ON THE IMAGE OF GALOIS L-ADIC REPRESENTATIONS
FOR ABELIAN VARIETIES OF TYPE III
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ABSTRACT. In this paper we investigate the image of the l-adic representation at-
tached to the Tate module of an abelian variety defined over a number field. We
consider simple abelian varieties of type III in the Albert classification cf.[M, Th.2,
p. 201]. We compute the image of the l-adic and mod ! Galois representations and
we verify the Mumford-Tate conjecture for a wide class of simple abelian varieties of
type III.

1. Introduction. In this paper we compute the image of [-adic and mod [ Galois
representations attached to certain abelian varieties of type 111 according to Albert
classification list. We also prove the Mumford-Tate conjecture for these varieties.
To be more precise, the main results of this paper concern the following class of
abelian varieties:

Definition of class B.
Abelian variety A/ F, defined over a number field F' is of class B, if the following
conditions hold:

(i) A is a simple, abelian variety of dimension g

(i) R = Endp(A) = Endp(A) and the endomorphism algebra D = R ®7 Q,
is of type III in the Albert list of division algebras with involution (cf. [M],
Th.2, p. 201).

(iii) the field F' is such that for every I the Zariski closure Gflg of pi(Gp) in
G Ly, 4)/Qi is a connected algebraic group

(iv) g = hed, where h is an odd integer, e = [E : Q] is the degree of the center
E of D and d*> = [D : E].

In sections 2 and 3 we give an explicit description of the endomorphism alge-
bra and its involution for an abelian variety of type III as well as the relation to
various bilinear forms coming from Weil pairing. This detailed treatment of en-
domorphism algebras and bilinear forms differs significantly from the approach of
[C2] and [BGK2]. Due to our approach the proof of Theorem 3.29, in section 3,
is achieved in a very simple and explicit way. Theorem 3.29 is an important tool
which shows how to extract a symmetric form out of the Weil pairing, which is a
symplectic form. In section 4 we compute Lie algebras that lead to the proof of The-
orem 4.19. In section 5 we apply Theorem 4.19 in the proof of the Mumford-Tate
conjecture for the abelian varieties of class B.

Typeset by ApMS-TEX



2 G. BANASZAK, W. GAJDA, P. KRASON
Theorem 5.11. If A is an abelian variety of class B, then
GM'8 = MT(A) 2 Q,

for every prime number |, where MT(A) denotes the Mumford-Tate group of A,
i.e., the Mumford Tate conjecture holds true for A.

This generalizes the result of Tankeev [Ta] who proved the Mumford-Tate conjec-
ture for abelian varieties of type III, with similar dimension restrictions, such that
End(A) ® Q has center equal to Q.

On the way of the proof of Mumford-Tate conjecture we also compute explicitly
the Hodge group and prove that it is equal to the Lefschetz group. However it is
not enough to get directly the Hodge conjecture for abelian varieties of type III of
class B cf. [Mu]. The proof of Mumford-Tate conjecture and equality of Hodge and
Lefschetz groups for abelian varieties of type I and II of class A in [BGK2] gave us
the Hodge and Tate conjectures for these abelian varieties. In section 6 (Theorem
6.22, Corollary 6.26) we compute the images of l-adic and mod [ representations for
abelian varieties of class B. Finally in section 7 (Theorem 7.2) we prove an analogue
of the open image Theorem of Serre cf. [Sel-Sed], [Se6] for abelian varieties of class

B.

Theorem 7.2. If A is an abelian variety of class B, then for every prime number [,
pi(GF) is open in the group Cr(GSp(a, x))(Z1). In addition, for > 0 the subgroup
o(G%) of Cr(SpA, ))(Zr) is of index dividing 27D where (1) is the number of
primes over | in Og. More precisely (cf. 6.23)

[ Spin, 00 (©Ox) € p(@r) [0, v, (Or),
All All

2. Abelian varieties of type III and their endomorphisms algebras.

Let A/F be a simple abelian variety of dimension g such that D = Endz(A)®7Q =
Endrp(A) ®z Q and the polarization of A is defined over F. We assume that A/F
is an abelian variety over F' of type III according to the Albert’s classification list
(see [M], p. 201). Hence D is an indefinite quaternion algebra over E with center
E, a totally real extension of QQ of degree e such that for every imbedding £ C R

DR = H.

Observe that in this case [D : E] = 4 so g = 2eh where e = [E : Q] and h is
an integer. We take [ > 0 such that A has good reduction at all primes over [
(cf. [ST]) and the algebra D splits over all primes over [ and ! does not divide the
degree of the polarization. Let Rp be a maximal order in D. Since R = Endz(A)
is an order in D, we observe that R ®z Z; = Rp ®z Z; for | that does not divide
the index [Rp : R]. Since R is finitely generated, free Z module we check that
RNE =0Y% is an order in Op.

To get explicit information about the algebra D we start with a more general
framework. Let D be a division algebra with two involutions *; and %o and center
E. For each € D we will denote z* to be the image of the involution *; acting
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on z. By Skolem-Noether Theorem [R] p. 103 there is an element a € D such that
for each x € D we have:

(2.1) ¥ =ax* a b

Because *; o x; = idp, applying %2 to (2.1) we get

(2.2) a*' =ea

for € € E and applying *; we check that €2 = 1 hence ¢ = 1 or ¢ = —1 c.f. [M] p.

195. Let Ey = {c € E; ¢* = ¢}. Then E/Ey is an extension of degree at most 2.

For a simple abelian variety of type III, E = Ey and E is totally real cf. [M] p.
194. Also in this case € = 1 in (2.2) (cf. [M] pp. 193-196 ). Hence a € E and
x9 = 1. Therefore the division algebra D coming from a simple abelian variety of
type III has a unique positive involution *, the Rosati involution. Moreover the
map D — D given by a — a* is an isomorphism of E algebras so by [R] Cor.
7.14 p. 96 the algebra D gives an element of order 1 or 2 in Br(FE). Since D is a
noncommutative division algebra, it gives an element of order 2 in Br(E).

By theorem of Suslin and Merkurjev [SM] for any field L such that u,, C L and
(char L, m) = 1 there is a natural isomorphism

(2.3) Ko(L)/m Ky(L) ———— Br(L)[m] & fim

If L is a number field, then by a result of Lenstra [Le] every element of K»(L) is a
single Steinberg symbol {¢, d} for some ¢,d € L.

Therefore for m = 2 and L = E the isomorphism (2.3) shows that D is isomorphic
as an F-algebra to a division algebra

D(c,d) := {ao+ a1 + azf8 + azaf; al=c¢ 2=d, af = —fa}

This isomorphism induces the unique positive involution on D(¢, d) which will also
be denoted by . Therefore * must be the following natural positive involution

(a0 + a1+ a2 + azaf)* = ap — a1 — a8 — azaf

on D(¢,d). From now on we identify D with D(c,d). Put L = E(a). Let n = ag+a1«
and v = ag + asa. Hence

n+v6 = ag + a1 + azff + azaf.

