ON THE IMAGE OF GALOIS L-ADIC REPRESENTATIONS FOR ABELIAN VARIETIES OF TYPE III

G. Banaszak, W. Gajda, P. Krasoń

Abstract. In this paper we investigate the image of the l-adic representation attached to the Tate module of an abelian variety defined over a number field. We consider simple abelian varieties of type III in the Albert classification cf.[M, Th.2, p. 201]. We compute the image of the l-adic and mod l Galois representations and we verify the Mumford-Tate conjecture for a wide class of simple abelian varieties of type III.

1. Introduction. In this paper we compute the image of l-adic and mod l Galois representations attached to certain abelian varieties of type III according to Albert classification list. We also prove the Mumford-Tate conjecture for these varieties. To be more precise, the main results of this paper concern the following class of abelian varieties:

Definition of class B.

Abelian variety A/F, defined over a number field F is of class B, if the following conditions hold:

(i) A is a simple, abelian variety of dimension g (ii) R = End¯_F (A) = End_F (A) and the endomorphism algebra D = R ⊗_Z Q, is of type III in the Albert list of division algebras with involution (cf. [M], Th.2, p. 201).

(iii) the field F is such that for every l the Zariski closure G^{alg}_l of ρ_l(G_F ) in GL_{Vl(A)}/Q_l is a connected algebraic group (iv) g = hed, where h is an odd integer, e = [E : Q] is the degree of the center E of D and d^2 = [D : E].

In sections 2 and 3 we give an explicit description of the endomorphism algebra and its involution for an abelian variety of type III as well as the relation to various bilinear forms coming from Weil pairing. This detailed treatment of endomorphism algebras and bilinear forms differs significantly from the approach of [C2] and [BGK2]. Due to our approach the proof of Theorem 3.29, in section 3, is achieved in a very simple and explicit way. Theorem 3.29 is an important tool which shows how to extract a symmetric form out of the Weil pairing, which is a symplectic form. In section 4 we compute Lie algebras that lead to the proof of Theorem 4.19. In section 5 we apply Theorem 4.19 in the proof of the Mumford-Tate conjecture for the abelian varieties of class B.

Typeset by AMS-TEX 1

Theorem 5.11. If A is an abelian variety of class B, then

G^{alg}_l = MT (A) ⊗ Q_l,

for every prime number l, where MT (A) denotes the Mumford-Tate group of A, i.e., the Mumford Tate conjecture holds true for A.

This generalizes the result of Tankeev [Ta] who proved the Mumford-Tate conjecture for abelian varieties of type III, with similar dimension restrictions, such that End(A) ⊗ Q has center equal to Q.

On the way of the proof of Mumford-Tate conjecture we also compute explicitly the Hodge group and prove that it is equal to the Lefschetz group. However it is not enough to get directly the Hodge conjecture for abelian varieties of type III of class B cf. [Mu]. The proof of Mumford-Tate conjecture and equality of Hodge and Lefschetz groups for abelian varieties of type I and II of class A in [BGK2] gave us the Hodge and Tate conjectures for these abelian varieties. In section 6 (Theorem 6.22, Corollary 6.26) we compute the images of l-adic and mod l representations for abelian varieties of class B. Finally in section 7 (Theorem 7.2) we prove an analogue of the open image Theorem of Serre cf. [Se1-Se4], [Se6] for abelian varieties of class B. Theorem 7.2. If A is an abelian variety of class B, then for every prime number l, ρ_l(G_F ) is open in the group C_R(GSp_{(Λ, κ)})(Z_l). In addition, for l ≫ 0 the subgroup ρ_l(G^′_F ) of C_R(Sp_{(Λ, κ)})(Z_l) is of index dividing 2^{r(l)}, where r(l) is the number of primes over l in O_E . More precisely (cf. 6.23) � λ|l π_λ(Spin_{(Tλ, ψλ)}(O_λ)) ⊂ ρ_l(G^′_F ) ⊂ � λ|l SO_{(Tλ, ψλ)}(O_λ),

2. Abelian varieties of type III and their endomorphisms algebras. Let A/F be a simple abelian variety of dimension g such that D = End¯_F (A)⊗_Z Q = End_F (A) ⊗_Z Q and the polarization of A is defined over F. We assume that A/F is an abelian variety over F of type III according to the Albert’s classification list (see [M], p. 201). Hence D is an indefinite quaternion algebra over E with center E, a totally real extension of Q of degree e such that for every imbedding E ⊂ R

D ⊗_E R = H.

Observe that in this case [D : E] = 4 so g = 2eh where e = [E : Q] and h is an integer. We take l ≫ 0 such that A has good reduction at all primes over l (cf. [ST]) and the algebra D splits over all primes over l and l does not divide the degree of the polarization. Let R_D be a maximal order in D. Since R = End¯_F (A) is an order in D, we observe that R ⊗_Z Z_l = R_D ⊗_Z Z_l for l that does not divide the index [R_D : R]. Since R is finitely generated, free Z module we check that R ∩ E = O^0_E is an order in O_E .

To get explicit information about the algebra D we start with a more general framework. Let D be a division algebra with two involutions ∗_1 and ∗_2 and center E. For each x ∈ D we will denote x^{∗i} to be the image of the involution ∗_i acting on x. By Skolem-Noether Theorem [R] p. 103 there is an element a ∈ D such that for each x ∈ D we have:

(2.1) x^{∗2} = a x^{∗1} a^{−1}.

Because ∗_i ∘ ∗_i = id_D, applying ∗_2 to (2.1) we get

(2.2) a^{∗1} = ϵa

for ϵ ∈ E and applying ∗_1 we check that ϵ^2 = 1 hence ϵ = 1 or ϵ = −1 c.f. [M] p. 195. Let E_0 = {c ∈ E; c^∗ = c}. Then E/E_0 is an extension of degree at most 2.

For a simple abelian variety of type III, E = E_0 and E is totally real cf. [M] p. 194. Also in this case ϵ = 1 in (2.2) (cf. [M] pp. 193-196 ). Hence a ∈ E and ∗_2 = ∗_1. Therefore the division algebra D coming from a simple abelian variety of type III has a unique positive involution ∗, the Rosati involution. Moreover the map D → D given by α → α^∗ is an isomorphism of E algebras so by [R] Cor. 7.14 p. 96 the algebra D gives an element of order 1 or 2 in Br(E). Since D is a noncommutative division algebra, it gives an element of order 2 in Br(E). By theorem of Suslin and Merkurjev [SM] for any field L such that μ_m ⊂ L and (char L, m) = 1 there is a natural isomorphism

(2.3) K_2(L)/m K_2(L)^{∼=} � Br(L)[m] ⊗ μ_m

If L is a number field, then by a result of Lenstra [Le] every element of K_2(L) is a single Steinberg symbol {c, d} for some c, d ∈ L.

Therefore for m = 2 and L = E the isomorphism (2.3) shows that D is isomorphic as an E-algebra to a division algebra

D(c, d) := {a_0 + a_1α + a_2β + a_3αβ; α^2 = c, β^2 = d, αβ = −βα}

This isomorphism induces the unique positive involution on D(c, d) which will also be denoted by ∗. Therefore ∗ must be the following natural positive involution

(a_0 + a_1α + a_2β + a_3αβ)^∗ = a_0 − a_1α − a_2β − a_3αβ

on D(c, d). From now on we identify D with D(c, d). Put L = E(α). Let η = a_0 +a_1α and γ = a_2 + a_3α. Hence

η + γβ = a_0 + a_1α + a_2β + a_3αβ.

For an element δ = e + fα ∈ L, with e, f ∈ E, put δ̄ = e − fα. The field L splits the algebra D(c, d). Namely we have an isomorphism of L algebras:

(2.4) D(c, d) ⊗_E L → M_{2,2}(L)

(η + γβ) ⊗ 1 → � η γ dγ̄ η̄ � from this isomorphism it is clear that

(η + γβ)^∗ = T r^0(η + γβ) − (η + γβ)

because by definition

T r^0(η + γβ) = T r � η γ dγ̄ η̄ � = 2a_0,

where T r^0 denotes the reduced trace (see [R] pp.112-116) from D(c, d) to E. The involution on M_{2,2}(L) induced by ∗ is of the following form:

(2.5) B^∗ = J B^t J^{−1}

where B ∈ M_{2,2}(L) and J = � 0 1 −1 0 �

Remark 2.6. It is clear that if we take in the above computations instead of L = E(α) the field E(β) or the field E(αβ) then they also split the algebra D by a formula similar to (2.4) and the involution ∗ will induce on M_{2,2}(E(β)) and M_{2,2}(E(αβ)) the involution given by formula (2.5).

Note that any maximal commutative subfield of D(c, d) has form E(a_1α + a_2β + a_3αβ) for some a_1, a_2, a_3 ∈ E not all equal to zero. If Nr^0 : D(c, d) → E denotes the reduced norm, then for every η + γβ ∈ D(c, d) :

Nr^0(η + γβ) = det � η γ dγ̄ η̄ � = (η + γβ)^∗(η + γβ) =

(2.7) = a^2_0 − a^2_1c − a^2d + a^2_3cd = a^2_0 − (a_1α + a_2β + a_3αβ)^2.

