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Introduction.

In the physics of smng theory, one consider (he string propagation on a mani fold M

quotient by a finite group of symmetries G. Whcn the group uclion is non-free, the quotient

space M/G is in general not a smooth manifold, but one with singularities, u so culled

developable orbifold. In the discussion of string vucua fur M/G, one has to t:ulIsider the

configuration of the closed (panunetrized) loops of M togcthcr with alllhc 1001'S twisteu by

elements of G. By consideralion of nlodular invarianc:c of the lheory, DixOll, lIarvcy, Yafa

and Witten [D.H.V.W] introduced the following 'orbifold Eulcr t:!laracLeristit: ' of the

quotient of M by Gas the appropriute Eulcr nurnbcr for thc purpose of string thcury :

(0.1) X(M,G) = I/IGI L X(M<g,h»

where the sununation runs over all commuting pair in GxG. and M<g,h> denote the comfllUIl tixed

point set of g and h. For a free action it is the wdl known fact: X(M,G) =x( tv1/G). '111e

eonnection of this expression with the representation thcory of the group G kalis tu the

identification of X(M,G) with the Eult:r charactcristic of cquivariant K-lhcory KC(M) whic:h was

noted by [A.S]. However, the string cakulation of Euler numbcr is cxpcctcd tu agree wiLh the

Euler number of a "correct" resolution M/Goof rhe singular spact: M/G, at least for lIlanifolds with _

SU(n)·holononly. For dimCM =2, [H-H} showed that thc Clluality

holds for M/Go the minimal n:solution of M/G. When dimCM = 3 and G abclian, X(f\.1,G) is alsu

identified wilh X(IvtlGO) for MlGo being tbt: "nuninlal" toroiual resolution or M/G t:Ollslfucteu by the

melhods in torie geomtry by lR-Yj, lRj, und also by [M,O,PeJ. It SCenlS that this phcnomenon

should hold for a general reasonable dass. Even though the formula of orbifolll Eukr

characteristie was obtained by stringists using the physicist's ideas which is quitc natur~d, it is in

some sense unsatisfactory because a c1earer mathematical nature or "strings" still rdy on a rigofous

rnathematical description of the intuition bchinu it. Here wc propose a rnalhclnati<.:al Ucallllcnt using

probabilistic nlcthod based on Malliavin calculus, which can justify same intuitive alHJ hCUfislic
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method of the physical arguments. The fonnulation might slu:d sonle light of the "string" nature of

torie gcometry which has been a useful device in the study of striog compactification.

In order to give an interpretation to these ideas, we need to eonsider an elcmt:nt of volume ovc;:r

the twisted loop space, and unfonunately we meet the problenl that meTe is no riemannian measure

over the loop space of an orbifold The idea is to use the twisted Bismut measurc, which extcnos in

the case of twisted loop space the measure which was inlroduced in [BiS] in oroGr 10 explain lhG

relation between the cohomology of the loop space und the index theory ( Sec lH.K] in the flat

case). This measure in the case of non twisted loop is used in (J.LIl in order to do a LP thcory of

ehen forms. But no differential operation is given in [J.Ld.

Such differential operations are known since a long time in the Malliavln Cak:ulus for thc Wicllcr

measure : these are the MaJliavin derivatives (lGrl)) amJ the Ornslcin·U hlenbcck operatur (lM J).

[Sh] and [Ar-M] study differential forms over the Wiener spaci.: and the eXti.:rior dcrivativi.:.

(Ar} ],[Ar2] do an extensive study of the index of the the Dirae operJtor over thc Oat loop spact: in

the case of the free field or with interacting terms: they givt: a palh intcgral representaliun oC the

index of such operators over the loop over the loop, slrongly inspired by the work in the scalar

case of Hoegh-Krohn ([H.K]) (See [J.L.W IJ und [J.LWZ"I for physicist rcfen:nees).

For the analysis in infinite dimensional eurved spaces, there exist different types of theory (Wt:.

can reCer to [Ma] for a survey).

-The analysis over infinite dinlensional Illanifolo, which was used by thc Russian shool. Thc

manifold's Slfucture is very important in such cases ([8.S LlD.FJ)

-The quasi-sure analysis ([Gel,[A.M}]) which works over finite codinlcnsional Illunifuld of the

Wiener space ( See [K] for fonns).

-The analysis over loop groups ([A·MZL[GrzL[Gr3J) which is eloser (0 the purpose uf this

paper, but with a different tangent space, which uses deeply the stuctun; of the group. Tht.:re is for

the moment no manifold strcture in this theory us weH in the next theory.

The present paper is more related to [Le41 und lLeS"!' wht:re thc case of the frcc loop spacc of the

Riemannian manifold is coosidered. Some connections are introduccd over thc free loop space,

integration by parts are done, which allows us to define Malliavin's derivatives of cvcry order ano

to define an Ornslein-Uhlenbeck operator invariant by rotation. !vloreovcr it is proved that the

Bosonic pan of the Willen currcnt in [LcSJ is a smooth IllCaSUri.: ( St:e-lGc-J-PJ for thc algcbraic

definition of the Wiuen current). A relation bi;tw~cn lhe extcrior stochastic derivative anu the

Hochschild homology of fonus of the manifold is given, which extenus this weH known fact in lhc

case of smooth loop to the case of stochastic loop. Moreovcr, the circle action is diagonaliseuin

preparation of (J .L2]'

[J.L2l defined a non equivariant regularised extcrior derivative over the rull spacc of fonns of

the loop space. lts adjoint is computed. A rigorous conjcctun: for tht: index of the regulariscd u~

Rham operator is given. By localisation, it is the Eulcr-Poincar~ nunlbcr 01' the Inanifolu. Thc

situation becomes more complicated for the cast of thc equivariant Dirac operator uvcr the loop

space with the relatiÜl\with the Wittcn genus und for thc casc of the equivarianl signalun: operator
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ova thc loop space with thc relation with the elliptie genus: some lopologieal obstfUctions are met

([Bc],[Sc],[Wi] ) and in fact in [J~] there is an extension of the Taubes conslruetion of the Dime

operator over infinitisimaly loop ([T)) only aver a small neighborhood, by using the stochastic

caleulus. In order to defme the "restrietion" to these non scalur operators to infinilisinlaly small

loop (that means aver thc family of Brownian bridges over the set of tangent spaces), the Bismut

mesure in small time is introduced and some limit theorem are perfomed, which correspolld '0 the

high temperature limit in the stochastie context und which are of the domain of the cornputations

done in [Bi3],[I.W] ,[Hs] and [Le2]'

The purpose of this paper is to da analoguous eonlpututions for the rcgularised exterior

derivative for twisted loop spaces : the loop space of a develop able orbifold appears namdy as an

orbifold of twisted loops. A scalar calculus aver each sector of twisted loop is donc. A diffusion

process is constructed. and same rough lacalisation is pcrfomcd for the diffusion proccss (See

[A.L.R] for non twisted loops). The big difference with [1.L') J is that tht: lituit 1l10dd is rdatcd to

the computation of [Bi4] instead of the model of lBi3 1, bccausc thl,; twisted luup COIH..:cntralc over

the loop of the flXed point of an element of G in smalltinlc.

The introducing reference for stochastic geonletry can bc IEIJ,lEluLlLc31 and IR.Wj.

Both of the authors like to thank Prof.Dr.F.Hirzcbruch for his warnl hospitaljly 111 thc

Max-Planck-Institut where this work was done. The first author also thunks the Von Humboldt

Foundation for financial support.

I SCALAR CALCULUS OVER T\VISTED LOOP SPACES.

I 1) Integration by parts fur distinguishcd vcctor l'ields.

Let M be a compact Riemannian manifold and let G bt: a finite group aclillg over !v1. lly

averaging, we can suppose that G is a group of isonletries. Let L bc the Laplacc-ßdlrallli orx;rator

aver M and Pt(x,y) the associuled heut kernel. PI ,x,y is lhe law of the ßrownian bridgc starting

from x and going to y in time 1. Let Hg be the space of twiSlt:d loop going fronl any x aud arriving

in gx in time 1. Let ~g the measure over Hg

We denote the space ofL2 function associated by Hg' Let Xg the vcc.;tor fieId :

(1.2) tt(XO()'(O)) + hO,tJ h(s) ds - t XO()'{O)) + t tl-log XO(y(O» = tt H(t)
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h(s) is equals (0 L hi(s) Xi(Y(O» where euch hj is detenninistic such thut ho, l]hj(s) ds = O. These

vector fields play the role of the distinguished vector fields givcn in [Lc4J und in lLcs] . But the

boundary conditions are now X(I) = dgX(O) becausc we look at twisted loops. ut F bc a sn100th

cylindrical functional F(-y(t(l»,.. ;y(t(r»). We have :

lHEOREM 11:

(1.3) J.1g[<dF,Xg>l = Ilg[ F div Xgl

where

andwhere

div Xg = div XT(y(O» + hO,l] <'tsI-I'(s),oy(s» - 1/2 110,n < s~(S»öy(S» 

(1.5)

IrO,Il Tr S ",s-1 R(d"«s), "'5') t st 1-1 dg X~(y(U»

where S js the Ried tensor over Mund R I/te curva[ure tensur.