For an element § = e + fa € L, with e, f € E, put 6 = e — fa. The field L splits
the algebra D(c,d). Namely we have an isomorphism of L algebras:

(2.4) D(c,d) @ L — M3 2(L)

[/
+amer— |1 7]
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from this isomorphism it is clear that

(n+8)" =Tr(n+~B) — (n+B)

because by definition

TrO(n + :Tr[n 7}:2a,
where Tr% denotes the reduced trace (see [R] pp.112-116) from D(c,d) to E. The
involution on Ms 2(L) induced by * is of the following form:

(2.5) B*=JB'J!
where B € M 2(L) and
0 1
=15 ]

Remark 2.6. [t is clear that if we take in the above computations instead of L =
E(a) the field E(B) or the field E(a) then they also split the algebra D by a formula
similar to (2.4) and the involution * will induce on Mz 2(E(B)) and Mao(E(af))
the involution given by formula (2.5).

Note that any maximal commutative subfield of D(c,d) has form F(aia + a2 +
azaf3) for some a1,az,a3 € E not all equal to zero. If Nr° : D(e,d) — E denotes
the reduced norm, then for every n + 3 € D(c,d) :

NeO(+98) =det | 17| = a0 ) =

(2.7) = a2 —aic—add+adicd = a} — (a1 + axf + azapB)?.

For some a1, as,a3 € E not all equal to zero put o' := a1 + a2 + azaB. If 3/ :=
bia+be+bsaf, is an element of D(c,d), put ¢1 := azby — agbs, c2 := a1bz — asby,
C3 = a1b2 — agbl. Then

(2.8) o/ B = aibic+ asbad — azbszcd + cida + cacB + c3a3
and

al ag as
(2.9) det | by by b3 | =—-d —cE+E>0
dcy cco  c3

Since ¢ < 0 and d < 0, the determinat in (2.9) is zero if and only if elements o’
and (' are linearly dependent over E. Hence it is possible to find 8’ in such a way
that a1b1c+ asbad — agbsed = 0 and the determinant in (2.9) is nonzero. With this
choice of 3" we see that ¢/ :=a'? <0, d' := 3% <0 and o/ = —3'a’. We observe
that for any af,a},ab,as € E

(2.10) (ap + a1 +ay8 + asd’ B') = af — dld' —ayB —aya' .
Hence D(¢,d) = D(¢/,d") and we can use the field L = F(a’) and the isomorphism
(2.4) for this field to split our algebra D(c/, d’).

For a prime number [ throughout the paper A will denote an ideal in O such that
Al and w will denote an ideal of Oy, such that w|A\.
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3. Bilinear forms associated with abelian varieties of type III.
Put Ry = R®Z; and D; = D ® Q;. The polarization of A gives a Z-bilinear,
non-degenerate, alternating pairing

(3.1) k:AXA—Z.

which upon tensoring with Z; ([Mi], diagram on page 133) becomes Z;-bilinear,
non-degenerate, alternating pairing

(3.2) Ry Tl(A) X Tl(A) — Zl,

easily derived from the Weil pairing. By assumption on [, for any a € R; we get
a* € Ry, (see [Mi] chapter 13 and 17) where a* is the image of « via the Rosati
involution. Hence for any v,w € Tj(A) we have xi(av,w) = Ki(v,a*w) (see loc.
cit.). In case of an abelian variety which is not principally polarized, we take [ that
does not divide the degree of the polarisation of A to get a*®1 € R®Z; for a« € R.
Let Vi(A) = Ti(A) ®z, Qi, and let Y : Vi(A) x Vi(A) — Q; be the bilinear form
ki ®z, Q. By [BGK2] lemma 3.1 there is a unique Og,-bilinear form

(33 b1+ Ti(A) x Ty(4) — O,
such that Trg, g, (¢1(v1,v2)) = Ki(v1,v2) for all vy, ve € Ty(A). Put ) = ¢ @z, Q,
(3.4) ¢} = Vi(A) x Vi(A) — Ey.

By uniqueness of the form ¢; for each a € R; and for all vy, vy € T;(A)

(3.5) di(awr, v2) = gi(v1, @ v2)

llence (b?(avl, vg) = ¢?(U~1, a*vy) for each a € Dy :}nd for all v1,v2 € Vi(A). Define
Ti(A) = Ti(A) ®oy Or, Vi(A) = Vi(A) ®p L and ¢ = ¢ ®po Of

(3.6) & Ti(4) x Ty(A) — Oy,

Hence ¢Z? = q~5l ®p,, L is the L; bilinear form:

(3.7) B Ti(A) x Vi(4) — L.

The form ¢Zl is non-degenerate iff ¢; is non-degenerate.

By (2.4) we get the following isomorphism

(3.8) D®p Ly = Mao(Ly).

We treat R ®po Of, as the subring of Ma 2(L;) via isomorphism (3.8). Since R is
a finitely generated 0% module and O,, is a PID we note that for all [ > 0 and
all w|l the isomorphism (3.8) gives an imbedding R ®po Ow C M22(Oy) of free
O, modules of rank 4. Since R is an order of D the matrices e;; € My 2(L,,) are
actually in R ® o O, for 1> 0 by (2.4), where e;; has ij entry equal to 1 and all
other entries equal to 0. So (3.8) induces an isomorphism R ®p9 Ow = M22(Ow)
hence also an isomorphism

(3.9) R@O% Or, = M2 5(0p,)

From now on [ > 0 be such that (3.9) holds. In particular for such [ the matrix
J € Ms2(Ly) is an element of R ®pg Of,.
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Remark 3.10. We should note that an isomorphism between both sides of (3.9)
can be obtained by Corollary 11.6 p. 134 and Theorem 17.3 p. 171 of [R] for all
1> 0. However these results give an isomorphism which comes from a conjugation
by an element of D®p L = My o(L;) (see [R] loc. cit.). To keep track of the action
of the involution x we prefer to use the isomorphism (3.9) induced by (3.8).

Hence by (2.5) for each B € R ®o O, and for all vy, vz € Ti(A)

G1(Boy, v2) = di(v1, B*va) = dy(v1, J Bt T ).
Therefore for each B € Mz 5(L;) and for all vy, vs € f/l(A)

qi;?(Bvl, vg) = &?(vl,B*vz) = qi;?(vl, J Bt T wy).
Definition 3.11. Define a new bilinear form 1/31 as follows.

G 2 Ty(A) x Ti(A) — O,
bi(vi, v2) = di(Jvr, v2).

Let 1;? = ®o, L.

Proposition 3.12. The form 1y (1/310 resp.) is non-degenerate iff ¢ ((;3? resp.) is
non-degenerate. For each v,w € T (A) and each B € R ®po Oy,

(3.13) Ui(Boy, v2) = Py (v1, Blvg).
Similarly, for each vy,ve € V, and each B € My (L)
(3.14) Uf (Buy, v2) = ¢ (v1, B'va).

Moreover 4y (9 resp.) is symmetric (resp. antisymmetric) if and only if ¢, (&Y
resp.) is antisymmetric (resp. symmetric).

Proof.
Ui(Bu,v2) = ¢i(JBvy,va) = ¢y(vi, JB T T Mug) = gy (v, —JBtvg) =
= Gi(v1, JI' T Blvy) = ¢y(Jur, Blvg) = ty(v1, Blog).

The remaining claim follows by Definition 3.11 and by the observation that J* =
Jt=—Jand JJ'Jt=—J O

Lemma 3.15. For | > 0 the ideal A|l splits completely in one of the mazximal
commutative subfields of D = D(c,d).