For some a_1, a_2, a_3 ∈ E not all equal to zero put α^′ := a_1α + a_2β + a_3αβ. If β^′ := b_1α + b_2β + b_3αβ, is an element of D(c, d), put c_1 := a_3b_2 − a_2b_3, c_2 := a_1b_3 − a_3b_1, c_3 := a_1b_2 − a_2b_1. Then

(2.8) α^′β^′ = a_1b_1c + a_2b_2d − a_3b_3cd + c_1dα + c_2cβ + c_3αβ and (2.9) det � � a_1 a_2 a_3 b_1 b_2 b_3 dc_1 cc_2 c_3

� � = −d c^2_1 − c c^2 + c^2_3 ≥ 0

Since c < 0 and d < 0, the determinat in (2.9) is zero if and only if elements α^′ and β^′ are linearly dependent over E. Hence it is possible to find β^′ in such a way that a_1b_1c + a_2b_2d − a_3b_3cd = 0 and the determinant in (2.9) is nonzero. With this choice of β^′ we see that c^′ := α^{′2} < 0, d^′ := β^{′2} < 0 and α^′β^′ = −β^′α^′. We observe that for any a^′_0, a^′_1, a^′_2, a^′_3 ∈ E

(2.10) (a^′_0 + a^′_1α^′ + a^′_2β^′ + a^′_3α^′β^′)^∗ = a^′_0 − a^′_1α^′ − a^′_2β^′ − a^′_3α^′β^′.

Hence D(c, d) = D(c^′, d^′) and we can use the field L = E(α^′) and the isomorphism (2.4) for this field to split our algebra D(c^′, d^′).

For a prime number l throughout the paper λ will denote an ideal in O_E such that λ|l and w will denote an ideal of O_L such that w|λ.

3. Bilinear forms associated with abelian varieties of type III. Put R_l = R ⊗ Z_l and D_l = D ⊗ Q_l. The polarization of A gives a Z-bilinear, non-degenerate, alternating pairing (3.1) κ : Λ × Λ → Z.

which upon tensoring with Z_l ([Mi], diagram on page 133) becomes Z_l-bilinear, non-degenerate, alternating pairing (3.2) κ_l : T_l(A) × T_l(A) → Z_l, easily derived from the Weil pairing. By assumption on l, for any α ∈ R_l we get α^∗ ∈ R_l, (see [Mi] chapter 13 and 17) where α^∗ is the image of α via the Rosati involution. Hence for any v, w ∈ T_l(A) we have κ_l(αv, w) = κ_l(v, α^∗w) (see loc. cit.). In case of an abelian variety which is not principally polarized, we take l that does not divide the degree of the polarisation of A to get α^∗ ⊗1 ∈ R⊗Z_l for α ∈ R. Let V_l(A) = T_l(A) ⊗_{Zl} Q_l, and let κ^0_l : V_l(A) × V_l(A) → Q_l be the bilinear form κ_l ⊗_{Zl} Q_l. By [BGK2] lemma 3.1 there is a unique O_{El} -bilinear form (3.3) ϕ_l : T_l(A) × T_l(A) → O_{El} such that T r_{El/Ql} (ϕ_l(v_1, v_2)) = κ_l(v_1, v_2) for all v_1, v_2 ∈ T_l(A). Put ϕ^0_l = ϕ_l ⊗_{Zl} Q_l, (3.4) ϕ^0_l : V_l(A) × V_l(A) → E_l. By uniqueness of the form ϕ_l for each α ∈ R_l and for all v_1, v_2 ∈ T_l(A) (3.5) ϕ_l(αv_1, v_2) = ϕ_l(v_1, α^∗v_2) hence ϕ^0_l (αv_1, v_2) = ϕ^0_l (v_1, α^∗v_2) for each α ∈ D_l and for all v_1, v_2 ∈ V_l(A). Define T̃_l(A) = T_l(A) ⊗_{O0E} O_L, Ṽ_l(A) = V_l(A) ⊗_E L and ϕ̃_l = ϕ_l ⊗_{O0E} O_L (3.6) ϕ̃_l : T̃_l(A) × T̃_l(A) → O_{Ll} . Hence ϕ̃^0_l = ϕ̃_l ⊗_{OL} L is the L_l bilinear form: (3.7) ϕ̃^0_l : Ṽ_l(A) × Ṽ_l(A) → L_l. The form ϕ̃_l is non-degenerate iff ϕ_l is non-degenerate. By (2.4) we get the following isomorphism (3.8) D ⊗_E L_l ∼= M_{2,2}(L_l).

We treat R ⊗_O0_E O_{Ll} as the subring of M_{2,2}(L_l) via isomorphism (3.8). Since R is a finitely generated O^0_E module and O_w is a PID we note that for all l ≫ 0 and all w|l the isomorphism (3.8) gives an imbedding R ⊗_O0_E O_w ⊂ M_{2,2}(O_w) of free O_w modules of rank 4. Since R is an order of D the matrices e_{ij} ∈ M_{2,2}(L_w) are actually in R ⊗_O0_E O_w for l ≫ 0 by (2.4), where e_{ij} has ij entry equal to 1 and all other entries equal to 0. So (3.8) induces an isomorphism R ⊗_O0_E O_w ∼= M_{2,2}(O_w ) hence also an isomorphism (3.9) R ⊗_O0_E O_{Ll} ∼= M_{2,2}(O_{Ll} ) From now on l ≫ 0 be such that (3.9) holds. In particular for such l the matrix J ∈ M_{2,2}(L_l) is an element of R ⊗_O0_E O_{Ll} .

Remark 3.10. We should note that an isomorphism between both sides of (3.9) can be obtained by Corollary 11.6 p. 134 and Theorem 17.3 p. 171 of [R] for all l ≫ 0. However these results give an isomorphism which comes from a conjugation by an element of D ⊗_E L_l ∼= M_{2,2}(L_l) (see [R] loc. cit.). To keep track of the action of the involution ∗ we prefer to use the isomorphism (3.9) induced by (3.8). Hence by (2.5) for each B ∈ R ⊗_O0_E O_{Ll} and for all v_1, v_2 ∈ T̃_l(A) ϕ̃_l(Bv_1, v_2) = ϕ̃_l(v_1, B^∗v_2) = ϕ̃_l(v_1, J B^t J^{−1}v_2).

Therefore for each B ∈ M_{2,2}(L_l) and for all v_1, v_2 ∈ Ṽ_l(A) ϕ̃^0_l (Bv_1, v_2) = ϕ̃^0_l (v_1, B^∗v_2) = ϕ̃^0_l (v_1, J B^t J^{−1}v_2).

Definition 3.11. Define a new bilinear form ψ̃_l as follows. ψ̃_l : T̃_l(A) × T̃_l(A) → O_{Ll} ψ̃_l(v_1, v_2) = ϕ̃_l(Jv_1, v_2).

Let ψ̃^0_l = ψ̃_l ⊗_{OL} L.

Proposition 3.12. The form ψ̃_l (ψ̃^0_l resp.) is non-degenerate iff ϕ̃_l (ϕ̃^0_l resp.) is non-degenerate. For each v, w ∈ T̃_l(A) and each B ∈ R ⊗_O0_E O_{Ll}

(3.13) ψ̃_l(Bv_1, v_2) = ψ̃_l(v_1, B^tv_2). Similarly, for each v_1, v_2 ∈ Ṽ_l and each B ∈ M_{2,2}(L_l) (3.14) ψ̃^0_l (Bv_1, v_2) = ψ̃^0_l (v_1, B^tv_2).

Moreover ψ̃_l (ψ̃^0_l resp.) is symmetric (resp. antisymmetric) if and only if ϕ̃_l (ϕ̃^0_l resp.) is antisymmetric (resp. symmetric). Proof.

ψ̃_l(Bv_1, v_2) = ϕ̃_l(JBv_1, v_2) = ϕ̃_l(v_1, JB^tJ^tJ^{−1}v_2) = ϕ̃_l(v_1, −JB^tv_2) =

= ϕ̃_l(v_1, JJ^tJ^{−1}B^tv_2) = ϕ̃_l(Jv_1, B^tv_2) = ψ̃_l(v_1, B^tv_2).

The remaining claim follows by Definition 3.11 and by the observation that J^t = J^{−1} = −J and JJ^tJ^{−1} = −J. □

Lemma 3.15. For l ≫ 0 the ideal λ | l splits completely in one of the maximal commutative subfields of D = D(c, d).

