY). 1In sections 2.5 and 2.4, we will see that Zt¥* is in fact a quasi-

isomorphism and an algebra map. In detail, for homogeneous elements ap ® - -+ ®
ay, € CHY*(,9), we define

(2.5) Zty’(a0®-~®ayk):—/Cao...ayk.

Lemma 2.2.2. ZtY : CHY* (9, Q) — Chen(MY) is a chain map.

Proof. Since, [,aq...ay, is a (3, deg(a;) — k)-form, Zt** is a degree 0 linear map.
We need to show that Zt¥* respects the differentials. Using the definitions together
with Stokes theorem for integration along a fiber,

() [ e

we see that for some plot ¢ : U — MY, d (Zt**(ag ® a1 ® - ® ay,)) , is equal to

[
d/ (p¢)*(ao®a1®...®%k>
Ak

= [LAvrwens san)s [ @r@ens o)

Yk
=/M<p¢)* dag® - @da) @ @ay,
=0

k
i/ (pp)" Zb{)(g)"'@b?];k—l ’
Ak—1 =

where, for the boundary component, with ¢t; < --- <t; =t;41 < -+ < ty, bz is
the product of all the a;’s for which [ satisfies d;(I) = j. Thus, we recover precisely

It¥*(D(ap ® a1 ® - -+ @ ay, ). O

Recall also from [C, Definition 1.3.2] that the space of smooth p-chains Cj,(M?Y")
on MY is the space generated by plots of the form o : AP — MY. We de-
note by Ce(MY) = D, Cp(MY), and give it a differential in the usual way.
It follows from [C, Lemma 1.3.1], that the induced homology is the usual one,
H(Co(MY)) = Ho(MY) (that is, the singular homology of M?Y). The canonical
chain map Q*(MY)® Co(MY) — R, given by < w,0 >:= [,, wo, induces a similar
chain map on the space of iterated integrals, Chen(MY) @ Co(M?Y) — R.

Finally, we remark, that the construction is clearly functorial in Y,. Thus it
extends by limits to the case where Y, is non necessarily finite. In particular, it
also allows us to define a kind of Chen iterated integral, if we start with a topological
space and not a simplicial set as follows.

Definition 2.2.3. Let X be a (pointed) topological space. Then we have the
(pointed) simplicial set S¢(X). By definition the Hochschild chain complex of A
over So(X) with value in an A-module N is, in (external) degree k the limit

CH* (A, N):= lim N A%
i —Sk(X)
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over all 74 where ¢4 = {0, - ,4} with 0 for base point. If X = |Y,] is the realisation
of a simplicial set Y,, then the natural map 7 : Yy — Se(|Ys|) = Se(X) (see Defini-
tion 2.2.1) induces a natural quasi-isomorphism CHY*(A, N) 2 CH.S'(X)(A, N),
see [P]. Let us define ZtX : CH:'(X)(Q,Q) — Q*(Map(X,M)). Tt is enough to
define, for all k > 0, natural maps Ztg : Q@Q®" — Q*(Map(X, M)) for all 3 : i —
Si(X). We define, for each plot ¢ : U — Map(X, M), and ag, . ..,a; € Q= Q*(M),

Ttg(ao® - ®@a;)g = / k(pcb.ﬂ)*(ao ®- - ®a;),
A
where py 5 = evg o (¢ x id) and evg : Map(X, M) x A¥ — M+ is given by

eva(y: X — Mty < - < ty) = ((y0 80)) (b1 < -+ < ),
(voB))(tr <--- <tg), -, (Yo B(0) (11 < -~ <))

The naturality of evg is obvious and induces the one of Ztg. Hence we get a
well defined map Zt~ : CH;S‘(X)(Q, 0) — Q*(Map(X, M)). It is a chain map for
the same reason as above. The image of Zt* in Q*(Map(X,M)) is denoted by
Chen(Map(X, M)).

Remark 2.2.4. Note that if X = |Y,|, then ZtY* = ZtXon, wheren, : CHY*(Q,Q) —
CHY*X)(Q,0Q) is the chain map induced by 1 : Yo — Se(|Ya]) = Se(X).

Remark 2.2.5. Definition 2.2.3 easily extends to any (infinite) pointed simplicial
set Y,, see [P].

2.3. Examples: the circle, the sphere and the torus. We will demonstrate
the above definitions in three examples provided by the circle S, the torus T, and
the 2-sphere S2. We then demonstrate how to wedge two squares along an edge,
and how to collapse an edge to a point. We start with the circle S*.

Example 2.3.1 (The circle S'). The pointed simplicial set S? is defined in degree
k by S} ={0,...,k}, i.e. it has exactly k + 1 elements. We define the face maps
d; : S,i — S,i_l, for 0 < i < k, and degeneracies s; : S,i — S,L_l, for0<i<k, as
follows, cf. [L, 6.4.2]. For i =0,...,k—1, let d;(j) be equal to j or j — 1 depending
onj=0,....,00r 5 =i+1,...,k Let dp(j) be equal to j or 0 depending on
j=0,....,k—lorj=k. Fori=0,...,k, let s;(j) be equal to j or j+ 1 depending
onj=0,...;,20rj=4+4+1,..., k.

In this case, we have (#S,ﬁ — 1) = k, so that we obtain for the Hochschild chain

complex over S¢, cHS- (A, A) = P50 A @ A®F. The differential is given by
k
D(ap® - - ® ay) :Ziao®-'~®d(ai)®--'®ak
i=0

+Zia0®"'®(ai'ai+1)®"'®aki(ak'a0)®a1®"'®ak—la

(see Definition 2.1.2 for the signs) which is just the usual Hochschild chain complex
CHJ(A, A) of a differential graded algebra.

Note that |S!| = S*, cf. [L, 7.1.2], whose only non-degenerate simplicies are
0 € S} and 1 € S{. Now, if we view S' as the interval I = [0,1] where the
endpoints 0 and 1 are identified, then the map 7(i) : S} — S,(S') = Map(AF, S?)
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from definition 2.2.1 is given by n(i)(0 < t; < .-+ < t < 1) = t;, where we
have set tgp = 0. Thus, the evaluation map (2.4) becomes ev(y : ST — M,t; <

- < ty) = (v(0),v(t1),...,v(tk)) € MF*L. Furthermore, we can recover the
classical Chen iterated integrals ZtSe : CH,(A, A) — Q*(M5") as follows. For a
plot ¢ : U — MS" we have,

Ztsi(a0®...®ak)¢: </Ca0...ak>¢—/Ak(p¢)*(ao®...®ak)
- (wo)*(ao)A/M@)*(al®---®ak)=(wo)*(ao)A/al...ak,

where pg : U x AF U A" x AP S MF induces the classical Chen iterated
integral [ aj ...ay from [C] and 7 : MS" — M is the evaluation at the base point
7o =y +— ¥(0).

Example 2.3.2. [The torus T] In this case, we can take T, to be the diagonal
simplicial set associated to the bisimplicial set S¢ x S, i.e. Ty = Si x S}, see
[L, Appendix B.15]. Thus, Ty has (k + 1)? elements, so that we may write Ty =
{(p,q)| p,g=0,...,k} which we equipped with the lexicographical ordering. The
face maps d; : T, — Tx—1 and degeneracies s; : Ty — Tg41, for ¢ = 0,...,k, are
given as the products of the differentials and degeneracies of S}, i.e. d;(p,q) =
(di(p),di(q)) and s;(p, q) = (si(p), si(q))-

With this description, we obtain CH,*(A, A) = @~ A ® ABRH2R) - If e
index forms in M by tuples (p,q) as above, then we obtain homogenous elements
of CHY*(A, A) as linear combinations of tensor products a,0) ® -+ ® agr) €
CHJ*(A,A). The differential D(a(,0) ® - ® agp,k)) on CHJ*(A, A) consists of a
sum

(k,k) k
Y Fapn @ ®dage @ @amr + Y Tdi(agpe) @ @ agr))-
(p,0)=(0,0) i=0

The face maps d; can be described more explicitly, when placing a(g,0) @ - @ a(x,x)
ina (k+ 1) x (k+ 1) matrix. Fori = 0,...,k— 1, we obtain d;(a,0 ® - ®
a(k,k)) by multiplying the ith and (i + 1)th rows and the ith and (7 + 1)th columns
simultaneously, i.e., di(a(o,0) ® - -+ ® a(x,x)) is equal to

a(010)® e ®a(07i)a(01i+1)® e ®a(07k)
a(i—1,0)® e R (i—1,4)Q>i—1,i+1)® e @ (i—1,k)
G(3,0)0(i+1,009 -+ B>, 03,i+1)B(i4+1,) B6i+1,i+1)Q .. DA k) A(i+1,k)

a(i+42,0)® . Q(i42,i) A(i+2,i+1) D . @ (i+2,k)

a(k70)® c. ®a(k1i)a(kﬂ-+1)® c. ®a(k1k)
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The differential dj is obtained by multiplying the kth and Oth rows and the kth
and Oth columns simultaneously, i.e., dx(a(,0) ® - - ® a,k)) equals

a(0,0)2(0,k) (k,0)0(k,k)D  A0,1)0(k1)® ... D00,k-1)0(k,k—1)
N a(l)o)a(Lk)@ a(1)1)® .. ®a(1)k_1)
A(k—1,0)0(k—1,k)D ar-11)® ... QC(k—1,k-1)

where the sign + is the Koszul sign (with respect to the lexicographical order) given
by moving the kth row and lines across the matrix.

Note that |Te| = |S2| x |S!| = T, which has non-degenerate simplicies (0,0) €
To, (0,1),(1,0),(1,1) € Ty and (1,2),(2,1) € Ty. Now, if we view the torus T
as the square [0, 1] x [0, 1] where horizontal and vertical boundaries are identified,
respectively, then the map 7(p, q) : Tr — Map(AF,T) is given by n(p,q)(0 < t; <
e <ty < 1) = (tp,tg) €T, for p,g =0,...,k and to = 0. Thus, the evaluation
map in definition 2.2.1 becomes

(7(070)a V(Oah)a T V(Oatk)v
6U(7T—>M,t1§§tk): 7(t170)7’7(t17t1)7"' 77(t17t/€)7

(s 0), 1t 1), - (s 1)

According to definition 2.2.1, the iterated integral ItT(a(O)O) ® - @a) is given
by a pullback under the above map MT x AF =% M(’“‘Hf7 and integration along
the fiber A*.

Note that a similar description works for any higher dimensional torus T¢ =
St x ... x St (d factors) by taking (T%), = Si x - x S}. Its underlying Hochschild

d

chain complex CH,* (A, A) = Do A®F+D? hag the ith face map d;, for i =
0,...,k—1, given by simultaneously multiplying each ith with (¢4 1)th hyperplane
in each dimension, and a similar description for dy.

Example 2.3.3. [The 2-sphere S2] In this case, we define S? to be the simplicial
set with #S’% = k% + 1 elements in simplicial degree k. In order to describe the
faces and degeneracies, we write S? = {(0,0)} U {(p,q)| p,q = 1,...,k}, and set
the degeneracy to be the same as for the torus in the previous example 2.3.2,

2
i.e. sf’ (p,q) = s?' (p,q) for (p,q) € S and @ = 0,...,k. The ith differential
2
is also obtained from the previous examples by setting df' (p,q) = (0,0) in the
1 1 2
case that df‘ (p) =0 or df‘ (g) = 0, or setting otherwise df‘ (p,q) = d:*(p,q) =

(&7 (p), d5* (q)).
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We thus obtain C’H.SE (A, 4) =Dy A4® A¥ with a differential similar to the
one in example 2.3.2. For example, we have for D|A® A2 — (A® A )@ (A® AY),

(0,0
D ®a,1) ®a@e) | = Z +apply d to each a,
®a,1) ®a(2,2) (p,9)
+ a(ovo)a/(lvl)a(172)a(271) — a(ovo)

®a(2,2) ®a(1,1)a(1,2)0(2,1)%(2,2)

:I: a(ovo)a(172)a(271)a(272) .
@a(,1)
where the last + sign is the Koszul sign (in the lexicographical order) given by
HlOViIlg 01(1)2), a(271), CL(Q)Q) acCross a(171).
It can be seen that |S?| = S2. If we view the 2-sphere as a square [0, 1] x [0, 1]
where the boundary is identified to a point, then we obtain the evaluation map,

(~(0,0),
V(tla tl)a e 77(t17tk)7
ev(y: 8% = Mty < < ty) = . . e MF L,

’Y(tka tll)a T a’Y(lgka tk))

This completes our three examples S', T, and S2. Later, in section 3.1, we
will describe a simplicial model for a surface 39 of genus g, which is build out of
collapsing an edge to a point and wedging squares along vertices or edges. The
essential ideas in these constructions will be demonstrated in the next example.

Example 2.3.4. [Wedge along an edge or a vertex] The simplicial model for the
point pte is given by ptp = {0} for all & > 0, with trivial faces and degeneracies.
Next, we can give a simplicial model for the interval I, by taking I, = {0, ..., k+1}
with differential for ¢ = 0,...,k, d;(j) equal to j or j — 1 depending on j < i or
7 > i. The associated Hochschild chain complex is just the two sided bar complex,
CHI'(A A) = @9 A® A ® A = B(A, A, A). Similarly, we have the simplicial
square 12 := I, x I,, i.. I,f = I x I, has (k + 2)? elements with differential
dl = dl x dl.

We can use the pushout construction from Lemma 2.1.6 to glue two squares
along an edge. In fact, this can be easily done using the inclusion inc : I, — I2
twice to obtain I? Uy, I2. Similarly, we can wedge two squares at a vertex, where
we use the inclusion inc’ : pty — I2 to obtain IZ U, I2. Note that in this case, we
do not need to assume that the inclusion inc’ : pte — I2 preserves the basepoints.

A more interesting operation may be obtained via the collapse map col : I, —
pte, which together with the inclusion inc : I, — I? induces the square with one
collapsed edge I2 Uz, pto. We will use this type of construction in subsection 3.1 to
obtain our model for the surface X9 of genus g.

There are two maps s, t : pte — I given by s(0) = 0 and ¢(0) = k+1 in simplicial
degree k and a (unique) projection p : I4 — pte. These 3 maps induces 4 inclusions
Sij : pte — I? = I, x I, mapping the point to one of the corner of the square, 2
projections p; : IZ — I, (i,j € {1,2}) and a collapse map p X p: IZ — pte X pte =
pte. The following Lemma is trivial but useful.

Lemma 2.3.5. The maps s, t, p, s;; and p; are maps of simplicial sets.
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2.4. The cup product for the mapping space Map(Y, M). We now show that
there is an differential graded algebra structure on CHY*(£2,€) and Chen(MY),
and that the iterated integral Zt¥* preserves this algebra structure. The algebra
structure on Chen(M?Y) is the one induced by the wedge product in Q*(MY), cf.
definition 2.2.1. To define the product on CHY*(A, A), we first recall the shuffle
product for simplicial vector spaces Vo and W,, see e.g. [L, Lemma 1.6.11].

Definition 2.4.1. For two simplicial vector spaces V, and W,, one defines a sim-
plicial structure on the simplicial space (V x W) := Vj, ® W}, using the boundaries
dY ® dV and degeneracies s) @ s/V. There is a shuffle product sh : V,, ® W, —
(V X W);D+qa

sh(v@w) = Z sgn(pt, V) (Suy - - 50, (V) @ 54, .. 8, (W),
(1sv)

where (i, v) denotes a (p, g)-shuffle, i.e. a permutation of {0,...,p+¢—1} mapping
0<j<p—-Tltopjriandp<j<p+qg—1tov;_ps1,suchthat ug <---<p, and
vy < -+ < vq. In particular, for Vo = W,, this becomes sh : V, @ Vg — V14 @ Vpig.

Since CH}* (A, A) is a simplicial vector space, we obtain an induced shuffle map
shon CHY+(A, A). Composing this with CHY* (u, i), where p1 : A® A — A denotes
the product of A, which is an algebra map since A is graded commutative, we obtain
the desired shuffle product shy, of CHY*(A, A),

Yo
shy, : CHY* (A, A) @ CHY+(A, A) & CHY*(A® A, A A) T U cpYe(a, A).

Proposition 2.4.2. The shuffle product shy, : CHY*(A, A)®? — CHY+(A, A)
makes CHY+*(A, A) a differential graded commutative algebra, which is natural
m A. If fo : Xe — Yo is a map of simplicial sets, then the induced map f, :
CHX+(A,A) — CHY+*(A, A) is a map of algebras and a quasi-isomorphism if the
map He(fo) : He(Xe) — He(Ye) induced by fo is an isomorphism.

Proof. The shuffle product Vo ® Vo — (V x V), for simplicial vector spaces is
associative and graded commutative (see [L, Section 1.6]). Further p: A® A — A
is map of differential graded algebras since A is (differential graded) commutative.
Hence shy, is an associative and graded commutative multiplication and a map of
chain complexes.

That f. : CHX*(A, A) — CHY*(A, A) is a map of algebras follows by naturality
of the shuffle product and the last claim is proved in [P, Proposition 2.4]. (Il

In view of the above Proposition 2.4.2, Lemma 2.1.6 has the following counter-
part.

Corollary 2.4.3. Let Xo, Yo, Wy and Zo, fo : Ze — Xe, Go : Ze — Yo be as
in Lemma 2.1.6 and Definition 2.1.5. There is a natural morphism of differential
graded algebras

CH* (A, A) © gz 40 CH* (A, A) — CHY* (A, A)
If Z4 injects into either Z, EL Xo or Ze 22 Y,, this natural map 1S G quasi-
isomorphism.

Proof. Proposition 2.4.2 and the commutative diagram (2.2) implies that CHX+* (A, A)
and CHY*(A, A) are CHZ+ (A, A)-algebras and that the maps i, : CHX*(A, A) —
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CHY+(A,A) j, : CHY*(A,A) — CHY+(A, A) are maps of (differential graded)
commutative CHZ* (A, A)-algebras. Since i, o f. = j. o g, the composition

CHX (A, A) @ CHY*(A, A) 2% CHY+ (4, A) @ CH)'* (A, A) ™™ CH\* (4, A)
induces a natural morphism CHX*(A, A) Qcnze (4,4) CHY*(A,A) — CHY+(A, A)
of CHZ+ (A, A)-algebras. The last statement follows from Lemma 2.1.6 and the fact
that the shuffle product Vo ® W, — (V x W), is a natural quasi-isomorphism of
simplicial vector spaces. O

By Proposition 2.4.2, for any simplicial set X, and commutative (differential
graded) algebra A, (CHX* (A, A), D, shy,) is again a commutative differential graded
algebra. Thus its Hochschild chain complex CHY* (CH (A, A),CHX*(A, A)) is
defined for any simplicial set Y, and is a commutative differential graded algebra.

Corollary 2.4.4. There is a natural (with respect to Xo, Yo and A) quasi-isomorphism
of algebras

CHX*(CH)Y*(A, A),CH)* (A, A)) = CHE M)+ (4, 4)

where (X X Y)e is the diagonal of the bisimplicial set Xo X Ys, that is (X xY),, =
X, xY,.