Proof. Inverting a finite set S of primes of Z if necessary we can assume that R is a
maximal order of D with RNE = Og g and R = Og s+ O sa+0Og s6+0Op saf.
We assume that 2 € S. Take [ > 0 such that [ ¢ S and such that all primes of
Og s are unramified primes for the algebra D cf. [R], Th. 32.1. Let ¢ > 0 be an
element of A — A\?. By [R], Th. 22.4, Th. 22.15 and Th. 24.13 there is a maximal
ideal M C R such that N7*(M) = X\. Let m = ag + a1 + az3 + azaB € M be
such that Nr9(m) = t. By formula (2.7) t = a2 — (a1a + a23 + azaB)?. Put o' :=
(ara+azB+asaf). Let L := E(a’). The ring of S-integers of L is O, s = Og s[/].
It follows by [R], Th. 32.1 that ag ¢ A. Indeed, if ag € A, then (a/)? € X — N2
Hence A ramifies in O, . But this contradicts [R], Th. 32.1 (ii). Hence (o’)? is a
square in OF. Hence A splits in L. O
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Remark 3.16. We need Lemma 3.15 to have very explicit formula for the splitting
isomorphism for our algebra D (cf. 2.4) and for the extension of the involution
to this split algebra cf. (2.5).

Proposition 3.17. Let w be a prime of L over a prime A which splits in L. Then
the involution * induced on R ®po Ox (on Ma2(Ey) resp.) from D has the form

B*=JB!J! for any B € R ®@po Ox (for any B € Ma2(E\) resp.)

Proof. By (2.4) and (2.5) for any B € M 1(L) we get B* = JB'J~1. But also by
(2.4) and (3.8) we get:

(3.18) D ®g Ly = My o(L) @1 Ly = Ma 2(Ly,),

hence for any B € M2 2(L,,) we get B* = JB*J~1. Since X splits completely in L
the isomorphism (3.18) is just the isomorphism D ®g E\ = Ms o(Ey) induced by
(2.4). Hence for any B € My (E)) we get B* = JB'J~! so identifying R ®e0 Ox
with a subring of Ms2(E)) we get B* = JB'J~! for any B € R ®o9 O,. O

Let ey be the idempotent corresponding to the decomposition O, = [] Al Os.
Put T)\(A) = eATl(A) = TZ(A)(X)OEl Oy, Vi (A) = T)\(A)®(9>\ FE\. Define Q- bilinear

form ¢ = ¢ ®O% Oy. Put ¢, := ¢ ®OL1 O, and ’QZNJw = 1;; ®OL1 Oyp. For i >0
such that A splits in L, we have Oy = O,. Hence for such an | we get ¢ = q?)w.
This allows us to define the O,- bilinear form

(3.19) Y Ta(A) x Tx(A) — Oy,

Ya(vi,v2) = da(Jvr,v2)

for all v1,v9 € Th(A). Observe that 1) = ﬁw. This gives us corresponding k-
bilinear form 1, = 1\ ®p, kx and E,- bilinear form ¢§ = ¢, ®o, F\ respectively:

(3.20) by 1 A x A[N] = ka,

(3.21) Y8 2 VA(A) x VA(A) — E,.

Corollary 3.22. Let A be a prime of E such that \ splits in L. Then for any
v1,v2 € Th(A) and any B € R®O% Ox

Ya(Bvi,va) = ¥x(v1, B'vg)

Hence for any vi,v2 € A[A] and any B € R ®po kx = Ma2(kx) (resp. for any
v1,v2 € VA(A) and any B € My 2(Ey))

¥y (B, v2) = ¥a(vi, Btog)
( resp. wg(Bvl,Ug) = x(v1, B'vg) )

Proof. The Corollary follows from Propositions 3.12 and 3.17. [
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Remark 3.23. All bilinear forms 15,1, and 13 are symmetric
and non-degenerate. This follows by results of this section, Lemmas 3.1 and 3.2 of
[BGK2] and by the non-degeneracy of the independent of | pairing (3.1).

We proceed to investigate some natural Galois actions. From now on, we assume
that R = Endz(A) = Endp(A). Consider the representations:

pr + Gp — GL(Ti(A))

A Gr — GLVi(A))
P Gr — GL(All)
Let g;”g be the Zariski closure of p;(Gr) in GLg,(4) and let Gflg be the Zariski

closure of p(Gp) in GLy,(4). Let G(1)™9 be the special fiber of gl‘”g/zl. Note that
Gflg is the general fiber of Ql“lg /Z;. This gives natural representations:

P GF — GL(TA(A))

P+ Gr — GL(VA(A))

7y i G — GL(ADN)
We can also define g‘;lg to be the Zariski closure of px(Gr) in GLr, 4y and let Gilg
be the Zariski closure of p}(GF) in GLy, (4. Let G(A\)*9 be the special fiber of
Q;lg/(%\. Then, Gilg is the general fiber of g;lg/(%\.
Lemma 3.24. Let x» : G — Z; C Oy be the composition of the cyclotomic

character with the natural imbedding Z; C Ox. Let | > 0 be such that Ml be a
prime of E which splits in L.

(i)  For any o € Gp and all v1,vy € TA(A)

Ya(ovr, ov2) = xA(0)Ya(v1, v2).

(i) For any B € R ®po Ox and all v1,vz € TX(A)

Ya(Bvr,v2) = ¥a(v1, Bfvs).

Proof. The part (i) follows by [C2 Lemma 2.3] or [BGK2, Lemma 4.7] and also by
(3.19) and by definition 3.11 because the G action commutes with the action of
R on T;(A). Indeed [C2 Lemma 2.3] and [BGK2, Lemma 4.7] concern the pairing
o but ¥x(v,w) = ¢A(Jv,w) and J commutes with the G p-action by assumption
so we get immediately statement (i) for ¢¥5. The part (ii) of the Lemma follows by
Corollary 3.22. O

Let Dy ;= D Qg E\ Ry :i= ’R@O% O,. By [Fa], Th. 3 and [BGK2| lemma 4.17
Gr acts on both Vj(A) and A[)] semi-simply and G$% and G(\)*9 are reductive

algebraic groups. Hence g;lg is a reductive group scheme over O, for [ > 0 by [LP]
Prop. 1.3 ¢f. [Wi] Th. 1.



THE IMAGE OF GALOIS L-ADIC REPRESENTATIONS, 9

Take A|l a prime of E which splits in L. Then by (2.7) Dy = M2 2(Ey). By (2.8)
Ry = M5 2(0)), so RaxQp, kx = Mz 2(k»). Let

L_(1 0 L (01
S \0 —1)" A1 0/
Let f = $(14+u), X = fTA(4), Y = (1 — f)Tr(A). Put X = X®o,Ey,
Y =YV®o0, Ex, X = X®0, ki, Y= Y®o, kx. Because t ft = 1— f, the matrix ¢ gives
an O, [Grl-isomorphism between X' and Y, hence it gives an E)[G r]-isomorphism

between X and Y and a k) [Gr]-isomorphism between X and ). Using the compu-
tations of endomorphism algebras by [Fa], Satz 4 and [Za], Cor. 5.4.5 we get:

(3.25) Endo,cp) (X) = Ox
(326) EndE;[Gp] (X) = EA
(3.27) Endy,ap) (X) = k.

So the representations of G on the spaces X and Y (resp. X and ) ) are absolutely
irreducible over E\ (resp. over k). Hence, the bilinear form v (resp. 1,) when
restricted to any of the spaces X, Y (resp. spaces X and ) is either non-degenerate
or isotropic.

Lemma 3.28. The modules X and Y are orthogonal with respect to 1. Conse-

quently the modules X and Y (resp. X and )) are orthogonal with respect to Y
(resp. y).