Proof. Inverting a finite set S of primes of Z if necessary we can assume that R is a maximal order of D with R∩E = O_{E,S} and R = O_{E,S} +O_{E,S}α+O_{E,S}β +O_{E,S}αβ. We assume that 2 ∈ S. Take l ≫ 0 such that l /∈ S and such that all primes of O_{E,S} are unramified primes for the algebra D cf. [R], Th. 32.1. Let t > 0 be an element of λ − λ^2. By [R], Th. 22.4, Th. 22.15 and Th. 24.13 there is a maximal ideal M ⊂ R such that Nr^0(M) = λ. Let m = a_0 + a_1α + a_2β + a_3αβ ∈ M be such that Nr^0(m) = t. By formula (2.7) t = a^2_0 − (a_1α + a_2β + a_3αβ)^2. Put α^′ := (a_1α+a_2β +a_3αβ). Let L := E(α^′). The ring of S-integers of L is O_{L,S} = O_{E,S} [α^′]. It follows by [R], Th. 32.1 that a_0 /∈ λ. Indeed, if a_0 ∈ λ, then (α^′)^2 ∈ λ − λ^2. Hence λ ramifies in O_{L,S} . But this contradicts [R], Th. 32.1 (ii). Hence (α^′)^2 is a square in O^×_λ . Hence λ splits in L. □

Remark 3.16. We need Lemma 3.15 to have very explicit formula for the splitting isomorphism for our algebra D (cf. 2.4) and for the extension of the involution ∗ to this split algebra cf. (2.5).

Proposition 3.17. Let w be a prime of L over a prime λ which splits in L. Then the involution ∗ induced on R ⊗_O0_E O_λ (on M_{2,2}(E_λ) resp.) from D has the form B^∗ = JB^tJ^{−1} for any B ∈ R ⊗_O0_E O_λ (for any B ∈ M_{2,2}(E_λ) resp.)

Proof. By (2.4) and (2.5) for any B ∈ M_{2,2}(L) we get B^∗ = JB^tJ^{−1}. But also by (2.4) and (3.8) we get:

(3.18) D ⊗_E L_w ∼= M_{2,2}(L) ⊗_L L_w ∼= M_{2,2}(L_w),

hence for any B ∈ M_{2,2}(L_w) we get B^∗ = JB^tJ^{−1}. Since λ splits completely in L the isomorphism (3.18) is just the isomorphism D ⊗_E E_λ ∼= M_{2,2}(E_λ) induced by (2.4). Hence for any B ∈ M_{2,2}(E_λ) we get B^∗ = JB^tJ^{−1} so identifying R ⊗_O0_E O_λ with a subring of M_{2,2}(E_λ) we get B^∗ = JB^tJ^{−1} for any B ∈ R ⊗_O0_E O_λ. □

Let e_λ be the idempotent corresponding to the decomposition O_{El} ∼= � λ|l O_λ.

Put T_λ(A) = e_λT_l(A) ∼= T_l(A)⊗_{OEl} O_λ, V_λ(A) = T_λ(A)⊗_{Oλ} E_λ. Define O_λ- bilinear form ϕ_λ = ϕ_l ⊗_O0_E O_λ. Put ϕ̃_w := ϕ̃_l ⊗_{OLl} O_w and ψ̃_w := ψ̃_l ⊗_{OLl} O_w. For l ≫ 0 such that λ splits in L, we have O_λ = O_w. Hence for such an l we get ϕ_λ = ϕ̃_w. This allows us to define the O_λ- bilinear form

(3.19) ψ_λ : T_λ(A) × T_λ(A) → O_λ,

ψ_λ(v_1, v_2) = ϕ_λ(Jv_1, v_2) for all v_1, v_2 ∈ T_λ(A). Observe that ψ_λ = ψ̃_w. This gives us corresponding k_λbilinear form ψ_λ = ψ_λ ⊗_{Oλ} k_λ and E_λ- bilinear form ψ^0_λ = ψ_λ ⊗_{Oλ} E_λ respectively:

(3.20) ψ_λ : A[λ] × A[λ] → k_λ,

(3.21) ψ^0_λ : V_λ(A) × V_λ(A) → E_λ.

Corollary 3.22. Let λ be a prime of E such that λ splits in L. Then for any v_1, v_2 ∈ T_λ(A) and any B ∈ R ⊗_O0_E O_λ

ψ_λ(Bv_1, v_2) = ψ_λ(v_1, B^tv_2)

Hence for any v_1, v_2 ∈ A[λ] and any B ∈ R ⊗_O0_E k_λ ∼= M_{2,2}(k_λ) (resp. for any v_1, v_2 ∈ V_λ(A) and any B ∈ M_{2,2}(E_λ))

ψ_λ(Bv_1, v_2) = ψ_λ(v_1, B^tv_2)

( resp. ψ^0_λ(Bv_1, v_2) = ψ_λ(v_1, B^tv_2) )

Proof. The Corollary follows from Propositions 3.12 and 3.17. □

Remark 3.23. All bilinear forms ψ_λ, ψ_λ and ψ^0_λ are symmetric and non-degenerate. This follows by results of this section, Lemmas 3.1 and 3.2 of [BGK2] and by the non-degeneracy of the independent of l pairing (3.1).

We proceed to investigate some natural Galois actions. From now on, we assume that R = End¯_F (A) = End_F (A). Consider the representations:

ρ_l : G_F → GL(T_l(A))

ρ^0_l : G_F → GL(V_l(A)) ρ_l : G_F → GL(A[l]) Let G^{alg}_l be the Zariski closure of ρ_l(G_F ) in GL_{Tl(A)} and let G^{alg}_l be the Zariski closure of ρ^0_l (G_F ) in GL_{Vl(A)}. Let G(l)^{alg} be the special fiber of G^{alg}_l /Z_l. Note that G^{alg}_l is the general fiber of G^{alg}_l /Z_l. This gives natural representations:

ρ_λ : G_F → GL(T_λ(A))

ρ^0_λ : G_F → GL(V_λ(A)) ρ_λ : G_F → GL(A[λ]) We can also define G^{alg}_λ to be the Zariski closure of ρ_λ(G_F ) in GL_{Tλ(A)} and let G^{alg}_λ be the Zariski closure of ρ^0_λ(G_F ) in GL_{Vλ(A)}. Let G(λ)^{alg} be the special fiber of G^{alg}_λ /O_λ. Then, G^{alg}_λ is the general fiber of G^{alg}_λ /O_λ.

Lemma 3.24. Let χ_λ : G_F → Z_l ⊂ O_λ be the composition of the cyclotomic character with the natural imbedding Z_l ⊂ O_λ. Let l ≫ 0 be such that λ|l be a prime of E which splits in L.

(i) For any σ ∈ G_F and all v_1, v_2 ∈ T_λ(A)

ψ_λ(σv_1, σv_2) = χ_λ(σ)ψ_λ(v_1, v_2).

(ii) For any B ∈ R ⊗_O0_E O_λ and all v_1, v_2 ∈ T_λ(A)

ψ_λ(Bv_1, v_2) = ψ_λ(v_1, B^tv_2).

Proof. The part (i) follows by [C2 Lemma 2.3] or [BGK2, Lemma 4.7] and also by (3.19) and by definition 3.11 because the G_F action commutes with the action of R on T_l(A). Indeed [C2 Lemma 2.3] and [BGK2, Lemma 4.7] concern the pairing ϕ_λ but ψ_λ(v, w) = ϕ_λ(Jv, w) and J commutes with the G_F -action by assumption so we get immediately statement (i) for ψ_λ. The part (ii) of the Lemma follows by Corollary 3.22. □

Let D_λ := D ⊗_E E_λ R_λ := R ⊗_O0_E O_λ. By [Fa], Th. 3 and [BGK2] lemma 4.17 G_F acts on both V_λ(A) and A[λ] semi-simply and G^{alg}_λ and G(λ)^{alg} are reductive algebraic groups. Hence G^{alg}_λ is a reductive group scheme over O_λ for l ≫ 0 by [LP] Prop. 1.3 cf. [Wi] Th. 1.

Take λ|l a prime of E which splits in L. Then by (2.7) D_λ ∼= M_{2,2}(E_λ). By (2.8) R_λ ∼= M_{2,2}(O_λ), so R_λ⊗_{Oλ} k_λ ∼= M_{2,2}(k_λ). Let t = � 1 0 0 −1 � , u = � 0 1 1 0 � .

Let f =^1_2 (1 + u), X = f T_λ(A), Y = (1 − f) T_λ(A). Put X = X ⊗_{Oλ} E_λ, Y = Y⊗_{Oλ} E_λ, X = X ⊗_{Oλ} k_λ, Y = Y⊗_{Oλ} k_λ. Because tft = 1−f, the matrix t gives an O_λ[G_F ]-isomorphism between X and Y, hence it gives an E_λ[G_F ]-isomorphism between X and Y and a k_λ[G_F ]-isomorphism between X and Y. Using the computations of endomorphism algebras by [Fa], Satz 4 and [Za], Cor. 5.4.5 we get:

(3.25) End_{Oλ[GF ]} (X ) = O_λ

(3.26) End_{Eλ[GF ]} (X) = E_λ

(3.27) End_{kλ [GF ]} (X ) = k_λ.

So the representations of G_F on the spaces X and Y (resp. X and Y ) are absolutely irreducible over E_λ (resp. over k_λ). Hence, the bilinear form ψ^0_λ (resp. ψ_λ) when restricted to any of the spaces X, Y (resp. spaces X and Y) is either non-degenerate or isotropic.

Lemma 3.28. The modules X and Y are orthogonal with respect to ψ_λ. Consequently the modules X and Y (resp. X and Y) are orthogonal with respect to ψ^0_λ (resp. ψ_λ).