Remark: Let us remark that the last tenn in the divcrgence can be COolJHlleu hy rncalls or the Rkci

tensor and is equals to zero when the manjfold is Ricci flaL

Proof: The proof iS,very similar 10 the proof of lLc41. We begin to work over lhe palh spacc, that

means the space of applications [raIn LO,1] into M endowed with thc path spacc Illcasure dx PIx

where PI x is the law of the Brownian motion starting [roln x and arriving aL Linie I in x. Let $ a

smooth function over MxM with a small support over the diagonal equals to I ovcr a small

neighborhood of the diagonal such that g 1'(0) und y(l) are joincd by u uniquc geodesie jf

ep(gy(O);y(I» is not equal to O. Let us denale by t()'( 1),gy(O» the parrallcI transpon from g()'(O» 10

)\1) along this geodesie. We begin by enlarging thC.vcclor field Xg ovcr thc twisteo loup spacc illlO

a vector field X l,g aver the path space by puning :

Xi,gO) = $(1,")'(0),"« 1»~t( XO(y(O» + J, O,l jh(s) ds - tX()()'(O)

( 1.6)

+ t't 1-1 t()'( 1),g)'{O» dg XO(y(O»)
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Let N be a subdivision of [0:1], and let XI,gN be the associatcd vector field und lct considcr the

polygonal approximation of y: this polygonal approxinlation of y works only jf"«t(i)) und y(t(j+1»

are elose, but the contributio~ of the path where "'«tCi» and )\t(i+ I» are rar goes to 0 whcn N goes

to the infinity, as it is explained in [Lc4],[LeS]' We know by integrating by parts in finite

dimension that

Moreover, by using the Malliavin Calculus, we know that for all x, y that

and that

where the divergence is computed frorn (1.5) by taking the dcrivativc rnore of 4l('t(y(l ).gyCü))

because we are integnuing by parts over the path spucc. ßy using thc fact that g is an isolnctry, and

the relation X1,gN(l) =dg XI,gN(O), we arrive ur the salllC cancdlation ut thc end whcn N gxs 10

infmity as the cancellations enregistred for non twisted loop. Thc only diffcrcllce is that we <.101l't

need to take derivative of 't("'«I)Jg-y(O» in the approxitnation limit proccdure, so thcreforc the

theorem, by considering "!he matrix from T-y(O) into~~'t1-I dg inslead or 't1-I in lhe case or

non twisted loop~,But dg (''«0» has a derivative equals to 0 ovcr a veclor field 1 t t X : this cxplains

the fact that no derivative of dg appcars in tht; last counterlenIl.

, 1.2. Dirichlet form and Ornstcin-Uhlcnbeck operutor..

The tangent space is the space of vectors X(s) == 'tsH(s) with H(s) with fillite varialiolls such

that XI = dg XO' As Hilben structure, it should 'bc possiblc to choosc the Bi Ibert structurc

IIX(O)1I2 + Iro, l]<DX(s),DX(s» ds whtrc DX(s) =1 s I-I'(s) is the covariant derivative ovcr the

loop. But we will split our tangent space Ty into LZ Ty
n in an orthogonal SUIl) with a different

metric in order to simplify the computations.

If n > 0, Tyn =(Tt 21/2 hO,t] (;05(OS) ds c = X(n,e)(l) J.
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If n < 0, Tyn = ( 'Cl 21/2 hO,tl sin4J$) ds e = X(n,e)(t) } .

If n =0, Ty
O=( 'Ct (e .. te + t'tl·! dg e) = X(O,e)(t) }

The Hilben StIllcure over each piece Ty
n ofTy is given by Ile1lrtO)2 .

There is a connection which preserves the metric. This arises frOln the Lcvi~Civita connection r
over the manifold :

(1.10) X(n,re)(t) = r(X(n.e)(t))

This connection preserves by definition the splitting of Ty into T,.t.

Let us introduce positive numbers A(n) such A(n) < Cflf 2p< 1. Let E' the following

Dirichlet fom1 :

where X(n,e(i)) is a basis of Ty
n.

LEMMA 1.2: E' is closed~ deflned over a de"se set whiclJ St:pLJrUle~' tlw Iwi~'led loop uml tiMht ..

Proof : E' is densely defincd. We choose as eore A the set 01' cylillurical J'UIiCLiuIIS

F{y(t(l)), .. ,y(t{r))). Over Ty
n n;t{), we choose as orthononnal basis thc natural orthononnal basis

which comes frool Ty(O)' We have :

(1.12) I<dF,X(n,e(i»>1 :5 C/{Inl + 1)

Therefore :

. (1.13) L A{n)2 <dF,X{n,e{i»)>2 ~ L A(n)2/(lnl+ 1)2 ~ C

with C deteministic. Thercfore, EI is dcnscJy defincd aver a set of [ullc.;tions which Sl:paralC lhe

loop.

-)EI is closed. Let us suppose that Fp --1 0 for Pp bclonging to the core aud Lhat :

when p---? 00. Thcn Gn = O.



Namely for all cylindrical functional F,

which tends to O. Therefore <dFptX(n,e(i»> tends to 0 in L2(~g) and thereforc On = 0 (We uscd

Iocal sections oE smooth orthononnal basis ofT"O)M).

-E' is tighted for the uniform convergence. Let F(x,y) a snloolh ~ 0 func.:tion ovcr MxM such

F(x.y) = d2(x,y) if x and y are closed. Let G(r) the rand0l11 variable:

(1.16) G('() = hO,l] hOt1] F(y(s);y(t))pIlt_slUds dt

which is finite if p > a.. Let us corllpute <tIG(r), X(n,c(i))>. It is enough (0 lake 1l;C O.

l<dG(y),X(n,e(i))>1 < I hO,I] hO,I] F('Y(s);y(t))p-l/lt-sIU I < clr(s)F(y(s);Y(l)),X(n,e(i))(s»

(1.17)

+ < dy(t)F()'(s);Y(t»,X(n,c(i»(t) > lus dt < C/lnl hO,l]h0,1 J F(')'(s),y(t»p-l/lt_sIU US Ul

Therefore iE P -1 > Ct, Iro, 1] hOt l] F(')'(s),')'(t»p-l /Il-slu OS dt is finite. Moreovcf, if wc pUl a = 1

+ 2ßp, G < C is compact if ß < 112 for the unifornl no~nl (Sec lA. VJ for thc c;asc of Wicncf

submanifold).The ~ollowing theorem can be deduced classically fronl the prcvious klllJl1a.

lHEOREM I.4:To ihe Dirichletform is associaled outside a j'et 0/ capaci/y 0 a proces~' w~'Y) Jor

Jlg.

Let us consider the operator LA associated to the Dmc;hlet fonll. Il has thc definilion :

(1.18) LAF =·I A(n)2 <d<dF,X(n,e(i»>,X(n,e(i))> + L A(n)2 <dF,X(n,c(i»> divX(n,e(i»

THEOREM 1.5 : LA is dejined over lhe core A'J4p< J.

Proof: Only the case n ;t{) is imponant.

(1.19) l<d<dF,X(n,e(i»>,X(n,e(i»>1 < C(n) /(n2+1)

and the sequence ofrandom variable C(n) is boundcd in L2, this frol11lhc n:lation :
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for the Levi·Civita connection r. So only the second p:U1 in the d~finition of LAF put a prüblen1

Let us consider ooly the n >°pan :

divX(n,e(i» =IrO,l] < 'tscos(ns)~(i),oy(s) > + 1/2 ho, n<SX(n,e(i»(s)"oy(s»

(1.21)

+countertenns

The countenenns have a behaviour in C(n)!n with C(n) uniforolly boundcd in L2(Jlg) und da not

put any problern.

Let us considcr the jth part of the derivative of F(y(l( 1», ",')'(l(r»). Lel us cOllsidcr thc c!l;mcnt of

L2[O,I] whose Fourier series is 0 if n <0 und (A(n)2/n) (sin(nlU» - 1). Dcnolc il by htU)(s). (Thc

convergence is perfonned because 4p < I). In the first contribution of thc divcrgcnce in thc

operator, we recognise :

which belangs in L2UJ.g) because we recognise a non-anlicipativc J1Ö iOlcgraJ.

t\
LEMMA 1.7 : Let F be"cyJindrical!lUJclional.

for all C if4p < 1.