Proof. The quasi-isomorphism is induced by the Eilenberg-Zilber quasi-isomorphism
(i.e. the shuffle product). In order to define it more explicitly, we need the fol-
lowing definition of Hochschild chain complex CHX¢(R,) over a simplicial set X,
for a simplicial algebra Ro. This is a bisimplicial vector space which is given in
simplicial bidegree (p, q) by CHX»(R;) = R, ® R?% where z, +1 = #X,,. Its face

maps CHX»(R,) 4o Xp-1(R,) are given by the usual ones for the Hochschild
complex over X, as in Definition 2.1.2 and similarly for its degeneracies along the
X, direction. Thus, CH**(R,) = CHX*(R,, R,) is the Hochschild chain complex

of the algebra R, over X,. The simplicial face maps CH*»(R,) & oY (Ry—1)
along the R, direction are induced by the face maps of R,:

®1+zp

CHY»(R,) = R, ® R¥™ “— R,y ® RE"7 = CH' (R,)

and similarly for the degeneracies. Thus, CHX7(R,) = (RX---X R)s is the (1+x,)-
times iterated cross-product of the simplicial algebra R, (see Definition 2.4.1 above).
If R, is a simplicial commutative differential graded algebra, then CHX*(R,) is a
bisimplicial commutative differential graded algebra. Note that for the standard
Hochschild chain complex over S?, this definition was first introduced by Good-
willie [Go].

By the (generalized) Eilenberg-Zilber theorem [MacL, GJ], there is a natural
quasi-isomorphism EZ : CHX*(R,) — diag(CHX*(Rs))e, where diag(CH**(Rs))e
is the diagonal simplicial set associated to the bisimplicial set C HX*(R,). Hence,
in simplicial degree n, diag(CHX*(R,)), = CH*"(R,) = R, ® R®*". Note that
the map EZ : CHX»(Ry) = Ry ™ — CHXvr+4(Rpyyq) = Ryt "+ is given by a
formula similar to the one in Definition 2.4.1, that is

(26) BZ =Y sqn(u (s .ske) o ((sfirosfin) )
(p,v)
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where (u, v) denotes a (p, ¢)-shuffle and sff', skR' are the degeneracies along the X,
and R, simplicial directions respectively.
From Definition 2.1.2, it is clear, that CHY*(A, A) is a simplicial differential

graded commutative algebra, and, that CHSY). (A, A) =2 diag(CHX*(CHY+ (A, A))).,
Since CH.(XXY)H (A, A) — A®(1+In)(l+yn) ot (A®(1+yn))®1+z". ":[’hus7 the Eﬂenberg_
Zilber map (2.6) gives a quasi-isomorphism of underlying chain complexes

CHX«(CHY* (A, A) 22 cH (4, A).

Note that on the left hand side, CHY* (A, A) is considered as a simplicial differential
graded algebra. Now we need to define a quasi-isomorphism

CHX+(CHY*(A,A),CHY* (A, A)) — CHX*(CH}* (A, A))

where on the left, CHY*(A, A) is equipped with its structure of commutative differ-
ential graded algebra given by the shuffle product shy, and the Hochschild differ-
ential D. Iterating the Eilenberg-Zilber map x,-times, we get a quasi-isomorphism

EZ) : CHYY(CHY* (A, A), CHY*(A, A)) = (CHY*(A, 4))°0 )
P (Cm (A, ) = or¥ (Y (4, 4)),
where sh is the shuffle product as in Definition 2.4.1. Thus the composition

Bz0(BZ()
S

CHX*(CHY* (A, A),CHY*(A, A)) CH (4, A)

is a natural quasi-isomorphism.
Since the algebra structure on CHX*(CHY+* (A, A),CHY*(A, A)) is the compo-
sition of the shuffle product

sh: CHI" (CHY* (A, A),CHY* (A, A)) @ CH.?* (CHY*(A, A), CHY* (A, A))
— CHS™ 72 (CHY* (A, A)®?, CHY* (4, A)%?)

with the map C HX+ (shy,) (also induced by the shuffle product see Definition 2.4.1),
the fact that the natural map CHX+(CHY*(A, A), CHY+(A, A)) — CHS )+ (A, 4)
is a map of algebras follows from the associativity and commutativity of the shuffle
product. O

Example 2.4.5. If T, is the simplicial model for the torus given in Example 2.3.2,
then, by Corollary 2.4.4 above, CHZ*(A, A) is quasi-isomorphic, as an algebra, to

C’H;gi (C’H.Si (A, A), C’H.Si (A, A)), that is to the standard Hochschild complex of
the standard Hochschild complex of the algebra A.

Using a decomposition of the product A* x Al into a union of (k + [)-simplices
AFF! which is indexed by the set of all shuffles, we obtain the following Proposition.

Proposition 2.4.6. For any compact, oriented manifold M, the iterated integral
map Tt¥ : (CHY*(Q,Q), shy,) — (Q*(MY),A) is a map of algebras.

Proof. We need to show, that for ap ® - -+ ® ay, , by ® -+ - ® by, € CHY*(Q,Q),
(2.7)
TtY* (a0 @ - @ay, ) ATt (bg @ - - - ®@by,) = Tt¥* (shy, (a0 @ - - @ ay,, by @ - --@by,)).
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Let ¢ : U — MY be a plot, and pf;H : U x AR — Myr++1 the map from (2.3).
Note that each degeneracy s; : Y, — Y,.;1 induces a map M* : MYyr+1+1 — ppyr+1
which in turn induces the degeneracy s; : Q®¥+1 — Q®vr+1tl on CHY+(Q, Q).
Since the multiplication u : Q®2 — Q is obtained by pullback along the diagonal
d: M — M x M, the term on the right side of (2.7) becomes,

Z + Ak+l (pl;Jrl)*o((SkaJrl)* (SVL s Sy (a0®' ’ '®ayk)®suk < S (b0®' ’ '®byz))
(1,v)

:Zi/ (pi“)*oa*(ao@“'@Gyk®b0®"'®byz>a
(ww) AT
where o : MYs+TL 5 Myt s pfysntl o ppuetl s pfuitl is the composition of
the diagonal of M¥Ys+1+1 with the map (M ... M%) x (MSme ... M),

Recall the degeneracies o; : A™1 — AT (0<t; <+ <t 11 <1) = (0<t; <
<< < tr+1 < 1), which removes the ith coordinate from the standard
simplex, cf. [L, Appendix B.6]. Then for any v € MY, the map ev from (2.4)
makes the following diagram commutative,

A’I"+1 & Myr+1+1

%l lM”I
ev(y,—)

AT _ > MUT"Fl

Thus, for any shuffle (i, ), we obtain the commutative diagram,

X1id
U x Ak ot MY x AR ——= syl
. (p,v) Y k+1 M Yr+1+1 Y1 +1
idx 3 MY x A M x M
idxﬁ(;ﬁﬂl l
Pxidxid (ev,ev)
U x AF x Al MY x AF x Al Mystt 5 Ml

where the right vertical map is a, and W) = (0, ... 00,04y .. 0y, ) + AFFL —
AF x Al. Thus, oo pf;H = pa o (id x B#)), where pg denotes the bottom map.
Using the decomposition of A*¥ x Al = H(#)U)ﬁ(“’”) (AF+1) we can simplify the right
hand side of (2.7) to

/ (pa) (a0 ® - @ ay, @by @ - ®by,)
ey B000) (AR )

— [ @e - a)n [ (o) tus-ob,)
Ak Al

=Tt (ap @+ @ ay, ) NIt (by @ --- @ by,),
which is the claim. O

The previous Proposition shows, that the wedge product of two iterated integrals
is again an iterated integral, so that “A” preserves Chen(M?Y) C Q®*(MY). We thus
have the following Corollary.
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Corollary 2.4.7. Zt¥s : (CHY*(,Q), shy,) — (Chen(MY),\) is a map of alge-
bras.

Remark 2.4.8. The proof of Proposition 2.4.6 is essentially the same as the proof
given by Patras and Thomas in [PT, Proposition 2], and could have been deduced
from [PT]. We will use the relationship with [PT] in the next subsection.

2.5. Chen’s iterated integrals as a quasi-isomorphism. In this subsection,
we show that the iterated integral map ZtYs : CHY*(Q,Q) — Q*(M?Y) is a quasi-
isomorphism under suitable connectivity conditions on M, where we set as usual
Q = Q*(M). For the proof we will apply a related result by Patras and Thomas
[PT], which uses a simplicial description of cochains of MY . We start with a slight
generalization of the simplicial cochain model used in [PT].

Definition 2.5.1. Let Y, be a simplicial space, and M a compact manifold.
Denote by C*® a cochain functor, such as simplicial cochains, singular cochains,
or De Rham forms. We define the simplicial chain complex C2(M?Y) by letting
Co(MY) = (C*(MYx) = ®D,>0 CP(M?Y*),0y), where Oy, is the differential on MY
induced by C*. The face maps d; and degeneracies s; of Y, induce face maps
D; = C*(M%) and degeneracies S; := C*(M%) on C3(MY).

The total complex C(MY)* is defined by C(MY)P = @,,CP* (M), and
has the differential D : C(MY)? — C(MY)PT! which on CPTE(M?Y*) is a sum
of the differentials (—1)¥0y : CPTF(MYe) — CPHE+L(MYr) and Zfzo(—l)iDi :
Cptk (MYk) N Cp"l‘k(MYk—l)'

The normalized complex N'C(M?Y)® is defined as the quotient of C(MY)* by the
subspace generated by the images of the degeneracies S;. It is well-known, that the
projection C(MY)* — NC(MY)* is a quasi-isomorphism of chain complexes, see
e.g. [MacL).

Lemma 2.5.2. Assume that Y = |Y,| is n-dimensional, i.e. the highest degree of
any non-degenerate simplex is n, and assume that M is n-connected. Then any
two cochain functors C* and D* induce quasi-isomorpic complezes C(MY)® and
D(MY)e.

Proof. Tt is enough to show that NC(MY)* and N'D(MY)* are quasi-isomorphic.
For NC(M?Y')*, we define the filtration by simplicial degree Ff = @, NC*(M™).
The E* term for this filtration is computed as the reduced homology @, - H (M),
Using the assumptions on the connectivity of M, it is easy to see that the E' page

is first quadrant, and thus the filtration converges to the homology H(NC(M?Y)*).
Similar arguments give a spectral sequence converging to the homology H(ND(M?Y)*).
Now any natural equivalence F : C* — D*® induces a map of spectral sequences,
which is an isomorphism on the E! level. Since any two cochain models C* and D*
can be connected by a sequence of natural equivalences, the claim follows. ([

Proposition 2.5.3. Under the assumption from Lemma 2.5.2, the iterated integral
map It¥s : CHY*(Q,Q) — Q*(MY) =2 C*(MY) is a quasi-isomorphism.

Proof. First, notice, that Zt¥s : CHY*(Q, Q) — Q*(MY) factors through Q(MY)* =
Bz (M) via

Q© 0% 2 QY (M) S QY (MY x AF) U Q*(MY),
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where Z is the natural quasi-isomorphism obtained as the wedge of the pullbacks
of the y, + 1 = #Y}, projections MY+ — M, ev : MY x A¥ — MY* is the map in
(2.4), and [ A denotes integration along the fiber. An argument similar to Lemma
2.5.2 shows, that Z induces a quasi-isomorphism CHY*(Q,Q) — Q(M?Y)*.

Denote by S*® the singular cochain functor, and denote by /[AF] : S*(MY x
AF) — §*(MY) the slant product with the fundamental cycle of A*. Consider the
diagram,

Q(MY)* e Q* (MY x AF) fA_k> Q*(MY)

l | e ]

S(MY)* —Cs o (MY x AF) Zo S0 (M)

which commutes after taking homology. Since (2® and S® are naturally equivalent,
and using Lemma 2.5.2, we see furthermore that the vertical maps are isomor-
phisms on homology. Recalling from [PT, Corollary 2], that the bottom line is
a quasi-isomorphism, we conclude that the iterated integral also induces a quasi-
isomorphism, which is the claim of the Proposition. ([

Remark 2.5.4. An alternative proof of the above Proposition may be obtained by
following the ideas of Getzler Jones Petrack [GJP, Theorem 3.1], via induction on
the simplicial skeletal degree (cf. [GJ, p. 8]).

Let A* = Hom(A, k) be the (graded) dual of A. If we denote the graded dual
of CHY*(A,A) by CHy, (A, A*) := []50(A" @ (A*)®¥*), then we also have the
following dual statement to Proposition 2.5.3.

Corollary 2.5.5. Under the assumptions from Lemma 2.5.2, we have a quasi-
isomorphism (Zt¥*)* : Co(Map(Y, M)) — CHy (Q,Q).

Remark 2.5.6. In the above discussion, we did not include the Chen space Chen(M?Y),
which, by definition, is given by the image of the iterated integral map Chen(M?Y) =
Im(Zt¥s : CHY*(Q,Q) — Q*(MY)) c Q*(MY). Chen showed in the case of the
circle Yo = S? (cf. [C2]), that Chen(MSl) is in fact quasi-isomorphic to Q*(M?Y) by
showing that its kernel K er(ItSi) is acyclic. In the case of a general simplicial set
Y,, this task turns out to become quite more elaborate, as the kernel Ker(Zt¥*) con-
tains many non-trivial combinatorial restrictions, coming from the combinatorics
induced by Y.

Let us illustrate this by the example of a simplicial graph G,, having v vertices
and e edges as its only non-degenerate simplicies. Combining the models for the
interval and the point as in Example 2.3.4, we may assume that #Gx = v + e - k.
Then for given functions fi,..., fy,91,--.,9 : M — R, which we associate to the
vertices and edges of G,, we can define a degree 0 element z € CHS'(Q,Q) =
0% ® Q®[1], by setting

t=f1® - ® f®dpr(g1 @@ g,) € (2%°)° © (Q®?)!

where dpgr is the De Rham differential. A computation then shows that =z €
Ker(ZtC) exactly when for every vertex w of G,, the product of the functions
on the incoming edges g;1 ,...,g;mw at w is equal to the product of the functions
on the outgoing edges g;1,...,g;sw at w up to a constant ¢,,, and these constants
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multiply to 1,

Vw:HgiE:cw~ng£, and chzl.
k k w
The conclusion is, that the explicit identification of the kernel Ker(Zt¥*) for a
general simplicial set Y, as well as the proof of its acyclicity, require considerably

more effort. However, we conjecture that the kernel is acyclic.

3. STRING TOPOLOGY PRODUCT FOR SURFACES MAPPING SPACES

Beside the cup product on the cohomology of the mapping space, there is also
a “string topology” type product on the homology of certain mapping spaces. We
now demonstrate how this string topology product may be modeled via the gener-
alized Hochschild cohomology. In particular, we look at the case of surfaces X9 of
various genus g. The string topology product for this is then expressed as a map
Ho(M=") @ H* (M) — Hy(M=""").

3.1. A Hochschild model for the surface of genus g. We start by giving a
Hochschild model of the mapping space Map(X9, M) from the surface of genus g
to a 2-connected, compact, and oriented manifold M.

Recall, that the surface X9 of genus g > 1 can be represented as a 4g-gon, where
the boundary is identified via the word

aibiashsy ... agbgag_lbgl .. .a;lbglaflbfl.

We choose a subdivision of this polygon, which will fit with the string topology
product. For this, we use a subdivision into g2 squares, and further subdivide the
off diagonal squares further into two triangles, so that e.g. in the case ¢ = 3 we
obtain

—1 —1 —1
by a; by

a1 a;l

by byt

az a;l
(3.1) by as b3

Each of the diagonal squares are represented via the simplical model of the square
IZ, with |IZ| = k*+4k+4. On the other hand, for square build out of two triangles,
we glue two squares along an edge and collapse the opposite sides to a point,

—
collapse
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This is a model, which has in simplicial degree k exactly 2k? + 5k + 4 elements.
Gluing all these squares together by identifying the corresponding edges and iden-
tifying all vertices, we obtain a simplicial model (%9), for the surface of genus g,
with

(3:2) #(E)k = (20" —g) - K+ (3¢ —g) - k+1+ (9 - 1)
We denote o = #(X9);, — 1.

Notation 3.1.1. We write T, = 12/ ~ for the simplicial model of a triangle
obtained as a quotient of a square where a side is collapsed to a point.

For genus g = 0, we use the simplicial model (X°)s = S? of the sphere introduced
in Example 2.3.3. If M is a 2-connected, compact, oriented manifold, then Proposi-
tion 2.5.3 and Corollary 2.5.5 imply that Zt(>")s CH&Ee (Q,Q) — C*(M*") and
(Tt ) Co(M™) — CH{s,, (€,97) induce isomorphisms on (co)homology.

The reason for studying this particular model of a surface of genus ¢ is that it
comes with a simplicial description of pinching maps. Pinching maps are obtained
by collapsing to a point a circle, which contains the basepoint, on a surface X"
yielding a wedge ¥9 V £ (for any decomposition n = g + h).

PinChgl

This is realized on our simplicial model as follows. For n = g+ h, we can consider
4 different regions in the model for £9" namely we can consider the top left square
build out of g?-squares (labelled a1, by, as,- - on the left and bl_l7 al_l, -+ on the
top), the lower right square build out of h%-squares (labelled - -- ,ag4n,bgrn on
the bottom and agj s b;ig.. on the right), and the the two off diagonals rectangles
denoted Ry, R;. Note that all squares in the off diagonals regions R;, R; are
subdivided into triangles. Let

(3.3) Pinch, ; : 23" — 27 v 2k

be the map defined by identifying all the points in all triangles in Ry, R; which
belongs to a same parallel to the hypothenuse of the triangle (that is the edge
parallel to the one which has been collapsed in the model). In other words, Pinchg 5,
collapses along the anti-diagonal the off diagonal regions R;, R; to the boundary of
the top left and bottom right square. For instance Pinchs 1 : 3 — %2V 3! is given
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by the diagram

—1 -1 —1 -1 -1
by ay b R by ay
//)/ -1 b;l
ay 7774 ay a
s
s ayt
_ = 2
b 77,9 bt b _
1 7,51 93 collapse 1 b 1
/
s ’ _ az b _
Ay (7774777 a; 1 2 a3 1
/// Vs as
b
/bz as b3 3

where all elements in the same dashed line are identified, i.e. collapsed to the same
point.

Lemma 3.1.2. The map Pinchg, : »Ith gy vl is simplicial.

Proof. The map Pinchy j is obtained by wedging along an edge or a vertex maps
such as the identity id : I2 — I2, id : T, — T, and collapse T, — pto of a triangle
onto a point or collapse Ty = I2/ ~P T, of a triangle onto one edge (which has not
been identified to a point). Now it follows from Example 2.3.4 and Lemma 2.3.5

that Pinchg , is a map of (pointed) simplicial sets. O

Remark 3.1.3. It is crucial to use the simplicial model X7 described in Lemma 3.1.2.
For instance, if one uses a model where the off diagonal squares are not subdivided,
the Lemma 3.1.2 above is no longer true.

The following Lemma is a straightforward.

