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Abstract

In this paper we deal with semistable sheaves which can be represented as the
cokernel of an injective (or as the kernel of a surjective) morphism F; @ C™ —
F, ® C* , where E; and E, are exceptional bundles. To each such a sheaf we
assign the linear map C™ @ Hom™( £, £;) — C*. We obtain sufficient conditions
on the topological invariants of the sheaves for the moduli space of the sheaves to
be isomorphic to the quotient of an open subset in PL(C" ® Hom*(E,, E;),C*)
under the action of SL{C™)xSL(C").
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§1.Introduction.

For the first time exceptional vector bundles appeared in the work [DrLP] of
Drezet and Le Potier in 1985. The authors described the set of all triples (r, ¢y, ¢2)
such that there exists a semistable sheaf V on CP, with the given rank and Chern
classes:

r(Vi=r alV)=a; cV)=c.

Exceptional bundles appeared in this work as stable bundles with the discrimi-
nant A < % The ranks and Chern classes of exceptional bundles were used for
constructing the bound for these invariants of semistable sheaves.

It was proved that the bundle F is exceptional if and only if it is stable and rigid
(Ext'(E, E) = 0). So any exceptional bundle £ has the moduli space consisting of
one point.

Further on the concept of exceptional bundle was developed in two directions.
From one hand, Gorodentsev introduced exceptional collections of bundles and
helices on P, (see [Gol]). It was founded that for any full exceptional collection
there exists a spectral sequence of Beilinson type. Besides, the braid group acts on
the set of all helices and on the set of all exceptional collections (a survey of the
helix theory and further references see in [Go3]).

From the other hand, Drezet used exceptional bundles for obtaining more con-
crete information about moduli spaces of semistable sheaves on Py (see [Drl], [Dr2],
[Dr3]). In the work [Dr2| so-called semistable sheaves of height 0 were considered.
The definition of height is specific for P, but the height of a semistable sheaf V
equals 0 if and only if there exists one of the following exact triples:

0—EQC" —m E,QC* —mV —0

or

00—V —=2EQC" - E,C" —0

Here E, and E; are exceptional bundles on P,. Suppose
t: C" @ Hom™ (£, E,) — C

is the linear map naturally associated with the morphism of bundles £, ® C* —
E; @ C" in one of the exact triples; then ¢ corresponds to V. Using this correspon-
dence, Drezet has shown that the moduli space of semistable sheaves of height 0 is
isomorphic to the quotient of the open subset in PL(C" @ Hom"(E,, E;),C"), con-
sisting of semistable points with respect to the action of SL(C™)xSL(C"), under
this action.

Such moduli spaces of semistable sheaves on P! x P! were considered in the
work [Ka]. The subject of this paper is the results of such type for semistable
sheaves on Del Pezzo surfaces (see theorems 2.7.1 and 2.7.2).

I am grateful to the Max-Planck-Institut fur Mathematik in Bonn for the stim-
ulating atmosphere in which this work was finished.
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§2. General facts and formulation of main results.

2.1. Notation. Let S be Del Pezzo Surface, A" be its canonical class. For any
coherent sheaf £ over S with r(E) > 0 put by definition

v(E) ?§BGH¢Q®Q
w(E) = %)—ﬂ € Q — the slope of E
o(B) = S = s () - 2l )

For any two coherent sheaves F and F denote
X(E,F)=)(-1)"dim Ext'(E, F).

The Hirzebruch - Riemann — Roch theorem gives the following expression of x
in terms of invariants introduced above.

X(E, F) = r(B)r(F) (1 + 5(u(F) = W(E)) + L) + a(E) = v(E) - (F))

Sometimes we call this expression Riemann — Roch formula. One can easily see that
after disclosing the parentheses the right hand side is well defined as r(E)r(F) = 0.
It is convenient for us to consider the Mukai lattice

Mu(S) = Z ® Pic(S) & 2.

Any element v = (r,¢,s) € Mu(S) is called Mukai vector. To each coherent sheaf
E on S we assign Mukai vector

v(E) = (r(E), c1(E), cha( E))

The values i and g are regarded as functions Mu(S)\ {r = 0} — Q, and v
is considered as a map Mu(S) \ {r = 0} — Pic(S) ® Q. The Riemann - Roch
formula gives the bilinear form y(*, *) on Mu(S). Sometimes we shall write x(E,v)
instead of x(v(E),v).

We shall need also the following expression for the skew part x_ of the form y:

X-(E.F) = x(E,F) - x(F,E) =
a(F)- (~K) +(F)

= = r(E)(F ) — ul(E

alE) - (-R) r(E) (E)r(F)(u(F) = u(E))
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2.1.1.SWING LEMMA. Suppose 0 — E — F — G —» 0 is exact triple of
coherent sheaves, then:

a) x-(E, F) = x_(F,G) = x-(E, G)

b) if r(E)r(G) > 0 then there is one of the possibilities:

#(E) < u(G) < p(F)
or  pu(E)=p(G)=uF)
or  p(E)>p(G) > u(F)

The proof is by direct calculation.