Proof. Note that uf = f and u(1 − f) = −(1 − f). Hence for every v ∈ X and for every w ∈ Y we get uv = v and uw = −w. Hence

ψ_λ(v, w) = ψ_λ(uv, w) = ψ_λ(v, u^tw) = ψ_λ(v, uw) = ψ_λ(v, −w) = −ψ_λ(v, w).

Hence ψ_λ(v, w) = 0 for every v ∈ X and for every w ∈ Y. □

Theorem 3.29. Let A be of type III and l ≫ 0. Then there is a free O_λ-module W_λ(A) of rank 2h such that

(i) T_λ(A) ∼= W_λ(A) ⊕ W_λ(A) as O_λ[G_F ]- modules (ii) there exists a symmetric, non-degenerate pairing

ψ_λ : W_λ(A) × W_λ(A) → O_λ (ii’) For W_λ(A) = W_λ(A) ⊗_{Oλ} E_λ the induced symmetric pairing ψ^0_λ : W_λ(A) × W_λ(A) → E_λ is non-degenerate. The G_F module W_λ(A) is absolutely irreducible.

(ii”) For W_λ(A) = W_λ(A) ⊗_{Oλ} k_λ the induced symmetric pairing ψ_λ : W_λ(A) × W_λ(A) → k_λ is non-degenerate. The G_F module W_λ(A) is absolutely irreducible.

Pairings (ii), (ii’) and (ii”) are compatible with the G_F -action in the same way as the pairing in Lemma 3.24 (i).

Proof. Part (i) follows by taking W_λ(A) = X . We get part (ii) restricting ψ_λ to X . To finish the proof observe that the form (3.2) is non-degenerate so ψ_l = ψ_l ⊗ F_l is non-degenerate for any abelian variety with polarization degree prime to l. By Lemma 3.2 [BGK2] the form ψ_λ is non-degenerate for all λ hence the forms ψ^0_λ and ψ_λ are simultaneously non-degenerate. Hence (ii’) and (ii”) follow by and (3.26) and (3.27) and also by Remark 3.23, Lemma 3.28. □

4. Representations associated with Abelian varieties of type III. Let A/F be an abelian variety of type III. The field of definition F is such that G^{alg}_l is a connected algebraic group. Let us put T_λ = W_λ(A), V_λ = T_λ ⊗_{Oλ} E_λ and A_λ = V_λ/T_λ. With this notation by Theorem 3.29 we have V_l(A) = � λ|l � V_λ ⊕V_λ � . We put (4.1) V_l = � λ|l V_λ

Let V_{Φλ} be the space V_λ considered over Q_l. Then there is the following equality of Q_l-vector spaces:

(4.2) V_l = � λ|l V_{Φλ}

The l-adic representation (4.3) ρ^0_l : G_F −→ GL(V_l(A)) induces the following representations (note that we use the notation ρ^0_l for both representations (4.4) and (4.5) cf. Remark 5.13 [BGK2]): (4.4) ρ^0_l : G_F −→ GL(V_l)

(4.5) ρ^0_λ : G_F −→ GL(V_λ) The representation ρ_{Φλ} was defined in [BGK2]: (4.6) ρ_{Φλ} : G_F −→ GL(V_{Φλ} ).

By Theorem 3.29 (cf. [BGK2], Remark 5.13) the group scheme G^{alg}_l (resp. G^{alg}_λ ) is naturally isomorphic to the Zariski closure in GL_{Vl} (resp. GL_{Vλ} ) of the image of the representation ρ_l of (4.4) (resp. ρ_λ of (4.5)). Let G^{alg}_{Φλ} denote the Zariski closure in GL_{VΦλ} of the image of the representation ρ_{Φλ} of (4.6). Let g_l = Lie(G^{alg}_l ), g_λ = Lie(G^{alg}_λ ) and let g_{Φλ} = Lie(G^{alg}_{Φλ} ). By definition G^{alg}_l ⊂ � λ|lG^{alg}_{Φλ} so g_l ⊂ � λ|lg_{Φλ} . This implies:

(4.7) (G^{alg}_l )^′ ⊂ � λ|l (G^{alg}_{Φλ} )^′

(4.8) g^{ss}_l ⊂ � λ|l g^{ss}_{Φλ} .

Similarly to previos section we work with abelian varieties of type III. In this section we compute the Lie algebras corresponding to representations we consider. Some results that we proved in [BGK2] for abelian varieties of type I and II work as well for abelian varieties of type III. Since the detailed proofs of these results were given in [BGK2] we will merely reformulate them for abelian varieties of type III.

Lemma 4.9. The following natural map of Lie algebras: g^{ss}_l → g^{ss}_{Φλ} is surjective.

Proof. The proof is the same as the proof of Lemma 5.20 of [BGK2]. □ Lemma 4.10. Let A/F be an abelian variety over F of type III such that End_F (A) = End_F (A). Then End_{gλ} (V_λ) ∼= End_{Eλ[GF ]} (V_λ) ∼= E_λ End_{gΦλ} (V_{Φλ} ) ∼= End_{Ql[GF ]} (V_{Φλ} ) ∼= E_λ.

Proof. The same proof as the proof of Lemma 5.22 of [BGK2]. □ Define the following subgroups of GL(V_λ):

GO_{(Vλ ,ψλ)} = {A ∈ GL_{Vλ} : ψ_λ(Av_1, Av_2) = c_λ(A)ψ_λ(v_1, v_2) for all v_1, v_2 ∈ V_λ} O_{(Vλ ,ψλ)} = {A ∈ GL_{Vλ} : ψ_λ(Av_1, Av_2) = ψ_λ(v_1, v_2) for all v_1, v_2 ∈ V_λ} Denote by SO_{(Vλ,ψλ)} the connected component of identity in O_{(Vλ ,ψλ)} By Lemma 3.24 we see that ρ_λ(G_F ) ⊂ GO_{(Vλ,ψλ)} and therefore G^{alg}_λ ⊂ GO_{(Vλ ,ψλ)}. This of course implies that (G^{alg}_λ )^′ ⊂ O_{(Vλ,ψλ)}. Extending the base field F if necessary one can assume that G^{alg}_λ and hence (G^{alg}_λ )^′ are connected (cf. [C1] Prop.(3.6)). This gives the inclusions (4.11) (G^{alg}_λ )^′ ⊂ SO_{(Vλ ,ψλ)} and (4.12) g^{ss}_λ ⊂ so_{(Vλ ,ψλ)}. Lemma 4.13. g^{ss}_λ = so_{(Vλ,ψλ)}.

Proof. The proof is similar to the proof of Lemma 3.2 [BGK1] and Lemma 5.33 [BGK2]. Since type III is more exotic then type I and II, we will give here a complete proof. Observe that the minuscule conjecture for the λ-adic representations ρ_F : G_F → GL(V_λ) holds. Namely by [P], Corollary 5.11, we know that g^{ss}_l ⊗ Q̄_l may only have simple factors of types A, B, C or D with minuscule weights. By Lemma 4.9 the natural map of Lie algebras (4.14) g^{ss}_l → g^{ss}_{Φλ} is surjective. Hence by the semisimplicity of g^{ss}_l the simple factors of g^{ss}_{Φλ} ⊗ Q̄_l are are also of types A, B, C or D with minuscule weights. By Proposition 2.12 of [BGK2]and Lemmas 2.21, 2.22, 2.23 of [BGK2] there is an isomorphism of Q_l Lie algebras:

(4.15) g^{ss}_{Φλ} ∼= R_{Eλ/Ql} g^{ss}_λ .

The isomorphisms g^{ss}_{Φλ} ⊗_{Ql} Q_l ∼= g^{ss}_λ ⊗_{Eλ} E_λ⊗_{Ql} Q_l ∼= � E_λ→Q_l g ss λ ⊗_{Eλ} Q_l imply that simple factors of g^{ss}_λ ⊗_{Eλ} Q_l are of types A, B, C or D with minuscule weights. Put V̄_λ = V_λ ⊗ Q_l. We have the decomposition:

V̄_λ = E(ω_1) ⊗_{Ql} · · · ⊗_{Ql} E(ω_r),

where E(ω_i), for all 1 ≤ i ≤ r, are the irreducible Lie algebra modules of the highest weight ω_i. The modules E(ω_i) correspond to simple Lie algebras g_i which are summands of the image Im � g^{ss}_λ ⊗ Q_l → so_{2h}(V_λ) � = g_1 ⊕ · · · ⊕ g_r.

By [B] Chap.VIII Proposition 12 E(ω_i) are symplectic or orthogonal. By Corollary 5.11 [P] all simple factors of g^{ss}_λ ⊗ Q_l are of classical type A, B, C and D and the weights ω_1, . . . , ω_r are minuscule. All minuscule weights and dimensions of representations are listed in [B], Chap. VIII, Tables 1 and 2 and in [H2], p. 72. Since h is odd, the investigation of the tables of minuscule weights and the dimensions of associated representations shows that the tensor product can contain only one factor which is orthogonal and is either of type D_n, weight w_1 and dimension 2n or of type A_{4k+3}, weight w_{2k+2} and dimension

�_{4k+4}

2k+2 � . Hence V_λ is an irreducible g^{ss}_λ -module and we get g^{ss}_λ = so_{(Vλ,ψλ)}. □ Lemma 4.16. There are natural isomorphisms of Q_l-algebras.