Proof. Note that uf = f and u(1 — f) = —(1 — f). Hence for every v € X and for
every w € Y we get uv = v and uw = —w. Hence

1/))\(”’ ’U)) = T/JA(Uva) = ’Lﬁ)(’U,utU}) = ¢A(U7uw) = ¢A(U7 —’U)) = —¢A(U7w)-

Hence 9 (v, w) =0 for every v € X and for every w € Y. O

Theorem 3.29. Let A be of type III and |l > 0. Then there is a free Ox-module
Wi (A) of rank 2h such that

(1) Ta(A) 2 Wi(A) & Wi(A) as O»[Gr]- modules
(ii) there exists a symmetric, non-degenerate pairing
’g/JA : W)\(A) X W)\(A) — OA
(ii") For Wx(A) = Wi(4) ®o, Ex the induced symmetric pairing
Y ¢ Wx(A) x Wx(A) — E, is non-degenerate. The Gp module Wy (A) is
absolutely irreducible.
(ii”)  For Wx(A) = Wi(A) ®o, kx the induced symmetric pairing
Py : Wa(A) x Wy(A) — ky is non-degenerate. The G module Wy (A) is
absolutely irreducible.
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Pairings (it), (ii’) and (i”) are compatible with the G p-action in the same way as
the pairing in Lemma 3.24 (i).

Proof. Part (i) follows by taking Wi (A) = X. We get part (ii) restricting 15 to X.
To finish the proof observe that the form (3.2) is non-degenerate so v, = ¢; @ F;
is non-degenerate for any abelian variety with polarization degree prime to [. By
Lemma 3.2 [BGK2] the form v, is non-degenerate for all A hence the forms 9 and

1, are simultaneously non-degenerate. Hence (ii’) and (ii”) follow by and (3.26)
and (3.27) and also by Remark 3.23, Lemma 3.28. O

4. Representations associated with Abelian varieties of type III.
Let A/F be an abelian variety of type III. The field of definition F' is such that
Gflg is a connected algebraic group. Let us put T\ = Wy (A), Vi = T ®o, Ey and
Ay = V) /T». With this notation by Theorem 3.29 we have V;(A4) = @All (VAEBVA).
We put
(4.1) Vi = @ Vi

All
Let Vg, be the space V) considered over ;. Then there is the following equality of
Q;-vector spaces:

(4.2) Vi = P,
Al
The [-adic representation
(4.3) A s Gr — GL(Vi(4))
induces the following representations (note that we use the notation p? for both
representations (4.4) and (4.5) cf. Remark 5.13 [BGK2]):

(4.4) Y Gp — GL(V)
(4.5) 05 Gp — GL(V})
The representation pe, was defined in [BGK2]:

(4.6) pa, : Gp — GL(Vg,).

By Theorem 3.29 (cf. [BGK2], Remark 5.13) the group scheme G?lg (resp. G?\lg) is
naturally isomorphic to the Zariski closure in GLy; (resp. GLy, ) of the image of the
representation p; of (4.4) (resp. px of (4.5)). Let Gfl{ff denote the Zariski closure
in GLy,, of the image of the representation pg, of (4.6). Let g; = Lie(G),
g = Lie(G§Y) and let gg, = Lie(G%lf). By definition G ¢ HWG;lf so g C
D)9, This implies:

al al
(4.7) @y < I, @5y
(4.8) o D, 95

Similarly to previos section we work with abelian varieties of type II1. In this section
we compute the Lie algebras corresponding to representations we consider. Some
results that we proved in [BGK2] for abelian varieties of type I and II work as well
for abelian varieties of type III. Since the detailed proofs of these results were given
in [BGK2| we will merely reformulate them for abelian varieties of type III.
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Lemma 4.9. The following natural map of Lie algebras:
9" — 93,
18 surjective.
Proof. The proof is the same as the proof of Lemma 5.20 of [BGK2]. O
Lemma 4.10. Let A/F be an abelian variety over F of type III such that
Endrp (A) = Endg (A). Then
Endgk (V)\) = EndE,\[GF] (VA) =~ By
Endg,, (Vo,) = Endg,c,) (Vo,) = Ex.
Proof. The same proof as the proof of Lemma 5.22 of [BGK2]. O
Define the following subgroups of GL(V)):
GO(VX#&) = {A S GLVA : 1/))\(AU1,AU2) = C)\(A)¢A(U1,’U2) for all U1, 02 € V)\}

Ow, wy) = 1A € GLv, : Ya(Avy, Avg) = 1y (v1,v2) for all vi,ve € Vy}

Denote by SOy, y,) the connected component of identity in Oy, 4,) By Lemma
3.24 we see that px(Gr) C GO(y, 4,) and therefore G GO(v, ) This of
course implies that (Gilg )" C O(vy ) Extending the base field F if necessary one

can assume that G5 and hence (G59) are connected (cf. [C1] Prop.(3.6)). This
gives the inclusions

(4.11) (GY9) € SO, )
and
(412) gis C SO(VAH/JA)'

Lemma 4.13. g3° = soy, y,)-

Proof. The proof is similar to the proof of Lemma 3.2 [BGK1] and Lemma 5.33
[BGK2]. Since type III is more exotic then type I and IT, we will give here a complete
proof. Observe that the minuscule conjecture for the A-adic representations pp :
Gr — GL(Vy) holds. Namely by [P], Corollary 5.11, we know that gi* ® Q; may
only have simple factors of types A, B, C or D with minuscule weights. By Lemma
4.9 the natural map of Lie algebras

(4.14) 0" — 0%,

is surjective. Hence by the semisimplicity of g;* the simple factors of g3’ ® Q
are are also of types A, B, C or D with minuscule weights. By Proposition 2.12 of
[BGK2]and Lemmas 2.21, 2.22, 2.23 of [BGK2] there is an isomorphism of Q; Lie
algebras:

(4.15) 83, = R, /0,05
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The isomorphisms g3’ ®q, Q = g°®r, Ex®Rq,Q; = @Ek‘—’@z 0@, Q; imply
that simple factors of g5*®g, Q; are of types A, B, C or D with minuscule weights.
Put V) = V), ® Q. We have the decomposition:

VA = E(wl) ®@l cee ®@l E(UJT),

where E(w;), for all 1 < 4 < r, are the irreducible Lie algebra modules of the
highest weight w;. The modules E(w;) correspond to simple Lie algebras g; which
are summands of the image

Im (g3 @Q — s0on(Va)) = g1 @D gp.

By [B] Chap.VIII Proposition 12 E(w;) are symplectic or orthogonal. By Corollary
5.11 [P] all simple factors of g§* ® Q; are of classical type A, B, C and D and
the weights w1, ...,w, are minuscule. All minuscule weights and dimensions of
representations are listed in [B], Chap. VIII, Tables 1 and 2 and in [H2], p. 72. Since
h is odd, the investigation of the tables of minuscule weights and the dimensions
of associated representations shows that the tensor product can contain only one
factor which is orthogonal and is either of type D,,, weight w; and dimension 2n
or of type Aypts, weight wog4o and dimension (3£i§) Hence V) is an irreducible
g3°-module and we get

937 = SOV, )
O

Lemma 4.16. There are natural isomorphisms of Q;-algebras.