2.2. Exceptional sheaves and exceptional collections. A sheaf E is ezcep-
tional if
Hom(E, E) =C, Ext(E,E)=0 fori>0.

In the work [KuOr] it is proved that any exceptional sheaf on a Del Pezzo surface
is either locally free or a torsion sheaf of the form O.(d), where e is irreducible
rational curve with e? = —1.

An ordered collection of sheaves (Ey,---, E,) is ezceptional if all E; are ex-
ceptional and Ext'(Ej, E;) = 0,Vi, for & > j. Exceptional collection is full if it
generates the bounded derived category D°Sh(S) of coherent sheaves on S.

2.3. Stability. We consider the usual Mumford - Takemoto stability with respect
to the anticanonical class. Namely, a torsion free sheaf E is said to be stable
(semistable) if for any subsheaf F' of E such that r(F) < r(E) the following
inequality holds:

w(FYy < u(E) (2(F) < u(E) for semisatbility).

Let us recall the following facts.

2.3.1. PROPOSITION.
1. If E and F are semistable and u(E) > u(F') then Hom(E, F') =0
2. Exceptional bundles are stable,

The first assertion is the standard stability property, the second one is proved
in the work [KuOr].

2.4. Mutations of exceptional pairs. Let (£, F') be an exceptional pair; then
X(F,E) = 0 and x(E,F) = x-(E,F). It is known (see [KuOr]) that the pair
(E, F) belongs to one of the following types that are distinguished as follows:

e hom - pair: Hom(E, F') £ 0,Ext'(E, F) = 0,1 > 0 < x-(E,F) > 0;
e ert - pair: Ext'(E, F)# 0,Ext(E,F)=0,i =0,2 <= x_(E,F) < 0;
o zero- pair: Ext'(E,F) =0 foralli <= y_(E,F)=0.
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Let (E,F) be a hom - pair. It is proved in {KuOr] that the canonical map
E @ Hom(E, F') — F is either surjective or injective. Hence, there exists one of
the following exact triples:

r

0— LgF — EQHom(E,F) — F— 0 (2.1)

or

0 — E @ Hom(E,F) — F — LgF — 0 (2.2)

In the both cases the pair (LgF, E) is exceptional, it is called the left mutation
of the pair (F, F'). In the first case the left mutation is said to be regular, in the
second one the left mutation is singular.

The right mutations of the pair (£, F') are defined in the dual manner. Namely,
it is known that the partial dualization £ — F' @ Hom(E, F')* of the canonical
map is also either injective or surjective. Therefore, we have:

0 — F — F@Hom(E,F)" — ReE — 0 (2.3)

or
0 — RpE — E — F ® Hom(E, F)" — 0 (2.4)

As above, the pair (F, RpE) is exceptional, it is called the right mutation of the
pair (£, F'). In the first case the right mutation is regular, in the second one it is
stngular.
Now let (£, F') be an ezt - pair. Left and right mutations of it are the universal
ertensions:
0— F— LgF — EQ®Ext'(E,F) — 0 (2.5)

and
0—FQ® ExtI(E,F)' —s RpE — F — 0 (2.6)

As in the previous cases, the pairs (LgF, E) and (F, RpE) are exceptional.
It can be easily seen that applying the definitions of mutations to a zero - pair,
we have always the permutation of its members.

2.5. System of sheaves generated by a pair. Consider an exceptional pair
(E, F) and an infinite set of sheaves {F;};cz  such that

E = E, FE;=F and E;‘+1 = RE.-E'..l ( — k= LE"E,'+1)

The set {E;} is called the system of sheaves generated by the pair (E, F).

Applying the functor Hom( -, E) to the triples (2.1), (2.2), and (2.5), we see that
the non-trivial space Ext'(E, F) is dual to the non-trivial space Ext'(LgF, E). Sim-
ilarly, applying the functor Hom(F, - ) to the triples (2.3), (2.4), and (2.6), we see
that the non-trivial space Ext' (£, F) is dual to the non-trivial space Ext (F, RpE).
Therefore, we have proved the following
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2.5.1. LEMMA. The non-zero dimension of the Ext-space between the neighbour-
ing members of the system {E;} (i.e. dimHom(FE;, Eiyy) if (Ei, Eiyy) is a hom -
pair and dim Ext'(E;, Ei4)) if the type of the pair is ext) does not depend on i.

We denote this dimension by h. It is obvious that
X(Ei, Eiga)| -

If A > 1, then there are the following possibilities for the system {E;}.

h =

(+) All pairs (E;, Ei41) are of type hom. In this case all E; are locally free.

(=) There is only one ezt - pair (Ep, Epy1) , all the others are hom - pairs. In this
case all E;,1 # p are locally free. The sheaf E, can be either locally free or
isomorphic to O.(d).