Lemma 3.1.4. The simplicial pinching map is associative, i.e. the following dia-
gram is commutative

Pinchg+h,k
2!.]+h+k E_(.]-‘rh v E].q

Pi“Chg,hMCl lPiHChg,hVidglg

idE;.cVPinchh,k
S RVE A R R SURVE 3 VD 3/}

3.2. The “string topology” product for surfaces. In this section, we recall
the “string topology” type operation adapted for surfaces, and then apply this to
the model for the surface mapping space given in the previous subsection. We
start by recalling this operation, which was originally given for the mapping space
of a circle by Moira Chas and Dennis Sullivan in [CS], see also the description of
the Cohen-Jones map generalized to surfaces as given in [CV, Section 5.2] for the
k-sphere.

In this section, we use the model X9 (= |XZ|) for a (compact oriented) surface
of genus g introduced in Section 3.1 with its basepoint {x}.

Denote by Map(39, M) the space of (continuous, non pointed) maps from a
surface X9 to the manifold M, which we assume to be compact and oriented.
For two such surfaces ¥9 and X", denote by X9 v ¥ their wedge product, i.e.
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their disjoint union modulo the identification of the two basepoints. The space
Map(X9 v " M) denotes the corresponding mapping space from X9 vV ¥ to M.
Then there are induced maps

Map(29, M) x Map(Eh, M) 22 Map(29 v £, M) "2 Map(S9+h, M),

where p;, is given by including to the first and second component in %9 v X*,
For surfaces with positive genus, poy: is induced by the pinching map Pinchg j, :
$9+h . %9 v ¥h given by the geometric realization of the simplicial map (3.3)
Pinch, , : 24" — 24 v 2. If g = 0, another model for ¥" is given by gluing 4
squares

. bitart ..
[ ] [ ]
a .
b1 :
b,
a,:l
(3.4) . © Gn by

where the bulleted edges are collapsed to a point and the other boundary edges
are identified with the word aibiasbs...apbpa; 'b, " .. a3 by tay byt as for the
model (3.1). The pinching map Pinchg j, : £ — $0 v ©* = 30 v 5" is given by

(3.5)
. bitart... .
TT T T 171
I T T I I
I T T I B
L] I T T I I | o ° °
1 T T I I |
I T T I B -1 -1
I I by ay ...
ar | """ 7] T ®*
N . 1 .
b [----°7 : collapse by :
_______ b}:l b;l
_______ a}:l a;l

° ahbh ahbh
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where all elements in the same dashed line are identified, i.e. collapsed to the same
point. There is a similar pinching map Pinchg  : ¥" — 3" v %0 given by
(3.6)

-1 _—1 -1 _—1
by a; ... . by a; ...
a | L ai
by g by 1
_______ b, b,
——————— -1 -1
_______ ay, a, e
TT T T 11
EREEN = o Gn by
T collapse
° | I T T I I ° ° °
| I T T I I
[ I I I |
L1111 1
cee QR by ° °

By collapsing all boundary edges to a point in the model (3.4) and in definition
of the map Pinchg j, (3.5) yields the usual pinching map Pinchg o : 0 — £0 v 39
for the dimension 2 sphere S? = X9, The pinching maps Pinchg , Pinche ¢ above
induce poyt when one of the surfaces has genus zero.

Note that the map p;;, is given as a pullback of diagrams

Map(X9 v £t M) 22 Map(X9, M) x Map(Sh, M)

l diagonal l

M M x M

In particular, p;, is an embedding of infinite dimensional manifolds with finite
codimension equal to the dimension of M, codim(p;,) = dim(M ) and the associated
normal bundle is of dimension dim (M) and oriented (since M is). Thus, if we denote
by Map(29Vv X" M)~TM the Thom space of this embedding, there is a Thom class
in H™(Map(%9 v " M)~TM) inducing the Thom isomorphism

t: Ho(Map(X9 v St M)"™) 5 H, ., (Map(S? v £", M)),

where m = dim(M). Together with the Thom collapse map 7 : Map(39, M) x
Map(X", M) — Map(29 v X" M)~TM  we obtain the following Umkehr map,

(pin)r = Ho(Map(59, M)) @ Ho(Map(", M))
&~ Hy(Map(X9, M) x Map(Z", M))
T Hy(Map(29 Vv s, M)™T™) L B, (Map(39 v 5, M)).
Definition 3.2.1. With this, we define the product W := (pout)« © (pin)1,
W: He(Map(X9, M)) ® He(Map(X", M))
Wil o (Map(s9 v P, M) P2 Hy(Map(S9+7h, M)
that we call the surface product.

We denote He (Map(X9, M)) the shifted homology groups He gim ) (Map(X9, M)).
This shifting makes the surface product a degree zero map.
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Theorem 3.2.2. Let M be a compact oriented manifold. Then the surface product
W He(Map(X9, M)) @ He(Map(Xh, M)) — He(Map(X9Th, M)) is associative.

Proof. Tt is well-known that Pinchgo : £% — 3% v 30 is homotopy associative.

From there and Lemma 3.1.2 it follows that (pou¢)« : He(Map(39 Vv X, M)) (Bous)e
Ho(Map(X9+", M)) is associative. Now the Theorem follows from naturality prop-
erty of Umkehr maps: (pout)«0(pin )t = (pin)10(pout)« as in the usual string topology
case (see [CJ, BGNX] for details). O

Remark 3.2.3. Note that the surface product gives a structure of associative
graded (with respect to the genus) algebra with unit (see Proposition 3.2.5) to

Ho (| | Map(29,M)) = P He(Map(9, M)).

920 920

There is an obvious embedding i, of M into Map(39, M) as constant functions.
Thus, for any g > 0, the fundamental class of M yields a class

[M]g = ig([M]) € Ho(Map(%7, M)).

Also note that for genus zero, X° 2 §2, the surface product restricts to a product
He(Map(X°, M)) @ He(Map(X°, M)) — He(Map(X°, M)). This product is the
usual (dimension 2) Brane Topology product:

Proposition 3.2.4. The restriction of the surface product (see Definition 3.2.1) to
He(Map(X°, M)) coincides with the Brane topology product He(Map(S?, M))®? —
He(Map(S?, M)) see [H, CV]. In particular it is graded commutative with [M]o as
a unit.

Proof. The Brane Topology product (for dimension 2-spheres) as defined in [CV,
Section 5] is induced by a structure of algebra over the homology H,(€ac) of the
(2-dimensional) cactus operad €ac on He(Map(3?, M)). By definition, an element
c € €ac(2) is a map ¢ : $? — S? Vv §2. Thus it induces a map p;,(c) : Map(S? Vv
S2, M) — Map(S?, M). The Brane Topology product [CV, Section 5.2] is then
given by the composition pout © (pin(c))r for any cactus ¢ € €ac(2). The result
follows by choosing ¢ = Pinchg . O

By Theorem 3.2.2, Hqe(Map(X9, M)) inherits a left Ho(Map(X°, M))-module

structure Hq(Map(2°, M)) @ Ho(Map(29, M)) = He(Map(S9, M)) as well as a
right module structure.

Proposition 3.2.5. He(Map(X9, M)) is a (graded) symmetric Hy(Map(X°, M))-
bimodule, i.e. for any x € He(Map(X9, M)), y € He(Map(X°, M)), one has

MlpWa == and rwy = (=1)¥ely W,
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Proof. Note that there is a commutative diagram of pullbacks

(ev,id)

g 59
]\4Z v M x M io Xid
MV - M5 M
ev idXev
lev le’uxev
M , M x M
diagonal

where q is induced by the inclusion X9 < $?VX9 and i is induced by S?V¥9 — %9,
which collapses the S? component to a point. Since [M]o = io([M]), it follows that
(pin)' ([M]o x x) = i) ((ev,id)'([M] x z)) = iV(z) and the identity [M]o Wz = x
follows, since Pinchg 4 0¢¥ is homotopic to the identity.

It remains to show that Pinchg , and Pinch, ¢ are homotopic maps ¥9 — %%V
9. For each t € [0,1], there is a parametrisation of X9 obtained by attaching
standard squares and rectangles and identifying some boundary components as in
the following figure:

o bitarl..
I) °
ai
by g
. b(;l
a;l
St i
[ ] a_l
[]
(3.7) - Gg by gt

More precisely, the big central square S in figure (3.7) is a standard square [0, 1]?
while the small central square S; has edges of length ¢ (thus S; = [0,¢]?). The
edges labelled by a;s, b;s and their inverses are identified just in the usual model
for 39, see Figures (3.4) and (3.1). The edges a and (8 are of length (1 —1¢)/2. The
two bulleted edges are identified to the base point and the (top right and bottom
left) bulleted rectangles are entirely collapsed to the base point as well. Overall,
the parametrisation pictured by figure (3.7) is a square [0, 2]? with edges of length
2 with some boundary elements identified and two sub-rectangles identified to the
base point.

We now define a pinching map Pinch(t, —) from %9 to X9 v $9. Similar to the
pinching maps Pinchg 4 and Pinch, o, Pinch(t, —) is obtained by collapsing some
elements in the above parametrisation (3.7) of 39 to the base point, as shown in
the following picture:
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. o
3 T T 1 ﬁ,_.b_l 1
| | | | [ ] a P
1 1 1 1 1 1
[]
aL_4 L ___ . a :
b1 1l L___ . bl . .
se_d o L___ bg_l . g
1 Pinch(t,—) —1
I Y N — a_ a
g g
collapse °
I —
Lo o g by o
| T
-1 -1
L1 5 a 5 o
-.. Qg bg -1 ﬁ_l

Here all elements in the same dashed line get identified by the pinching map
Pinch(t,—), i.e. they get collapsed to the same point, and all bulleted rectan-
gles and egdes get collapsed to a point.

Note that Pinch(l,—) = Pinchy . Thus the map Pinch(—,—) : [0,1] x £9 —
0V 39 is an homotopy between Pinch, ¢ and Pinch(0,—) which is the collapse
map given by the following figure :

-1 -1
le% bl al le%
T T 1
B [T T 3
[ ) ®
[ I plgr?
[ N 1 71 -
[]
ar L _ - ——— aq .
bl l _ _ | _ _ : b1 bil
—1 Pinch(0,—) g
== F——2"% : —
_1  collapse : aq1
g
T T 1
... Qg b
[T T B g Og 1
° N ot ° a
11
.. Qg bg ﬁ—l ﬁ_l

There is a similar homotopy %(—, —):[0,1]x %9 — ¥O0Vv¥9 with %(O, -) =
Pinch(0, —) and Pinch(1, —) = Pinchg 4, which is obtained by taking a parametri-
sation similar to (3.7) but with the small center square above and on the left of the
big center square, i.e, a parametrisation “symmetric” to (3.7) with respect to the

anti-diagonal. The composition of the homotopies Pinch(—, —) and %(—, -)
yields the desired homotopy between Pinchgy 4 and Pinchg g. g

Remark 3.2.6. Note that the surface product is not (graded) commutative in
general. For instance if M = S3, the 3-dimensional sphere, then the center of
(@gZO He(Map(29,5%)),¥) is He(Map(X°, S%)), see Example 4.4.6.

For any genus g > O-surface, there is a map m, : 39 — %0 = §2 obtained by col-
lapsing all edges a1, by, ... of the 4g-gon to a point. By pullback it yields a map 79 :
Map(S? M) — Map(39, M). Hence, a linear morphism 7 : He(Map(S?, M)) —
Hy(Map(X9, M)).
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Proposition 3.2.7. Let M be a compact oriented manifold. Then, for g > 0 and
h >0,
i) the map mf : Ho(Map(S?, M)) — He(Map(29, M)) is an He(Map(S?, M))-
module morphism and satisfies
() wrl(y) = 7" (@ Wy);
ii) mf(z) =2 W [M], for any x € He(Map(S?, M)).

Proof. From the definitions of Pinch,p for g,h > 0 (See Lemma 3.1.2 and the
arrows (3.5) and (3.6) we easily get that the two maps (my V mp) o Pinchgy j, and
Pinchg g o (mg4) are homotopic and further that three maps (g V id) o Pinchg g,
(idVmy)oPinchg 4 and Pinchg go(7y) are homotopic to each other. Now the claim i)
follows from the naturality of Umkehr maps:

(79 V7). 0 (pin)t = ()1 0 (27 x 7).
where (79 vV )" : Map(3° v X9 M) — Map(X9 v " M) is the natural map
induced by 7, V 7, : £9 v £ — 20 v 20,

By i) and Proposition 3.2.5, it is sufficient to prove claim ii) for = [M]o the
unit of He(Map(S?, M)). That is to prove that 7¢([M]o) = [M], which follows
since w9 o iy = iy where iy : M — Map(¥9, M) is the canonical embedding of M
as constant maps. O

Example 3.2.8. By Proposition 3.2.7 applied to the unit [M]y, we get, for any
g,h >0

[M]g W [M], = n¢([M]o) Wy ([M]o) = m¢ ™" ([M]o) = [M]g4n-
In particular, [M], and [M]; commute.

3.3. Surface Hochschild cup product. In this section we give an analogue of the
surface product defined in higher Hochschild cohomology over surfaces. Similarly
to the Hochschild homology over a simplicial set, there are Hochschild cochain
complexes associated to any pointed simplicial set Y, (see [G]) defined as follows.
Let (A,d) be a differential graded commutative algebra and (M,d) an A-module
viewed as a symmetric bimodule. We define

CH, (A, M) := Homy, (D A®v, M)" ™"
E>0
where the upper index n — k is the total degree of a map A®Y* — A. A map
of pointed sets v : Yy — Y; and a linear map f : A®¥ — M, yields a map
v f : A®Y — M given, for a1 ® - - @ ay, € A®Y*, by
Va1 ® - ®ay,) =2bo- f(b1® - @by,)

where bj>1 = Hieffl(j) a; and by = Ho;éieffl(o) a;. The sign + is the total Koszul
sign obtained as the sum of (—1)!*I'¥l whenever y moves across x as in Defini-
tion 2.1.2. Note that C'Hy, (A, M) is thus a cosimplicial vector space, with cosim-
plicial structure induced by the boundaries d; and degeneracies s; of Y,. The differ-
ential on CHy, (A, M) is given, for f : A¥Y¢ — M, by the sum D(f) = (—1)*ds+by,
where dy : A®Y — M is given, for a1 ® - - - @ ay, € A®Y* by

Y

di(a1 @+ @ay,) =d(fla @ ®ay)) + > £f(a1 @ @d(a;) @ @ ay,)

=1
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and by : A®Vr+1 — M is given, for a; ® -+ ® ay, ,, € A¥Y++1, by

k+1

bf(al - ® ayk+1) = Z(_l)i(d:f)(al Q@ ® ayk+1)'
=0

Again the + sign is the Koszul sign as in Definition 2.1.2.

As for homology, the cosimplicial identities imply D? = 0. We call CHy, (A, M)
the Hochschild cochain complex for Y, of A with value in M. We denote H Hy (A, M)

its cohomology groups. Let X, 4, Y, be a morphism of pointed simplicial sets.
Then, for any k, we have a map fj : X — Y}, thus a map f; : Hom(A®Y*, M) —
Hom(A®® M). Since, f is simplicial, the map f} combines to give a cochain
complex morphism f* : (CHy, (A, M),D) — (CH%, (A, M),D). The following
Lemma follows from [P, GJ:

Lemma 3.3.1. The higher Hochschild cochain complex CHy, (A, M) is covariant
in M, contravariant with respect to A and Ye and preserves homology equivalences,
namely, if f : A — A’, g: M — M’ are quasi-isomorphisms and v : Xq — Y, in-
duces an isomorphism in homology , then f*, g. and v* are all quasi-isomorphisms.

3.3.1. The cup product. We now define a cup product
U: HHég (A,B) ® HH%,.,, (A,B) — HH;ﬁh, (A, B)

for the Hochschild cohomology over surfaces, where B is a differential graded and
unital commutative A-algebra, viewed as a symmetric bimodule. We are particu-
larly interested in the case B = A. Henceforth, we use the simplicial model X of
a surface X9 of Section 3.1.

We first consider the case g,h > 1. Since CHg, (A, B) is a cosimplicial complex,
the tensor product CHgy (A, B) ® CHg,, (A, B) is bicosimplicial and we have the
Alexander-Whitney quasi-isomorphisms

CH3 (A, B) ® CHS, (A, B) 2% CH, (A,B)®CHy, (A, B)
i J ]

2
where the right hand side is equipped with the diagonal cosimplicial structure.
Recall that the Alexander-Whitney map is explicitly given by AW = AW(*I) ®AW(*2)
where AWy is the map [i] s [i +1] L [
Definition 2.1.1) and AWy is the map [/] O 445 B i+ ).
Let f ® g be in CH%% (A,B)® CH%Z (A, B), then we define the “wedge” fVg €

CH(.Evah)n(Av B) of f and g by the formula

i+ j] (in the category A see

f\/g(al(g)' ' '®aaﬁ ®aa,gl+1 - '®aa7gz+02) = f(a1®' ! '®aaﬁ) 'g(aaﬁ-i-l - '®aaﬁ+a:§)
where - in the right hand side is the multiplication in the algebra B.

In Section 3.1 we defined the pinching map Pinchy 5, : (29 Vv £"), — £I7" (3.3),
which is a map of pointed simplicial sets. Composing the pinching map with the
wedge and Alexander-Whitney maps, we make the following definition.
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Definition 3.3.2. For g,h > 1, the cup-product is the composition

U:CHg (A, B) ® CH (A, B)

A CH3, (A,B)®CH3, (A, B)

v o Pinchy j, .
— CH(EQVEh')i+j (A, B) — CHZ?I;I (A, B)
Proposition 3.3.3. Let B be a (differential graded) commutative A-algebra. The
cup product U: CHgy (A, B) ® CHy,, (A, B) — CH:,..(A, B) is a map of cochain
complezes and is associative. )

Proof. Tt is straightforward to check that the wedge map (f,g) — fV g is a mor-
phism of simplicial modules. Since Pinchg j is a simplicial morphism and AW a
map of chain complexes, U is a map of cochain complexes. Now the result follows
from Lemma 3.1.2 and the associativity of B. O

We now turn to the genus zero case. Similarly to Section 3.2, there is a H Hg (A, B)-
module structure on P -, HHg, (A, B). However the module structure is a lit-
tle bit more subtle since the standard model for the sphere is slightly different
from the other genus models (we still assume that B is an A-algebra). Note that
CHy, (A,B) = CHS, (A, B) with simplicial structure described in Example 2.3.3.
Thus, CHE (A, B) = {f : A®F _ B}, Let f € CH3, (A, B) and g € CHE (A, B).
Then we define fUg € CH;;%H (A, B) by the formula

38)  FUg((@ig) =£f(@ig)ig<p) - 9(@ig)prr<ig) - [] zis- [] =i
i>p+1 i<p
i<p  izp+1

where (x;;) stands for a tensor 11 ® - -+ ® Tpyqptq. It is straightforward to check
that (CHS.(A, B),U, D) is a differential graded associative algebra. In fact,

Proposition 3.3.4 ([G] Proposition 3.2 and Remark 1). The cup-product makes
HHZ, (A, B) a graded commutative algebra.

We now define the cup-product U : CH3y (A, B) ® CHg,y (A, B) — CHgy (A, B).
Later on, using the edgewise subdivision we will give another model for the cup-
product in Section 3.3.2 (see Definition 3.3.13) which will alow us to define equiv-
alent cup-products for Hochschild cohomology over different simplicial models for
the surfaces.