Endg% (V<1>>\) = Endgis (VA) ~ Fy

Proof. The same proof as the proof of Lemma 5.35 of [BGK2]. O
Proposition 4.17. There is an equality of Lie algebras:

(4.18) 0" =P o3,

A

Proof. By use of (4.8 ) and Lemma 4.16 the proof is the same as the proof of
Proposition 5.39 of [BGK2]. O

Theorem 4.19. There is an equality of group schemes over Q:

(4.20) (G = ] Rer/eSOws )
ALl

Proof. By [BGK2], Prop. 2.12 we get:

alg ~u al
(4.21) Gg! = Rp, /0,G\’ C Ri, /0,GOw, 4,)-
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Hence it follows from [BGK2], Lemma 2.23 that
(4.22) (G3?) C Rpy jg, SOy )

By (4.7 ) and (4.22) we have an imbedding of two connected group schemes over
Qi :
(G?lg)l - H RE/\/QL SO(VAJZJ/\)'
All

But this imbedding induces the Lie algebra isomorphism of Proposition 4.17 hence
the theorem follows by Prop. 4.17 and [H1], Theorem on page 87 and [H1], Prop.
on page 110. O

5. Mumford-Tate conjecture for abelian varieties of type III.
Choose an imbedding of F into the field of complex numbers C. Let V = H!(A(C), Q)

be the singular cohomology group with rational coefficients. Consider the Hodge
decomposition

V ®Q C — Hl,O o HO,l,

where HP? = HP(A,; QZ/C) and HP4 = H%P. Observe that H?? are invariant

subspaces with respect to D = Endz(A) ®Q action on V ®¢C. Hence, in particular
HP? are E-vector spaces. Let

k:VxV —-Q

be the Q-bilinear, nondegenerate, alternating form coming from the Riemann form
of A. Define the cocharacter

fiso : G (C) — GL(V @g C) = GLy,(C)

such that, for any z € C*, the automorphism . (z) is the multiplication by z on
H'% and the identity on H%1.

Definition 5.1. The Mumford-Tate group of the abelian variety A/F is the small-
est algebraic subgroup MT(A) C GLag, defined over Q, such that MT(A)(C) con-
tains the image of poo. The Hodge group H(A) is by definition the connected com-
ponent of the identity in MT(A)NSLy.

MT(A) is a reductive group (see [D], [G]). Since, by definition

1oo(C*) C GSp(v, ) (C),

it follows that the group MT'(A) is a subgroup of the group of symplectic similitudes
GSp(V7 %) and that

(5.2) H(A) C Sp(v) K)*
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Definition 5.3. The algebraic group L(A) = C}(Sp(v,x)) is called the Lefschetz
group of an abelian variety A. Note that the group L(A) does not depend on the
form k cf. [R2].

Before investigating further Mumford-Tate group let us make two general remarks
concerning centralizers of group schemes which we will often use.

Remark 5.4. Let B; C By be two commutative rings with identity. Let A be a
free, finitely generated Bi-module such that it is also an R-module for a B;-algebra
R. Let G be a By-group subscheme of GL,. Then Cr(G) will denote the centralizer
of R in G. The symbol C%(G) will denote the connected component of identity in
Cr(G). Let 8 : A x A — B; be a bilinear form and let G gy C GLa be the
subscheme of GL, of the isometries with respect to the form 3. Then we check
that Cr(G(a,p)) @B, B2 = Crep, B,(G(Ag s, Bs, 65, B2))-

Remark 5.5. Let L/K be a finite separable field extension. Let V' be a finite
dimensional vector space and let ¢ : V x V — L be a nondegenerate bilinear
form. Assume that G(v,4) is a connected algebraic group. Then there is natural
isomorphism Ry xGv,¢) = C7 (G, TTL/K¢))'

By [D], Sublemma 4.7, there is a unique E-bilinear, nondegenerate, alternating
pairing

o: VXV —-FE

such that Trg,q(¢) = x. Since the actions of H(A) and L(A) on V commute with
the D-structure, and since Rg,q(Sp(v,¢)) = Cr(SP(v,x)) by Remark 5.5 we get

(5.6) H(A) C L(A) = Cp(RE/o(Spv,¢)) € Co(Re/o(Spv, )

If L/Q is a field extension of Q we put

MT(A), := MT(A) ®g L, H(A), = H(A)®g L, L(A)L = L(A) g L.

Conjecture 5.7 (Mumford-Tate cf. [Se5], C.3.1). If A/F is an abelian variety
over a number field F', then for any prime number [

(58) (G;llg)o = MT(A)QH

where (G*9)° denotes the connected component of the identity.
1

Theorem 5.9 (Deligne [D], I, Prop. 6.2). If A/F is an abelian variety over a
number field F' and l is a prime number, then

(5.10) (GH9)° € MT(A)g,.
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Theorem 5.11. The Mumford-Tate conjecture holds true for abelian varieties of
class B.

Proof. Tt is enough to verify (5.8) for a single prime [ only due to [LP], Theorem
4.3. Hence we can use the equality (4.20) for a big enough prime [. The proof
goes similarly to the proof of Theorem 7.12 in [BGK2], although we need to make
careful transition, at certain point, from symplectic form to symmetric form to be
able to apply the results of previous sections of this paper. It is known that H(A)
is semisimple (cf. [G], Prop. B.63) and the center of MT(A) is G, (cf. [G], Cor.
B.59). In addition MT(A) = G, H(A), hence

(5.12) (MT(A)g,) = (H(A)g,) = H(A)g,-

By (4.20), (5.9) and (5.12)

(5.13) 1 Re. /0. (SOw, u5) € H(A)q,.
Al

By (5.6) and Remark 5.5 we have:
H(A)@z c L(A)Qz -

(5.14) C Cp(Ri0(Spv,6)) ©@0 Qi 2 [ [ Cos (RE, /0, (Sp(vy (4), 60))-
Al

where k; = k ®g Q; and &, is essentially the Weil pairing cf. [Mi], diagram on p.
133. By definition of the forms ¢, and 1) we have:

(5.15) Cp, (SP(v; (a),62)) = Cp, (SO, (a), 49))-
So by (5.13), (5.14) and (5.15) we have

HRE)\/QZ (SO(VAﬂb?\)) C H(A)Ql -
All

(5.16) C L(A)g, C [ Cpx (Ri, /0, (SO, (4), 49)))-
Al

Observe that Vy(A) = V) @ Vi by Theorem 3.29. Moreover Dy = M o(E)) by
assumption on A. Hence evaluating left and right sides of the inclusion (5.16) on
the Q;-points, we get equality with both sides equal to

H H (SO(V/\HZJA))(@Z)
All B,—TQ,

which is an irreducible algebraic variety over Q,. Then we use Prop. II, 2.6 and
Prop. II, 4.10 of [H] in order to conclude that the groups H(A)g,, L(A)g, and
[T, Cps (REy /0, (SO, (4),49))) = I1xi Cpa (SO, (a),49))) are connected and
(5.16) becomes the following equality by use of Remark 5.5:

517 [ Re. (SO0, ) = H(A)g = L(A)g = [ [ O, (SOw, (4), 40)))-

All All
The equalities (4.20), (5.17) and [Bo], Corollary 1. p. 702 give
(5.18) MT(A)g, = G H(A)g, = Gn(GH9) c G,

The Theorem follows by (5.10) and (5.18). O



16 G. BANASZAK, W. GAJDA, P. KRASON

Corollary 5.19. If A is an abelian variety of class B then
(5.20) H(A) = L(A) = Cp(RE/q(Spv,¢))) = Co(REe/e(Spv,¢)))

Proof. By (5.6) and (5.17) we get equality of Lie algebras
Lie H(A) = Lie L(A) = Lie CB(RE/Q(S]D(V7 ¢))) = Lie CD (RE/Q(Sp(V’ ¢)))
of connected group schemes. Hence (5.20) follows by (5.6) and Theorem p. 87 [H1].