This classification is proved in 3.1. Sometimes we write briefly ”{ E;} is of type
(+)” or simply "{F:} is (—)” meaning that the corresponding possibility takes
place for the system {E;}.

If A = 1, then up to renumbering of {¥;} all the mutations are described by
the following exact triple

00— Fy— F, — FE,—0

For instance, the left mutation of (Ey, E,) is regular, the right mutation of (£, E;)
is singular, and B3 = Ey. Actually, E; = E; iff t = j mod 3. The simplest example
of this situation is

0—0(—e) w0 —0,—0 ,

where e is irreducible rational curve with e? = —1.

In the case h = 0 it is obvious that all pairs (E;, ;1) have type zero, E; = E,
whenever 1 1s even, and F; = FE, whenever 1 is odd.

Suppose h > 2; then there are two limits of the sequence {u(E;)}:

Heoo = lim '[J(E,) a,nd Hioo = llm ,LL(E;)

i—+—co 1—=+00

(see proof of 3.1.4). If the system {E;} has type (+), then the slopes of E; are
ordered:
Pooo < (E) < p(Big1) < pooo  for all

In the (=) case the ordering is broked by the ezt - pair (E,, Ept1):

#(Ept1) < p(Epy2) <+ < flpoo < fhoco <o < p(Epez) < p(Epr){< p(Ep)]

(the last inequality is in brackets because E, can be of zero rank.)
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2.6. Kronecker moduli spaces. Let Hy, L, H; be finite-dimensional vector
spaces with dimZ > 2 . Any linear map t: Hy ® L — H, is called a A7ro-
necker L-module (this term was used by Drezet in his work [Dr2]). A morphism
from the Kronecker module ¢ to the Kronecker module ¢': H)® L — H] is a pair
of linear maps (fo, fi) , where fo: Ho — H} , fi: Hi — Hj , such that the
following diagram

Hy®L -4 H;

fo@idt,l lfl

HQL X H
1s commutative.

It is clear that all the Kronecker L-modules form an Abelian category. The Kro-
necker submodules, quotient-modules, and the kernels and cokernels of morphisms
are defined in the obvious way.

Let us denote W = L{Ho ® L, H;)\ {0}. The reductive group Gy = (GL(H,) x
GL(H,))/C acts on W as follows:

(C (go, 1), t) —> groto(go®@idL)™".

Consider the projectivization P = P(L(Ho ® L, H,)). The action of Gy on W
induces an action of the group SL(Hp) x SL(H,) on P.

A nonzero Kronecker module is semistable (stable) if its image in P is semistable
(stable) in the usual sense of stability of a point in an algebraic variety with re-
ductive group action relative to linearization (see [MuFo],{Dr2}). We shall use the
following criterion (see [Dr2]).

2.6.1.PROPOSITION. Let t: Hy® L — H, be a nonzero Kronecker module.
Then t is semistable (stable) if and only if for any submodule t': Hy @ L — H]
of t such that H] # {0} and H| # H, the following inequality holds:

dim H{ _ dim #, dimH{ dimH,
- > — TESP .~ > =
dim H} ~ dim Hy dim Hy = dim Hyp

Denote by W?** (IW*) the set of all semistable (respectively stable) Kronecker
modules and put 2 = dim L, m = dim Hy, n = dim H,. Denote also

N(h,m,n)=W?* /Gy and N°(h,m,n)=W?*/Gq
These quotients are the Kronecker moduli spaces. From definitions it follows that
N(h,1,1) = Py, and N(h,1,n) = G(h — n,h); thus, the Kronecker moduli
spaces are in a sense generalizations of Grassmanians. The first non-trivial case
N(3,2,2) = P is considered in the work [Dr2].
Let (E, F) be an exceptional pair. We denote by evg r, the fiber at a point
z € S of the canonical map:

eve rz: Ex @ Hom(E, F) — F;
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regarded as Kronecker Hom(F, F')-module. The following properties are proved in
[Ka).
2.6.2. PROPOSITION. If the left mutation of (E, F) is regular, then

evg Fz is (semi)stable <= evp rE. Is (semi)stable

2.6.3. COROLLARY. If the system {E;} is of type (+) and contains a one-
dimensional bundle, then evg, g,,, o is stable for any 1 € Z, z € S.

2.7. The main results of this paper are the two following theorems.

2.7.1. THEOREM. Suppose (Ey, Eq, F»,---, ) is a full exceptional collection of
bundles over Del Pezzo surface S, the system {E;} generated by the pair (E, E»)
has type (=), and h = |x(E;, Eiz1)] > 2. Let v = (r,¢,s) be a Mukai vector with
r > 0 such that the following conditions are satisfied:

(0) X(an):O) .7:2191

(1) max p(£3) = K < p(v) < minp(F)
j

(2-) Hrpoo < (V) < oo

Then for m = |x(Es,v)| and n = |x(E2,v)| the Kronecker moduli space
N(h,m,n) (N*(h,m,n)) is isomorphic to the coarse moduli space of semistable
(resp. stable) sheaves with the Mukai vector v.