Definition 3.3.5. Let f € CHgo (A, B) and g € CHy (A, B), i.e. [ A®F . B
k 1
and g : A®7! — B, where of = #%7 — 1. We will define f Ug € CHY, (A,B)
k41
and gU f € CH3,y (A, B). The idea is to use the Alexander-Whitney diagonal in
k+1

a slightly different way. Applying AW(y) : [[] — [k 4[] from above induces a map
¥4 — X for the simplicial model described in (3.1), which is given by collapsing
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certain elements in X7

k410
(aij)i,jzl...k

k/l k1 k l
. / 2 l l l
l l l l
g K - l l
l l
i i l l
l N/ l l l

\ (@i )ig=k+1. k+l

In particular, all the elements of coordinates (i, 5); j=1...r in the top left square of
¥7 ., are collapsed to the basepoint in 7.

k1 k l k l

Let a be a homogeneous element in A®%+:, and denote by agj, aio, ai; (4,J =
1...k+1) the (k+1)? + 2(k + ) tensor factors of a corresponding to the top left

square in the simplicial model EgH. Then, in particular, the elements (ai;)i j=1...k

get multiplied to the basepoint under the induced AW(3), but there are also other
elements, whose product we denote by []¢. Then, we may express AW(*2) (9)(a) as

AW () (@) = £( T (aiy)) -9 -]
ij=1...k
where b, ¢ are certain (products of) subtensors of a € A®%%41 determined by the
mapping AW ,y. With this notation, we define f Ug € CHgs (A, B) by
k41
FUg(a) =£f((ai)ij=1.x) - 9(0)- [ e

Similarly, AW(y) : [k] — [k+1] induces a map X7, — %7, which on the Hochschild
cochain level may be expressed as

AW (9)(a) = £g(b') - ( H (ai;)) - HCU
i,j=k+1...k+l

where a; ; (i,j = 1...k +1) are the tensor factors of a corresponding to the lower

right square of 3 41> and ', ¢ are determined by AW(y similarly to the above.

Define gU f € CHg, (A, B) by
k+1

gU f(a) = g(t') - f((aly)ijmrsrn) - [[
Example 3.3.6. Assume the genus is 1, and g € CHg, (A, B). We denote by
l

=i . .
(aij) i j=o0...1 € CHs "™ (A, B)agenericelement, i.e. ago®---®ay,; € A®WH21+1)
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Then, for any f € CHg, (A, B), one has
k

k
FUglaiz) =+f((@ig)ij=1.%) - 9((ig) 15— w41 ) [[oi-cio
ij # k2 i=1
where bk,j = Qag,j - Qk,j, bi,k = Q3,0 A4k and bi,j = Q4,5 for ’L,_] > k, and Co,i =
@0, Ci,0 = @4,0-

Remark 3.3.7. For g = 0, Definition 3.3.5 coincides with formula (3.8).
Definition 3.3.5 induces a right and a left action of CH3y, (A4, B) on CHg, (A, B).

Lemma 3.3.8. The cup product makes CHg (A, B) a differential graded C Hy (A, B)-

bimodule.

Proof. Tt follows from the associativity of A, the fact that B is an A-algebra and
formula (3.8) that the cup-product makes CHg, (A, B) a unital associative algebra

with unit 1p € B = CHJ, (A, B) which is bigraded with respect to both simplicial
0
degree and internal degree (of A and B). Further, for f € CHZ,(A,B) and g €
p
CHE. (A, B), note that
q

&y (HUg((ai) = £f((aig)ij<p) - [ ais
1, <p+1
iorj=p+1

9(((11,3 p+2<w H Qij - H Q4,5

i>2p+2 i<p+1
J<p+1 j2>2p+2

= —fuds(9)((aiy)).
since the total degree |dy,,(f)| = 1+ |f|. Hence

p q+1
b(f)ug+(—1)1fUb(g) Z F+dy (H)Ug+fuds(9)+  fUld;g) = b(fUg).
1=1

It follows that C'H, 50 (A, B) is a differential graded unital associative algebra. Sim-
ilarly, one proves D(f Ug)=D(f)Ug=+ fUD(g).

Now, for any f € CHsg,(A,B), g € CHgo(A,B), and h € CHy, (A, B), we may
use Definition 3.3.5 and the fact that AWZQ) sl = [r+p+ q]r is equal to the

AW (5 AW
composition [r] =" [r+q] =" [r+p+ q], to see that
(Fug)Uh)(a) =(f U9)(aij)ij=1..p4q) - hb) - ][
f(aij)ig=1.p) - 9((aij)ij=p+1..ptq) -

H (7% H (7% h(b) : HC

1<i<p p+1<i<p+gq
p+1<j<p+g 1<j<p
= (fU(guh))(a)

This is exactly the left module identity. Similarly, the right module identity is
obtained by using the equality of AW(yy : [r] — [r + p + ¢] with the composition

AWa) AWy N .
[r] = [r+p] —  [r+p+q], whereas the compatibility of left and right module
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. . . . AW, AW )
structure is obtained via the equality of [r] —  [r+p] — [r+p+¢| and

AW, AW,
] =" r+q =" [r+p+4l. O

This bimodule structure is not symmetric at the chain level but as we will discuss
it will induce a symmetric bimodule structure after passing to homology.

3.3.2. Subdivision. We now give another description of the bimodule structure of
CHg,y (A, B), by means of the edgewise subdivision. Recall the notations of Defini-
tion 2.1.1. The edgewise subdivision [BHM, McC] is an endofunctor of the simplicial
category A which associates, to any simplicial set X,, a simplicial set sda(X,) whose
realization is homeomorphic to the one of X,. One of its main properties is that
the realization of the edgewise subdivision |sd2(A7)| of the standard n-simplex A™
is a triangulation of |A?| by 2™ standard simplexes. The functor sds : A — A is
defined by sda([n — 1]) = [2n — 1], and, for any map, f : [n — 1] — [m — 1], by
sda(f): [2n—1] — [2m — 1], 8d2(f) : i + nj — f(i) + mj where 0 < i < n —1 and
j € {0,1}, see [BHM]. The edgewise subdivision sda(X,) of a simplicial set X, is
the composition X, 0 sds.

There is a natural homeomorphism D : |sda(Xe)| = |Xe|(see [BHM, Lemma
1.1]) induced by the maps A" ! x X5, 1 — A?""! x Xy, 1 defined by (u,z) —
((u/2 ® u/2),z) where u = (ug,...,uUn—1) € R" is such that ug + -+ + up—1 = 1.
In [McC, Definition 3.3] a natural chain map De(2) : C(Xe) — C(sd2(X,)) is
defined, where C(Y,) is the chain complex associated to a simplicial set Y,. More
precisely, for any x € X,,,

(3.9) Da2)(@)= > (-1)7Xeleom)(2)

(osm)eS(2,m)
where §(2,n) is the set
S8(2,n) = {(o,n) € Sp x Homa([n —1],[1]) |0 (i) > o(i + 1) = n(i — 1) <n(i)}
and €(g,y : [2n + 1] — [n] is defined by

(3.10) el (i) ={nG —1) - (n+1)+0()),....,n0) - (n+1) +0o(j +1) — 1},

McCarthy [McC, Proposition 3.4 and Corollary 3.7] proved that De(2) is a quasi-
isomorphism realizing D~! in homology and passes to normalized chain complexes.

The following Lemma is straightforward.

Lemma 3.3.9. With the same notation as in Definition 2.1.5, one has a natural
isomorphism sda(Xe Uz, Ye) = sda(Xe) Usdy(z,) 5d2(Ye)-

Example 3.3.10. Recall from Examples 2.3.1 and 2.3.4 the pointed simplicial sets
SL, pte and I, for the circle, point and interval. Then sd2(S}) = {0,...,2n +
1}, sda(pt,) = {0} and sda(I,) = {0,...,2n + 2} and it is easy to see that
CH3®") (A, M) = B(M, A, A) ©4 B(A, A, A) where B(M, A, N) is the two sided
bar construction and the tensor product uses the right (resp. left) A-module struc-
ture on B(M,A,N) (resp. B(A, A, A)). In fact, sda(ls) = Io Upt, Io. Further
sda(58) = sda(Ia) Usdy(pte) Sd2(pte) where the two endpoints 0 and 2n + 2 of
sda(I,) = {0,2n + 2} get collapsed. In particular the Hochschild chain complex is
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CH™5D (A M) = M ® A% © A® A®" with differential

2n-+1
D(ag® -+ Q@an ®@ant1 @ ani2 - Qa2ny1) = Z tap®@ - ®@d(a;)® - @ aznt1
i=0

n—1
+Z (:an®' . -®(ai-ai+1)®- - ®agn+1Eag®- - '®(an+l+i'an+i+2)®' . '®G2n+1)
i=0
+ (a2n41-a0) Qa1 @+ @ a2p a4 ® -+ @ (A - Gpg1) @ Apy2 @ -+ @ Agn41-

Similarly, the edgewise subdivision sdg(I2) of a square is canonically identified with
the wedge

of four standard squares I2.

Using Section 3.1 and Lemma 3.3.9, we obtain that sdz(37) is a wedge of 4g2
squares and 4g(g — 1) triangles (where a model for a triangle is given by a square
with an edge collapsed to a point). For instance, for a surface of genus 3, we obtain
the following model

y—1 31 ,—1 —1,,-—1 —1
by " by ay ap by by

aly ay !

a agl

b} bt

by byt

ay ag_l

a2 agl
(3.11) b/2 bo a’3 as b/3 b3

3.3.3. Cup product via subdivision. The reason for introducing the edgewise sub-
divison is that, for any positive genus surface ¥9, there is a pinching map Fp 4 :
5d2(39) — X2V ¢, which is a simplicial. The map Py 3 : sda(33) — X0 v 23 is
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given by the following picture:

(3.12)
—1 —1 —1
[ ] bl al b2
TTTT N e o
° I111]e \ D) \ °
RN %49) W) \
i //// //// 1 [ ] .b—l a—l b—l
a1 F=3 e XNV/e XN | ay 1 1 2
C= o .
I'TT1 a a
L) L) 1
”4’. o [1111]e ‘ 2
LLLLYS 220 AN
- = v, 1 Pos b1 pol
br | A2 —_ 7o 25| b3 ’ 3
TTrT 1
L) L) a
s 77| e |11 2 as
o o Ll by a3 bs
a2 "~ "~ -~ agl
bo as b3

Here, the bulleted squares and triangles are all collapsed to a point, and all elements
in the same dashed line are identified, i.e. they are collapsed to the same point. Note
that all the squares above the diagonal that are obtained by gluing two triangles,
are collapsed by Fp 3 in the same way. Similarly, all squares below the diagonal
that are obtained by gluing two triangles are collapsed by Py 3 in the same way,
which is symmetric (with respect to the diagonal) to the one above the diagonal.

For general g > 0, the map Py, : sda(X7) — XY vV X is defined similarly, using
the same identifications for the diagonal squares and off-diagonal squares as for
P073.

Lemma 3.3.11. P, : sd2(X3) — X° VX7 is a map of pointed simplicial sets.

Proof. As in the proof of Lemma 3.1.2, this follows from the fact that P, is
obtained as a wedge along an edge or a vertex of collapse maps T, — pte of a
triangle to a point or of a triangle to an edge Ty — I,. O
Remark 3.3.12. The induced map Py g, : CH.Sd2(E$‘)(A,M) . CHZVE (A, M)
can be seen as follows. Recall from Examples 2.3.2 and 2.3.3 that each square in
the model for sd2(37) contributes to (n + 2)?-tensors in CH.SdZ(Z”g‘)(A, M), which
can be indexed as a (n + 2) x (n + 2)-matrix. Similarly, each triangle contributes

(n+1)(n+2)+ 1 tensors in CH.Sd2(E?L)(A, M), which can be indexed as a ® M,
where M is an (n + 2) X (n + 1)-matrix. By construction, sdz(¥7) is obtained by
gluing subdivided squares sdy(I2) and triangles sda(T,) = sd2(l,)/ ~ along edges
and vertices. Then Py g, : CH.SdZ(Zg‘)(A, M) — C’H.Z?‘vzgz (A, M) is the map which
multiplies together the first n + 1 columns and the first n + 1 rows of the matrix
corresponding to each subdivided square (except for the top left square) or triangle.
In other words, it is obtained by applying the (n + 1)-th power (dp)°™ of the face
map dp to each subdivided triangle or square (except for the top left square) in

We now define a left action of CHgy, (A, B) on CHg, (A, B) which we will show
to be equivalent to the one given in Definition 3.3.5 above.
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Definition 3.3.13. For g > 1, we define a cup-product U as the composition
U: CHyo(A, B) ® CHy (A, B)
AW ° °
W CH3, (A.B)®CH3y (A B)
i+ )

Vv .
— OH(ZOV29)¢+]' (A, B)

D

P*vg ] 2)* ]
i) CHsdQ(E§+j)(A7B) — CHE?+]~ (A,B)

Proposition 3.3.14. The cup-product U : CHg, (A, B)@CHgy (A, B) — CHgy (A, B)
is a cochain map. Furthermore, if f € CH3o (A, B) and a € CHgy (A, B) are nor-
malized cochains, then fUa = fUa.

In particular, Definition 3.3.13 and Definition 3.3.5 coincide on normalized cochains
and thus in cohomology.

Proof. By Lemma 3.3.11, P, ,* is a morphism of cochain complexes. Since AW, V,
and D, (2) are also chain maps, it follows that U is a cochain map, too.
Now, assume f € CHgy, (A, B) and a € CHg,y (A, B) are normalized cochains,
P q

and set n = p + ¢. Recall from Definition 2.1.4, that “normalized” means that
we divide the Hochschild chains CHY*(A, M) by the degeneracies, and dually we
take the subcomplex of CHy, (A, M) vanishing on these degeneracies. In particular

f((aij)1<ij<p)) = 0 whenever there exists an i such that a;; = a;,; = 1 for all j,
i.e. if the matrix of the (a;;) has only ones in the i-th column and the i-th row.

By definition of the edgewise subdivison functor, a cochain in CHZ, (Zg)(A, B)
is a linear map A®%%n+1 — B, where 0, = #%3,., — 1. For any z € A®%3+1,
note that (fU«)(z) is given by the composition,

(fOa)(x) = (AW() (f) V AW(2) (@))((Po.g)s © D (2) ().

Here, AW (1)(f) V AW (3)(a) : AS#HEVENn—1 o g®oy @ A®OL _, B is given by
mapping ' ® z” € A®7" @ A®7% to the product AWy (f) (') - AW(o)(a)(2") in
B. Furthermore, by formula (3.9), (Po.g)« 0 De(2).(z) € A% @ A®7% is given by
a sum of terms indexed by (o,n) € S(2,n),

(Pog)s 0 De(2)u(x) = 3 F(oy) € A7 @ AZ7%,
(o.m)

We claim that AWy (f)V AW 2 (a) applied to Z(,. .,y vanishes for all (o,7) except in
0, fori <p
1, forie>p
(Po,g)+ oe’(*am)(:z:), where the map €(,.,) : A — A is defined by formula (3.10). From
formulas (3.9) and (3.10) we see, that in the case o(1) # 1 or (1) # 0, we need to

apply a degeneracy (so)« to x, so that the first row and the first column of the A®7n
factor of Z(4,,) are ones, and thus the normalized cochain AW(,)(f) is applied to a
generate element, making the term vanishing. Similar arguments apply to o (i) # 2
or n(i) # 0, for i = 2,...,p. For i > p, and (i) # i or n(i) # 1, we obtain a
degenerate element in A®?4, vanishing on the AW 2y () factor.

one case (7,17), where ¢ = idq, . 44 and (i) = . In fact, &(4,) =
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It is now straightforward to check, that (AW (f)V AW (2 (a))((P0,q))«(Z(5.7)))
multiplies the tensor factors of = exactly as in Definition 3.3.5, showing that this is
equal to (f U g)(x). O

In order to give a similar right action of CHg, (A, B) on CHgy (A, B), we define

a pinching map P, : sd2(39) — 9V XI. The map P3p : sd2(¥3) — B9 v X3 is
given by the following picture:

(3.13)
;-1 ;-1 ;-1
by ap by
— = = =1 =11
a) —— 3 7 ay " by @y b
TTTT o o ay ah ™
7,
il e | 22,288 /0,0K8
1] b b1
— = 1 3
b} e = prt
4 E=Y, 3 , )1
i CATTTI Pio ay al
ol o 7, K® — )
LANIENN d / / 7
— by ay by
/ ° ° E—4 , -1 b b
Gy 7 7 c=das
‘\\ 7 ‘\\ CATTTT ®
4 o111 °
. (ANETEY
[ )
/ ! /
by as bs

Again, the bulleted squares and triangles are all collapsed to a point, and all ele-
ments in the same dashed line are identified, i.e. they are collapsed to the same
point. Note that all the squares above the diagonal that are obtained by gluing
two triangles are collapsed by Ps ¢ in the same way. And similarly all the squares
below the diagonal that are obtained by gluing two triangles are collapsed by Ps
in the same way, which is symmetric (with respect to the diagonal) to the one of
the above the diagonal.

For general g > 0, the map P, ¢ : sda(X7) — X9 V XY is defined similarly, using
the same identifications for the diagonal squares and off-diagonal squares as for
P53 4. Note that the identifications on the squares describing P, ¢ are symmetric to
those describing P g4.

Definition 3.3.15. For g > 1, we define a right action by U as the composition
U:CH3 (A, B) @ CHgo(A, B)
AW CH3, (A.B)®CHg, (A, B)
i+j i+7

V. .
— OH(EQVEO)«LJ”' (A, B)

Pu2)” CH$y (A,B).
i+j

An argument similar to the one of Proposition 3.3.14 shows that
Proposition 3.3.16. The cup-product U : CHs, (4, B)®CH§9 (A,B) — CHg4 (A, B)
is a cochain map. Furthermore, if f € CHgo (A, B) and o € CHg (A, B) are nor-
malized cochains, then aU f = aUf. ) )

e
4 CHS 0 (A, B)

In particular, Definition 3.3.15 and Definition 3.3.5 coincide on normalized cochains
and therefore also in cohomology.
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3.3.4. Properties of the cup product. The cup product is not symmetric on cochains.
However, for B = A, and passing to cohomology, we obtain

Proposition 3.3.17. HH3,(A, A) is a (graded) symmetric HHgy (A, A) = HHZ, (A, A)-

bimodule.