Conjecture 5.21 (Lang). Let A be an abelian variety over a number field F. Then
for 1> 0 the group pi(Gr) contains the group of all homotheties in G L, ay(Zy).

Theorem 5.22 (Wintenberger [Wi], Cor. 1, p.5). Let A be an abelian variety
over a number field F'. The Lang conjecture holds for such abelian varieties A for
which the Mumford-Tate conjecture holds or if dim A < 5.

Theorem 5.23. The Lang’s conjecture holds true for abelian varieties of class B.

Proof. Tt follows by Theorem 5.11 and Theorem 5.22. [

Consider the bilinear form (3.1). Abusing notation sligthly, we will denote also by
% the Riemann form k ®z Q, i.e.:

(5.24) kK VxV - Q.

We have:
H'(A(C);C) 2 VaeC= P Vep,C.
o:E—C
Put V,(4) =V ®g+ C and let k, be the form

K®p,oC: Vo(A) ®c Vy(4) — C.

Since A is of type III there is an isomorphism D@ C =2 DR RQrC 2 Her C =
M 2(C). Define the bilinear form:

Ve Vo(A) x Vy(A) — C
by the formula

Yo (v1,02) := Ko (Jv1,v2).

Lemma 5.25. If A is simple abelian variety of type III, then for each o : E — C

there is an C-vector space W, (A) of dimension £ = % such that:

(i) Vo(A) = We(A) & Wo(A),
(ii) the restriction of 1, to W,(A) gives a nondegenerate, alternating pairing

Ve We(A) x W,(A) — C.

Proof. The idea of the proof is the same as the proof of Theorem 3.29. Namely,
using some arguments that gave the proof of Corollary 3.22 we show that:

o (Bui,v2) = ¢, (v1, Blvg) for every B € Ms 2(C). Let t,u, f,e € M2 2(C) be the
matrices defined in section 3. Define W,(A) := fV,(A). Repeating the argument
of Lemma 3.28 finishes the proof. [
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Corollary 5.26. If A is an abelian variety of class B, then

(5.27) H(A)e=L(A)c = [] SOw, ), v.)-

ocE—C

Proof. With use of Lemma 5.25 and the argument similar to the proof of formula
(5.17) we obtain

CH(Rp/o(Spv.¢)) @0 C = [ SOw. ), .-
ocE—C

Hence (5.27) follows by (5.20). O

6. Images of the Galois representations p; and p;.

In this section we explicitly compute the images of the l-adic representations induced
by the action of the absolute Galois group on the Tate module of abelian varieties
of types III .

By Theorem 3.29 (i) the representation p) induces naturally the representation
(denoted in the same way)

pr + Gr — GL(Ty).

Moreover by Theorem 3.29 (ii)

(6.1) p(Gr) C [[ GOy 60)(02) =[] Ros /2, (GO, ) (Z0).
All All

By (6.1) there is a closed immersion

(6.2) G € [ [ Ron/z (GO, un)
All

which implies:

(6.3) p(Gr) € G1(Zy) € [[ Roy/z (GO, o)) (Za)
A1

Since [ is unramified in E, there is natural isomorphism R, /7, (.)®z,Fi = Ry, /5, (.)
To see this isomorphism elementary use [BGK2] Remark 2.8 and modification of
Lemma 2.1 of [BGK2] to the case of Rp, /z,. Changing base in (6.2) we get a natural
closed immersion of group schemes:

(6.4) GW™ C T Raa /e (GO 4, 13,5,
All

Where Ay[A\] = Wy (A) and A[A] =2 A\[A\] @ Ax[)] cf. Theorem 3.13 (i), (ii”). Hence
going mod [ in (6.3) brings us to:

(6.5) 71(Gr) € GU)(Fy) C ] Binye (GO 4, 1 5,y (FO)-
All
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Because extracting derived subgroup commutes with base change (see [BGK2],
Remark 6.8), and because (G"9)’ (resp. (G(I)*9)" are connected, by (6.2) (resp.
by (6.4)) we get

(6.6) G c [ Ror/z (SO, 1))
All
al
(6.7) (G ] Ri /e (SO, 3, 7,)-
Al

Proposition 6.8. Let A/F be an abelian variety of class B. Then for all 1 > 0,
we have equalitiy of ranks of group schemes over F:

(6.9) rank (G = rank H Ry, (SO(Ax[A],%))
All

Proof. Taking into account Lemma 6.1 of [BGK2] and Th. 4.19, the proof is the
same as the proof of Theorem 6.6 of [BGK2] by use of (6.7). O

Theorem 6.10. Let A/F be an abelian variety of class B. Then for all 1 > 0, we
have the equality of group schemes:

(6.11) G =TI Re/m (SO . 7,)
All

Proof. Projecting onto the A component in (6.7) we obtain the representation

(6.12) Po,  (GD)™) = Ry, 5, (S04, 1y 5,)s

A

This gives the representation:

(6.13) (GO)™) @5, kx — SO, 1,5,
By (3.27) we have the natural isomorphism:

(614) (Endkk[GF] A)\[)\]) ®k/\ L = L

for any field extension L/ky. Hence by (6.13), (6.14) and the Schur’s Lemma it
follows that:
Py, (Z((GDO)™) @, kx)) C kX Tda, ).

A

Hence by (6.13)
Ly (Z(G()™) @, kr)) C o

A

which implies that
Py (Z((GW)™))) C Ry (12)-
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Hence

Z(GD)™)) € T Bunse(12) € Z([] Ry w0, (SO 131, 5,))-
Al All

Since both groups (G(1)*9)" and IL By (SO 4, L% )) are reductive, the proof
is finished in the same way as the proof of Lemma 3. 4in [BGK1]. O

Let G denote the universal cover for a group scheme G see [Ch], [St], [SGA3].

Remark 6.15. Let GG; and G5 be group schemes over a field L. Then G; xp Go =
G1 X, Gg In addition for a finite separable extension L/K there is a natural

isomorphism Ry /x(G) = RL/K(G). We can see these isomorphisms by comparing
root lattices.

Let Spin(r,, ¢,), (Spinw,, ) 1€sp.), (Spm(AA[ALEA) resp.) denote the univer-
sal cover of the group scheme SO(r, y,), (SO(v,, y,) T€SP.), (SO(AA[A],EA) resp.).
Consider the following, short exact sequences of group schemes:

(6.16) 1 12 Spinery, vy —— S0, v) !