End_gss_{Φλ} (V_{Φλ} ) ∼= End_gss_λ (V_λ) ∼= E_λ

Proof. The same proof as the proof of Lemma 5.35 of [BGK2]. □

Proposition 4.17. There is an equality of Lie algebras:

(4.18) g^{ss}_l = � λ|l g^{ss}_{Φλ}

Proof. By use of (4.8 ) and Lemma 4.16 the proof is the same as the proof of Proposition 5.39 of [BGK2]. □

Theorem 4.19. There is an equality of group schemes over Q_l:

(4.20) (G^{alg}_l )^′ = � λ|l R_{Eλ/Ql} SO_{(Vλ ,ψλ)}.

Proof. By [BGK2], Prop. 2.12 we get:

(4.21) G^{alg}_{Φλ} ∼= R_{Eλ/Ql} G^{alg}_λ ⊂ R_{Eλ/Ql} GO_{(Vλ ,ψλ)}.

Hence it follows from [BGK2], Lemma 2.23 that

(4.22) (G^{alg}_{Φλ} )^′ ⊂ R_{Eλ/Ql} SO_{(Vλ,ψλ)}.

By (4.7 ) and (4.22) we have an imbedding of two connected group schemes over Q_l :

(G^{alg}_l )^′ ⊂ � λ|l R_{Eλ/Ql} SO_{(Vλ,ψλ)}.

But this imbedding induces the Lie algebra isomorphism of Proposition 4.17 hence the theorem follows by Prop. 4.17 and [H1], Theorem on page 87 and [H1], Prop. on page 110. □ 5. Mumford-Tate conjecture for abelian varieties of type III.

Choose an imbedding of F into the field of complex numbers C. Let V = H^1(A(C), Q) be the singular cohomology group with rational coefficients. Consider the Hodge decomposition V ⊗_Q C = H^{1,0} ⊕ H^{0,1},

where H^{p,q} = H^p(A; Ω^q_{A/C}) and H^{p,q} = H^{q,p}. Observe that H^{p,q} are invariant subspaces with respect to D = End_F (A)⊗Q action on V ⊗_Q C. Hence, in particular H^{p,q} are E-vector spaces. Let

κ : V × V → Q

be the Q-bilinear, nondegenerate, alternating form coming from the Riemann form of A. Define the cocharacter

μ_∞ : G_m(C) → GL(V ⊗_Q C) = GL_{2g} (C)

such that, for any z ∈ C^×, the automorphism μ_∞(z) is the multiplication by z on H^{1,0} and the identity on H^{0,1}.

Definition 5.1. The Mumford-Tate group of the abelian variety A/F is the smallest algebraic subgroup MT (A) ⊂ GL_{2g} , defined over Q, such that MT (A)(C) contains the image of μ_∞. The Hodge group H(A) is by definition the connected component of the identity in MT (A) ∩ SL_V .

MT (A) is a reductive group (see [D], [G]). Since, by definition

μ_∞(C^×) ⊂ GSp_{(V, κ)}(C),

it follows that the group MT (A) is a subgroup of the group of symplectic similitudes GSp_{(V, κ)} and that

(5.2) H(A) ⊂ Sp_{(V, κ)}.

Definition 5.3. The algebraic group L(A) = C^∘_D(Sp_{(V, κ)}) is called the Lefschetz group of an abelian variety A. Note that the group L(A) does not depend on the form κ cf. [R2].

Before investigating further Mumford-Tate group let us make two general remarks concerning centralizers of group schemes which we will often use.

Remark 5.4. Let B_1 ⊂ B_2 be two commutative rings with identity. Let Λ be a free, finitely generated B_1-module such that it is also an R-module for a B_1-algebra R. Let G be a B_1-group subscheme of GL_Λ. Then C_R(G) will denote the centralizer of R in G. The symbol C^∘_R(G) will denote the connected component of identity in C_R(G). Let β : Λ × Λ → B_1 be a bilinear form and let G_{(Λ,β)} ⊂ GL_Λ be the subscheme of GL_Λ of the isometries with respect to the form β. Then we check that C_R(G_{(Λ,β)}) ⊗_{B1} B_2 ∼= C_{R⊗B1 B2} (G_{(Λ⊗B1 B2 , β⊗B1 B2 )}).

Remark 5.5. Let L/K be a finite separable field extension. Let V be a finite dimensional vector space and let ϕ : V × V → L be a nondegenerate bilinear form. Assume that G_{(V,ϕ)} is a connected algebraic group. Then there is natural isomorphism R_{L/K} G_{(V,ϕ)} ∼= C^∘_L(G_{(V, T rL/K ϕ)}).

By [D], Sublemma 4.7, there is a unique E-bilinear, nondegenerate, alternating pairing ϕ : V × V → E

such that T r_{E/Q}(ϕ) = κ. Since the actions of H(A) and L(A) on V commute with the D-structure, and since R_{E/Q}(Sp_{(V, ϕ)}) = C_E (Sp_{(V, κ)}) by Remark 5.5 we get

(5.6) H(A) ⊂ L(A) = C^∘_D(R_{E/Q}(Sp_{(V, ϕ)})) ⊂ C_D(R_{E/Q}(Sp_{(V, ϕ)})).

If L/Q is a field extension of Q we put

MT (A)_L := MT (A) ⊗_Q L, H(A)_L := H(A) ⊗_Q L, L(A)_L := L(A) ⊗_Q L.

Conjecture 5.7 (Mumford-Tate cf. [Se5], C.3.1). If A/F is an abelian variety over a number field F , then for any prime number l

(5.8) (G^{alg}_l )^∘ = MT (A)_{Ql} ,

where (G^{alg}_l )^∘ denotes the connected component of the identity.

Theorem 5.9 (Deligne [D], I, Prop. 6.2). If A/F is an abelian variety over a number field F and l is a prime number, then

(5.10) (G^{alg}_l )^∘ ⊂ MT (A)_{Ql} .

Theorem 5.11. The Mumford-Tate conjecture holds true for abelian varieties of class B.

Proof. It is enough to verify (5.8) for a single prime l only due to [LP], Theorem 4.3. Hence we can use the equality (4.20) for a big enough prime l. The proof goes similarly to the proof of Theorem 7.12 in [BGK2], although we need to make careful transition, at certain point, from symplectic form to symmetric form to be able to apply the results of previous sections of this paper. It is known that H(A) is semisimple (cf. [G], Prop. B.63) and the center of MT (A) is G_m (cf. [G], Cor. B.59). In addition MT (A) = G_mH(A), hence (5.12) (MT (A)_{Ql} )^′ = (H(A)_{Ql} )^′ = H(A)_{Ql} . By (4.20), (5.9) and (5.12)

(5.13) � λ|l R_{Eλ/Ql} (SO_{(Vλ ,ψ}0_{λ)}) ⊂ H(A)_{Ql} .

By (5.6) and Remark 5.5 we have: H(A)_{Ql} ⊂ L(A)_{Ql} ⊂

(5.14) ⊂ C_D (R_{E/Q}(Sp_{(V, ϕ)})) ⊗_Q Q_l ∼= � λ|l C_{Dλ} (R_{Eλ/Ql} (Sp_{(Vλ(A), ϕ}0_{λ)})).

where κ_l = κ ⊗_Q Q_l and κ_l is essentially the Weil pairing cf. [Mi], diagram on p. 133. By definition of the forms ϕ_λ and ψ_λ we have: (5.15) C_{Dλ} (Sp_{(Vλ(A), ϕ}0_{λ)}) ∼= C_{Dλ} (SO_{(Vλ (A), ψ}0_{λ)}). So by (5.13), (5.14) and (5.15) we have � λ|l R_{Eλ/Ql} (SO_{(Vλ ,ψ}0_{λ)}) ⊂ H(A)_{Ql} ⊂

(5.16) ⊂ L(A)_{Ql} ⊂ � λ|l C_{Dλ} (R_{Eλ/Ql} (SO_{(Vλ (A), ψ}0_{λ)})).

Observe that V_λ(A) ∼= V_λ ⊕ V_λ by Theorem 3.29. Moreover D_λ = M_{2,2}(E_λ) by assumption on λ. Hence evaluating left and right sides of the inclusion (5.16) on the Q_l-points, we get equality with both sides equal to � λ|l � E_λ→Q_l

(SO_{(Vλ,ψλ)})(Q_l)

which is an irreducible algebraic variety over Q_l. Then we use Prop. II, 2.6 and Prop. II, 4.10 of [H] in order to conclude that the groups H(A)_{Ql} , L(A)_{Ql} and � λ|l C_{Dλ} (R_{Eλ/Ql} (SO_{(Vλ (A), ψ}0_{λ)})) = � λ|l C_{Dλ} (SO_{(Vλ(A), ψ}0_{λ)})) are connected and (5.16) becomes the following equality by use of Remark 5.5:

(5.17) � λ|l R_{Eλ/Ql} (SO_{(Vλ,ψ}0_{λ)}) = H(A)_{Ql} = L(A)_{Ql} = � λ|l C_{Dλ} (SO_{(Vλ (A), ψ}0_{λ)})).