2.7.2. THEOREM. Let (E,, E,, F3,-- -, F}) be full exceptional collection of bundles
on S such that the system {E;} generated by the pair (E, E;) has type (+),
h = |x(Ei, Eit1)| > 2, and for any x € S the Kronecker module evg, g, . is stable.
Suppose a Mukai vector v = (r,¢,s) with r > 0 satisfies the conditions (0) and (1)
of the previous Theorem and

p(v) < peoo Bioo < p(v)
(2+) r(E3) < X Esv or X(F3,v) < r(Ey)
r(E2) xX(Ez,v) X(Ea,v) r(Eo)

Then for the same m and n as in the previous Theorem the Kronecker mod-
uli space N(h,m,n) (N°(h,m,n)) is isomorphic to the coarse moduli space of
semistable (resp. stable) sheaves with the Mukai vector v.
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§3. Proofs.

3.1.Properties of the system {E;}. We recall that ~ = |x(E;, Eiy1)| does not
depend on ¢ (see 2.5.1).
For h > 2 we denote by z; the smallest solution to the equation

22— hx+1=0 (3.7)
It is clear that x5 < 1 and the other solution to this equation is :c,jl.
3.1.1. PROPOSITION. Ifh > 1, then one of the following statements hold:
(4+) all pairs (E;, E;1,) are of type hom, all E; are locally free;

(=) there is only one ezt - pair (Ep, Ept1) , the pairs (E;, Eiyy),1 # p, are hom,
and all E;,i1 # p are locally free.

PROOF. For any exceptional pair put by definition

1 whenever (E, F) has type hom
sgngr =sgnx_(E,F)=<{ —1 whenever (E, F) has type ezt
0 whenever (E, I') has type zero

It can be easily checked by direct calculation that
sgnrresgnErr(LeF) —sgngrr(E)|x(E, F)|+r(F)=0

(see the triples (2.1), (2.2), and (2.5)). Similarly, we have analogous identity for
the right mutation:

gl pRreE SEL E,FT(RPE) —sgn g pr(F)|X(E, F)|+r(E) =0
Consider the system {E;} generated by the pair (E, F') = (E1, E;) and set

si=1, si= T[] sgng.g,,, fort>1 and
1<k<i

si= [I sgng,.Eg,, fori<l
i<k<1

From the above formulas it follows that the sequence
Ty = SgT(E;)
satisfies the recursion
rici—hri+rip =0
Therefore, we have two cases:

nm=a+b whenever h =2,
r; = Az} + Bz} whenever A > 2,



Semistable sheaves on Del Pezzo surfaces 9

— cp(zprog — 7
where A=@hi=To B = ZalZaro — 1)
7=

zp;—1

We see that in all cases the sequence {r;} has at most one change of sign. Thus,
the system {E;} has at most one ezt - pair.

It is readily seen that all r; = r(E;) > 0 whenever b = 0 or AB > 0, in this
case s; = 1,Vi. Therefore, all pairs in {E;} are hom, and 2.4 implies that all E;
are locally free. In the other case, b # 0 or AB < 0, the sequence {r;} is strictly
monotone. Hence, only one r; can be equal to 0. Suppose r, = 0; then all E;,7 # p
are locally free and E, = O.(d). [t is clear that the unique ezt - pair is just
(Ep, Ept1), because Hom(E,, E,41) = 0. This completes the proof.

Having a hom - pair (E;, E;,), one can easily define the type of the system
{E;} (if (E;, Eiy1) is ext, then obviously, { Ei} is (—)).
If h = 2, then from the proof of Proposition 3.1.1 it follows that

r(E) =r(Eiy) <= {E:} is (+) and 7(E;) # r(Eip1) < {E:}is (—) .

The following statement helps to define the type of {E;} provided h > 2.
3.1.2. PROPOSITION. Let (E;, Eiy1) be a hom - pair with h > 2; then

7‘? + r?+l — h?‘,’?",‘.‘.l <0 = {E;} is (+) and
24l —hririg >0 <= {E}is(-)

ProoFr. Without loss of generality we can assume that i = 0. From the proof of
Proposition 3.3.2 it follows that {F;} is (4) if and only if there is no change of sign
in the sequence {7}, i.e. AB > 0. By direct calculation we obtain that

zal(z} + Drors — an(r§ + r})] _ zf(hrors —r§ — 1)

Ab = =1 =T oy

This completes the proof.