Proof: The part in LAF which conles from (1.22) satisfies clearly (1.23). The part in LAF wllich

comes from the first sum in (1.18) satisfies easiLy (1.22). Namcly only thc derivative of thc

parrallel transpon put any difficulties, bul il is overcorncd by (1.19) und by rccognising afler a non

anticipative Itö integral as in (1.22). It rcnlains 10 lrcat the conlribUlion of lhe countt.:nerl1ls in

(1.21). Let us study for instance the contribution of

where Y(j) is a process of the same type of (1.22). This non anticipative integral is in partic:ular

exponentialy integrJble. The sanle holds for lhe l~t C:OUlllcI1enn.



I.3.Local isa tion.

We can handle now with the following theorem which could justify that the cquivariant Euler

number under the geometrical action of h should be localised over the twisted loop in gof the fixed

point of h.

THEOREM I 8:

(1.25) Jlg[d(wt(y),y) > S] < exp[ -Clt]

when t is tending 10 O.
Proof: d is the unifonn distance. Let us cutUle time intcrval in ( 1 linle interval [s(i),s(i+ l)J of the

same length. The event d(wt(y),y) > 0 is included in the union of the evcnts ( d(wt(y)«s(i))/Y(s(i))

> 0 } = Gi and of the events ( SUP[s(i),s(i+ 1)[ d(wt(y)(s), wt(y)(s(i» > 0" } = Q'i' By the

stationarity of the process :

(1.26) exp[-Clt] ~ J.1g ( SUP[s(i),s(i+ 1)[ d(y(s);y(s(i») > 8") ~ Ilg (O'j J

Since the nunü>er of Q'i is controlled by t- l , the second tenn is controlled by expl-C/lJ whcn t -t

O. Let us estinlate Jlg(Gi)' By rescovering M by a set of smull balls, Üi can bc includcd in a Jinilc

set of Gij such that :

The gj are'"independent of the si and Oll tao. Since gj(')'(s(i» belangs in the domain of LA'

quasi-surely, we have :

Mt is a martingale whose the derivative of the right bracket is sinallcr thun C becausc wc take a

coordinate function. Therefore :'

(1.29) Jlg[ IMt' > Cl < exp[-e/t]

Moreover by Jensen-inequality,



for the stationarity of ws(y). We deduce from this that

Therefore the result.

11 REGULARISED DIXON-lIARVEY .. VAFA-WITTEN EULER'S NUlVIUER

FROM TUE LOOP SPACE OF A DEVELOPAULE OltUIFOLD.

11 1) Regularised de Rhanl operator over the lwi!\tcll luup spacc.

Let Ya twisted loop in Hg, and let Ty its tangent spac~ with thl.: Hilbt:nian stfuctUfl.: ur the pan I.

Ty= L Ty", the sum being taken over the relative inlcgcfs.Lcl ATy
ll thr; cXll:riof algebra as~ocialed

to Tywith lhe structure coming fronl each ~I·yn. Thc connection r pass to A~I'r Let

Ag the set of scctions of the shape 0' =:L. F.(y(t(ü),)'(t(Ü»,... ,)'(t(r))) XCI)()') for a finite surn whcre

F1 is a cylindrical functional und where X I = X(n l)(e 1)1\ /\ X(nr)(c r). Let us rCllwrk that

A(Ty) is eanonically isomorphie to A(yO) /\ A(YoJI) Wht:fl; A(yo,H) is lhc f-ennionic Fock spacc

associuted LO the L2:Hilbert strllcture endowed with the flat Brownian bridge in the tangent space of

the starting point" Modulo this isoinorphisill. we take randorn section which have only a finite

number of conlponenLs which are not cquals to zero in this bundlc over M in oruer 10 udinc Ag and

the coordinates ure cylindrical functionals. For cr bdonging (9 Ag' we ddine if e(i) is a local

seetion of orthonormal basis of T'Y(O)M. dr ,g by

dr.gO' = L I ( L (n.i)A(n) <dF1()'(t(ü», ....•)'<tCr»). X(n,c(i»()'» X(n,c(i»)()') 1\ X(I)()') +

(2.1)

~i A(O) F1('Y(t(O).... ,y(t(r» X(O,e(i» /\ r X(O,c(i»("y)X(I)(y)}

The first sunl is taken ovcr th~ finite nlllllbcr I or componcllt FI ur a in the Jistingllishl:Li basis

\0



X(I)(y) of the exterior algebra ATy and the second is involved with the derivatives aJong the

distinguished vector fields of the fonn. Since the connection r is a cannection which prt:scrves the

menie over AT"'(' we ean write (2.1) more concisely :

(2.2) clr,gCJ = ~ A(n) X(n,e(i» 1\ r X(n,e(i»cr.

The operator does not depend from the choice of the local sinooth seelion of onhononnal basis c::(i)

we ehoose. In a particular case, it can be usefulto choose a nonnal systelll of coordinatc in on.kr to

detennine the operator. We can compute d*r,g aver Ag. NUlllCly,

Therefore

(2.4) r*XO = - r XO + a div X.

This allows to show that :

*(2.5) d r,g = -L A(n) rX(n,e(i» iX(n,e(i»o + L iX(n.e(i))G div X(n,c(i))

Let us recall (See [J.L2]) that the sum in (2.1) is infinite but convcrges bccuus 2p< 1 anu that in

d:.t- r,gO the sum is.ffnite. dc,g + d*r,g and is a synlll1ctric operator thcreforc c10sablc anu d* r ,gare

closable too. .

Let us show that (clr,g + d*r,g)2 is defined aver Ag. For this we have to supposc 4p< 1. We

. have:

(2.6)

E (mj)A(m) iX(m.eG» adiv X(rn,eG»}

The sum in () is in fact finite. We have only to show that if wc take <dPI,X(n,e(i))>. wc can

reach this from the eore of cylindrical functionals because the parrallel transport appcars in such

expressions. This comes from the Bismut's fotmula :
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([Bi2], [Le4],[LeS]) and from the fact that 2p < 1.

Let us now study the behaviour of d*r,g dr,g o. It equals to

L A(n) div X(n,e(i» iX(n,e(i) ) ( L A(m) X(nl,eU» 1\ f X(n),cG») o} -1: A(n) r'X(n,c(i»

(2.8)

The sum is finite, except for the most embarassing tenn which is

(2.9) L A(n)2 div X(n,e(i) )1X(n.e(i»o - L A(n)2 fX(n.c(i» rX(n,c(i» a

But if we work in a local chart, we can compare the probien) of thc convergcncc of this scrics 10

the problenl of the convergence of LA und show it is convcrging in L2(J.lg) as in thc first pan sim;c

4p < 1 .

The sum in d*r,gd*r,g a is finite and docs not put any probh.:nl of convcrgcnce.

The sum in <lr,gclr,~ ais infmite but its convergencc comes fronl the fact Lhat

using (2.7).

Remark : Let w be the fann over the twisted loop space which to a vcctor assodatcs

<w(Y(s»,Xs>. It is the reciproque image of the one form w in M by thc evaluation IHap which

associates to a twist loop its value in tin1e s. It belangs to the domain of dr,gund d* r" ,g For this,

we exp'ond Xs in the basis givcn by Tyn und we sec that this foro) is the serir;s L

<W(y(s»,X(n,e(i»(s» X(n,e(i». There is the parrallcl transport which appcars In

<ro(y(s»,X(n,e(i»(s» but can be handled by thc fornlula (2.7) which allows tu show that this
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fonn belongs to the domain of dr,g und of d*r,g because 2p < 1.

Thc Laplacian (dr,g+ d*r,g)2 = L\,g is densely defined and syJnlllctric, thercforc closablc.

Let us introduce the geometrical action h : to a twisted Ioor y(s) it associates the twistcd loop

hy(s). Ir is an isometry from Hg in [0 Hhgh-1 whieh preserVcs thc spl i((ing of TYin10 I T,.t. 1bis

comes from the fact that his an isometry, and if y is the Brownian bridge bctween x und gx, hy is

the bridge between hx and hgx: = (hgh- 1)hx. Moreover thc parrallcl transport bt::twecn hy(O) and

hy(t) is nothing else than dh 'tt(dhf 1 since h is an isome1ry. Therefore the isonletry betwecn T'Yn

and Thyn is given by e --? dhe. Thc most difficult part 10 See 1his is for a vector field of thc type

'tt(e - te + t 't 1-1 dg e). It is transfonllcd in a veClor of lhe typ\,;

'tt(hy)(dhe - t dhe + t dh 't I-I dge) = tt(hy)(dhc - luhe + tuh tl-I (dhr Iuh dg (uhr I uh c)

(2.11 )

= 'tt(lry)(dh e - [dh e + t (dh 'tl dh- 1r 1 d(hgh- I) dh e)

Thc conclusion follows from dh 't 1dh-1 = 't 1(hy).