(6.17) 1 2 Spiney, pn) ——— SOy, 4x) 1
. T

(6.18) 1 112 Spina gy — 90upE,y 1

The sequences (6.17) and (6.18) are obtained by base change from the sequence
(6.16). Evaluating the exact sequence (6.16), (resp. (6.18)) on Oy, (resp. on ky)
points we get

(6.19) SO, ) (O) [ TA(SPIN(T, ) (Or)) = Z/2

(6.20) resp. (SO (4,1, 7 y(Bx) /TA(Spin 4, (k)\)) > 7/2)
Evaluating the exact sequence (6.17) on E\ points we get

(621) SO(V,\71ZJ,\)(EA)/WA(Spin(Vhw,\)(EA)) = Z/2 ©® Z/Q

Indeed it follows by a theorem of Steinberg (cf [Kn], Th. 2.1) that H*(k,, Spina, i\, v

0 and by a theorem of Kneser (cf. [Kn|, Th. 22) that H'(Ex, Spin,, 4,)) = 0. In
addition by a theorem of Tits (cf. Th. 4.1 [N]) the natural map

Helt(O)\, Spin(Thw/\)) — Hl(E)\, Spin(vkﬂm))

is an imbedding. Hence HZ (Ox, Spin(r,, p,)) = 0.

)=
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Theorem 6.22. Let A/F be an abelian variety of class B. Then for [ > 0:

623)  [Im(Spine, 60 (Ox) € (@) [[S0w. ) (O,
NI All

(6.24) Hﬁ,\(Spin(Ax[,\])%)(k,\)) c m(Gp) C HSO(AA[ALEX)(]@\)
All All

where p; is the representation p; mod | and G_}, is the closure of the commutator
subgroup G’ C Gp computed with respect to the natural profinite topology of Gp.
Proof. By (6.5) and (6.11)
p(Gy) = (p(GFr)) C HSO(AA[)\LE)\)(]C)\)'
Al

By a theorem of Serre (cf. [Wi], Th.4), [Wi], Lemma 5 and Remark 6.15 we get

HW)\(Spin(A,\[)\LE/\)(k)\)) c n(Gr).

Al
Since Spin(AA[A],%)(kA) is a perfect group [St], chap. 7, Corollary 2 (b), then

HW/\(SPZ'”(AA[,\L%)(/“A)) C pi(GF).

Al

This proves (6.24). By (6.20) and (6.24) we note that pi(G%) = [[; Hx where H)

is either SO(AA[A],%)(]@\) or ﬁ)\(S’pin(AA[)\]ﬂA)(k)\)). Let Hx = SO(1, 4,)(On) if

H), = SO(AA[ALE,\)(]@‘) and H ) := WA(Spin(Tk,wk)(O)\)) if Hy = EA(Spin(AA[A],EA)(kA))'
Consider the following commutative diagram.

[Tx Spin(ry v, (ON) [Tx Ha [151 SOz, 4,)(Ox)

(629 A | |

I Spin a1, 5,0 3) —— T\ Hy ——— T\ SO(a, 1), 3, (0)-

From (6.6) the group pi(G%) = (pi(Gr))" is a closed subgroup of [T ; SO 4, (Ox).
Taking the proimage of p;(G7.) to the left top corner of the diagram (6.25) we ob-
tain a closed subgroup K. By (6.23) K surjects onto the group HW H) via the
left square of the diagram (6.25). Because the group in the lower, left corner of
the diagram (6.25) is a perfect group [St], chap. 7, Corollary 2 (b), we observe
by (6.18) that ra(K) = [y, Spin a,(n,5,)(kr). Hence by [Lar], Prop. 2.6 we get
K = 11, Spin(r,, $,)(Ox). This shows that

[[7(Spinery, v)(Ox) € p(Gr). O
All
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Corollary 6.26. Let A/F be an abelian variety of class B. Let 1 > 0. Then:

(6.27) m(Gr) =] #a
Al

(6.28) p(Gp) =[] Ha
Al

Proof. The isomorphism (6.27) is established in the proof of Theorem 6.22. Ob-
serve that for each A|l there is a natural isomorphism ( cf. (6.19) and (6.20) )

H)\/ﬂ'A(Spin(Thim)(OA)) = HA/fA(Spin(AA[A],EA)(kk))' Hence pl(GIF) = H)\|l Ho.

7. Open image property of p;.

Consider the group scheme Cr(Sp(a,x)) over SpecZ. Since Cr(Spa,r)) ®z Q =
Cp(Sp(v,x0)) (see Remark 5.4), there is an open imbedding in the l-adic topology:

(7.1) Cr(SpA, w))(Z) C Cp(Spev, ko)) (Q1)-

Theorem 7.2. If A is an abelian variety of class B, then for every prime number [,
pi(Gr) is open in the group Cr(GSp(a, x))(Z1). In addition, for 1> 0 the subgroup
(G of Cr(Spa, m))(Z)) is of index dividing 2"V, where r(l) is the number of
primes over | in Op.

Proof. The group GSp(a, x)(Z1) is generated by Sp(, «)(Z;) and subgroup which in
the Frobenius bases of A has the following form:

al, 0 x
{(0 Ig),aEZl }

The group Z;Sp(a, x)(Zi) has index 2 (index 4 resp.) in GSp(a, ) (Z1), for I > 2
(for I = 2 resp.). By [Bo], Cor. 1. on p. 702, there is an open subgroup U C Z;
such that U C pi(Gr). Hence U Cr(Sp(a, x))(Z1) = Cr(U Sp(a, x)(Z1)) is an open
subgroup of Cr(GSpa, x))(Z1) = CrR(GSP(A, x)(Z1)). By [Bo], Th. 1, p. 701, the
group p;(GF) is open in Gflg((@l). By Theorem 5.11, and Corollary 5.19

UCR(Spa, m)(Z1) C Q Cp(Spv,n)(Qi) =

(7:3) = Gm(Q)H(A)(Q) © MT(A)(@) = G*(Q).
Hence, U Cr(Spa, x))(Z1) N pi(GF) is open in U Cr(Sp(a, «))(Z:) and we get that

pi(GF) is open in Cr(GSpa, x))(Z). By Remark 5.4 and the universality of the
fiber product:

(7.4) Cr(SPa, 0)(Z1) = Cre,2, (SP(1y(A), 00) ) (Z1)-
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For [ > 0 we get

Creuz, (SP(1y(4), k) = Cre,2:/(Cope.z, (SP(Ti(4), 1)) =

(75) = OR@ZZl (H RO)\/ZZ (Sp(T,\(A)MZJ,\)))'
Al

By definition of the forms vy, k) we have:

(7.6) Cr,\ (SP(T5(A), rx)) = ORA(SO(T, (4), 92))-

Evaluating the group schemes in (7.5) on SpecZ; we get

CR@ZZL(SP(Tl(A)vwl))(Zl) = CR@ZZZ(HROA/ZI(Sp(Tk(A)vwk)))(Zl) =
All

= J] CriSprs(a),00)(On) =[] CraSO, (4),00) (Or) =
All All

(7.7) = T[S0y, 4,)(Or).

A

The Theorem for ! > 0 follows by (6.23), (7.4), (7.7) O

Theorem 7.8. If A is an abelian variety of class B, then for every prime number
I, the group pi(Gr) is open in the group gl‘”g(zl) in the l-adic topology.

Proof. By Theorem 7.2 the group p;(Gr) is open in Cre,z, (GSP(1,(a), x,))(Z1) in
the l-adic topology, so p;(Gr) has a finite index in the group
Cre,2,(GSP(1,(4), k1)) (Z1). By the definition of GM9 we have:

p1(Gr) C G(Z1) C Crauz, (GSPry(a), w)) ().