3.1.3. PROPOSITION. Suppose h > 2 and Mukai vector v satisfies the condition
(0) of Theorem 2.7.1; then dim N(h,m,n) > 0 iff either

(2—) fyoo < (V) < pioe whenever {E;} is (=)  or

part 1#(v) < peeo or N
( of 24 ) seo < 1(v) whenever { E;} is (+)
ProOF. Clearly, we can replace the rank function in the reasoning of the proof of
3.3.2 by any additive function, in particular, to ¢; - (—K) . Whence, we obtain that
the sequence

d; = sic)(E;)-(—K) has the form d; = Cz} + Dzj',
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where C = Hfé&l‘iﬁ ’ D= «’Fhfiihdo ; dy)
h R

Obviously, u(F;) = %L Since 0 < z, < 1, it follows that the sequence {u(F;)}
has limits

C_:rhdl-do D_&'Jhdo'—dl

oo = 2= and - ,u+°oz§

TpTy — To TpTo — T1 '

After shift of the enumeration in {E;}, we obtain the formulas:

dip1 — d; d; — d; ,
oo = Thdiv1 4 4 flieo = Tadi = Giv1 Y (3.8)
TpTiv1 — T ThTi = Tit1
Now let us consider the vector v and the collection (Ey, Eq, Fy, -+, F}). Since
this collection is exceptional and full, it follows that the vectors v(E:), v(Es),
v(Fy), -+, v(F}) form a basis in Mu(S). Hence, v has an expression
v = m'v(El) + n"u(Eg) + ﬁg ‘U(Fg) “+ -+ ﬂ[ ‘U(Fl) (39)

Taking the value of x(F}, - ) at the both sides, we have that
0 =X(Fhv) = -BIX(FhFl) 2161

Similarly, 3; = 0, j = —1,---,2. Taking the values of functions x(Es, - ) and
X(FEa, - ) at the both sides of (3.9), we have:

m’ = X(Ei% EI)X(ESav) 3 n' = X(E21v)

Finally, ve obtain that
(m'ci(Ey) + n'ei( Ey)) - (= K)

ulv) = m'r(Ey) + n'r(E2)
Consider the linear-fractional function
@) = 2222
Ir) — T2

Clearly, pseo = f(2n), fioso = f(27"), and u(v) = f (¥2) (the sign —/+ in

front of % correspond to the type hom/ ezt of the pair (£}, F?)).
Since f'(z) = —2—1——1—§d ry —diry _ hi—;-l" E"EQ) >0,
(zry —73) (zry —1rq)
it follows that f(z) is increasing for z > %{ and for z < ;12 .
Suppose {E;} is (+); then Proposition 3.3.3 implies that
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Thus, in this case we have:
[
V) < fleee = a1 < —%r < % and
T m’ —1
tioo < p(v) = ;§<—7<mh

Similarly, in the other case, when {E;} is (=), we obtain:

m.’
Pioo S p(V) < e = 73 < - < it .

It can be easily proved that |x(E3, £1)| = 1 (by applying of the functor Hom(F, - )
to the triples (2.1), (2.2), and (2.5)). Therefore, |m’l = m and |n/| = n.
Finally, we obtain that the conditions (2—) and (part of 2+) are equivalent to

m -1
n
Clearly, it is equivalent to the condition
dim N(h,m,n) = hnm ~m?* = n? +1>0
This concludes the proof.

3.2.Spectral sequence of Beilinson type. Let (Fo, Fy, -+, F}) be an excep-
tional collection of sheaves on S. It is known (see [Go2]) that replacing the pair
(Fj, Fi41) in this collection by one of the pairs (Lr; Fit1, F) or (Fiy1, Bry,, Fj)
gives always a new exceptional collection. By iterating such procedure one can
construct the left dual collection (Y F_;,VF_i41,-+,YF_1,YFo), where

vFO:FO and vazLFOH'LF—p—lFLP 3 p=_137_l

3.2.1.PROPOSITION. Suppose (Fy, Fy,--+, Fy) is full exceptional collection on
Del Pezzo surface S. Then for any coherent sheaf V on S there exists a spectral
sequence with

Ef’q — Extq_Ap(F_.p,V)®va , p= _[,...,0‘

where A, is the number of non-regular mutations in obtaining ¥ F', from F_,. This
sequence has EP7 = 0 whenever p+ q # 0 and converges to V on the diagonal
p+qg=0. ‘

This result was proved by Gorodentsev (see {Go2}).

3.2.2. PROPOSITION. Let (Ey, Ea, Fy, ---, F}) be full exceptional collection,
where F,,---, F; are bundles and |x(E, E;)| > 2. Suppose a Mukai vector v
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satisfies conditions (0) and (1) of Theorem 2.7.1 and V is a semistable sheaf with
v(V) = v. Then the following statements hold:

1. For m = |x(E3,v)| and n = |y(Eq,v)| there exists one of the exact triples:
(r) 0— EQC" - EQC —V —0
) 0 —=V—2E5C" —mEC" —0
(e) 0 = EC sV —wE,C" —0

If (r) takes place, then ©C™ = Hom(E3,V), C" = Hom(E,, V).
2. For the slope u(V') there is one of the possibilities
a) 3, (V) = (k) <<= V=kE=FE& --0E b)ulV) ¢ {uE)}

k times

then
(V) < poco O piyeo < p(V) whenever {E;} is of type (+) and
Bioo < (V) < poco whenever {E;} is of type (—).