Proof. By Lemma 3.3.8 and Proposition 3.3.4, we only need to prove that fUa«a =
aU f € HHgy (A, A) for any f € HH%Q(A,A) and o € HH, (A, A). We are
going to use an argument similar to the one from Proposition 3.2.5. To do so, we
use the Hochschild cochain complexes CH, (52 (A, A) of A over the simplicial set

Se(|Z2]) (see Definitions 2.2.1 and 2.2.3). The natural map n : L — S,(|Zh))
induces the cochain map

which is a quasi-isomorphism by Lemma 3.3.1. Similarly the natural inclusion

Se(IZ2) Vv Se (122 SR Se(|X2|V[2Z]) induced by the canonical maps %9 «— X9 vk
and X" < 29 v X" yields a quasi-isomorphism

CHS, (s vz (A A) 5 CHS, (5yvs, sz (A A):

We define the map po,n : HHG, (IEOI)(A A)®HHS (IEhI)(A’A) — HHZ \Zh\)(A A)
to be the composition
° Vo AW °
pon : HHG, (50 (A, A) @ HHg, 15y (A, A) == HHg, 15|y 2y (4, 4)
(i* ) Pmch0 h

— HHg (s9)yvs.mpp(AA) — HH (50 (4, 4)

where the wedge map V and Alexander-Whitney map AW are defined as in Defini-
tion 3.3.2 and Pinchy j, is the map (3.5) defined in Section 3.1. Similarly we define
the map ppo : HHS \Z’L\)(A A) ® HHg, (|20|)(A=A) — HHg, \Z’L|)(A A) as the
composition
Vo AW
Hh,0 - HHS (|Eh‘)(A A) ®HHS (129]) (A A) — HHS (\ZH\/IEU\)(A A)

8 mmy (A, 4) " s (AL A),
S (IBEDVSL(122)) (%))

Since 1 : Xo — Se(|Xe]) is the natural map which sends any element = € X, to the

map n(z) : A" Xy ILcn A% x X; — | X| (see Definition 2.2.1), there is a natural
factorization

i€N

Se(|Xe]) V Se(]Ys])

Se(|Xe| V|Ys])
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and furthermore the following diagrams are commutative

. Pol” ~rre
CHS, (mapvsa(min (A A) < CHS (500 1om)) (A A) 22 CHS (s

g LI

12 ° PU,h o
Cszoth,). (A7 A) * CH(zoth,). (A7 A) —— OH5d2(E’.1) (Av A)a

(4, 4)

CHS, (5gp) (A, A) © CHS (5 (A4, A) 220 CHS, (1sgyvs. (o (45 A)
n*®n*l n@l
CH3y (4, A) & CHy (A A) —_ CHo s (A, A).

Now it follows from Proposition 3.3.14 and the fact that |Py | o D71 : ¥F —
0 v 2" is homotopic to Pinchg ;, that, for any f € HHE \20\)(‘4 A) and o €

HHS.(|E’;\)(A7A) one has
(3.14) " (F)un (@) = n"(pon(f,a))  in HHE, (A, A).

In other words, 7 is a map of left modules. Similarly, using Proposition 3.3.16 and
the Pinching map P, ¢ (3.13) instead of Py j,, one proves that

(3.15) n* (@) Un*(f) =n"(unola, f))  in HHg (A4, A).

Thus 7 is also a map of right modules and it is sufficient to prove that uon = tn,o
which easily follows from the fact that Pinchg ; and Pinchy ¢ are homotopic as in
Proposition 3.2.5. (|

We can now state the main result of this section.

Theorem 3.3.18. Let (A,da) be a differential graded commutative algebra.
i) The cup product (Definition 3.5.2 and 3.3.5) makes @~ HHgq (A, A) into

an associative algebra which is bigraded with respect to the total degree grad-
ing and the genus of the surfaces. Furthermore, @gZO HH, (A, A) is unital

with unit being the cohomology class [14] € HHY, (A, A) = HY(A,da).
i) HHgo(A, A) lies in the center of @D,>0 HHy (A, B).

Note that, by construction, @q>0 HH3, (A, B) is also graded with respect to
the cosimplicial degree and thus is in fact trigraded.

Proof. i) By Proposition 3.3.3 and Lemma 3.3.8 we are left to prove that for any
o, € HH}>0(A, A) and f € HHgo (A, A) one has

(3.16) aU(BUf) = (aUB)UF,
(3.17) (fua)upB = fU(aUp) and
(3.18) (@Uf)UB = aU(fup).

It is straightforward to check that the two first identities (3.17) and (3.16) hold al-
ready for cochains. It follows from Proposition 3.3.17 and identities (3.16) and (3.17)
that

(@UfluB=(fUa)uB=fU(aup)=(aUB)Uf=aU(fuUp)
hence identity (3.18) holds.
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According to its definition, the cup-product is graded with respect to the cosim-
plicial degree, total degree and genus degree on cochains, and hence in cohomology.
Let a € CH%S(A,A) = A. Then for any a € CHgy (A, A) (with g,n > 0), one
has a Ua = a - a (where - is the multiplication in A). Similarly a Ua = a-a. In
particular, [14] is a unit for the cup-product and statement i) follows.

ii) is an obvious corollary of Proposition 3.3.17. g

Remark 3.3.19. Neither Theorem 3.3.18 (i) nor part (ii) hold at the cochain
complex level: EBq>o CH3, (A, B) is not associative. In fact for any f € CHgo
gz . k>1

[CRS CH;QZI, v E C’H;hZl , a straightforward inspection shows that

1>1 m>1

(BUf)Uy#£BU(fU7), and BUf #£fUS.
Also note that Theorem 3.3.18 (i) can be proved by an argument similar to the
one of Proposition 3.3.17, namely by using the homotopy associativity of the maps
Pinchy, o and Pinchg 4 and the singular model CH;.(lggD(A, A) for the Hochschild
cohomology modeled on a surface of genus g.

The cup product is natural and homotopy invariant.
Proposition 3.3.20. Let B be a commutative A-algebra.
o IfB L Bisa quasi-isomorphism of A-algebras, then fi : @q>0 HH3, (A, B) —
D, >0 HH3y (A, B') is an isomorphism of algebras.
o IfA" % Ais a quasi-isomorphism of algebras, then g, : D,>0 HH3y (A, B) —
©D,>0 HH;y (A, B) is an isomorphism of algebras.
Proof. This follows from Lemma 3.3.1. O

Since quasi-isomorphic differential graded commutative algebras are connected
by a zigzag of quasi-isomorphism of algebras, Proposition 3.3.20 has an immediate
Corollary.

Corollary 3.3.21. Let A and A’ be quasi-isomorphic differential graded commu-
tative algebras. Then @ ,>o HH3 (A, A) and @ o HH3y (A", A') are naturally
isomorphic as algebras.

There is a (pointed) simplicial map md : ¥ — S? obtained by collapsing all
but the top left square in the simplicial model X (see picture (3.1)) to a point.
Note that in particular it collapses the boundary of this top left square to a
point. Similarly to the topological situation (Proposition 3.2.7), this yields a map

G

HH, (A, B) ™ HH, (A, B).

Proposition 3.3.22. Let B be a commutative A-algebra. Then
o The map (73)* is an HHg, (A, B)-module morphism.
e If B is unital, then (7d)*(a) = a U [1], where [15]4 € Hng (A, B) is the
class of 15.
Proof. Let a € CHgw(A,B) and 3 € CHy (A, B) and x € A®7%+a be a homoge-

9 uy9 - — -
neous element, where o, = #%7. —1. We can write # = (&, j<p4q %) @Y,

where the a; ;’s are the tensor factors of x corresponding to the top left square
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of Zg+q. Furthermore, y can be written as a tensor y = y; ® --- ® y,o  where
pt+aq
59 =091, — (p+q)* Formula (3.8) and Definition 3.3.5 imply that
SZJrq
() (@UB) (@) = (@UB)((aiy)ij=1.pta) | ] vw
k=1
Sz+q
= a((aiy)ij<p) - B((@ig)igzpi) - ] aiprs - ajpi- [T o
i<p k=1

Ji<4q
= aU ()" (B)(@)
Note that 15 € CH%Z (A, B) has cosimplicial degree 0. Since AW(q) : [p] — [0] is the
unique map to {0}, we get from Definition 3.3.5 that for any z = ( @ a,;) @y €
4,J<p

g
A% one has

Remark 3.3.23. Note that there is a simplicial inclusion inc, : pte — g and pro-
jection proje : X9 — pte between the point and the surface, with projeoince = idp, .
Since B = CHp, (A, B), we see that B becomes a subcomplex of CHg, (4, B) with
a natural splitting induced by ince and proje.. Thus, H®*(B) is a direct summand
of HHgg (A, B).

Remark 3.3.24. Let M be a differential graded A-module. Since the pinching
maps are pointed, one can extend Definition 3.3.2, Definition 3.3.5, the results of
Theorem 3.3.18, and Proposition 3.3.20 to give to P, HH3, (A, M) the structure
of a @, - HHgs(A, A)-bimodule, which is natural and homotopy invariant.

3.4. Topological identification of the cup product. Let M be a simply con-
nected compact manifold and denote 2 = Q*M its de Rham cochain algebra and
O* = Hom(Q, k) its dual. By Theorem 3.2.2, (Hqo(Map(X®, M)), W) is an associa-
tive bigraded algebra. So is (HH3, (€2, (2),U) by Theorem 3.3.18. In this section,
we show that, similarly to the situation in string topology [CJ, FTV2, FT], the
algebraic and topological constructions coincide. First notice that

Lemma 3.4.1. There are natural “Poincaré duality” isomorphisms

g
3

P HHy ™M (0,0 5 HHY(Q,Q), P HHI*(Q,Q) S HH® (00 (9,07

e—dim(M
which are functorial with respect to smooth oriented maps between manifolds of the
same dimension.

Proof. The lemma follows since the natural map [ : @ — Q*, w — [wA —isa
bimodule quasi-isomorphism. O

Using Section 2.2, we have the Chen iterated integral morphisms (Zt¥e)* :
Ho(Map(¥9, M)) — HHg(Q,€*) which is an isomorphism if M is 2-connected,
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see Corollary 2.5.5. Composing the iterated integral map with Poincaré duality
from Lemma 3.4.1, yields a linear map
(3 19)

= @D H. (Map(s?, M)) °E 7y @ HHy 0,00 D HAS 9,9
g>0 g>0 g>0
that we call the dualized iterated integral.
Theorem 3.4.2. Let M be a 2-connected compact manifold. The dualized iter-
ated integral Tt>" : (Dy>0 He(Map(X9, M)), W) — (B0 HHygg (2,9),U) is an
isomorphism of algebras.

The proof of Theorem 3.4.2 is given in Section 3.5 below.

Corollary 3.4.3. Let M, N be 2-connected compact manifolds with equal dimen-
sions, and let © : M — N be a homotopy equivalence. Then

(P H. (Map(29, M), w) — (P He(Map(X9, N)), w)
920 920
is an isomorphism of algebras.

In particular, the surface product is homotopy invariant for 2-connected mani-
folds.

Remark 3.4.4. The evaluation map e9 : Map(X9, M) — M has a section 9 :
M — Map(X9, M) given by the constant surfaces at a point. It follows that
Ho(Map(X9, M)) contains M as a direct summand. It is easy to check that this di-
rect summand coincides with the summand H*(CHp,, (€2,1)) from Remark 3.3.23

under the isomorphism Zt>". In particular, Zt>" ([1g]) = [M]o and it follows from
Proposition 3.2.7 and Proposition 3.3.22, that 7, coincides with 7§ under the du-
alized iterated integral map.

3.5. Proof of Theorem 3.4.2. We follow an idea of Félix-Thomas [FT], using
rational homotopy theory techniques. To do so, we need to consider dual analogues
of the surface product and cup product.

The construction of the surface product is easily dualized. Similarly to Sec-
tion 3.2, the embedding pi,, : Map(X9 Vv P, M) — Map(29, M) x Map(X", M) of
codimension dim (M) induces an Umkehr map in cohomology

(pin)' = H*(Map(X9 Vv £, M) - H*T™(Map(X9, M) @ Map(X", M))
~ (H*(Map(29, M)) @ He(Map(S", M))).er7
dual to (pin)1. Thus, for k = g + h, we can define a linear map
69 . g (A ap(SF M) — H*(Map(29, M) @ H*(Map(S", M))

as the composition
59+ o= (Map(sk, M)) P2t e dimOD (A ap(s9 v S, M)
Cn) B (Map(s#, M) © H*(Map(s", M)).

Lemma 3.5.1. The surface product & : Hy(Map(X9, M)) @ He(Map(Xt, M)) —
Heq_gim(ar) (Map(XF, M)) is the dual of the map 69"
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We now want to dualize the Hochschild cup product for surfaces. Since M is a
Poincaré duality space, by the main result of [LS], there exists a differential graded
commutative algebra (A4, d), weakly equivalent to (Q°M, dgr), which is simply con-
nected, finite dimensional and is equipped with a trace A%™(M) 5 R such that:

e the pairings A* @ A%m(M)=t L, Adim(M) S R are non degenerate (where
the first map is the multiplication in A);
e cod=0;
e the induced pairing on cohomology (-,-) : H*(A) ® H¥m(M)=*(4) - R
coincides with the Poincaré duality pairing of H*(Q*M) = H*(M) through
the weak-equivalence between A and 2.
It follows that the map a — (a, -) is a linear isomorphism of symmetric A-bimodules
Z: A — (A*)*~9mM) and furthermore the composition

(3.20) P A @A TS Ag A A E
is a degree + dim (M) graded commutative and associative multiplication on (A*, d*).

Note that p is a model for the umkehr map He(M) ® He(M) = Ho(M x M) —

H ot gim(ar) (M) of the diagonal M Y99 M x M. By Proposition 3.3.20, there is a
natural isomorphism of algebras

(Ep HH (A, )= (P HHY, LU).

g>0 g>0

dlag

The map p from (3.20) has the composition

(3.21) ViAo T g T8 4 A

as a dual map. Clearly, V is a model for the umkehr map H**t#m (M) () diag
H*(M x M) = H*(M)® H*(M). Since E : A — A* is an isomorphism of A-
bimodules (of degree —dim(M)), Z. : HHgq (A, A) — HH' dim(M) (A, A*) is an

isomorphism, hence there is a duality isomorphism

(3.22) ©: HHy ™M (A4, A) = HHg, (A, A*) = (HH* (A, A)) "

Further, since A is commutative, the multiplication A ® A — A makes A an
A® A-module and, since = an isomorphism of A-bimodules, the map V : A — A® A
above (3.21) is a map of A ® A-modules. For any k € A, V induces a linear map

(3.23)

ViCHE };) (4, 4) Vs CHTVZM (A, A A) = CHY (A, A)QCHT: (A, A)

where the last isomorphism follows as in Example 2.3.4 and V, is the result of
applying V to the sole module in the Hochschild complex (not the algebra).

Lemma 3.5.2. The map V : CH'VE")e(A A) — CH. (A A) x CHY (A A),
where the right hand side is the tensor product equipped with the diagonal simplicial
structure (cf. Definition 2.4.1), is a morphism of the underlying chain comple:tes.

Proof. Note that that there is a canonical identification C Hy (A A)xCH (A A)
h
cHFE )’(A,A) and furthermore that CHZ" (A, A) and C’prtupt)'(A,A) are
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the constant simplicial algebras A and A® A respectively, see Example 2.3.4. Hence
it follows from Lemma 2.1.6 that V is the composition

CHZVPN (4, 4) =2 A @ CHEVH (4, 4)
ARA

v © i -
22 (AeA) @ CHIYP(A,4)
ARA
>~ CHZ (A, A) x CHY* (A, A).
Since V is a map of A ® A-modules, the result follows. O

3.5.1. Positive genus surfaces. We first consider the case of surfaces of positive
genus.

Since A is the dual (through the duality isomorphism =) of the multiplication

A®A — A, we deduce from Lemma 3.5.2 and the definition (3.22) of © the following
Lemma.

Lemma 3.5.3. For g,h > 0, the duality isomorphism © (given by (3.22)) identifies
the cup product HHg., (A, A)@ HH3,, (A, A) 5 HH?, .. (A, A) with the composition

»yth (Plnchg n)*

A HH i ) (As A) HHS00 (A, A)
Y H (CHE* (A, A) x CHZ* (A, A))
AW HTHP A, A) @ HHE (A, A)

By [P], there is a natural weak equivalence CHY' (A, A) = CHY’(Q,Q) (for
any genus g). Since CHY (A A) is a semi-free model (see [FHT, Section 7]) of
A as an A-bimodule, and Tt : CH.’ (Q Q) — C*(M*") is a quasi-isomorphism
(Proposition 2.5.3), it follows that CH"* (A, A) is a cochain model for Map(%9, M).
Proposition 3.5.4. If g,h > 0, then the map A" : HH._;dzm(M)(A A) —
HH* (A A) ® HH* (A A) (defined in Lemma 3.5.3) is a cochain model for the
map 69" : He=4m M) (Map(SF M) — H*(Map(X9, M)) @ H*(Map(X", M)).

Proof. The Alexander—Whitney map of simphmal modules and Kiinneth formula
yield an isomorphism H, (C’H (A A)XCHY (A A)) = (A AQHHY (A A).
Since CHY’ (A, A), CHZ’ (A, A) are models for Map(Zh, )) and Map(X", M), we
are left to prove that the maps (Pinch, ;). and V in Lemma 3.5.3 are respectively

cochain models of (pou¢)* and (pi,)'. Thus, the result follows from Lemma 3.5.6
and Lemma 3.5.7 below. [l

The next Lemma gives a model for the evaluation map ev : Map(X9, M) — M.
There is a canonical quasi-isomorphism of differential graded algebras (A,ds) =
(CHP™ (A, A),dy) — (CHE'* (A, A), D), see Example 2.3.4. By composition with
the unique pointed map pt, — 37, it yields themap e : (A, d4) — (C’H.EE (A, A), D)
which is a map of differential graded algebras and thus a map of A-modules. Clearly
the action of A on CHy : (A, A) is by multiplication on the module tensor of the
Hochschild complex.
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Lemma 3.5.5. The map e : A — C’H;Eg (A, A) (for any g) is a semi-free model
(see [FHT]) for the evaluation map. The same holds with 9 V X" in place of ¥9.

Proof. Tt is immediate that C Hy’ . (A, A) is A-semi-free (since A is free over R) and
that e is A-linear. Then, by functoriality of the iterated Chen integral, we have a

commutative diagram

TtPte

H*(A) =~ HHP'"* (A, A) — HH?"(Q,Q) H*(M)

(pt.%Zﬁ)*)l (pt-‘*Zﬁ)*)l lev*
9 ~ »9 ItZg ° g
HH* (A, A) ——= HHJ*(Q,Q) —— H*(Map(%9, M))
and the result follows. The argument for 9 V £" is the same. ([

We now need the following fact from rational homotopy theory [FHT, Section
7]: given a pullback diagram

Xx,V >y

| )

X Z
where p : Y — Z is a fibration, Az a cochain algebra model for Z and By, By two
Az-semi free models for X, Y, then a model for the (homotopy) pullback X x Y
is given by the pushout Ax ® 4, Ay. Furthermore, if j : Ay — Bx is a (Az-linear)
model for j: X — Y, then j®a4, idp, : By 2 Az ®4, By — Ax ®4, Ay is a
model fori: X — Y.

J

Lemma 3.5.6. For g,h > 0, the following diagram is commutative:

g+h (Pinchg p )« g
2, A) " HEZV (4, 4)

l (pout)* l/

H*(Map(S9+h, M) = H*(Map(%9 v £, M))

HH

Proof. Since the pinching map Pinch, j, is simplicial and Hochschild homology over
simplicial sets is a covariant functor on the algebras and on the simplicial sets, it is
sufficient to prove the result with Q® M in place of A. Now the result follows from the
functoriality of the iterated Chen integral Zt¥s : HHY*(Q*M,Q*M) — C*(MY)
with respect to Y. O
~ g h h

Lemma 3.5.7. For any g,h, V: CHSJErd\;fE]E;) (A, A) — CHY* (A, A)x CHY* (A, A)
is a semi-free model for the Umkehr map (pin)' : H*= %M (Map(29V ", M)) —
H*(Map(X9, M) x Map(Xh, M)) i.e. the following diagram commutes

g9
.