Moreover, h lifts [0 an application [rOlll Ag to Ahgh-I which js an isofllctry for the natural L2

struc[ure over these two spaces. Since h preserves the spliuing of TI' into thc sum of Ty
l\ ~'illce /he

A(n) are independent 0/ lire choosed slart;ng point, and sincc h prcserves the Lcvi-Civita

connection over TM.. we deduce the following equalities or operators with thcir uOlllain :

* *h d r,g = d f,hgh-1 . h

(2.12)

* *h (dr,g + d r,g) = (<!r,hgh- 1 + d r,hgh-I) h

The Hilbert space of loop space of a devdopable orbifold can bt: idcntificd with thc 4uoticilt of

the union of the sectors Hg by the geolllctrical action 01' G ovcr the union or i'lg.Thcll:forc,

fonnal~, the Euler·Poincare charac.:teristic of this orbifold of twisted loop spacc is ronnally givcn

by l/IGI L Trs( exp[ ·tL\]h), the Sllm bcing taken ovcr thc c!CIIlt.:nlS 01' lhe grulip aluJ thl.: I.:xpn.:ssioll
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Trs being the difference of the trace over positive fonus and o[ thc ovcr odd [unns· (lJ-l.ZJ). This

quanlily is fonnaly equals too to l/IGI L Indh(dr+dr*) .

But Ä preserves euch femionie seetor, und so only thc. contribution of the se~tors whic..:h are kept

by the geometrieal action of h need to be taken in thc cq uivuriant indcx ( lt is the diagonal

contribution of h ). A sector is kcpt by h if gh ::::; hg. So only SUlll ovcr cOinnluting pairs (g,h) havc

to be taken in the Hirzebruchls formula.

We cun handle now with the following conjecture:

Conjecture: If A(n) >trf
-) dr,g + d*r,g hus a self-adjoint extension.

-)If g and h conlffiute, X(Mg (') Mh) = Indh(dr,g + d:+O r,g)'

-)trexp[-t ~r,g]h is finite und Ldh(dr,g+ d*r,g) = Trscxpl-tßr,glh

This conjecture eould show thut thc rt:gularised Eulcr numbcr 01' lhe luop spacc 01' a

developpable compact orbifold is given by the Dixon-I-Iarvcy-Vafa-Willen (0.1 )fonnula gi ven in

the introduction.

112) An hcuristic proor or the COlljcctUfC.

Over Hg, instead of putting thc nlcasure (I/fM PI (x,gx) cJx ). PI (x,gx) P l,x,gx cJx = ~ l,g' we

choose the measure in small tinle (l/IMPc2(x,gx) dx) Pe2(x,gx) Pe2,x,gx uX=jle,g. This rncasurc

concentrates when e is small ove~ the fi xed point Mg of g bL:CilU sC PE2(x ,gx) ~ cx p I ~eiE2, wh L: 11

x;t: gx (See [Bi4]). As in [J.L21, we divide thc tnctric in T"t, n;tü, by E-
2 such that an original

onhononnal ba~is is muhipl ied by c, al thaugh i t is kcpt as a fon n (Scc l 13 i71alld ILC31). 'I 'I IC

contribution of Ty0 is more cOInplicated to handle, because there is two pans in Ty
0 : the pan

which is transversed to the fixed point set and the pan which is tangent 1O thc JixccJ point set. Of

course this distinction works only if )'(0) is closed to thc Jixed poilU sel. If )'(0) is dose to thc fixcd

point set, we can define the projeclion fI)'(O) over the fixt.:(] point sct and lhe parrallcl lranspon

't(){O),ny(o» from 0y(0) to )'(0). Over Mg, wc huvt; thc ltlllgClIl buncJle TMg allo ilS onhugllllal

bundle (TMg)H, which are parrallel because Mg is totaUy geodesil..:. We usc thc parrallcl lnlllspon

t(x,fix) in order to get a bundle TgM and a bundle TgMH over a sinall tubular neighborhooJ 01' thl.:

fixed point set Mg. Moreover, TgM and TgMH are orthogonal. 11')'(0) is in thc slllallncighboriluytl

of the fixed point set, we can split T"(0 in TyOcrgM) aud T./)(TgM11). This tlCl'UIIlPOSil iUII is
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til

onhogonal. We keep the Hilbert strllcture in TyO(TgM) andJAfyO(TgMH), wc tak~ thl.: Hil~n

strucure as ( «1.e2) f«)'(0»/E2 ) + 1) = fe('y(O» nlultiple of the Hilben structure fronl the previous

pan : moreover f(y(O» is smooth ~ 0, depends only from the distance between the staning point

and the fued point set Mg, and is equals to 0 outside a small tubular neighborhood U1 of th~ fixed

point set and is equals 10 1 inside a smaller tubular neighborhood U2 of the fixcd point set For thc

limit theorem we will da later, only the contribution of a small neighborhood of the fixed point will

be significent: an orthononnal basis OfTyO(TgM) isthe same and an onhonormal basis of

Ty°(TgMH) is rescaled by E. We won't write later all lhe details which.comes from the fact that

this rescaling is only true in fact over a sIllall tubul:1f ncighborhocxl of Mg, by doing a suitablc

panition of unity associated to a neighborhood of the fixed point set invariant under thc gl:ollll.:trical

action of h.

These definition being given, we define the operator de,r,g' the operator 0*c,r,g' the symmetrie

operator dE,r,g + d*E,r,g and the operJtor (dc,r,g + d*c,f,g)2 = ßE,f,g as befan:. Mon.~ovcr since

we choose fe(x) depending only fronl the distance from x to Mg, and since that distancc; js invariant

under the action of h, because hand g comnlute, all thes~ operators can bc chost:n invariant um.kr

the action of h : the main difficulty is to show that the splitting ioto TgM and TgM H is invariant

under the action of h. But since hund g conunutc, h kccps Mg und thcrcfofl.: dh kccps the

decomposition over Mg ofTM in TMg und (TMg)H. Moreover nhy(O) = hOy(O), always bc~ausc

hund g commute. Moreover, let eO be a scction of TMg. 't('y(O),n)'(O» cO(I1)'(O» is a scction of

TgM.

We have:

- dh

(2.13) 't(y(O),n"«O)) cO(ny(O) + Idh 't1· 1(dhr l~(hgh·l)dh t('Y(O)Jl)'{ü» (dhr I dh cO(rly(O»)}

=

}
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and dh eO(TIy(O» is a vector in TIh)(o) tangent to Mg. This shows that our splitting is kept near

Mg.

We follow the line of [I.Lzl in order to define the Bismut's dilatation. We have our basis of

distinguished vector fields X(n,e(i)) for a local smooth section e(i) of orthonorrOal basis.

Moreover, over our linIe neighborhood of the fLXed point set, we choose that local section with

respect to the splitting ofTM in TgM and TgMH. We deduce from this an onhononnal basis XCI)

of the fiber of differential fonns. Moreover this choice is invariant under the action of h, because h

keeps the splitting. Let us choose the coordinate of X(I). If d(y(O),Mg) is snlall, we take any finite

sum of products of the type f(ny(O» nI(n) (fi()(t(i» - fi(n)\o)) =F. I(n) is a finite pan of cardinal

n of [0,1]. Moreover all the I(n) wich thc satne cardinal ure distincts. Mon~over if I(n) = t(l) <

t(2) ...<t(n), we suppose that lhe union of all the I(n) for n tixcd is dcnse in the simplex t( I) <

t(2) ..<t(n) of [0,1]°. If Fis such a functional, P(hy) is still such a functional bccause h(lly(O» =

TI(h')"(O», which shows us that the choice of such test functionals is invariant under the action of h,

if d(y(O),Mg) is smalL If d(y(O), Mg) is big, we take any cylindrical functional ( Wc don't write

completely the details aoout this, but wc stick togethcr the two cOlllponcnrsby using as lest

functionals h()'(O» F(y) + (l-h(y(O» G(r) where h is a smooth function with cornpact support in a

small neighborhood invariant under the action of hand equals to 1 in a smaller neighborhood

invariant under the action of h. We perfonn the BisnlUt's dilatation only over th~ Jirsl

all the I are distincts, We deduce that euch fO,I(O)'(O» n (fi,l(y(ti» - fi,l(rIy(O» is tqualto O. We

can now define the Bismut's dilatation over a functional r = L foJI n (fi,J()'(ti» -fjJ(rJy(Ü» )

by puuing:

If d(-y(O), Mg) is big, we don't change the functional. We have that key propeny. since fIh)'(O) =

(2.15) Be(F(hr» = (BeF)(hy)

Let us show that the space of scalar functionals where the BisJ11ut's dilatation is defineu is uellsc.