3. If u(V) & {u(E;)} then the existence of the triples (r), (1), and (e) is character-
ized as follows:

(r) < {E:} has type (+) and pyco < p(V)
or {E;} has type (=) and the ezt - pair (E,, Epy1) hasp <1

(1) o= {E:} has type (+) and p(V) < p-co
or {E;} has type (—) and the ezt - pair (E,, Epyy) hasp > 1

() <= {E:} has type (—) and the ezt - pair is (Ey, E3).

PRrROOF. The condition (1) implies that p(F; @ ws) < p(V) < p(F};),¥5. From
the stability properties and Serre duality it follows that Hom(F}, V) = 0 and
Ext?(F;, V) & Hom"(V, F; ® ws) = 0. Using (0), we have Ext!(F;, V) = 0. There-
fore, Ext'(F}, V) = 0,V4, 7.

Consider the spectral sequence associated with the full exceptional collection
(B, Es, Fa,- -+, Ft). From the above it follows that £} = 0 for p < —2. Suppose
for definiteness that the left mutation of ( E;, F3) is regular (& the right mutation
of (Ey, E;) is regular). Then (E,, E;) is a hom - pair and the E)-term of the
spectral sequence has the form

)
0 - 0 0 0
0 0

El ® Eth(EQ,, V) Eg ® Ext2(Eg, V)
E1 o2 Eth(Eg, V) Ez ® Extl(Ez, V)
E, @ Hom(E3,V) E;® Hom(E,, V) 2

o o o o -
o o o o -
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It is readily seen that E{"" = E29 = 0 for ¢ = 2, p = 0, —1. Whence we have
Ext?*(Es, V) = Ext*(E,, V) = 0.

The convergence to V as p 4+ ¢ = 0 implies that there are the following exact
triples:

0— E® HOHI(Eg, V) — F,® HOIH(EQ, V) — Fe—0

0—Fp—V—>F —0
0—F — E1®Extl(53}v) — E2®EXt1(E21V) —0

If u(V) > u(E)), then from the stability properties it follows that Hom(V, £,) =
0. Therefore, F; = 0, Fo = V and Ext'(Es, V) = Ext'(E;, V) = 0. Finally, we
have the triple (r), and from the Swing Lemma it follows that u(V') > u(E;).

From the other hand, if u(V) < u(E;) < u(E;), then Hom(F,, V) = 0, and we
obtain: Fo =0, 7, =V, and Hom(F3,V) = Hom(F,, V) = 0.

It is obvious that in the both cases the dimensions of the vector spaces that are
tensored with the bundles E; and E; equal respectively |x(Es,v)| and |x(E2,v)]|.

If the right mutation of (£, E;) is singular (or extension), then, applying the
spectral sequence associated with the collection (Ez, Es, F,- -+, F}), one can easily
check in the similar way that (/) (respectively, (e)) takes place. This completes the
proof of 1.

Now we prove 2.
a) One can apply 1. to the full collection (E;, Fity, Fo, -« -+, F1), so, without loss of
generality we can renumerate { £;} such that (V) = p(£,). Thus we have one of
the triples (7), (1), or (e), and from the Swing Lemma it immediately follows that
V=EC".

b) Actually, we have proved the following lemma.
3.2.3. LEMMA. If the right mutation of (E;, E;4,) is regular, then

wE) < (V) = pw(Bip) <p(V) and p(V) <p(Bir) = p(V) < p(E:) .

Suppose {E;} is of type (+); then all mutations of pairs are regular and we
obviously have one of the possibilities: u(F;) < p(V),¥i or (V) < p(E:), Vi
Consequently, pyeo < (V) or p(V) < pt_g. From the explicit formulas (3.8) it is
not hard to check that p, and u_o, are irrational, so the inequalities are strict.

Suppose {E;} is of type (=) and the ezt - pair is (E,, Ept1). According to the
proof of 1., we have the exact triples:

0 —V —>E_C! — E,@C"! —0

and 0— E,;, @C*» -V — E,C"™ — 0
Therefore, p(Ept1) < p(v) < p(E,—1). Applying Lemma 3.2.3, we have: u(FE;) <
u(Vyfori = p+1 and p(V) < pu(E;) for : < p—1. As in the previous case, using
2.5, we obtain: pye < (V) < piceo.



14 . B.V.Karpov

The statement 3. immediately follows from 2.b) and the Swing Lemma. This
concludes the proof of Proposition 3.2.2.

3.3. Correspondence between sheaves and Kronecker modules.

Further on through this section we shall assume that (Ey, E;, Fo,---, F}) is a
full exceptional collection, {£;} is the system of sheaves generated by (£, E3), v
is a Mukai vector satisfying conditions (0) and (1) of Theorem 2.7.1, and V is a
semistable sheaf with v(V) = v.