Hence, p;(Gr) has a finite index in G{"*9(Z;), and the claim follows since
Cre.2,(GSP(1,(4), k1)) (Z1) is a profinite group. [

Acknowledgements. The first author would like to thank G. Faltings and Q.-T.
Nguyen for discussions and suggestions. The first author would like to thank Max
Planck Institute in Bonn for financial support during visit in 2006. The second
author greatfully acknowledges financial support of the Alexander von Humboldt
foundation during summer 2006, when he visited Mathematisches Fakultat Univer-
sitat Duisburg-Essen. The research has been partially sponsored by a KBN grant
and by Marie Curie Research Training Network ” Arithmetic Algebraic Geometry”
MRTN-CT-2003-504917.



[BGK1]

[BGK2]

[Bo]

(B]
[C1]

[C2]
[Ch]
(D]
[SGA3]

[Fa]

[P]

[R]
(R1]

[R2]
[Sel]

[Se2]

THE IMAGE OF GALOIS L-ADIC REPRESENTATIONS, 23

REFERENCES

G.Banaszak, W.Gajda, P.Krason, On Galois representations for abelian varieties with
complex and real multiplications, Journal of Number Theory 100, no. 1 (2003), 117-132.
G.Banaszak, W.Gajda, P.Krasori, On the image of l-adic Galois representations for
abelian varieties of type I and II, To appear in Documenta Mathematica, proceedings
of J. Coates 60th birthday conference.

F.A. Bogomolov, Sur l’algébricité des représentations l-adiques, vol. 290, C.R.Acad.Sci.
Paris Sér. A-B, 1980, pp. A701-A703.

N. Bourbaki, Groupes et algébres de Lie, Hermann, 1975.

W. Chi, l-adic and \-adic representations associated to abelian varieties defined over
a number field, American Jour. of Math. 114, No. 3 (1992), 315-353.

W. Chi, On the Tate modules of absolutely simple abelian varieties of Type II, Bulletin
of the Institute of Mathematics Acadamia Sinica 18, No. 2 (1990), 85-95.

C. Chevalley, Classification des groupes de Lie algebraiques, Séminaire C. Chevalley I,
II (1958).

P. Deligne, Hodge cycles on abelian varieties, Lecture Notes in Mathematics 900
(1982), 9-100.

dirigé par M. Demazure, A. Grothendieck, Schémas en Groupes III, LNM 151, 152,
153, Springer-Verlag, 1970.

G. Faltings, Endlichkeitssatze fiir abelsche Varietdten uber Zalhkorpern, Inv. Math. 73
(1983), 349-366.

B. Gordon, A survey of the Hodge Conjecture for abelian varieties, Appendix B in ” A
survey of the Hodge conjecture”, by J. Lewis (1999), AMS, 297-356.

R. Hartshorne, Algebraic Geometry, Graduate Texts in Mathematics, Springer Verlag,
New York, Heidelberg, Berlin (1977).

J.E. Humphreys, Linear Algebraic Groups, Springer-Verlag, 1975.

J.E. Humphreys, Introduction to Lie Algebras and Representation Theory, Springer-
Verlag, 1972.

T. Ichikawa, Algebraic groups associated with abelian varieties, Math. Ann 289 (1991),
133-142.

M. Kneser, Semisimple algebraic groups, Chapter X, Algebraic Number Theory, J.W.S.
Cassels, A. Frochlich eds, Academic Press (1967).

M. Larsen, Mazimality of Galois actions for compatible systems 80, No. 3 (1995),
Duke Mathematical Journal, 601-630.

M. Larsen, R. Pink, Abelian varieties, l-adic representations and | independence 302
(1995), Math. Annalen, 561-579.

H. Lenstra, Ko of a global field consists of symbols. Algebraic K -theory (Proc. Conf.,
Northwestern Univ., Evanston, Ill., 1976) 551 (1976), Lecture Notes in Math.
Springer, Berlin, 69-73.

J.S. Milne, Abelian varieties Arithmetic Geometry G. Cornell, J.H. Silverman (eds.)
(1986), Springer-Verlag, 103-150.

D. Mumford, Abelian varieties, Oxford University Press, 1988.

V.K. Murty, Ezceptional Hodge classes on certain abelian varieties, Math. Ann. 268
(1984), 197-206.

Y. A. Nisnievich, Espaces homogénes principauz rationnellement triviauz et arithmétique
des schémas en groupes réductives sur les anneaux de Dedekind, C.R. Acad. Sc. Paris
299, Série I, No. 1 (1984), 5-8.

R. Pink, l-adic algebraic monodromy groups, cocharacters, and the Mumford-Tate con-
jecture, J. reine angew. Math. 495 (1998), 187-237.

I. Reiner, Maximal orders, Academic Press, London, New York, San Francisco, 1975.
K. A. Ribet, Galois action on division points of abelian varieties with real multiplica-
tions, American Jour. of Math. 98, No. 3 (1976), 751-804.

K. A. Ribet, Hodge classes on certain types of abelian wvarieties, American Jour. of
Math. 105, No. 2 (1983), 523-538.

J.P. Serre, Résumés des cours au Collége de France, Annuaire du College de France
(1985-1986), 95-100.

J.P. Serre, Lettre & Daniel Bertrand du 8/6/1984, Oeuvres. Collected papers. IV. (1985
- 1998), Springer-Verlag, Berlin, 21 - 26.



24

[Se3)]
[Se4]
[Se5)]
[Se6]
ST
[St]

[Ta]

[Wi]

(Za]

G. BANASZAK, W. GAJDA, P. KRASON

J.P. Serre, Lettre a Marie-France Vignéras du 10/2/1986, Oeuvres. Collected papers.
IV. (1985-1998), Springer-Verlag, Berlin, 38-55.

J.P. Serre, Lettres a Ken Ribet du 1/1/1981 et du 29/1/1981, Oeuvres. Collected
papers. IV. (1985-1998), Springer-Verlag, Berlin, 1-20.

J.P. Serre, Représentations l-adiques, in ”Algebraic Number Theory” (ed. S.Iyanaga)
(1977), Japan Society for the promotion of Science, 177-193.

J.P. Serre, Propriétés galoisiennes des points d’ordre fini des courbes elliptiques, Invent.
Math. 15 (1972), 259-331.

J.P. Serre, J. Tate, Good reduction of abelian varieties, Annals of Math. 68 (1968),
492-517.

R. Steinberg, Lectures on Chevalley groups, Notes by J. Faulkner and R. Wilson, Yale
University (1967).

S.G. Tankeev, On the Mumford-Tate conjecture for abelian varieties, Algebraic Geom-
etry 4, J. Math. Sci 81 no. 3 (1996), 2719-2737.

J. P. Wintenberger, Démonstration d’une conjecture de Lang dans des cas particuliers,
J. Reine Angew. Math. 553 (2002), 1-16.

Y.G. Zarhin, A finiteness theorem for unpolarized Abelian varieties over number fields
with prescribed places of bad reduction, Invent. Math. 79 (1985), 309-321.

DEPARTMENT OF MATHEMATICS, ADAM MICKIEWICZ UNIVERSITY, POZNAN, POLAND

CURRENT: MAX PLANCK INSTITUT FUR MATHEMATIK, BONN, GERMANY
E-mail address: BANASZAK@math.amu.edu.pl

DEPARTMENT OF MATHEMATICS, ADAM MICKIEWICZ UNIVERSITY, POZNAN, POLAND
E-mail address: GAJDA@Gmath.ohio-state.edu

DEPARTMENT OF MATHEMATICS, SZCZECIN UNIVERSITY, SZCZECIN, POLAND
E-mail address: KRASON@sus.univ.szczecin.pl