This follows from this :

f(O)'(O)) nI(n)(fi(y(ti»- fj(nY(O» = f(O)'(O»( n I(n-l) (fi()'(ti» -1'(rIy(O»» 1'1l('y(t ll )
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(2.16)

-f(TIy(O» fn(n)'(O» TI1(n_l)(fi()'(t(i») - fi(ny(O»)

By induction over n, we suppose that each functional f(O)'(ü)Jy(t( 1),.. ,y(t(n-l)) is linlit of sum

of finite products with the cardinal of lek) smaller of n-l. Ir we use this induction hypothesis, it

results from (2.16) that we can get any functional of the type [(ny(O),y(t(I),oo,)'(t(n-l» [n('y(t(n»)

in L2(~g)' and therefore all the functionals which arc in L2(Jlg) by thc Stone-Wcierstass thoorenl.

Let us define the Bismut's dilatation for fonns : we choos~ an onhononllal basis ci(ny(O» of

TgM and an orthononnal basis ei(ny(O» of TgM H. Wc deducc a basis XCI) of our fiber of

differential fonns. If we change of onhononnal basis ci(n)'(Ü», thc change of basis X(I) is seen

only by tenns which depend only on ny(O). ]f a = L F1XI, lct us ddine

This defmition is coherent fronl the rCIllark berorc. 11' u()'<O) , Mg) is big, Llien; is IIU ujll:ratiull,

and we stick in a smooth way these two operations, but it does not givc diffic.:ultics, bc<..:ausc whcll

E teods to 0, only the contribution of thc snlall lubular neighlx>rhood 01' Mg appears.

We have still the basical propeny :

(2.18) Be(dha) = dh (BeO')

Let us now .defi~e the limit n)(xlel, confonnally to lJ.~1 and lTj.

The p~babiliiy space is defined as follow:

-lOver Mg we take the bundle of bridge in TM which gocs frolll c to dg c, c being in (TMg)ll.

Over Mg, we put the Riemannian measure und over the set of puth which go from c to dgc in time

1, we pUl the measure exp(- 1I(l-dg)cIl2) dc® P1,c,dgc is the 141 w of the Brownian bridge in TxM (

and not in (TxMg)H) which go to c to dgc. Let us rccall that the Brownian bridge which go to c to

dgc has the sanle law as the process (l-s)c + s dg ~ + Ys flm is a flat Brownian bridge staning,

from 0 and coming back to 0 in TxM in time 1. Thc introdut:lion of this nlodd is motivalcd by

As tangent space of the flat B'rownian bridge Y~Jlat' wc take the spacc H or finite ellergy

element h of TxM such that h(O):::;:h(1 )::::0 with the Hilbt:n norm Iro,Illlh'(s)112x os. Over litt.: set of

c, we take the Hilben nonn IIc1l2. The fact we use the Hilben nonn IIdl2 instcad or the 1l0nH
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vcclor field X(O,\.'(i», Ove!' an dCllh:nl of that PI'Ob~lbility limit spacc, wc get as fiber Ax/\

AcAA fel'llliollic' Thc last extcrior algebra is the rCl'Illionic: r-o~k spac:~ assuc.:iattd to th~ nat

ßrowniun hridgl.;' slal'ling from 0 in T xM,

As limit 0P\.'I':lIOI", Wl.;' (,'hoosl.: :

dx,g + dc,g+ doo •g = dx,g + t12,I,g = dl'l!- =L A(O) e(i) /\ '""'e(i) + L A(O) c(i)/\ l""'e(i) +

(2,19)

L A(n)(cos(ns )(;(j»1\ I"c:os(ns) e(j) + L A(n) (Sill(IlS) dj)) 1\ r'sin(ns) eU)

111 tlJe l'irst .'\lllll, \VC takl' dcrivativl' over an orthonunllal basis c(i) 01' T x(\/Ig ( x bclungs LU Mg),

In Ihe sCl'ond SUlll, we take dcriv\lliv\" uvcr all unllllllurtn:t1 basis (;(i) or erx Mg)H in Ihe limit

Gallssian spa('l', In 111(' Ihird SUlll, \\'c l:d';'l' thc cl;tssil'aIAr:I'I'-Shigckawa cOlllplcx l'urn.:spunding to

th!.? A(II) arHlto thl' Brownian bridgl' in the full l:lIlgcllt s[lan.~ ur M in x stanillg frolll 0 and c:ollling

ba<:k in () in tillle I, d,,\,d(,:,t1(.oo;1 :llHil'CHllllllllc as il (,.':In he Sl'CII in norlllal c:o()l'L1inalcs. Ir wc work in

llol111all~CX)nlillall's, we l.':llll'Olllpulc llll' adjoill! ur d,. d:I;I,g is given

(2.20)

It is the Sal11l' type 01' fOl'lllllliis as i 11 1.l.l.21. hut t 111..' IllJnn,t! ILlt I3ro\\'lli:Jll bridg~ is Illorl.:

complic.::lled IJ\.'J'L', hl'l':Il1SC WL' clloose Ion l: in l':tndoll"J. Ir Wl' pUl Calld Yll al togethl.:r, wc have an

abslraCI \Vicner spalT, and dc,g + dOXl • g l':tn be Llll(k'rslUod in lhe fOllnalislll ur Anü l1\ r l 1. [Ar21.

IAr.r\'lj. \V\,' ',':111 clloosc 1l:lllll'ly th\,' l'(i) SUdl th:tl il iS,:lllurthollonn:d basis l'ur (Tl\'lg)H für 1I1c

norm lId!:!. Let" lIS 1\'l',t1IIl:lllldy tl1,11 U\'\.'j' rvp,!" ir W\.' wrire dg as a l'uJkctiUll ur Ill:ltril'cs ur
I'utalioll 01' :lllgk li, \\'c gel ;t colkl'liUIl ur onho:,-un:1! subbulldks whil.'h are parralld OVI.:I' each



associatcd In Ilu:. lilllit C1:lllssian pruh:llJility mCilSlll"L' c,,\p(-Il(I-dg)l., lj2)0 dPI X' Thc auxiliary,

operalor in (,' is Ih~ npl."ralOr whil'll allows lIS (Q pass frolll th\.' both Hilben Slr<.:ture in c,

Moreover doo•g d*oo,g+ d*oo,g doo,g = L\oo,g =NB(/\2) + NF(A 2) and dc,gtr" c,g +d*c,gdc ,g=

6 c•g = N B(c2) + NF(c2), The llul11ber opcr:llor für bosoll N8(A2) is assodated to the operator

whieh sencls sin(lls) asso(,:iales }\(n)2 sin(ns land cos(ns ) (() A2(n) cos(ns las weIl as the fermion

IlUll1bcr op(,:J':Itor NF(A 2), Th\.'. hosonit, nLll11hl.:1' oj1(',I':ltOI'l: N 13 ((;2) und the fermionic nunlber

openllors NF(C2) :ll'l.: rcla!t:cI (0 thc change of Hilbi,,;'n struc.'tLlre in (TMg)H,

Then:rorc. "I 1'+ d*1 g Iws il S)'lllllll'tric extension, Namei)' AI' g + 6r>o g call be diagonaliscd,
'::;' , ..... ,

bccallsl,; it is a slIm 01' hos(lIlic IlllllllK'r 0pl.:rators and ur fermionic operators ( Set: 11\1'2])' Since the

A(n) don't dL'pt.:lld Oll X ami sill(.'\.~ the c1iagonalisatioJl ur dg is J):lrralld oVl:r Mg, we ueuuce lhllt thc

(1*~ 11 • this hl'l':JllSt these ojwrators :11\" alllil'ollllllUliJlg kf[T] and IJL/J), d~. 11 + d*x g appc;ars
',.:, - i"\",:, ~ I

ext\clly oV';1' \.~a<:11 hlillclJc as thi: cl..: l~h:llll op(':ralors 11'ilsnrisL'd by this blilldli:. \Ve kllow l!Jat [hc

spcetnlln or dx,g+ t1;I: X,g is disl'l"\.°te OVl'r \.':!l'h 01' Ihis rinit\., dilll\.'/lsiollal bUlldk. as \\'1..:11 as dC'b +

these hlilldks is th\.' square ruol (Ir 1111.' aUilill lll(Jduln the sigll ur ~c.g and 01' 6(.,O'g aver cach ur

this bundk. This allllws llS by reslril'tillg these hllnclks tu diagullalisc dj,g + d·
i
;l,g and (0 shuw it

has a sdr-adjoilltl,,\tl'llsioll,

\Vc C:III look ~t:,the action 01" h UVI,:r tht.: limit mock!. It Kl:l'PS tvlg hi:<::lllsl: g alld 11 COlllllllltl:.