HHZ 00 (A A) ————= H,(CH* (4, ) x CHJ* (A, 4))

~l | l~

He=dmM) (Map(R9 v EP, M)) {pin), H*(Map(X9, M) x Map(Xt, M))
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Proof. We can assume that M is equipped with a Riemannian metric and the map-
ping spaces Map(X9, M) (g > 0) are equipped with a Fréchet manifold structure.
We have a cartesian square of fibrations

Map(X9 v £l M) 22 Map(%9, M) x Map(Sh, M)

l \L evXev
diagonal

M M x M

where the evaluation maps on the right are furthermore submersions. A tubular
neighborhood Tub(M) C M x M of the diagonal of M can be identified to the nor-
mal bundle of the diagonal. The pullback (ev x ev) ™! (Tub(M)) by the submersion
ev X ev: Map(X9, M) x Map(X", M) — M x M can be identified with a tubular
neighborhood Tub(Map(X9V £, M)) of p;, and thus with a normal bundle of p;y,.
The corresponding Thom spaces M ~T™ and Map(29 v X", M)~TM are obtained
by collapsing all the complements of the tubular neighborhhood to a point. They
are disk bundles over, respectively M, and Map(¥X9 V sh, M). Hence, we have a
diagram of pullback squares

collapse

Map(29, M) x Map(2", M) —= Map(29 vV X" M)~T™M T Map(X9 v £ M)

BUXEU\L levxev lev

collapse P

M x M M-TM M

where the vertical arrows are fibrations. In particular, the Thom class of p;, is
the pullback (ev x ev*)(th(M)) € H¥™M)(Map(£9 v £ M)~TM) of the Thom
class th(M) € H¥mM)(M=TM) of M — M x M. Since the Gysin map (p;,)" is
the composition (collapse)* o (— N ev*(th(M))) o m*, it follows from Lemma 3.5.5,
and the discussion above, that the Gysin map (p;,)' can be modeled by the tensor
product

g9
.

d ® id:A ® (CHI(AA) e CH(A,A)) = CHEVE)14, A)

&
A®A A®A
L CHZ* (A, A) @ CHY* (A, A)
where the A ® A-bimodule structure on A is given by the multiplication and d' :
A — A® A is a model for the Gysin morphism. Since =Z: A — A* is a model for
the Poincaré duality isomorphism, we can choose the composition V = d' where V
is defined in (3.21). O

For the case of positive genus, Theorem 3.4.2 follows from Lemma 3.5.3, Lemma 3.5.1
and Proposition 3.5.4.

3.5.2. Genus zero surfaces. Now, if one of the surfaces has genus zero, we need to
modify the previous arguments. First we need to define the dual of the cup product
HH3y (A, A) ® HHgy (A, A) — HHg, (A, A).
0

We denote by ago @ (aij)i,j=1.., an homogeneous element in C’H.Ek (A A) =
A®(+1)  There is also a decomposition CHa* (A, A) = A®(K+2k43) ¢ BI( A) where
A® (R +2k43) a16 the tensors corresponding to the top left square in the simplicial set
¥¢ (without the bottom and right open edges, see diagram (3.1)) and By (A) is the
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tensor power of other factors. Let (ai;)i j=o...x be a generic (homogeneous) element
in A®(+26+3) "and let (bs) be an element in BY(A). Note that there is an obvious
isomorphism of vector spaces OHSEOVEg)’“(A,A) = C’H.EZ (A,A) ®a CH?Z (A A)
where A acts on the module factors A = (so)k(CH.Zf.’ (A, A)) of CH* (A A), i.e.,
the action is induced by the canonical map A — CHE™* (A, A) — CHY (A4, A).

Let pch,, : CHYF (A, A) — C’H;E[’i (A, A) @4 CHYF (A, A), be the map given, for
(aij) € AZERED), (b,) € BY(A), by

(3.24)
pchp((aij)@?(bs)):( H aij @(aij)iji<p@(1))®a(((1) ® (@i )i or j>p) © (bs))

where (1) stands for the tensor products 1 ® 1 ® - --. The formula is displayed for
genus 2 in the following diagram:

(ai;)

pch, (1)

(bs) (i)

(bs)

Definition 3.5.8. We define (Pincho ), : CHa* (A, A) — CH* (A, A)@ACHL* (A, A)
to be the map Z];:o AW(pl) ®a AW(’;) o pchy.

Roughly speaking, the morphism (Pinchg 4). conists of removing the first p? ten-
sors in (a; ;) and tensoring them with the result of applying the second component

of the Alexander-Whitney map AW to C'H, .E : (A, A), where the removed tensors
have been replaced by 1s.

emma 3.5.9. e map (Pinchg 4 )« : .g , — .2 ,A)® A .i )
L Th Pincho 4). : CHL*(A, A) — CHY* (A, A)@ ACH. * (A, A

is a chain map of complexes. Furthermore, the composition

9 Pinchg, g)« . 0 9
A% HH R o (A A) T B (CHD (A, A) 0.4 CHI* (A, 4))

o H (CHZ* (A, A) @ CHZ* (A, A))

0 g
L] L]

~ HHY* (A, A) @ HH* (A, A)

is transfered to the cup product HH3 (A, A) @ HHg, (A, A) = HH3, (A, A) by the
duality isomorphism ©.

Proof. The compatibility with the differential follows from an argument similar to
the proofof Lemma 3.3.8. As for Lemma 3.5.3, the result now follows from the
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definition of © since A is the dual (through the duality isomorphism =) of the
multiplication A ® A — A. O

Lemma 3.5.10. The map (Pinchg 4). : CHYF (AA) — C’H;E[’i (A, A)®ACHFZ (A, A)
is a cochain model of Map(X°V X9, M) — Map(X9, M).

Proof. Consider the following commutative diagram

(3.25)
NSRS L M xp M
Ay ‘ /
M> ’ L Mr
Map(\/iilsl,]\/[) [ MS' ><M]WS1
Map(\/?il SlvM) MS

where the left vertical arrows are induced by the inclusion into X9 of the boundary
Y9 = \/fil S1 of the 4g-gon defining X9, the map p by projection of a square
onto X9 identifying the boundary of the square with the boundary of the 4g-gon
as in diagram 3.4, p is the product of p and the collapsing of dI to a point, ¢ is
the composition of loops, ¢ is induced by pinching a square (in the middle of each
edge), and the right vertical arrows are induced by the inclusion of S 2 9I? into
1%,

Note, that the top face, front and back face of the cube are pullback diagrams.
The idea is to find a semi-free model for ¢, which, by pull back along a model for

Map(\/?il S M) — M5 gives rise to a model for Pinchg 4 that coincides with

CHZ (A, 4) T G EVEe 4 4.

Recall from Example 2.3.4 that the point pt has a simplicial model pt, which
is the constant simplicial set pt; = pt. Then CHY"(A, A) = A with constant
simplicial structure. Using the invariance of the Hochschild chain complex under
quasi-isomorphisms of simplicial sets X, — Y, [P], it follows that CHX¢(A, A)
is an A-semi-free model for M1 for any pointed simplicial set X, whose realiza-
tion is I?. The simplicial set X7 is, by definition (3.1), defined as a quotient of
a simplicial set model for I? that we denote by (Ig2).. That is (192). is obtained
by gluing g2 squares, where the off diagonal squares are subdivided into trian-
gles. The boundary 9(I2), is a simplicial set realizing the circle S*. By Propo-

2 ’ 2 2 2
sition 2.5.3, C’H?(I")'(A, A) and CH.aI'Va(Ig)'(A,A) are C’H?(I")'(A, A)-semi free

model of MS" and M SlVSl, respectively, and the inclusion of pointed simplicial
sets O(I2)e — (I7)e, OIZ V O(I})e — I3V (I7)e induce semi-free models for the
right vertical maps by functoriality of Hochschildzchains.

Similarly to XY, there is a decomposition ol (A, A) = ABK*+2k+3) BY(A)
where A®(K*+2k+3) a1e the tensor factors corresponding to the top left square in
¥ (without the bottom and right open edges) and B{(A) is the tensor power of
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other factors. We write (bs) for an element in BY(A). Clearly, this decomposi-
2 ~ 2
tion restricts to CH?(Ig)k(A,A) > A®(k+3) @ BI(A). Let p, CHSIg)k(A,A) —
2 2
CH.Ikv(Ig)k(A,A) be the map given, for (a;;) € ASHF T243) (p ) € Bi(A), by

k

(326) pel(aiy) ® (b)) = > ((ai3)i5<p ® (1)) @ ((1) @ (@i)i or j5p) @ (bs)) -

p=0
where (1) stands for the tensor products 1 ® 1 ® ---. We also define a linear map
2 2 2
Pé - CH?(I")’C(A, A) — CH?Ikva(lg)k(A, A) by the same formula, but restricted to
2 =
the tensors lying in C'I‘I.a(lg)k(fl7 A) =2 ABCkH3) @ BI(A). Note that this formula
is indeed very close to formula (3.24) and can be described by a similar diagram.
2
Since CHP'* (A, A) — cHIU?*
commutative diagram

(A, A) is an A-semi-free quasi-isomorphism, the

CHY'™ (A, A) =——= CHL'"™ (A, A)

qis \L l qis

2 Pe 2 2
cr " (A, ) —= calVh 4, 4)

implies that p. is a cochain model for M X M MT* — M. Note also that there
are simplicial morphisms 9(I2)s — S, and 9I7 — S, obtained by collapsing all
edges but the top left one to the basepoint. Recall that C’H.S’i (A,A) =2 A AF. A

straightforward computation shows that the following square

2 pe 2 2
cHM (A, A) cHF O (4, 4)

| |

CHS* (A, A) ———= CHS* (A, A) ® 4 CHS* (A, A)

is commutative, where @ is given by

P
(I)(a0®"'®ak):Z(a0®a1®"'ai)®A(1®ai+1®"'®ak)-
1=0

Thus, by [FT, Lemma 2], pz is a cochain model for MSVSt St Hence, p. and
2
pe give a CH?(IQ)' (A, A)-semi free cochain model for the right face. It follows that

(3.27) CHY* (A, A)® .  CHY™15(4,A)
T T om0 4,4 ’
. 2 2 2g
pe®id CHf'v(Ig)°(A,A) ®CH5(I§).(A ) CHY= S (A,4)

is a cochain model for MS°VE" — M>’_ Note that, by Corollary 2.4.3, there are
isomorphisms of chain complexes

CHI (AN 8 g CHY 5 (4,0) = CHE (4, ),

CH, (A,A
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CHN AN S sz, oy O E154 (A, A) 2 CH™ (A, A) @4 CHYF (A, A).

Under these isomorphisms, it is straightforward to check that p. transfers to (Pinchg g)..
O

3.5.3. End of the proof of Theorem 8.4.2. For g,h > 0, Proposition 3.5.4 and
Lemma 3.5.3, Lemma 3.5.1 imply the result. If either ¢ = 0 or h = 0, the re-
sult follows from Lemma 3.5.10, Lemma 3.5.1, Lemma 3.5.7, and Lemma 3.5.9.
Lemma 3.5.7 and Lemma 3.5.10 have obvious analogues for the cases g # 0,h =0
and g = h = 0, which can be proved similarly. O

4. SURFACE HOCHSCHILD (CO)HOMOLOGY OF SYMMETRIC ALGEBRAS

In this section we compute the surface product of symmetric algebras and use it
as a tool for explicit computations.

4.1. Reduction to Hochschild complexes over a square and a wedge of
circles. To any topological space X one can associate a Hochschild chain complex
CHY*X) (A, M) (see Definition 2.2.3). According to [P, Theorem 2.4], if f: X, —
Y, is a map of (pointed) simplicial sets inducing an isomorphism in homology, then
the induced map f. : HHX*(A,M) — HHY*(A, M) is a quasi-isomorphism. In
particular, the adjunction map 7 : Xe — Se(|Xe|) (Definition 2.2.1) induces, for
any space X and any simplicial model X, of X (that is |Xe| & X) a natural
quasi-isomorphism 1 : CHX* (A, M) — C’H.S'(X)(A, M). Tt follows from this that,
to any space X, and any differential graded commutative algebra (A, d) and A-
module (M, d), one can associate a natural object CHX (A, M) := CH*X) (A, M)
in the derived category of chain complexes which is functorial in X, A and M.
Furthermore, Proposition 2.4.2 implies that, if M = A equipped with its canonical
A-module structure by multiplication, then CHX (A, M) is a well-defined object
in the homotopy category of differential graded commutative algebras (over a field
of characteristic zero). If X, is a simplicial model for X, then CHXe(A, M) is
naturally isomorphic to CHX (A, M) in the derived category of chain complexes,
respectively in the homotopy category of differential graded commutative algebras
if M = A. For details on the rational homotopy theory for commutative differential
graded algebras and their module, see [FHT, Q, S1].

L
We denote by S ® T the derived tensor product of differential graded modules S
R
and T over a differential graded algebra R.
Lemma 4.1.1. Let (A,d) be a differential graded commutative algebra and (M, d)
an A-module.
i) There is a natural isomorphism
g L
(4.1) CH™ (A, M)=CHVL S (A, M) ©  CHP(A,A)
CHS'(A,A)

where the module structures are induced by the inclusion S' =2 0I? — I?
and the map S* — X9 given by the boundary of the model for ¥9.

i) If furthermore M = A with its canonical A-module structure, then the
isomorphism (4.1) is an isomorphism of differential graded commutative
algebras.



52 G. GINOT, T. TRADLER, AND M. ZEINALIAN

Proof. Note that 329 22 \/?9, ST Jg, I? where the maps S* — 2 and S' — \/7%, !
are given as in Lemma 4.1.1.i). Consider the standard simplicial model S} for
S1 and the induced model for \/121 1 St (see Definition 2.1.5). We consider a model
(I17)e for I? obtained by taking the simplicial model for X (see Section 3.1) without
identifying the boundary edges, i.e. (I, gz). consists of g2-squares glued together along
edges or vertices with the standard simplicial model I2 for the g-diagonal squares
and off diagonal squares subdivided into two triangles (with model T,) identified
along an edge. Then O([, 3). is a simplicial model for S' and moreover one has an
isomorphism of simplicial sets ¥ =2 \/?il Sl Ua(z2), (I7)e. Thus, by Corollary 2.4.3,
there are natural quasi-isomorphisms
CHZ (A, M) = CHViti5(A,M) ® CHUID«(A, A)
cHUD* (4,4)

g L
=~ CHVEi S (A, M) ® CHUID+(A, A)
CcH?UDe (4, 4)
where the last line follows because CH(s)s (A, A) is a free differential graded mod-

ule over CHB(IE)'(A,A). Furthermore, if M = A, the above isomorphism is an
isomorphism of differential graded commutative algebras. Since an homology iso-
morphism of simplicial sets induces a quasi-isomorphisms of algebras, the result
follows. O

Note that, since I2? is contractible, given any commutative differential graded
algebra (A, d), we have a sequence of quasi-isomorphisms

(4.2) (A,d) & CHP'* (A, A) = CHE (A, A).

We now want to give a model for computing HH}' (A, M) when (A,d) =
(S(V),d) is a free commutative differential graded algebral. In view of the iso-

2 1
morphism (4.1), we first compute HH.\/I'il § (S(V), M).
4.2. HKR type Theorem for wedges of circles.

Notation 4.2.1. We denote a1, b1, ..., ag4, by the fundamental loops in \/fil St (one
for each of the 2g-circles) whose homology classes are the generators of Hy (\/;2, S, Z)
(and vanish on all but one circle).

Let S! be the standard simplicial model for the circle (see Example 2.3.1). Then
\/29, 8L = [2gn]. In particular, C’H.v?il S (ALM) 2 M ® (A®”)®2g. We write
m & (xf ® yf)f;lz for an homogeneous tensor m ® x% ® y} ® x% Q- - ®yJ in
M @ (A®")%%

The homology Ha(\/>2, S') can be identified canonically with k ® (@7_, k[a:] @
k[bi]), where [a;], [b;] (of homological degree 1) are the fundamental classes of the
circle factors a;, b; in the wedge \/22, S*.

~—

The linear maps V 3 v — [a;]v and V' 5 v — [b;]v uniquely extend to (degree -1
derivations s’ : S(V) — S(H.(V>2, SHY@V) and 5% : S(V) — S(Ho(V2, SH @V
(with S(V)-module structure given by multiplication on the factor k @ S(V)

~—

IR

INote that any differential graded commutative algebra is quasi-isomorphic to a free commu-
tative differential graded algebra.
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S(Ho(V??, SY)®@V)). We also extend s’ and s, as derivations of S(H,(\/>%, S*) ®
V) by setting st(H (V2 SN ®@ V) =0 and si(Hy(V22, SY) ® V) =0. It follows,
since s, s} are degree -1 derivations, that (s5)? = 0 and (s7)? = 0. Similarly a
differential d on S(V') naturally extends to a differential d¥ on S(H.(\/fil SHev)
by the formula d"(v) = d(v), d"([a;]v) = —s%(d(v)) and d¥([b;]v) = —s](d(v)).
29
Let V25" L OBY™ S (S(V), M) > M) S(HL V2, §)0V) be the map,
. . 2g
which for m @ (2! ®y)) € CHY = S (S(V), M), is given by
2g Sl 5 ; g 1 ;
nVita (me(z] ®y))) = Z :l:ml_[—'azl1
pitait Apgtag=n =1 P

Tty (5@ pi 1) Sa(@pyttp))  Tpripipr

g
2 2 2 1 7 1 2 Y3 Y3
BTN | | q,|y1 U Yq e tgion (Sb(bthr'“JrQiflJrl) T Sb(bq1+---+qi))'yq1+~~~+q1'+1 T Yn-
i=1 1"

Remark 4.2.2. Tterating the Alexander-Whitney diagonal yields a quasi-isomorphism
2g 1 1
CHY =% (S(V), M) — M @gqy) (CHE (S(V), S(V)))®5¥* where the right hand

side is a tensor-product of chain complexes. Then it is easy to check that rVily st
is the composition

CHY™ 5+ (S(V), M) — M @ (CH {(S(V),S(V)) P
i 7)®29
WO M @ SV VA)EIWH = M @ S(HL(V,SY) @ V)

S(V) S(V)
where 7 : C’H.Si(S(V),S(V)) = QY = S(V @ V[1]) is the usual Hochschild-

1

Kostant-Rosenberg map 2o ® -+ @ an — — zod(x1) -~ d(zy) (here Q) is the
n!

module of Kahler differentials), see [L].