The equalities (4.20), (5.17) and [Bo], Corollary 1. p. 702 give (5.18) MT (A)_{Ql} = G_mH(A)_{Ql} = G_m(G^{alg}_l )^′ ⊂ G^{alg}_l . The Theorem follows by (5.10) and (5.18). □

Corollary 5.19. If A is an abelian variety of class B then (5.20) H(A) = L(A) = C^∘_D (R_{E/Q}(Sp_{(V, ϕ)})) = C_D (R_{E/Q}(Sp_{(V, ϕ)})) Proof. By (5.6) and (5.17) we get equality of Lie algebras

Lie H(A) = Lie L(A) = Lie C^∘_D(R_{E/Q}(Sp_{(V, ϕ)})) = Lie C_D (R_{E/Q}(Sp_{(V, ϕ)})) of connected group schemes. Hence (5.20) follows by (5.6) and Theorem p. 87 [H1]. Conjecture 5.21 (Lang). Let A be an abelian variety over a number field F. Then for l ≫ 0 the group ρ_l(G_F ) contains the group of all homotheties in GL_{Tl(A)}(Z_l). Theorem 5.22 (Wintenberger [Wi], Cor. 1, p.5). Let A be an abelian variety over a number field F . The Lang conjecture holds for such abelian varieties A for which the Mumford-Tate conjecture holds or if dim A < 5.

Theorem 5.23. The Lang’s conjecture holds true for abelian varieties of class B. Proof. It follows by Theorem 5.11 and Theorem 5.22. □ Consider the bilinear form (3.1). Abusing notation sligthly, we will denote also by κ the Riemann form κ ⊗_Z Q, i.e.:

(5.24) κ : V × V → Q.

We have:

H^1(A(C); C) ∼= V ⊗_Q C ∼= � σ:E→C

V ⊗_{E,σ} C.

Put V_σ (A) = V ⊗_{E,σ} C and let κ_σ be the form κ ⊗_{E,σ} C : V_σ (A) ⊗_C V_σ (A) → C.

Since A is of type III there is an isomorphism D ⊗_E C ∼= D ⊗_E R ⊗_R C ∼= H ⊗_R C ∼= M_{2,2}(C). Define the bilinear form: ψ_σ : V_σ (A) × V_σ (A) → C by the formula ψ_σ (v_1, v_2) := κ_σ(Jv_1, v_2).

Lemma 5.25. If A is simple abelian variety of type III, then for each σ : E → C there is an C-vector space W_σ (A) of dimension^g_e =^{4 dimA}_{[D: Q]} such that:

(i) V_σ (A) ∼= W_σ (A) ⊕ W_σ (A), (ii) the restriction of ψ_σ to W_σ (A) gives a nondegenerate, alternating pairing ψ_σ : W_σ (A) × W_σ (A) → C.

Proof. The idea of the proof is the same as the proof of Theorem 3.29. Namely, using some arguments that gave the proof of Corollary 3.22 we show that: ψ_σ (Bv_1, v_2) = ψ_σ (v_1, B^tv_2) for every B ∈ M_{2,2}(C). Let t, u, f, e ∈ M_{2,2}(C) be the matrices defined in section 3. Define W_σ (A) := fV_σ (A). Repeating the argument of Lemma 3.28 finishes the proof. □

Corollary 5.26. If A is an abelian variety of class B, then (5.27) H(A)_C = L(A)_C = � σE→C

SO_{(Wσ (A), ψσ )}.

Proof. With use of Lemma 5.25 and the argument similar to the proof of formula (5.17) we obtain C^∘_D (R_{E/Q}(Sp_{(V, ϕ)})) ⊗_Q C ∼= � σE→C

SO_{(Wσ (A), ψσ )}.

Hence (5.27) follows by (5.20). □ 6. Images of the Galois representations ρ_l and ρ_l.

In this section we explicitly compute the images of the l-adic representations induced by the action of the absolute Galois group on the Tate module of abelian varieties of types III .

By Theorem 3.29 (i) the representation ρ_λ induces naturally the representation (denoted in the same way) ρ_λ : G_F → GL(T_λ).

Moreover by Theorem 3.29 (ii) (6.1) ρ_l(G_F ) ⊂ � λ|l GO_{(Tλ ,ψλ)}(O_λ) = � λ|l R_{Oλ/Zl} (GO_{(Tλ ,ψλ)})(Z_l).

By (6.1) there is a closed immersion (6.2) G^{alg}_l ⊂ � λ|l R_{Oλ/Zl} (GO_{(Tλ ,ψλ)})

which implies:

(6.3) ρ_l(G_F ) ⊂ G^{alg}_l (Z_l) ⊂ � λ|l R_{Oλ/Zl} (GO_{(Tλ ,ψλ)})(Z_l)

Since l is unramified in E, there is natural isomorphism R_{Oλ/Zl} (.)⊗_{Zl} F_l ∼= R_{kλ/Fl} (.) To see this isomorphism elementary use [BGK2] Remark 2.8 and modification of Lemma 2.1 of [BGK2] to the case of R_{Oλ/Zl} . Changing base in (6.2) we get a natural closed immersion of group schemes: (6.4) G(l)^{alg} ⊂ � λ|l R_{kλ/Fl} (GO_{(Aλ [λ], ψλ)}).

Where A_λ[λ] = W_λ(A) and A[λ] ∼= A_λ[λ] ⊕ A_λ[λ] cf. Theorem 3.13 (i), (ii”). Hence going mod l in (6.3) brings us to: (6.5) ρ_l(G_F ) ⊂ G(l)^{alg} (F_l) ⊂ � λ|l R_{kλ /Fl} (GO_{(Aλ [λ], ψλ)})(F_l).

Because extracting derived subgroup commutes with base change (see [BGK2], Remark 6.8), and because (G^{alg}_l )^′ (resp. (G(l)^{alg} )^′ are connected, by (6.2) (resp. by (6.4)) we get (6.6) (G^{alg}_l )^′ ⊂ � λ|l R_{Oλ/Zl} (SO_{(Tλ ,ψλ)})

(6.7) (G(l)^{alg} )^′ ⊂ � λ|l R_{kλ/Fl} (SO_{(Aλ[λ], ψλ)}).

Proposition 6.8. Let A/F be an abelian variety of class B. Then for all l ≫ 0, we have equalitiy of ranks of group schemes over F_l: (6.9) rank (G(l)^{alg} )^′ = rank � λ|l R_{kλ/Fl} (SO_{(Aλ[λ], ψλ)})

Proof. Taking into account Lemma 6.1 of [BGK2] and Th. 4.19, the proof is the same as the proof of Theorem 6.6 of [BGK2] by use of (6.7). □ Theorem 6.10. Let A/F be an abelian variety of class B. Then for all l ≫ 0, we have the equality of group schemes: (6.11) (G(l)^{alg} )^′ = � λ|l R_{kλ/Fl} (SO_{(Aλ[λ], ψλ)})

Proof. Projecting onto the λ component in (6.7) we obtain the representation (6.12) ρ_{Φλ} : (G(l)^{alg} )^′ → R_{kλ /Fl} (SO_{(Aλ [λ], ψλ)}), This gives the representation:

(6.13) (G(l)^{alg} )^′ ⊗_{Fl} k_λ → SO_{(Aλ[λ], ψλ)}. By (3.27) we have the natural isomorphism: (6.14) (End_{kλ [GF ]} A_λ[λ]) ⊗_{kλ} L ∼= L for any field extension L/k_λ. Hence by (6.13), (6.14) and the Schur’s Lemma it follows that:

ρ_{Φλ} (Z((G(l)^{alg} )^′ ⊗_{Fl} k_λ)) ⊂ k^×_λ Id_{Aλ[λ]}. Hence by (6.13) ρ_{Φλ} (Z((G(l)^{alg} )^′ ⊗_{Fl} k_λ)) ⊂ μ_2 which implies that ρ_{Φλ} (Z((G(l)^{alg} )^′)) ⊂ R_{kλ /Fl} (μ_2).

Hence

Z((G(l)^{alg} )^′) ⊂ � λ|l R_{kλ/Fl} (μ_2) ⊂ Z( � λ|l R_{kλ/Fl} (SO_{(Aλ[λ], ψλ)})).

Since both groups (G(l)^{alg} )^′ and � λ|l R_{kλ /Fl} (SO_{(Aλ [λ], ψλ)}) are reductive, the proof is finished in the same way as the proof of Lemma 3.4 in [BGK1]. □ Let ~G denote the universal cover for a group scheme G see [Ch], [St], [SGA3]. Remark 6.15. Let G_1 and G_2 be group schemes over a field L. Then ~G_1 ×_L G_2 ∼= ~G_1 ×_L ~G_2. In addition for a finite separable extension L/K there is a natural isomorphism ~

R_{L/K} (G) ∼= R_{L/K} ( ~G). We can see these isomorphisms by comparing root lattices.