Proposition 3.2.2 guarantees the existence of one of the triples (r), ({) or (e).
For definiteness we suppose that the triple

(r) 00— EQC -S EC —V —0

takes place (the case of existing (/) is dual)!. Here a is the differential d; of the
spectral sequence associated with the collection (E3, E3, Fy, -+, Fy),

C™ = Hom(£3,V), C" = Hom(F,,V)

(see proof of 3.2.2). It is clear that Hom(F), E;) # 0 and the pair (Ey, Ey) is of
type hom (see 2.4). Hence, we have

X-(Ey\, E2) >0 and p(Ey) < p(Er)

(from the statement 3. of Proposition 3.2.2 and 2.5 it follows that £, and £, are
locally free).

We assign to V the Kronecker Hom™( £y, E;) - module
t=ty: C* @ Hom"(Ey, E;) — C (3.10)

naturally associated with the morphism of bundles @ in (r). The aim of this
subsection is to show that the sheaf V' is (semi)stable if and only if ¢ is (semi)stable
as Kronecker module (see 2.6).

3.3.1. PROPOSITION.
a) t is not semistable ==V is not semistable;

b) t is semistable but not stable ==V is not stable.

PROOF. Let a pair (fo, f1) of linear maps, fo: H; — C™, fi: H] — C" , define
a Kronecker submodule ¢': Hy® Hom™(Ey, E;) — H; of ¢ and let ¢ = t/t’ be the
Kronecker quotient-module. Consider the following commutative diagram:

0 — EoH, 28 pec — EeE/H) —0

0 — EoH 2% pec — EeC/H) —0

L If there exists {(e) then (£}, E») is an ezt - pair and one can shift the numeration in the
system { £;} such that the new (E}, £2) will be hom.
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where a’ and a” naturally correspond to ¢’ and ¢”. The morphism a’ is injective as
restriction of a. Hence, if we regard this diagram as an exact triple of complexers,
then the long cohomology sequence for it has the form:

0—K SV LV —sc—o0,

where K = ker a”, V' = coker a', C = coker a". Let us note that V' # 0 because
E1®H6$-‘k E2®H;.
It can be easily seen that
a(Vy-(-K) (V")
a(V)-(=K) r(V)

dim H| dim Hj

n m

alfa) (-K)  r(£)
—a(Er) - —(=K) r(£)

This implies that

dim H] dim Hj

n m

x-(V,V') = - - X-(E1, Eq)

Further reasonings for the cases a) and b) are parallel. Suppose ' violates the
semistability (resp. stability) criterion 2.6.1. That means that the determinant in
the last equality is < 0 (< 0). Therefore, we have

x-(V,V)>0(20)

If K # 0 then #(K) # 0 and p(K) < u(E)) because K is a subsheaf of the
semistable sheaf £, ® (C"/H]}). Hence, we have r(v') # 0 and

m(V) > (2) w(V) > p(Er) 2 w(K)

From the Swing Lemma it follows that x(U) > (=) p(V') > (=) u(V), where
U = coker ¢ = ker ¢ (since U is a non-zero subsheaf of a torsion free sheaf V, we
see that r(U) # 0). If KX = 0 then we obviously have U/ = V'. Finally we obtain
that in the case a) V' is not semistable and in the case b) V' is not stable. This
completes the proof.

3.3.2. PROPOSITION.

a) V is not semistable =t is not semistable;
b) V is semistable but not stable =t is not stable.

First we prove the following statement.

3.3.3. LEMMA. There exists a subsheaf U C V with u(U) > (V) in the case a)
and u(U) > (V) in the case b) satisfying the properties:

(i) if E is a stable sheaf with x(E,V) =0 and u(E) - K* < u(V) < u(E) , then

Ext'(E,U)=0, Vi;
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(ii) if F' is a stable sheaf and p(F) < p(V), then Hom{U, F) = 0.

PROOF. a) Suppose V is not semistable. Consider the Harder - Narasimhan fil-
tration of V

Ozfn.i.lc}-nC"‘szCfl:V

This is a unique filtration such that all the quotients G; = F;/F;;, are semistable,
wW(Giq1) > u(Gi) fori =1,---,n~1, and p(F) < w(Fin), t =1, --,n.% Since
w(Ga) = p(Fa) > p(V) > p(V/F) = p(Gy) (the last inequality holds by the

Swing Lemma), we conclude that there exists a unique p such that
B(Gh) < - < plGper) < (V) < 1(Gy) < - < (G) (x)

We put U = F,. The inequality p{U) > u(V) holds by the properties of the
filtration.

Now we prove (i). Let us note that Ext'(E,V) = 0,Vi. Really, from the
Lemma conditions and stability properties it follows that Hom(E,V) = 0 and
Ext*(E,V) = Hom"(E, V) = 0. Using the condition x(E, V) = 0, we obtain that
Ext!(E,V) =0.