There is also a morphism of graded algebra82
2g 2
4.3) VLS .g <H (\/ sl) ® v) — CHYE 5 (5(V), (V)
i=1

29
(the algebra structure on cHY= Si(S(V), S(V)) is given by the shuffle product)

. 29
which maps an element m® ([a;]v) to m® (&; ;(v)@1)7=1+9 € C’H.\/i:1 51 (S(V), M)
(where 0; ;(v) = 1if i # j and d;,;(v) = v) and maps an element m ® ([b;]v) to

. 29 1
m® (1® 8§ (v)=9 e cHY =5 (S(V), M). In other words, eViliS" sends an
29 1

element [a;]v to the elements 1®---1@v®1---®1 € C’Hl\/i:1 S (S(V),S(V)) where
v is the tensor indexed by the circle in the wedge \/>?, S! with fundamental class
[a;] (and similarly for [b;]v). Clearly, eViZis' is a morphism of (S(V'), d)-algebras.
Hence, it induces a morphism of (S(H,(\/>%, S1) @ V),d")-modules:

VLS (M ® S(HJ(V¥,8Y) @ V),d") — CHVZ: S (S(V), M).
S(V)

2(but not of differential graded algebras)
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Remark 4.2.3. The map eViZi S is the composition
M ® S(Ho (V%S @V)=M @ S(V+V[1))®s?
5(V) 5(V)
id®(<)?9 st ®s(v)29 Vi, S,
— M <(X>)(CH- (S(V),S(V))) — CHS =70 (S(V), M)
S(v

where the last map is the iterated Eilenberg-Zilber map and € : S(V + V[1]) =

Q*(S(V)) — C’H.Si (S(V), S(V)) is the classical inverse of the Hochschild-Kostant-
Rosenberg morphism, namely, the unique algebra morphism defined by v[1] —

L®v e S(V)®2 = CHS (S(V), 8(V)), see [L, Section 3.

Lemma 4.2.4. Let V be a graded vector space.
(1) The maps

g 29 29 g
VIS oY S (s(v), M) S M ®s) S(Ho(\/ SH) @ V) : SVl st
=1

are quasi-isomorphisms (of algebras if M = S(V)).
(2) Let (S(V),d) be a differential graded free commutative algebra. The map
g 2 !
Vil st Y5 (S(V), M) — M @0y (S(H(VZ2, 1) @ V), d) is a
quasi-isomorphism of differential graded algebras.
(3) WV?il st o g\/?il st =1d.

Proof. By the same argument as in the proof of Lemma 4.1.1,there are isomorphisms
of S(V)-modules

CHYS S (S(V), M) = M @ CHS(S(V),S(V)) LI CH(S(V),S(V))

S(V) sS(v)y  S(V)
L g1 L L g1

>~ M ® CH*(S(V),S(V)) & -+ ® CHJ*(S(V),S(V)).
S(V) sS(v)y  S(V)

Thus, according to Remark 4.2.2, the map 7ViZi S is identified with

L 1 L L 1
M & CHJ*(S(V),S(V)) & --- & CHJ*(S(V),S(V))
S(V) S(V) S(V)
idéwséévfg ® 29
=M @ SV 4 V[ g(

M g S8 @ V). )
S(V)

5(V)

where 7 : C’H.Si(S(V), S(V)) — Q*(S(V)) =2 S(V @ V[1]) is the usual Hochschild-
Kostant-Rosenberg map zg ® - - -z, — 1/n! xod(z1)---d(z,). Since 7 is a quasi-
isomorphisms of algebras, (2) and the first part of (1) follows. Since 7ViZiS' and

eViZiS! are maps of algebras, it is sufficient to prove (3) for elements of the form
[a;]v, [bj]v for which the result holds trivially. We now prove the last part of the

claim (1). By construction, eVitis'iga morphism of algebras. Again, it is sufficient
to check that eViZiS" takes value in cocycles for elements of the form [a;]v, [bj]v,

for which the result is straightforward. Thus eViZiS' is a chain map and (3) and
the first part of (1) imply that it this a quasi-isomorphism. O
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Remark 4.2.5. There is an obvious generalisation of Lemma 4.2.4 for arbitrary
wedge \/f:1 S1. For instance, there is a natural quasi-isomorphisms
k
29 1
wVis S OHY T (5(V),S(V) — (S(HW(\/ 1) @ V), dY)
i=1
of differential graded algebras. All statements and proofs for arbitrary wedges of
circles are similar to those of even wedges \/?:1 gS*t and left to the reader.

Let pinch : St — S* v S! be the standard (k-times iterated) pinching map. By
Example 3.3.10, the edegewise subdivision sdq(S?) is the simplicial set sda(S}) =
[2n + 1] and it satisfies

do(SH = (I, U I, te
52(5.) ( thJ, )pt.IL_J[ptOP

where the wedge Io Up:, Io is with respect to the maps t and s respectively (see
Example 2.3.4). Identifying the two O-simplices of sd2(S}) yields a simplicial map
pinch, @ sda(SL) — SIv St Explicitly, for any n, one has pinch,,(a(n + 1) +1i) =
a(n)+iif 1 <i<n,a=0,1and pinch,(a(n+1)) =0.

Lemma 4.2.6. The following diagram is commutative

pinch

CHS' (A, M) CHS™VS (A, M) -

| .

1 De(2) 1 pinch, 1, gl
CH;S’ (A,M) Ty CH.Sd2(S')(A,M) R CH;S'\/S’ (A,M)

Proof. Note that |sda(Sq|) = (I V I);. where ~ identifies the two (non glued)

boundary points (0,1) and (1,1) of I V I. Then |]TZ_7?L_C7L.| : |sda(SE) — Stv St
is the map identifying all boundary points of each intervall I in (I V I),.. Thus
pinch : ST — S1v S is the composition

|pinch,|

-1
S22 |51 20 fsds(51)) P2 5T v st = St v ST

Now the result follows by naturality of  and the fact that De(2) realizes D1,

see [McC, Proposition 3.4]. O

Let ci,...,c;r be fundamental loops in St, ie. [¢;] = [S'] € Hi(SY), and f :
St — \/f:1 S! be the map obtained by glueing the paths ¢, cs, . . ., ¢ in this order.

The map f induces a map f. : CHS' (A, M) — C'H.VLIS1 (A, M) in the derived
category of chain complexes. We identify S(V @ V[1]) = S(H.(S?) @ V).

Lemma 4.2.7. Let (S(V),d) be a differential graded free commutative algebra and
M an (S(V),d)-module. The following diagram is commutative in the derived cat-
egory (respectively in the homotopy category of CDG algebras if M = S(V))

1 S k 1
CHS' (A, M) ————=cHY=% (4, M)
L Nlﬂvécl st

k Y%
(S(V & V1], d)) — (M o2 SH(Vim) @ V).d )
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where f is the unique map of S(V')-algebras given, for any v € V, by
[SYv = c1v + cav - - - 4 cpo.

Proof. By functoriality and homotopy invariance of 17 and of the Hochschild chain
complex with respect to simplicial sets, there is a natural commutative diagram

fs

CHE' (A, M) cHY=5" (A, M)
- ) Nl
inch® k }V i k
1 pinc 1 i=1 1
CHS (A, M) ——cHY=% (A, M) —=CHY=" (4, M)

where pinch® : S1 — \/f:1 St is the (k — 1)-times iterated pinching map

k
inch idVpinch idVpinch
SR gty gt TR gy gty gt TR [ g

i=1

Since CH.Si (ALM) 2 M ®a CH.Si (A, A), it is sufficient to prove the result for
M= S(V).

Note that there is a natural isomorphism (in the derived category) of differential
graded algebras

CHY= 54 (S(V), S(V)) = CHE (S(V), S(V) @50y -+ @s(vy CHE*(S(V), S(V))

by Corollary 2.4.3. Hence, by homotopy assocaitivity of pinch, it is sufficient to
prove the result for k = 2.

By Lemma 4.2.6, the result follows once we proved that the following diagram.
(4.4)

CHS* (S(V), 8(V)) = CHICD(S(V), §(V)) s CHI VS (5(v), S(V)

lﬂ- lﬂ'vgl .
f

(S(V @ V[1],d) (S(Ho(Viy) @ V), d)

is commutative (up to homotopy). By Lemma 4.2.4, the vertical maps in dia-
gram (4.4) are quasi-isomorphisms of algebras. Note, that f, : CHS (S(V), S(V)) —
CHS'VS'(S(V),S(V)) is also an algebra morphism, and that S(V @ V[1]) is free.
Hence it is sufficient to prove that diagram (4.4) is commutative in simplicial de-
grees 0 and 1, since the generators (as an algebra) of S(V@V[1]) lies in the subspace
1
W(CH.S@(S(V), S(V))). In simplicial degree 0, all the maps in diagram (4.4) are
the identity map. Recall (see formula (3.9)) that
Di(2): CHE (A, A) = A% . CHEEOD (4, A) = A4
is given by the formula D (2)(z ® y) = > (=1)75:(e(0,8)) (@ @ y). By def-
(0,0)€S(2,1)
inition of §(2,1), o is the identity and 6 € Homa([0],[1]). From identity (3.10)

defining €45y, we get that D1(2)(z®y) =2@y®1014+2®1®1®y. Now, the
commutativity of diagram (4.4) easily follows. O
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4.3. HKR type Theorem for surfaces. For the sphere S? = X0, there is also
a Hochschild-Kostant-Rosenberg type theorem. More precisely, given a differential
graded free commutative algebra (S(V'),d) and an (S(V),d)-module M, there is a
natural isomorphism

(4.5) 7 HHS (A, M) = Ho(M @ S(Hd(S?) @ V),d>").

S(V)
Here, the graded commutative algebra S(H,(S?) ® V) is equipped with the differ-
ential @5° which is defined as the unique degree 1 derivation satisfying as* (v) =w

and d5° (ov) = s,d(v) where o = [S?] € H3(S?) is the fundamental class of S? and
Sy is the unique degre -2 derivation defined by s,(v) = ov and s, (cw) = 0. Note,
that S(He(S?) @ V) 2 S(V & V[2]).

Furthermore, if M 2 §(V), 75" is an isomorphism of algebras. See [P, G] for
details.

For positive genus surfaces, we have the following Hochschild-Kostant-Rosenberg
type result. We write 0 = [X9] € H3(X9) for the fundamental class of £9 and
[a1], [b1], - - -, [ag], [by] for the generators of Hy(X9). The degree -1 derivations s’
and s} on S(H,(%9) ® V) are defined by 5L (Hs1(29) @ V) =0=s](H>1(29) @ V)
and si(v) = [a;]v, si(v) = [bj]v for any v € V and i,j = 1...g. Similarly the
degree -2 derivation s, is defined by s,(v) = ov and s,(H>1(29) ® V) = 0. The
differential d>’ is the unique degree 1 derivation defined by

(4.6) 4" ([a;]v) = —s(d(v)), & ([b;lv) = —s(d(v))
(4.7) ™ (v) = d(v), ™ (0v) = s5(d(v)) + Z sa(sp(d(v))).

Remark 4.3.1. Note, that he differential d*’ is based on the coalgebra structure
of He(X9). That is, if x € He(X9), then, for any v € V, the differential is given
by d*’ (zv) = Y (=1)lFoHlze] Sz, (Se(s (d(v))) where the coproduct is given by
A(r) =Y 21y ® 1(2), and 51 = id.

Theorem 4.3.2. Let (S(V),d) be a differential free graded commutative algebra
and M a differential graded (S(V'),d)-module.

(1) There is a natural isomorphism
e Ho (M ®@gvy S(Ho(29) @ V), d™") =5 HHI*(S(V), M),

which is an isomorphism of algebras if M = S(V).
(2) The following diagram is commutative

29
1M & SV 81 @ V) 2w BV & SULEM) ©V)) Lo (M & SUL(S) @ V)
gv?il SI\L 529L 852
2d

(Vi: 5t—x9), (29—->5%),

HEY S (5(v), M) HH*(S(V), M) HEZ(S(V), M)

where the horizontal maps p and q are the algebra homomorphisms, re-

29
spectively induced by the homology maps He(\/ S') @ V. — He(X9), and
=1

1=
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Ho(X9) — Hl(S?), obtained by the obvious inclusion and surjection of
spaces.

To prove Theorem 4.3.2, we want to use the computation in Lemma 4.2.4 and
apply Lemma 4.1.1. Hence, we first need a semi-free model of CHZI (S(V), S(V))
as a CHS' (S(V),S(V))-module.

Proof. (a): Note that He(S!) = k[¢] (with |¢] = —1) and that the standard
Hochschild-Kostant-Rosenberg theorem yields a natural isomorphism

&S Ho(M 2, S(HJ(SY) @ V)) =5 HHS' (S(V), M).

(b): Since I? is contractible, for any (DG commutative) algebra A, there are
natural isomorphisms HH! (A, A) = HHP(A, A) = H,(A). Further, the

canonical map

2 2
CHI" (A, A) = CH{'" (4, A) = 4%9" , A,
where (I, 92). is the simplicial model for the square described in the proof
of Lemma 4.1.1 and the right map A®9" 5 A is induced by the map of
pointed sets (I7)o — {0}, is a quasi-isomorphism of algebras.
(c): The algebra morphism (coming from (a) and (b))
Hu(S(kE] @ V) & HHJ (S(V),8(V)) — HH] (S(V), (V) = Ha(S(V)

is induced by the unique (differential graded) commutative algebra mor-
phism S(k[{] ® V) — S(V) satisfying £ @ v — 0, 1 @ v +— v for any v € V.
This follows since the image of ¢ ® v in CHS«(S(V), S(V)) lies in simplicial
degree 1.

By Lemma 4.1.1, Lemma 4.2.4, and (a), (b), and (c) above, there is a natural
isomorphism

g

(4.8) SH.(\/ SHeV) o KU(S(V) - HHZ (S(V),M)
. S(E[E]®V)

for any (S(k[¢] ® V),d)-semifree resolution KI°(S(V)) of (S(V),d). Further, if

KT*(S(V)) is also a resolution as an algebra and M = S(V), then the isomor-

phism (4.8) is an isomorphism of algebras. We now construct an explicit resolution

KT (S(V)).

We first recall a S(V @ V)-semifree resolution of (S(V'),d), which we denote by
K'(S(V)). (Note that S(V&V) < CH'(S(V), S(V)) and S(V) < CHI* (S(V), S(V))
are quasi-isomorphisms.) We identify S(Ve V[1]@ V) = S(k[zo) D k[E] @ k[z1]) @V
where [z¢], [x1] are of degree 0 and [¢] is of degree -1. Let s be the unique degree
-1 derivation of S(V @ V[1] @ V) given by s([z;]v) = [{]v and s([]Jv) = 0. Then,
by [FHT, Section 15.(c), Example 1],

EN(S(V)):=(S(VeVvi]eV)d)

is an S(V @ V)-semifree resolution of (S(V),d) where d! is the unique degree 1
derivation defined by d’([x;]v) = [z;]d(v) and

(4.9) dl([f]v) [zo]v — [21]v Z

i=1

3
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Hence there is an isomorphism K1(S(V)) = (S(VeV[1]@V),d!) =2 CH*(S(V),S(V))
in the homotopy category of commutative differential graded algebras and a com-
mutative diagram

CHP' (S(V), S(V)) —== CH'* (S(V), S(V)) = CHP'*(S(V), S(V))

A X A

(S(V),d) (KT(S(V),d") (S(V),d)

v—[zo]v v—[z1]v

where s,t are the two inclusions pt, — I, defined in Example 2.3.4. Note that,
by Corollary 2.4.4, for any differential graded algebra (A,d), there is a natural
isomorphism

(4.10) CHE (A, A) = CHI*(CHI* (A, A), CHI* (A, A))

where C Hl* (A, A) is equipped with the Hochschild total differential and the algebra
structure given by the shuffle product. Note that since I,, I? are contractible, one
can simply notice that the canonical inclusion A — CHl*(CHl* (A, A),CHL (A, A))
is a quasi-isomorphism instead of using Corollary 2.4.4. Thus, there is an isomor-
phism

(4.11) KK (S(V)) = CHL (S(V), (V)

in the homotopy category of commutative differential graded algebras. We denote
KT (S(V)) := KL(KT(S(V))) and write d!~ for its differential. By construction

1

KP(S(V) = sve'ev®evi) =S | ( D Hay @ P ke] @ KD @ klol) @ v
ij=1,2 =0
where |z;;| = 0, |§;| = || = —1 and |o| = —2. One may think of x;; as points, &

as a path from x;p to x;1, 5; as a path from zg; to x1; as in the following picture:

200 €o Zo1
&0 o &
Z10 & T11

In particular the subalgebra K€ (V) := S((k[zoo] ®k[¢o) Dk|zo1])@V) € KT (S(V))
is a differential graded subalgebra which is canonically isomorphic to K’ (S(V)).
The same holds for the 3 other subalgebras: K% (V) := S((k[z10] ® k[&1] D k[x11]) @
V), K& (V) := S((k[roo] @ k[£6] @ klwro]) @ V) and K&(V) := S((k[zo1] & k[€]] @
k[z11]) ® V). The differential d’” is the degree 1 derivation defined by d!” ([xi5]v) =
[wis]d(v), 4" ([€]v) = d([zio]v), 4 ([¢]]v) = dl([fCOj]U) and

2
sdl

Mg

d” ([o]v) = [ghlv — [€1]v

n=1
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where 5 is the degree -1 derivation defined by 3([zi;]v) = [§;]v, §([&]v) = [o]v =
5([€2]v) and 5([o]v) = 0.

Since the boundary of 12 is the wedge ( Us Lo ) pte L] pte (I Us 1, ) the natural
isomorphism (4.10) induces a natural isomorphism

(4.12) CHOR(S(V),S(V)) = KT(S(V)),
where K91° (S(V)) denotes the differential graded commutative algebra

KT (S(V)) = (K®(V) © KS(V)) ®  (K9V) @ KO(V)).
S([I()l]v) S([Ioo]v@[wll]v) S([Ilo]v)

We now need to identify the induced map 9I% — \/fi . S'. We first consider the
genus 1 case. We still identify 91 with (I'VI)Ug,11¢« (I VI) where the endpoints
of the two (lenght 2) intervals are identified. For a surface of genus g = 1, given
as a quotient of (1) by the path aibia; by, the boundary map 9I% — S' v S*
factors as the composition

(a1 VblM}al \/bl) Sl

I = (IV I) Upy 1y (TV 1) V2" (81 v 81 v (S v 8Y) v 5!

where the first map \/l-:1 col collapses each interval to a circle.
The map s, ® ¢, : S(V) ® S(V) = cH'*UP(5(V),5(V)) — CHI (A, A)
induces a quasi-isomorphism of algebras

CH(SW),S(V) = CHISW) SV 8. SV KISV 8, SV)

since CHl+(S(V),S(V)) is a semi-free S(V) @ S(V)-algebra. Thus the algebra
qua51-1somorphlsm (4.12) transfers the algebra homomorphism CH* (S (V),8(V))
cHal'" ( (V),8(V)) — CHS'VS (S(V), S(V)) to the algebra homomorphism

o1 KT (S(V)) — S(H.(S* v §Y) @ V)
defined by ¢1([zij]v) = v, @1([&]v) = [a1]v and gol([fg]v) = [b1]Jv. Now, since s,

1%

§ are degree -1 derivations, and furthermore since s}, si are degree -1 derivations
with square 0, a straightforward computation gives an algebra isomorphism
2

SHo(\/SHeV)  © K(S(V) = (S(H.(Y) @ V),d).
im1 S(k[€]®V)
For a surface of genus g > 1, our model X9 (see Section 3.1) is also obtained as
a quotient of a square. Now the the boundary map 0I2 — \/?il S1 factors as the
composition

\/1 1 col (f1VF2)V(f3V fa)
RARRN

OI* = (IVI)Upgqppey (IVI) (Stvishv(stvsh Sty st

where the first map \/i:1 col still collapses each interval to a circle and the maps
fi: St — \/9_, S* are the loops given by
Ji=aibi...ag/9bg/2,  fo=aga11bgsai1--agbg, [z =Dbrar...bypay/0

and fq = bg/a1104/241 - --bgag when g is even, and by

f1 :albl...am, fQ :bmam+1...agbg, fg :blal...bm
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and fi = ambmy1...bgay when g = 2m — 1 is odd. Now by the argument for
g = 1 and Lemma 4.2.7, it follows that the algebra quasi-isomorphism (4.12)

transfers the algebra homomorphism CH;gi (S(V),S(V)) = C’H?I3 (S(V),S(V)) —
cHY*S (S(V),S(V)) to the algebra homomorphism

pq: KO (S(V)) — S<H.<_\; sHev)

defined by ¢g4([zi;]v) = v, and, for g even by
eg([So]v) = [a]v + [br]v + -+ [bgpalv,  @g([61]v) = lag/z41]v + - - [aglv + [bg]v,
pg([So]v) = [ba]v + [ar]v + - -[age]v,  @g([€1]0) = [bg/a41]v + -+ + [bglv + [ag]v,
and, for ¢ = 2m — 1 odd by
g([€o]v) = la]v + [ba]o + -+ [am]v,  @g([a]v) = [bm]v + - [aglv + [bglo,
pg([€o]v) = [br]v + [ar]v + - [bmlv,  @a([G1]0) = [am]v + - - + [bglv + [ag]v.