MOfeo\,I,.'j' dl~ lifts 0\'1,.'1' Mg 10 a 11 ,11 llra I action ÜVI.:I' '1'(\1, wh ich prcs..:rves TlVl g alld (,(,lVlg)H, Let lIS

rClllark lhal :

. J )
(2,21) 11 c1h( I-d~kll- :::: 11 (l-dgHdhc)lj-

SUdl tllat thl.: i1l~ljun 01' dl1 prl.'sl.'l'vcs (hl,.' :lllxili~lry ulh:r:lIul' w!lieh appl':Jrs in 1\. H alld L\-Q g(sillce
. 'e-.'

the acrioll ur dlJ Pl'l'Sl,.'rVl.'s th\.' Illl.'lric of till: lang\.'/ll SJl~IC\.' ur trial)' Tilis shows tlS thai dil CUJIlIllutl:

with all thl' limit 1Illl.'ralOrS givl."ll hd'lJl'e,

TIIEORErvl I1 I : I/ A(n» j 11 [p

gh :::: hg



(2,22) TI" cxp( -t~l )1) < 00

':>

Prao!': Th\.'. (>roof oC th(.·, t:xistclln: 01' th\"~ (faCl.' follo\vs dirl.'l.:lly lbl.": lill~ of IJ,L2 1• bccausc: h keeps

[he \Vi<.:k proc!lIt,'\ :Ind the fl.:llnioni<: FOl'k spacc,Lel .=." hl..' a slH.:h a subbundle für Li<.: ,gand Lioo,g

endowed wilh a giv~n combinilrioll 01' \\liek procluc:t in Sill(IlS,) cos(ns,) and of c;xterior algebra in

cos(ns) ~111c1 sin(ns), K c1cnoles l!ll: combinatioll 01' sinlls}cosllS)which appl.:ar in 2 K : it is possible

there is more Oll\.' than Olle 01' \.':1<:11 sill(ns) \\'hic!l appcars Ihere, IKI is Ihe cardinal of K. Th..:

dim~llsinll or suc!l SllhhlJlldk is hOUl1dccl hy CIK1+ t ,wld the ac:tioll 01' ~xp(-t62,I,g) ovcr cach

slIbhlllldk is diögullal anti bOlilltk·d t,y C e,'\p(-tLK1\(11)2), Till' :!(;(inn ur 6 x uver /\x/\ =-K is givcll

~
by 1hc Lichn\.'rnwi<:z rOl"lnllla L\ K ==-1 /26 M + CI + CI,' CI is thc action ur the Lichnerowicz

formlIla rur the Ilon-tl'nsorisl.'d de J{ham operator, and CK comes from thc action 01' thc

Lichllcrowit'z rtWIHulil (>ver Ihl' :lllxiliary bllJlcllc, whit'll appears as a cumbinatioll 01' al most IKI

produ(,;(s 01' ~ IY[ll,.~S \ogttl1l'r: l"xll,.'riur prOdtK'ts, symlndrie lensor prot!uets and tensors praduels,

Wr: hav..... a pr(lh:lhilistic repn:Sl'lllalillll ur tbl" tnil:<? uf Ihl..: heut Sl"lIli-grullp associah.:d 10 AI\. ,sincc

Qver (':Ich prutllll,.'1 Wl" I!Ü~\.· tltt' l'OIllll"t"liull prlldllt'1. Let Ts K I>\: till.' p:lfr~lIlel transpurt OVl.:r ~K',

wh i,:h PI'c...'S\,'!'Vl'S (hl,.' produ{'\' anti 11.'1

We gl,.'l l!l(' rollnwing I'l'jll\'s\.·nl:lt ion ()r IB i~) 1,1 J, W I, ILl"21,1 L:)I ;Illd mure preeisely Ißi41 01' lhe

tface of thL' i11.':t1 SL'lI1i·!-'-l'uujl :

whel'c Pt{.\,)') is lh .... h~:It-kcrll\.:l assol'i:lIl'd tu the Bruwlli:ln motion ave!" tvtg alld Et,x,lI(x) the

exp\.'ctatioll fnr llll' Brnwniall bridge whieh got.:s rrulll 11(.\) tu x in time l. In partiel11ar, wc havc a

bOlilld or thl' tCI('t,,; lInd ..... r 11l\.·.l'Xp..... l·t:ltinll in C C( 1+t)IKI nK l'xp(-tIA~Il)12 < 2: CIK !( I+t) rlK

exp(-:r 11 2p) :::: C nK C( I +T) l,.',\p(-\ n2p ) < 00,

This shows tll:1I th ...' ·fll's\ p;ln n!' Illl'1heol"l'11l is (ru ...',
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L~l us shows 1l0w that thc; s('cond part 01' l!ll..: tlJ .... UI'L·111 is lnll.:. Th~ operalOrs doo,g' d(,;,g' dx,S

UnlicOll1l11l1lC or {.'ommutc wilh h. If a sCl:tioll Lx:longs 10 tll .... kl'fnd of dl,g + d'" I.g' it is llh:refor~ by

using AraY's ('·Ollljllltillioll IArl L11\1'21 a I'onn in x which dll1.:S IlOt lkpend frolll "'(nat and c, almosl

surely. This shows lIS that

We apply 11li.: classical LC~'hl'tz Iheol'L'm ilnd Wl' lind

silKe h is an iStHlll'lry 01' r'\1g lKTilllSl' ~ ~llld h COllllllllre:.

Lei lIS now IlKlliviltt.: thc introduClion or Ihl'SC Opl'r,llo!'s IlY I/u: following limit Ihcon.:m which is

analogllous tu Ihr limit Iheorl'm 01' IJ,L2 l, Hut hd,·or.... lids, \VC lll.:'cd (0 understand what wc need by

a Iiolit in law. I>l'C:lllSC ollr situation is a lillk: hit more cOlllplil':lIl"U Ihan thc: silUation cncolltcred in

[J.L2 1 ' Lei lIS !'.e(';lil Ihm thc rib\,.'!' is isuJl'1urplliL' to i\C!'x rvl) 1\ I\x(H) .UUI if x is dosc to lhe: tixeJ

point st.:l, A(T .... ) 1\ 1\ ,(I-I) is isomnrphic by lllL'ilnS ur the pörralld lrallspon bclwCClI x alld rIx 10
," x

the original fihl'r, We plll as 1-lilhL,rt space SlrUl'IUfL' lllL: ~pal'C 01' L2 sel'lioll uvcr !\(Tnx) 1\

Anx(ll) al1tllill~ SP~ICC 01' 1...2 sCl'liull over I\(T,,) 1\ 1\,,(11) (ar froll1 Ulif IIcighhorhood. I\n L2

seclioll of rOf11l ~)v.cr Ihe IwiSlt'd loop spacc appe:tf'S tllerL'fun: as ~I L 2 randolll variabk from lhe

twisled 1<.x'P SP:K't.' inlo Ihis Jj,'\t:'c1IIi1berl spacc. It h:ts Sl-'/lSL' in paniclilar to speak 01' thc limit in law

of such rant!olll variable into Ihis lixtd l'lilberl SP:ICt' whkh jLtstiries our conjc:clUl'c.

THEOR r:r'\1 11 2 :Fo!' ollyji'xed delJ/(~JJ( of Ag, \\,'(.' /wv(.' ill/mv ({ 4p< I :

(2.30) B~ dho _.) dh 0/
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Proof: Ll:t lIS bcgin to show first that ßEO' --1 01 in law far any eh:ml.:nt of Ag. This arisl;s from thc

ßiSnlllt's <.:omjllll:ltion 01' 1Bi4] : any finitt: t..'ombinalion of (f(y(t)) • f(ny(O)))/€ h:nds in law to

<df(y(O)),'Ytl:ll(l) + ( I-tk +t dg c> for the gi ven limit prohability Gaussian measure. The second

affinnation comcs from thc facl that dho belangs to Agant! that Be dh (J = dh ßeCL Let llS remark

that we dOI)'[ 1lI-'I-'c1 Ihe full l1ismut procedllre in order 10 see thaI, because we take ollly a finite

numbCf 01" tt:nllS in (I'(y(t»-f(n-y(ü»)/c. Complltations sil11ilar to ILe21 can bc lIsecl.