Let Spin_{(Tλ, ψλ)}, (Spin_{(Vλ, ψλ)} resp.), (Spin_{(Aλ[λ], ψλ)} resp.) denote the universal cover of the group scheme SO_{(Tλ , ψλ)}, (SO_{(Vλ , ψλ)} resp.), (SO_{(Aλ[λ], ψλ)} resp.). Consider the following, short exact sequences of group schemes: (6.16) 1 −−−−→ μ_2 −−−−→ Spin_{(Tλ, ψλ)}^{πλ}−−−−→ SO_{(Tλ, ψλ)} −−−−→ 1

(6.17) 1 −−−−→ μ_2 −−−−→ Spin_{(Vλ, ψλ)}^{πλ}−−−−→ SO_{(Vλ, ψλ)} −−−−→ 1

(6.18) 1 −−−−→ μ_2 −−−−→ Spin_{(Aλ[λ], ψλ)}^{πλ}−−−−→ SO_{(Aλ[λ], ψλ)} −−−−→ 1 The sequences (6.17) and (6.18) are obtained by base change from the sequence (6.16). Evaluating the exact sequence (6.16), (resp. (6.18)) on O_λ, (resp. on k_λ) points we get (6.19) SO_{(Tλ, ψλ)}(O_λ) / π_λ(Spin_{(Tλ, ψλ)}(O_λ)) ∼= Z/2

(6.20) resp. ( SO_{(Aλ[λ], ψλ)}(k_λ) / π_λ(Spin_{(Aλ[λ], ψλ)}(k_λ)) ∼= Z/2 ) Evaluating the exact sequence (6.17) on E_λ points we get (6.21) SO_{(Vλ, ψλ)}(E_λ) / π_λ(Spin_{(Vλ, ψλ)}(E_λ)) ∼= Z/2 ⊕ Z/2. Indeed it follows by a theorem of Steinberg (cf [Kn], Th. 2.1) that H^1(k_λ, Spin_{(Aλ[λ], ψλ)}) = 0 and by a theorem of Kneser (cf. [Kn], Th. 22) that H^1(E_λ, Spin_{(Vλ, ψλ)}) = 0. In addition by a theorem of Tits (cf. Th. 4.1 [N]) the natural map H^1_{et}(O_λ, Spin_{(Tλ, ψλ)}) → H^1(E_λ, Spin_{(Vλ, ψλ)}) is an imbedding. Hence H^1_{et}(O_λ, Spin_{(Tλ, ψλ)}) = 0.

Theorem 6.22. Let A/F be an abelian variety of class B. Then for l ≫ 0:

(6.23) � λ|l π_λ(Spin_{(Tλ, ψλ)}(O_λ)) ⊂ ρ_l(G^′_F ) ⊂ � λ|l SO_{(Tλ, ψλ)}(O_λ),

(6.24) � λ|l π_λ(Spin_{(Aλ[λ], ψλ)}(k_λ)) ⊂ ρ_l(G^′_F ) ⊂ � λ|l SO_{(Aλ[λ], ψλ)}(k_λ)

where ρ_l is the representation ρ_l mod l and G^′_F is the closure of the commutator subgroup G^′_F ⊂ G_F computed with respect to the natural profinite topology of G_F .

Proof. By (6.5) and (6.11)

ρ_l(G^′_F ) = (ρ_l(G_F ))^′ ⊂ � λ|l SO_{(Aλ[λ], ψλ)}(k_λ).

By a theorem of Serre (cf. [Wi], Th.4), [Wi], Lemma 5 and Remark 6.15 we get � λ|l π_λ(Spin_{(Aλ[λ], ψλ)}(k_λ)) ⊂ ρ_l(G_F ).

Since Spin_{(Aλ[λ], ψλ)}(k_λ) is a perfect group [St], chap. 7, Corollary 2 (b), then � λ|l π_λ(Spin_{(Aλ[λ], ψλ)}(k_λ)) ⊂ ρ_l(G^′_F ).

This proves (6.24). By (6.20) and (6.24) we note that ρ_l(G^′_F ) = � λ|l H_λ where H_λ is either SO_{(Aλ[λ], ψλ)}(k_λ) or π_λ(Spin_{(Aλ[λ], ψλ)}(k_λ)). Let H_λ := SO_{(Tλ,ψλ)}(O_λ) if H_λ = SO_{(Aλ[λ], ψλ)}(k_λ) and H_λ := π_λ(Spin_{(Tλ,ψλ)}(O_λ)) if H_λ = π_λ(Spin_{(Aλ[λ], ψλ)}(k_λ)). Consider the following commutative diagram.

(6.25) Q λ|l Spin_{(Tλ,ψλ)}(O_λ) −−−−−→ Q λ|l H_λ −−−−−→ Q λ|l SO_{(Tλ,ψλ)}(O_λ) rλ ? y ? y ? y Q λ|l Spin_{(Aλ[λ], ψλ)}(k_λ) −−−−−→ Q λ|l H_λ −−−−−→ Q λ|l SO_{(Aλ[λ], ψλ)}(k_λ).

From (6.6) the group ρ_l(G^′_F ) = (ρ_l(G_F ))^′ is a closed subgroup of � λ|l SO_{(Tλ,ψλ)}(O_λ).

Taking the proimage of ρ_l(G^′_F ) to the left top corner of the diagram (6.25) we obtain a closed subgroup K. By (6.23) K surjects onto the group � λ|l H_λ via the left square of the diagram (6.25). Because the group in the lower, left corner of the diagram (6.25) is a perfect group [St], chap. 7, Corollary 2 (b), we observe by (6.18) that r_λ(K) = � λ|l Spin_{(Aλ[λ], ψλ)}(k_λ). Hence by [Lar], Prop. 2.6 we get K = � λ|l Spin_{(Tλ, ψλ)}(O_λ). This shows that � λ|l π_λ(Spin_{(Tλ, ψλ)}(O_λ)) ⊂ ρ_l(G^′_F ). □

Corollary 6.26. Let A/F be an abelian variety of class B. Let l ≫ 0. Then:

(6.27) ρ_l(G^′_F ) = � λ|l H_λ

(6.28) ρ_l(G^′_F ) = � λ|l H_λ

Proof. The isomorphism (6.27) is established in the proof of Theorem 6.22. Observe that for each λ|l there is a natural isomorphism ( cf. (6.19) and (6.20) ) H_λ/ π_λ(Spin_{(Tλ,ψλ)}(O_λ)) ∼= H_λ/ π_λ(Spin_{(Aλ[λ], ψλ)}(k_λ)). Hence ρ_l(G^′_F ) = � λ|l H_λ. □

7. Open image property of ρ_l.

Consider the group scheme C_R(Sp_{(Λ, κ)}) over Spec Z. Since C_R(Sp_{(Λ, κ)}) ⊗_Z Q = C_D (Sp_{(V, κ}0_)) (see Remark 5.4), there is an open imbedding in the l-adic topology:

(7.1) C_R(Sp_{(Λ, κ)})(Z_l) ⊂ C_D (Sp_{(V, κ}0_))(Q_l).

Theorem 7.2. If A is an abelian variety of class B, then for every prime number l, ρ_l(G_F ) is open in the group C_R(GSp_{(Λ, κ)})(Z_l). In addition, for l ≫ 0 the subgroup ρ_l(G^′_F ) of C_R(Sp_{(Λ, κ)})(Z_l) is of index dividing 2^{r(l)}, where r(l) is the number of primes over l in O_E .

Proof. The group GSp_{(Λ, κ)}(Z_l) is generated by Sp_{(Λ, κ)}(Z_l) and subgroup which in the Frobenius bases of Λ has the following form: { � aI_g 0 0 I_g � ; a ∈ Z_l^×}.

The group Z^×_l Sp_{(Λ, κ)}(Z_l) has index 2 (index 4 resp.) in GSp_{(Λ, κ)}(Z_l), for l > 2 (for l = 2 resp.). By [Bo], Cor. 1. on p. 702, there is an open subgroup U ⊂ Z^×_l such that U ⊂ ρ_l(G_F ). Hence U C_R(Sp_{(Λ, κ)})(Z_l) = C_R(U Sp_{(Λ, κ)}(Z_l)) is an open subgroup of C_R(GSp_{(Λ, κ)})(Z_l) = C_R(GSp_{(Λ, κ)}(Z_l)). By [Bo], Th. 1, p. 701, the group ρ_l(G_F ) is open in G^{alg}_l (Q_l). By Theorem 5.11, and Corollary 5.19

U C_R(Sp_{(Λ, κ)})(Z_l) ⊂ Q^×_l C_D (Sp_{(V, κ)})(Q_l) =

(7.3) = G_m(Q_l)H(A)(Q_l) ⊂ MT (A)(Q_l) = G^{alg}_l (Q_l).

Hence, U C_R(Sp_{(Λ, κ)})(Z_l) ∩ ρ_l(G_F ) is open in U C_R(Sp_{(Λ, κ)})(Z_l) and we get that ρ_l(G_F ) is open in C_R(GSp_{(Λ, κ)})(Z_l). By Remark 5.4 and the universality of the fiber product:

(7.4) C_R(Sp_{(Λ, κ)})(Z_l) = C_{R⊗ZZl} (Sp_{(Tl(A), κl)})(Z_l).