Again, a straightforward computation gives an algebra isomorphism

29

SHJ(\/ SHeV) @ KF(S(V) = (SHJ()eV),d).
im1 S(k[E]®V)

This proves claim (1) of Theorem 4.3.2. The commutativity of the left square in
claim (2) follows from the isomorphism (4.8) and the computation above. Note
that

CHSY (A M) = CHP(AM) ® CHE(A A)
cHY® (A,4)

IR

L 2
CHP'(A,M) ©  CHI (A A).
cHY'? (A,4)

Hence there is a commutative diagram

Ef—»sf

CHZ* (A, M) CHE* (A, M)

|- -

CH.\/iil Si(A,M) ® CH.IE(A,A) p«@id O HP' (A, M) & OH.IE(A,A)
cu?"3 (4,4) cnl’ (a,4)

where p : \/1211 S — pt, is the canonical map. Let p: K{(S(V)) — S(V) be the
algebra map defined by p([z;]v) = v and p([{]v) = 0. This is a map of differential

graded algebras and, furthermore, since the composition S(V) — K!(S(V)) &

S(V) is the identity, p is a quasi-isomorphism and the following diagram is com-

mutative
Px

CHI*(S(V),S(V) —= CHP'* (S(V),S5(V))

y |

K1(S(V)) S(V)

1t
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in the homotopy category of differential graded commutative algebras. Since p, :
2 1
CHY = % (S(V),S(V)) — HE*(S(V),S(V)) is the composition

CcHYS SI(S(V),S(V))%OH.Si(S(V),S(V))S% -..S%% CHJ (S(V),S(V))
o (CH{’(S(V),S(V))S(V%V)S(V)> ® ---S( )(CHI' (V))S(V%V)S(V))

P« Qs(vev) id
—

S(V)

it follows that the isomorphism of Theorem 4.3.2 claim (1) transfers (X3 — S2).
CHY*(S(V),S(V)) — CHS*(S(V),S(V)) to the map

®2g
(P ® id)®* @ id : ((KI(S(V)) ® S(V)) ® KT(S(V))
S(VeVv) K91(S(V))

—SV) ® KP(S(V)=S(H.(S*) V),
Ko1(S(V))

which proves the commutativity of the right square in claim (2). (I

The importance of Theorem 4.3.2 folllows from the fact that any differential
graded commutative algebra is quasi-isomorphic, as an algebra, to a graded sym-
metric one.

Corollary 4.3.3. There is a natural isomorphism
™" HH, (S(V), M) > H, (Homs(v) (S(H(39) & V), S(V)),dzg*) .

Proof. Let X4 be any pointed simplicial set and let A be a differential graded com-
mutative algebra. There is a map of differential graded algebras A = CHY" (A, A) —
CHY'™ (A, A) — CHX+(A, A) where the last map is the unique pointed map. It fol-
lows that the Hochschild complex (CHX* (A, A), D) is a chain complex of semi-free
A-modules. More explicitly, the A-module structure is given by multiplication on
the tensor A corresponding to the base point in CHX¢ (A4, A) =2 A® A®*s. Now let
M be an A-module. Then there is an isomorphism of cochain complexes

(CH% (A, M), D) = (Homa(CHJS* (A, A), M), D*),

where the differential D* is the dual of the differential D on the Hochschild chain
complex CHX+(A, A). Since (S(He(X9) ® V),d*) is also semi-free, the result
follows from the first statement in Theorem 4.3.2. O

4.4. The surface product for Lie groups. In this section we apply Theo-
rem 4.3.2 and Lemma 3.5.3 to compute the Hochschild surface product for odd
spheres and Lie groups. The idea is that in both cases, the commutative differen-
tial graded algebra of the forms QbulletM (where M = S?"*1 or M = G is a Lie
group) is quasi-isomorphic as a differential graded algebra to a symmetric algebra
S(V') with zero differential.

Let A= (S(V),0) be a free graded commutative algebra (with zero differential).
Then the identities (4.6) and (4.7) immediately implies that the differential d>° = 0
for any genus g. Similarly, the differentials d* and as’ vanish, too. Hence, for any
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S(V)-module M, by Theorem 4.3.2, there is a commutative diagram (natural in M
and V),

(4.13)

29
1 P M ® SH(Z)eV)_1_M @ S(H.(S?)aV)
M g, SV She v - 8, ="

29 1 g 2
eViz1 S e” eS

V2 st (Vid, 8'—=xn7), 9 (89—>5%), 52
HH)S =7 (S(V),M) —— = HH,*(S(V),M) ——— = HHJ"(5(V),M)
with the vertical arrows being isomorphisms (of algebras if M = S(V')). Note, that
2g
S(He(X9) ® V) splits of as a tensor product S(He(X9) @ V) = S(He(\ S') ®
i=1
V) @s(vy) S(He(S?) ® V). By Lemma 4.2.4 and formula (4.3), we already have an

29
explicit morphism of algebras at the chain level for the restriction S(Ho(\/ S') ®
i=1

g g 29
V)— CH.Z‘(S(V), S(V)) of e¥* to S(He(\/ S*)®V). It is easy to check that the
i=1

formula
) 1 1
(4.14) 9 (ov) = ®l Qu| - ®l ®1
®l ®1 ®v ®l1
@(0,0)
(where we use the notation ®a(1,1) ®a(,2) | for an homogeneous element

Ba@1) B2
in CH;SS(S(V), S(V)) as in Example 2.3.3) defines a cocycle in C’H.Sg (S(V),S(V))
and induces a quasi-isomorphism of algebras S(H,(S52)®@ V) — CHS*(S(V), S(V))
(see the proof of Theorem 4.3.2 and [G]). For any v € V, choose any cocycle
¥’ (ov) € CH.Eg(S(V), S(V)) such that e’ (ov) is maped to 5 (ov) by the map
(X9 — S?), in diagram (4.13). We have thus defined an explicit quasi-isomorphism
of algebras e’ : S(Ho(X9) @ V) — CH?g(S(V), S(V)) which, by abuse of nota-

2
9 1

s Vv
tion, could be rewritten as the tensor product e>° = gi=1 Qs (v) e through the
isomorphism S(He(29) @ V) 2 S(Ha (V72,8 @ V) @s(vy) S(He(S?) @ V).

Remark 4.4.1. There is a standard choice for €*’(ov), given as follows. Recall,
that ¥ is obtained by gluing g standard models for the square 12, and g(g — 1)
models for triangles T,. In particular any element in I3 or T% is a sum of tensors
boundary terms
which can be written in the form ®a1,1) ®aqi2) | where the
®aiz,1) Qa2
boundary terms are tensor powers of elements lying in the boudary (912)e (9T )a.
Thus, for v € V, and any square or triangle Cy C X we can define the element
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1s 1s
ec,(v) = ®l ®uv| - ®l ®1] € CH.Zg(S(V),S(V)) where the 1s
®l ®1 ®v ®l1

in the top left corner means that any tensor in the boundary of Cy or in X§ — Cs
is 1.

It is straightforward to check that, in the normalized chain complex, a possible

p g

choice for £*’ (ow) € CH.* (S(V),S(V)) is given by

o) =5 Y co.l)

CoCx{

where the sum is over all triangles and squares in the simplicial model for 9.

We now define a multiplication on -, Homs (v, (S(Ho(29)®V),S(V)). Since
Ho(29VEM) = Hy(39) @5y He(E"), it follows that the multiplication p : S(V) ®
S(V) — S(V) induces a linear map

Homs(y(S(H.(S9) © V), S(V)) & Homs(y (S(H(S") & V), S(V))

25 Homgy (S(He(29 VEM) @ V), S(V))
for any g,h > 0. Furthermore, the pinching map Pinch,; yields a linear map
Ho(X9+") — Ho (39 v £") and thus an S(V)-algebra map
(4.15) Do S(Ho (X9 @ V) = S(H (29 VEM) @ V).

Definition 4.4.2. The multiplication U on P, Homs(v,) (S(Ho(29)®V),S(V))
is induced by the composition B
Homg (S(He(29) @ V), 5(V)) ® Homsv) (S(He(E") @ V), S(V))
5 Homgv) (S(Ho(29VE") @ V), S(V))

*

pi>h Homs(v) (S(H.(Engh) & V)a S(V))

It is immediate to check that U makes €D, Homsv) (S(Ho(29) @ V), S(V))
into an associative unital algebra. -

Remark 4.4.3. Let (S(V),d) be a free graded commutative algebra with non-
zero differential. It is easy to check that Definition 4.4.2 indeed yields a differential

graded unital algebra structure for P - (Homs(v) (S(He(29) @ V), S(V)),d™ *) .

That is, the differential =’ is a derivation for the multiplication U.

The following theorem expresses that the surface product for S(V) (with zero
differential) corresponds to the multiplication U in Definition 4.4.2.

Theorem 4.4.4. Let S(V) be a free graded commutative algebra (with no differ-
ential).
(1) There is an isomorphism (natural in V'),

e =P P HHLSV),SV) S P Homsy) (S(H(29) @ V), S(V))

920 920 920
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(2) The following diagram is commutative

®2
(ea HH, (S(V), s(v))) S @ HHE(S(V).S(V)

920

(8*)®2lw e* |~

22
<® Homsy) (S(Ho(9) @ V), S(v))) Y g@o Homgyy (S(He(X9) @ V), S(V)).

920

Proof. Since d*’ = 0, the first statement follows from Corollary 4.3.3 and the
definition of £>’.

By Corollary 2.4.3, there is a quasi-isomorphism of differential graded algebras

CHI(S(V), S(V)) @ CH(S(V),8(V)) = CHI 0 (5(V), (1))

Since the map >’ and =" coincide on S(V), the map
EVE" L SH(SIVEM) @ V) = S(H (29 @ V) @ )S(H.(Eg) V)
S5V

g h
e” ® &=

S(V)
—

CHE Y (S(vV), S(v)
is well defined and an algebra quasi-isomorphism by Theorem 4.3.2. Similarly,
Corollary 2.4.3 yields a natural quasi-isomorphism of algebras
= e = (27 115")s
CH*(S(V),S(V)) @ CHy* (5(V),S(V)) — CHa, (5(V),5(V))
and thus
eI 2 o g2 [ @ V) — e I (s(v), 5(v))

is a quasi-isomorphism of algebras. Note that, for any algebra A and module M
there is a natural isomorphism of cosimplicial modules

CHZ U™ (4 M) = CHIY (A, M) x CHY" (A, A)
with the diagonal simplicial structure on the right hand side, c¢f. Definition 2.4.1.
Further the pointed maps j9 : pte — %9 and j" : pty — %P yields a simpli-
-g -h ~
cial map pte [[ pte * 1y Y¢ ]I X" which in turn gives a structure of A ® A —
g h
C ' Lpte (A, A)-module to CH& =D (A, A). There is an isomorphism of sim-
plicial modules
CHSy (A, A * (A A) = ETHEDe 4 4) Aw A
Ef( ) )XCHE’:( ) )-HO’ITLA@A(CH. ( ) )a ® )

(A,A) — CH? ).(A,A) from

under which the map vV : CHg, (A, A) x CH? (movsh

e
Definition 3.3.2 identifies with the composition

Homaoa (CHSEQ 1= (A,A),A® A) B Homaga (CHSEQ =" (A,A),A)
=~ HomA(CH(.Engh).(A,A),A) = CH(.Egvzh).(AaA)
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It is now straightforward to check that the following diagram is commutative:

(4.16)

CH%? (S(V), S(V)) X CH%,: (S(V),S(V)) v OH.E-“’\/Z” (S(V), S(V))

(S [y
Homge: (S(Ho(BI X)) @ V), S(V) @ S(V)) B Homg (S(He(39VEM) @ V), 5(V)).

Let = be any element in S(He(X9) ® V) and y be any element in S(Hq(%") @ V).
Then, by definition £’ II=" (x-y) = sh(e™ (x),szh (y)) where sh is the shuffle
product (see Section 2.4). Since the Alexander-Whitney map is inverse to the shuffle
product on normalized chains, it follows that the following diagram of S(V)® S(V)-
linear maps

(4.17)

CHZ'(S(V), S(V)) ® CHE" (S(V), S(V)) <= cuZ 1™ (5(v), 5(V))

el h el h
e @e® T 29U T

S(Ho(Z9)@V)® S(He(Z") @ V) = S(Ho(ZI[[=M) @ V).

is commutative on normalized chains. Diagrams (4.16) and (4.17) imply that the
following diagram is commutative,

(4.18)
®2
. voAw HH?, o (S(V), S(V
(g}OHHEQ(S(V),S(V))) g%o savsn (S(V), 8(V))
=9yxh*
s*®5*l gﬁ%oa

?io Homgyy(S(He (X9 V L@ V), S(V))

®2
(ea Homs ) (S(Ha(59) ® v>,s<v>>> —

920

Statement (2) in Theorem 4.4.4 now follows from the commutativity of dia-
gram (4.18) and of the following diagram

Pg,h

(4.19) S(He(S9h) @ V) S(He(S9VEM @ V)

g+h gysh
laz lgz (%>

Pil’lchgyh w

(S(V), S(V)) —= CHEVED(5(v), S(V))

o™
where p, 5, is the map (4.15) from Definition 4.4.2. Since S(Ho(39T") @ V) is a
free graded commutative algebra, and all the maps involved in Diagram (4.19) are
maps of algebras, it is enough to check the commutativity of Diagram (4.19) on
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the generators. This is obvious for the generators lying in He<(X9") ® V since
they are of simplicial degree 1. As for the generators lying in Ho(X9T") @ V, by
functoriality and the definition of >’ (ov), it is sufficient to prove that the following
diagram is commutative

S(He(S*) @ V) S(He(S%?V S%H) V)

2 2 2
lss lss VS
52 :

CHS* (S(V),5(V)) Do gt sV, S(V))Pih”f CHE VS (s(V), S(V))

(on the normalized chains) Here, p is the algebra map defined on the generators by
the pinching map on homology

Ho(52) @V ™ 62y 52y o v,

Now the result follows from a straightforward computation. O

If (S(V),d) is a free model of a differential graded algebra (A,d4), then by
Proposition 3.3.20, there exists an algebra isomorphism

P HHs, (A A) = P HHz, (S(V), S(V)).
920 g>0

Further, CHg, (S(V), S(V)) is a filtred differential graded algebra with respect to
the filtration induced by the internal degree. This yields a spectral sequence of al-
gebras whose (Eg**, do) page is the Hochschild cochain complex CHg, (S(V), S(V))
of S(V') equipped with the zero differential. From Theorem 4.4.4, we easily deduce

Corollary 4.4.5. Let (S(V),d) be any free model of (A,da). The E'-term of the

above spectral sequence is
Ef’q = @ HOT)’LS(V) (S(q) (H.(Eg) X V), S(V))
g=>0
where the right hand side is equipped with the multiplication of Definition 4.4.2,

and S(q)(He(X9) ® V') consists of those polynomial of total external (homological)
degree q (that is the total degree coming from He(X9) is q); in particular ¢ > 0.

Example 4.4.6 (Odd spheres). Since spheres are formal, there is a (chain of)
quasi-isomorphism of differential graded commutative algebras between the forms
Q°S82+l and S(x) =2 H*(S**t1), where x is of degree |z| = 2n + 1. Applying
Proposition 3.3.20 and Theorem 4.4.4 we get that

HHg:g (QoSQnJrl7 Q.S2n+1) o~ S(Ig, aéll" 61 ,. . 9 wg)
where [29] = 20+ L[af| = -+ = |ag] = |8] = - = |ﬂg| — 2, and W] =
1 — 2n. The cup-product is given, for any polynomial P = P(a:g,af,ﬁjg,wg) €
S(x9,0f,...a9,8],...3,w9), by the formulee:

P(z? .{1 5‘-’,w9)Uxh — p(ngrh ag-i-h 5g+h )$g+h
p(x 176;17w9) — p(wngh aq+h 5q+h wg+h)wg+h7
P(29, 1,6577 9y u — P(xg+h q+h 5q+h wngh) 21?7
P(a9 l,ﬁj,uﬂ)uﬁh — P(ngrh g+h 6g+h ) gi]h’
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where the products on the right hand side are taken in the free graded commuta-
tive algebra S(z91", a"f+h, . ag"’h, f+h, .. .ﬁg+h,wg+h). Note that the center of
D,>0 HHs:, Q52+ Q052 is exactly H Hey (Q°52" 1, Q° §2n 1) = §(20, WY).

By Theorem 3.4.2, if n > 1, then® Hq(Map(X9, M)) = HHe, (Q° 5?7+ Q0 §2ntl)
and the surface product agrees with the cup product.

Example 4.4.7 (Lie groups). It is well-known that if G is a Lie group, then G is
rationally homotopy equivalent to a product S2%+1 x ... x §2de*1 of odd spheres
where e is the exponent of the group. Thus, by Proposition 3.3.20, Theorem 4.4.4,
and Example 4.4.6, we find that

HH, (Q°G,Q°G) = S(ay, o 5, 8] ;5 wi),

where k =1,...,e,and i,j = 1,...,¢g, and the degrees of the generators are given
by |zf| = 2dx + 1, |af ;| = 8] ;| = —2dy, and |w]| = 1 — 2dy. The formulae for
the cup product are similar to those in Example 4.4.6 (except for the additional
subscript k).

If G is simply connected, then it is automatically 2-connected, and, by Theo-
rem 3.4.2, the surface product agrees with the cup product through the isomorphism
He(Map(29,G)) 2 HH3, (G, Q°G).
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