* . *Let lIS show Il11W Ihat (dE,r,g + d E,r,g) Beo Icnds Inlaw to (d1,g + d I,g) GI ( We l::I1l remove

the tenn in h, Ihis 1'1'0111 (2.30». Wr;:. work in nonllill coordinates in ny(O). Let lIS bcgin by the

divergt..·.IlCI-·, p;ln in d*E.I',g . Ir Wl.: take an ekll1l.:'1ll 01' TI\" 11 > 0, of the distiflgllishcd basis, il is

nlllhiplicd hy [, Ihis frolll thc rcscaling 01' thc mclrie. Wc gel:

divrX(ll,\.·,(i») = f/r 2J1o,11 < t s(,.'OS(IlS) e(i),0-Y(S) > + 1/2 f.2 /c.2 J10, 11 < SEX(n,t.:(i»(s)'OY(s) > +

(2.33)

COli 11 l\.'1'l t..'1'1 1lS .

Th~ cOllnlt..·r1enns disapPt..~IlJ' wht..'n f lenc!s to Zl.:'ro, und in law it n:maills at Ihe end I[O, 11< cos(ns)

e(i),cSYfl~l(s) > \vhich is exaclly the divergent term which appears in d* oo'g' In the limit

contrihlilioll, th .... n:.. is 110 11.'1'111 in ho, I] <cos(ns) di), (I-dgkds > = O. The case 11 < 0 is similar.

For thc nl~.)JIl\"·lp·; we don't St..·c thc dilTcrellcc wilh Ih\,.· CUl1lpLllalioll 01' IJ.L21.

Thc difft'r\,.·lll.....·. appt'.i1J'S Ilall1t'ly wllen wc want 10 tl'l.:'i1t the comrihution in (he divergellt pan 01'

TY0, bCl:i\llSt..' thl.'rt..· isill tll is rllS~ Iwo diSli Ill't b~haviolIr.

Let llS <:ollsidt..·r first the rase of XO(t(y(O»),rJy(O» e(i)(nY(O) whl:J't c(i) is onhogonal to TMg.

In this <:ast..', Ihl,' Illclric' is n.·scal~d, anti we havc 10 1ll11ltiply Ilear rvtg our vector by [, Wr,; get :

nlivX(O,di» = fdivt(y(O),r1-y(O» c(iHnY(ü» + E/E
2 1'0, I1 <1s( --r(-y(ü)JI-y(O»e(i)(r1)'(Q) +

(2.34)

In this l'~."t? lhe lilllit III law of :J finite l'alllily of,~divergl:llce 01' Ihis kinu IS
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« -1 +ug)e(i)(y(O)),( ~ I +dg)c > which gives Ille divl:rgcllce pan of the term in u'"c'g in thl: limit

model.

Ir we work 1l0W (>ver TMg, wr: havt: the SU01i: type 01' behaviour, but this goI.:::. in law to div e(i),

because 't'I has a behn viour in I + c2 und beciluse e(i)( ny(O)) belangs to the kernd of ·1 +dg. This

shows lIS in loc:al coordinates that the divergence pan of d*c,r,g BEC' c:onvergcs 10 thc divergence

part 01' d*l,gO" ilnd (his Wilholll Ihe Bismut's procedure, bccause in this cast we have only finite

expression. (In rat'l, it is not so simple, bec.:allsc in limit theorem in law, we take [f:st fUllctianal

which are (111)' c:orlli 1l1l011S, and it is not easy to rcglliariscd c.:ontinuous test functions in t!li: nOIl

conlpacl ,,·ase.ln orcler 10 be rigorolls, wc cannot avoid (Q list; Ihe ß ismut's proccdurc. Sec later for

this).

Let llS Il(lW study lhe bchaviouJ' 01' dC,r13 co. Thc dirriculty is now that wc havc infinitc

expressions. Ir n > 0, we have to study thc bchaviollf 01' < d(f(y(t))-l{tiY(O)))/f, t:X(n,e(i))> which

is eqllals to <df(y(t-)),X(n,t'(i))(t» b~caus~ X(Il,e(i)(ü) = O. This lends [0 <df(Y(O».f'O,tJCOs(lS)ds

e(i) >. which is cxactly Ihe dcrivilli vc of <df(y(ü».!, O,llöYflat(s) > in the: din:c.;tion COSIlS e(i) of the

Camcl'on-Manin spacl: H 01" the ßrownian bridge. Thc C4ISI; 11<0 is silllilar. Ir we take a d;:;riVi.tlive

in thc dircclioll 01' (Tt\1 g)H, ny(O) does not change HSylllplUlically in c under the action of such

vector Jidd. Tht.: VCt:lor fil.-lcI is n:scaled by f ilSdr, bCC~lllSt,; we n:scak thc rnclric in lhis dircctiofl.

So wc find thill in law <c1(f(y(())) - f(ny(ü))).X(o,e(i))> [cllds [0 <dr(y(O),t( -} +dg)c(i» whidl is

c:xtH.·tly Ih\..o tkrivalivc 01' <c1ny(ü»,t(-1 +dg)c> in (he direclion e(i). LeI US now sllIdy the bchaviollr

in law of the derivatives in the direclion ofTMg.We gel if c::(i) bdongs to TMg

<d(f(y(t) -f(ny(ü)))/f, X(O,(c(i) > = < d(f(y(t) -f(y(Ü)),X(ü,c(i)) >/E +

(2.35)

<d(f(y(O) - f(ny(O)),X(U,e(i))>/E

Since WI.: \\'(Jrk in Ilorlllal coordinates, anu sinl'L:' 1 1(y{O),ny(o») ;:;: I -I- c2 whcll g tL:'/H.!s to 0, thc

derivative of Ihe Sl'conu term disapPc~lfS almos( l'Olllplclcly when r gocs tu 0, bccause

d(y(O) ,ny{O»).::: E W IK'Il C got:'S 10 0 : i t l"L:'m:t i IlS :I t t hl..' Ii 111 i t < I~e(i)d I{y(0»), C >. Lc.: I us trca t thl: Iirsl

te1111. Bur il is in Ihe S[r~IIOllovitt.'h sense:

<c1/ro,t] <df(,(s),dy(s», X(ü,e(i)> /e = /jOJl <rX ({),e(i)}s)df(y(s»,uy{s) >/E

(2.36)



The second ttml tends (00 becuuse 't I-I dg = I + (2 in I~lw ~lOd ut the t:nd wc set: that :

<u(f(y(t) - f<ny(O», X(O,e(i»>/ e ~ hO,tl < r e(i)dnn)'(O»J>)'flat,s + (-1 +dg)cds > +

(2.37)

< r e(i)(tf(n)'(O»,c>.

Let us remark IhHt the lot of simplificHtion which appears because wc usc loeal normal

coordinates ave!' n)'(O) ( for instancc 'tt ~ I + (2 ) appcars in general not in each pan of the

operator hut onl)' globaly. Für instance, the derivativcs 01' thc distinguishcd vcctor fields caneel

when C h:nds tO 0 bl:l':lllSe we lIse that normal coordinatc system in 1"1"'((0) : witilout this the

COlllPllt:llion shnuld bc mon: cOlllplicated. The dilliculty wc ilave to ovel'COIllC is that wc get in I'act

an inlinilc SUII1. In ordl:.f tO solvc that, we will 1I se the Bisllllil'S proccdllre as givcn in l13i2Ll13i41

and not in lLc) L bectlllse in this cast: same sll100thness assumption is necl:ssary about the

auxiliary fllllctiollal of the Brbwnian bridge which is considenxl. Let us cOllsidcr the collcction 01'

<dfj(y(t»,'tt fIO,t] l'os(ns) ds e(j) >, <dfty(t»,"CtfIO,tl sin(ns) ds cU»· It is a ranuolll ckmt:nt '1lE

of L2(N). Wc have to show that for all bounded contilllloliS fUl1ctionals F frolll L2(l'J) illto IR, thi:

expc:ctation 01' F«I>[) tcnds to the i:xpcctatioll 01' F(et». We lISC the L3islllllt's fact th~lt :

In order to get v2, wc look thc I:lJlItltion

where thc Xi arl' the callollical Vi:CIOr fidds Over the frame bllllclle uver IVl. Wc SUpP()S~ that lI s

start frolll nlI(O) =-y(O) + cc, y(O) belonging 10 Mg alld c; bi:ing in TMg, this t:xprcssion being

wrinen in a lublilal' ncigIJborhood. We choose y2 such that "(( I) = rIli l is clJlIal 10 "((0) + l:dgc. \Vl;

start fro,n 1'(0) + ec, bl'causc the heHt k~rl1cl Pt:2(x,gx) lIoes not tcnd to Zl.:I'U whl.:l1 x has a
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behuviollr in y(O)+EC (See IBi41 for more dc:wils). Thc: kc:y fu(;t is the following : gcnf:rally for a

given E, we cannot find a v2 such lhat y( I) =y(0) + Edgc, but it is asynlptütically lrue, und this

uniqllely (See 1Le 11 for a non·geometrical approach). This explains the error h:rm in (2.38 )as weB

il is explained by the contribution of the Jacobian whk'h appears in the implicit function theorem

which tends 10 1 when E goes to O. The last difficulty it remains to explain is that there is 1 t which

is not a continuolls fllnctional of y which appears. But it is overcomed because L t in (2.39) appears

(h works tao if we take a finite nllmrer of stochnstic integrals with different integrands).