For l ≫ 0 we get

C_{R⊗ZZl} (Sp_{(Tl(A), κl)}) ∼= C_{R⊗ZZl} (C_{OE ⊗ZZl} (Sp_{(Tl(A), κl)})) ∼=

(7.5) ∼= C_{R⊗ZZl} ( � λ|l R_{Oλ/Zl} (Sp_{(Tλ(A), ψλ)})).

By definition of the forms ψ_λ, κ_λ we have:

(7.6) C_{Rλ} (Sp_{(Tλ(A), κλ)}) ∼= C_{Rλ} (SO_{(Tλ (A), ψλ)}).

Evaluating the group schemes in (7.5) on Spec Z_l we get

C_{R⊗ZZl} (Sp_{(Tl(A), ψl)})(Z_l) ∼= C_{R⊗ZZl} ( � λ|l R_{Oλ/Zl} (Sp_{(Tλ(A), ψλ)}))(Z_l) ∼=

∼= � λ|l C_{Rλ} Sp_{(Tλ(A), ψλ)}(O_λ) ∼= � λ|l C_{Rλ} SO_{(Tλ(A), ψλ)}(O_λ) ∼=

(7.7) ∼= � λ|l SO_{(Tλ, ψλ)}(O_λ).

The Theorem for l ≫ 0 follows by (6.23), (7.4), (7.7) □

Theorem 7.8. If A is an abelian variety of class B, then for every prime number l, the group ρ_l(G_F ) is open in the group G^{alg}_l (Z_l) in the l-adic topology.

Proof. By Theorem 7.2 the group ρ_l(G_F ) is open in C_{R⊗ZZl} (GSp_{(Tl(A), κl)})(Z_l) in the l-adic topology, so ρ_l(G_F ) has a finite index in the group C_{R⊗ZZl} (GSp_{(Tl(A), κl)})(Z_l). By the definition of G^{alg}_l , we have:

ρ_l(G_F ) ⊂ G^{alg}_l (Z_l) ⊂ C_{R⊗ZZl} (GSp_{(Tl(A), κl)})(Z_l).

Hence, ρ_l(G_F ) has a finite index in G^{alg}_l (Z_l), and the claim follows since C_{R⊗ZZl} (GSp_{(Tl(A), κl)})(Z_l) is a profinite group. □

Acknowledgements. The first author would like to thank G. Faltings and Q.-T. Nguyen for discussions and suggestions. The first author would like to thank Max Planck Institute in Bonn for financial support during visit in 2006. The second author greatfully acknowledges financial support of the Alexander von Humboldt foundation during summer 2006, when he visited Mathematisches Fakultat Universitat Duisburg-Essen. The research has been partially sponsored by a KBN grant and by Marie Curie Research Training Network ”Arithmetic Algebraic Geometry” MRTN-CT-2003-504917.

References

[BGK1] G.Banaszak, W.Gajda, P.Krasoń, On Galois representations for abelian varieties with complex and real multiplications, Journal of Number Theory 100, no. 1 (2003), 117-132.

[BGK2] G.Banaszak, W.Gajda, P.Krasoń, On the image of l-adic Galois representations for abelian varieties of type I and II, To appear in Documenta Mathematica, proceedings of J. Coates 60th birthday conference.

[Bo] F.A. Bogomolov, Sur l’algébricité des représentations l-adiques, vol. 290, C.R.Acad.Sci. Paris Sér. A-B, 1980, pp. A701-A703.

[B] N. Bourbaki, Groupes et algèbres de Lie, Hermann, 1975.

[C1] W. Chi, l-adic and λ-adic representations associated to abelian varieties defined over a number field, American Jour. of Math. 114, No. 3 (1992), 315-353.

[C2] W. Chi, On the Tate modules of absolutely simple abelian varieties of Type II, Bulletin of the Institute of Mathematics Acadamia Sinica 18, No. 2 (1990), 85-95.

[Ch] C. Chevalley, Classification des groupes de Lie algebraiques, Séminaire C. Chevalley I, II (1958).

[D] P. Deligne, Hodge cycles on abelian varieties, Lecture Notes in Mathematics 900 (1982), 9-100.

[SGA3] dirigé par M. Demazure, A. Grothendieck, Schémas en Groupes III, LNM 151, 152, 153, Springer-Verlag, 1970.

[Fa] G. Faltings, Endlichkeitssätze für abelsche Varietäten über Zalhkörpern, Inv. Math. 73 (1983), 349-366.

[G] B. Gordon, A survey of the Hodge Conjecture for abelian varieties, Appendix B in ”A survey of the Hodge conjecture”, by J. Lewis (1999), AMS, 297-356.

[H] R. Hartshorne, Algebraic Geometry, Graduate Texts in Mathematics, Springer Verlag, New York, Heidelberg, Berlin (1977).

[H1] J.E. Humphreys, Linear Algebraic Groups, Springer-Verlag, 1975. [H2] J.E. Humphreys, Introduction to Lie Algebras and Representation Theory, Springer- Verlag, 1972.

[I] T. Ichikawa, Algebraic groups associated with abelian varieties, Math. Ann 289 (1991), 133-142.

[Kn] M. Kneser, Semisimple algebraic groups, Chapter X, Algebraic Number Theory, J.W.S. Cassels, A. Frochlich eds, Academic Press (1967).

[Lar] M. Larsen, Maximality of Galois actions for compatible systems 80, No. 3 (1995), Duke Mathematical Journal, 601-630.

[LP] M. Larsen, R. Pink, Abelian varieties, l-adic representations and l independence 302 (1995), Math. Annalen, 561-579.

[Le] H. Lenstra, K_2 of a global field consists of symbols. Algebraic K-theory (Proc. Conf., Northwestern Univ., Evanston, Ill., 1976) 551 (1976), Lecture Notes in Math. Springer, Berlin, 69–73.

[Mi] J.S. Milne, Abelian varieties Arithmetic Geometry G. Cornell, J.H. Silverman (eds.) (1986), Springer-Verlag, 103-150.

[M] D. Mumford, Abelian varieties, Oxford University Press, 1988. [Mu] V.K. Murty, Exceptional Hodge classes on certain abelian varieties, Math. Ann. 268 (1984), 197-206.

[N] Y. A. Nisnievich, Espaces homogènes principaux rationnellement triviaux et arithmétique des schémas en groupes réductives sur les anneaux de Dedekind, C.R. Acad. Sc. Paris 299, Série I, No. 1 (1984), 5-8.

[P] R. Pink, l-adic algebraic monodromy groups, cocharacters, and the Mumford-Tate conjecture, J. reine angew. Math. 495 (1998), 187-237.

[R] I. Reiner, Maximal orders, Academic Press, London, New York, San Francisco, 1975. [R1] K. A. Ribet, Galois action on division points of abelian varieties with real multiplications, American Jour. of Math. 98, No. 3 (1976), 751-804.

[R2] K. A. Ribet, Hodge classes on certain types of abelian varieties, American Jour. of Math. 105, No. 2 (1983), 523-538.

[Se1] J.P. Serre, Résumés des cours au Collège de France, Annuaire du Collège de France (1985-1986), 95-100.

[Se2] J.P. Serre, Lettre à Daniel Bertrand du 8/6/1984, Oeuvres. Collected papers. IV. (1985 - 1998), Springer-Verlag, Berlin, 21 - 26.

[Se3] J.P. Serre, Lettre à Marie-France Vignéras du 10/2/1986, Oeuvres. Collected papers. IV. (1985-1998), Springer-Verlag, Berlin, 38-55.

[Se4] J.P. Serre, Lettres à Ken Ribet du 1/1/1981 et du 29/1/1981, Oeuvres. Collected papers. IV. (1985-1998), Springer-Verlag, Berlin, 1-20.

[Se5] J.P. Serre, Représentations l-adiques, in ”Algebraic Number Theory” (ed. S.Iyanaga) (1977), Japan Society for the promotion of Science, 177-193.

[Se6] J.P. Serre, Propriétés galoisiennes des points d’ordre fini des courbes elliptiques, Invent. Math. 15 (1972), 259-331.

[ST] J.P. Serre, J. Tate, Good reduction of abelian varieties, Annals of Math. 68 (1968), 492-517.

[St] R. Steinberg, Lectures on Chevalley groups, Notes by J. Faulkner and R. Wilson, Yale University (1967).

[Ta] S.G. Tankeev, On the Mumford-Tate conjecture for abelian varieties, Algebraic Geometry 4, J. Math. Sci 81 no. 3 (1996), 2719-2737.

[Wi] J. P. Wintenberger, Démonstration d’une conjecture de Lang dans des cas particuliers, J. Reine Angew. Math. 553 (2002), 1-16.

[Za] Y.G. Zarhin, A finiteness theorem for unpolarized Abelian varieties over number fields with prescribed places of bad reduction, Invent. Math. 79 (1985), 309-321.

Department of Mathematics, Adam Mickiewicz University, Poznań, Poland

current: Max Planck Institut für Mathematik, Bonn, Germany E-mail address: BANASZAK@math.amu.edu.pl

Department of Mathematics, Adam Mickiewicz University, Poznań, Poland E-mail address: GAJDA@math.ohio-state.edu

Department of Mathematics, Szczecin University, Szczecin, Poland E-mail address: KRASON@sus.univ.szczecin.pl