This type 01' argument works (00 ( but in a simpler way, bccause there is in this case a finite

sum) for the non divergent part 01' d* (,f,g ßc:o. In conclusiofl, we have shoWIl ltwt in law (uc,r,g+

Let llS show now that (dE,r,g + d* e,r,g)2 ßEo =ßE,r,g er converges in la W lO L\l,g01'

a)Let us bcgin by the simplest contriblltion, thut means d*E,r,g u*E,r,g Beo. It is a finite sum

which appears. Mon.~over since two interior product anticoll1mutc und sinc~ liiere the ul.:rivativl.:s in

the linlil prohahilily space ovcr y(0) in Mg commUle, Ihe limil in law of this expression is lIolhing

* *'else Ihan cl x,gd x,g 0'1'

b)Let us look Ihe i'ontrihlltion of dc,r,g df,r,g ßfO'. There -is a dOllbly infinite Sllm in this

expression. Since we look in normal coordinates, we see that the apparently most difficull pan to

handle in (his expression is Ln;eO.111;tO,i,j A(m)A(n)<u<dßeF1,cX(n,e(i)>,cX(IIl,e(j))>

X(m,eU))/\ X(n,e(i)) /\ X(I).The contriblltion with n=l11, e(i) = eU) cancels. We have only to

consider the family of A(m)A(n) r 2( <d<dB e F 1,X(n,e(i»)>,X(Il1,e(j))> -

<d<dßeF1,X(Ol,e(j»,X(I1,e(i»» which bdongs to L2(l~). Thc only difCiclilty is whcn w>: dcrive

twice the same (f(y(t(i»)-f(ny(O)))/E : in the olher casc, Ihere is a allIOmatic:al canccllalion. We ust

another time thc Bis1l111t's procedure. bllt we havc tu usc thc fonllula (2.7). An infinite numbcr of

stochastics integrals with different integrands app~ars . We overcorne this difticulry by writtng Xs

= 'ts J-1 s and hy integrating by part in (2.7). Thl: boring ternl are 01' thc: type ttIIO,tjKsH'sus wherc

a fixed Ks (independent of Hs) appears. Ks is a Strutonovitch integral in lhe curvatufc tensor und

'ts : we c~m upply the Bismu~'s procedure to Ks' which allows to conclude. Let liS remark thal t~le

fact lhat the second derivative of f(y(ti)- f(ny(O))/E along eX(Il.e(i)) anu EX(m,dj») cancds :.1 thl:

limit describcs the f~lct that the derivative of <df(y(O)}Ytlat,l + (I-I) c + t dg c> is dcli:nllillis(ic al
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th~ liolit in Ih~ direetioo of lhe tangcm spate of [hc Brownian bridge.

In this cUS~J the computution was ~asier bcc;llise wc dividc ea<.:h f('y(t(i»)-f(rty(o» by E und we

muhiply euch X(n.e(i)) by E. This simplificution do~s not app~ur when Wt; huv\; [0 muhiply only

one X(n,e(i» by E. We look the convergence in luw of [he serie~ in L2(N) A(n)E {

<d<dBeFI,X(O,e(i)p..,X(n,eU))> • <d<~BeFI,X(n,eU)>,X(O,e(i))>} when: t:(i) belangs 10

\h:QJ
TMg ,n:;e 0, or cU) belonging (0 (TMg)~ 'r{)nly (he contriblltion of (he second derivative of [he

same (f(y(I(i»))·f(ny(O)))/E plays a role. We have for 11 :t 0

<d<d(f(-y(t(i)) - f(y(ü»),X(O,e(i»>,X(n,cU»> A(n) ~

(2.40)

<d<d f(Y(I),X (O,c(i»)(t»,X(n,eU»> A(n)

and

<d<d(f(y(l(i» • f(ny(O»,X(n,eU»>,X(O,e(i»> 1\(11) =

(2.41 )

«df(y(t( i»,X (n ,e(j»(t» ,X (O,c(i»> A(n)

We huve (0 take the derivative rX(O,e(i»X(n.cU»(I) and rX(n,cU»X(O,e(i»(l). Th~se two

sequences tend separetely in law to 0, becaLlsc we work in the normal coon.linate system. Lct us

repeat that this simplification appears scparatdy bl.:callsl.: we usc normal coordinalt:s ovcr cac:h

contriblltor term (Jr thc opt:rator appears globally oVt.:r thc opl.:'rator, which is intrinsically ddincu. It

renlains only [0 silldy the c:ontriblltion or thc SCLJlICIH':C :

(2.42) A(n") «r2f(Y(t», X(O,e(i»(t),X(n,eU})(t» - <r,2f()'(I)) ,X (n,e(j »(t),X (O,c(i))(l»)

which tends in L2(N) in law 10 0 becallsl: we work in normal coordinates. We havl.: shown that

treated as the comribulion 01' dr,rßEo.The firsl differellte is lhal wc havt.,; to lake dcrivalvc 01' lhe

parrallel transport, and thereforc to uSt: (2.7). We havc toD to lake derivative 01' thc divcrgL:llce pan.

The only difliculty in this case is lO take the derivative of 1/t: JjO 11<1 .H'(n)(s),Oy(S». It is in fact
I S

too n Stratonovitch il1lcgral. Wc have IIH:n if Il1;cO :



< I/E 11O,II<tsH'(n)(s),dy(s»,EX(nl,«:(i»> = 1, 0.11 <'es H'(n)(s).'tsH'(m)(s» ds

(2.43)

which tends in law 10 Iro, 11 <Ht(n)(s),H'(m)(s» ds, therefor~ the derivativ~ of thc divergence

f[O, 11<H'(n)(s),oYnlu(s) > into the other direction H(m)(s). l11e fact that the second tenn tends in

law to zero does not come fronl the fact we lIse nomlal coordinates, but we have 10 use this for the

derivatives 01' the others pans of the divergencc.

d)The 0105t complicated ternl to treat is d* e,r,gdE,r,gBeO" bceause the SUI11 in de,r,g BeG is

infinite,uolong which is the ternl :

(2.44)

divX(n,di»

The first term does not pUl any problem, becilllse each tenn 01' (!lI,; scric~is i 11 L2 bounJed by

CA(n)2/n2 und since 2p < I. For the second. the most complicalcd lel111 is

The detenninislic seri~ A(n)2 Hn(t) is in L2(N) bec:alJsc 4p < 1. Let <Pis) = L. A(Il)2 1-I(II)(t)

1-I'(n)(5). 11)5· aw'elen1ent detemlinistic of L2 10,I L which does not dcpcnd on c. Wc rccognise in

(2.45)

'(~

Since $'t(s) is detef1llinistic. this converges in law,too L. <df()'(O».Ilo,II/'?'l(S)c(i),öY(s»>. Sillcc

4>'t(s) is deterministic. this eonverges in law toD L <df(y(üj.f[O,ll<<P'l(S)'OYnat(s» which is the

divergent part of thc operator associated to the auxiliary operator which to I-I'(n) assoc.:iatcs A(n)2

Hl(n) over tht: Ilat Brownian bridge.

Remark : We separate in order to give a niee exposure of the convergence in Jaw 01' difICrent pan of

the considercd expression, although it is not completely corrcct. Hut the convergence in law für all

the expression together is ensured.

Remark: Thc tht:on:n1 11.2 justifies the name of limit model, alrhough WI: omit to spl;ak about the



I,

difficliltit:s 01' this lilnit procedllre: it is perhaps possibk lO ddine another seI of functionaJs such

that the Bisnult dilmation gives another limit operator.
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