Consider the exact triples
0 —Fy —F, — G —0 (*x)

We consequently apply the functor Hom(E, - ) to these triples starting from
1 =1to¢=p—1. From the inequality (*), stability of £ and G|, and the Lemma
conditions it follows that Hom(F,G;) =0, : =1,---,p—~ 1. Whence, on each step
we have the implication

Hom(E,F;) =Ext'(E,F;)=0 = Hom(E,F41) =Ext'(E,Fis1) =0

(for 7 = 1 the former equality holds because F; = V). On the last step we obtain:
Hom(E, F,) = Ext'(E,F,) = 0.

Similarly, from (x), stability of £ ® A" and (|, and the Lemma conditions it
follows that Hom(G;, EQ K) =0, i = p,---,n. Applying consequently the functor
Hom( - , £ ® K) to the triples (#x*) starting from 7 = n to 1 = p, we have on each
step the implication

Hom(Fiy, EQ K) =0 = Hom(F, E®K)=0

Thus, for i = p we obtain: Hom™(F,, £ ®@ K) = Ext*(E, F,) = 0.

In order to prove (ii) we consequently apply the functor Hom( - , F') to the
triples (**) starting from ¢ = n to ¢ = p. As above, on the last step we get
Hom(U, F) = 0.

2 This filtration is constructed by induction: G; is the torsion free quotient-sheaf of F; with
the smallest slope and maximal rank (see, for example, [Ku]).
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b) Suppose V is semistable but not stable; then by definition there is a subsheaf
U C V such that 0 < »(U) < r(V) and p(U) = p(V). 1t is clear that U is
semistable. Whence, (i) and (ii) follow from the stability properties.

This completes the proof of Lemma.
Proor oF PROPOSITION 3.3.2. Consider the subsheaf U/ C V as in the pre-
vious Lemma. Applying the statement (i) to E = Fj, we have: Ext'(Fj,U) =

0,v:, 5 = 2,---,[. Then the spectral sequence associated with the collection
(Es, E3, Fy,- -+, F}) and convergent to U has the E,-term of the form:
a

0o --- 0 0 0

0 0 0 0

0 0 E QExt*(EsU) E;,®Ext*(E,;,U)

0 0 FE ®Ext1(E3,U) Ez@Eth(Ez,U)

0 0 FE,@Hom(E5,U) FE;® Hom(E,,U) £,

It is readily seen that E}? = E29 = 0 for ¢ = 2, p = 0, —1. Whence we have
Ext?(Es, U) = Ext?*(E,, U) = 0.

The convergence to U as p + ¢ = 0 implies that there are the following exact
triples:

0—)E1®H0m(E3,U)—}E'2®Hom(E'2,U) — Uy — 0

00— Uy—U—0>U, —0
0— U, — E1®Ext‘(E3,U) — E2®Ext‘(E2,U) — 0

Let us recall that p(F,) < p(V). By the statement (ii) of the previous Lemma
we have: Hom(U, E,) = 0. From the last exact triples it follows that U; = 0,
Ext'(E;,U) = Ext'(E,,U) =0, and U = Up.

We see that the subsheaf U can be included in the exact triple

0— E,@Hy— E;® H — U — 0, where

Hy = Hom(Es,U), H{ = Hom(E,,U)
Applying the functors Hom(£3, - ) and Hom(E2, - ) to the exact triple

0—U—0V —V/U-—0
we have the exact sequences of vector spaces
0 — H, 2 C" = Hom(E3, V) — -+

0 — H, 2% C = Hom(E,, V) — -
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The pair of embeddings ( fo, f1) defines a Kronecker submodule ¢': H,® L — H]
of the module t.
As in the proof of Proposition 3.3.1, we have the formula

dim H] dim H}

I m

X—(VaU)= - 'X-(EI)E2)

Since x_(V,U) > 0(= 0) in the case a) (respectively, b)) and x_(E,, E;) > 0; we
obtain that
dim H] dim H]

n m

<0(=0)

Thus, the submodule ¢’ violates the semistability (resp. stability) criterion 2.6.1.
This concludes the proof of Proposition 3.3.2.

3.4. Now let us consider the full exceptional collection (Ey, Ey, Fy,- - F7), the
system {F;} generated by (E, E;) such that all conditions of one of Theorems
2.7.1 or 2.7.2 are satisfied. We recall that h = |x(E1, E2)| > 2, m = |x(E3,v)|, n =
|x(E2,v)|. Suppose (Ey, E) is of type hom,

t: C"® HOI’D*(EI,EQ) —
is Kronecker Hom*( £y, E,)-module, and

a: E1®Cm—)E2®Cn

is the corresponding morpfism of sheaves.

3.4.1. PROPOSITION. If either {E;} is (=) and the ezt - pair is (Eo, E1) or {E;}

Pico < p(v)
is {(+) and m r(By) o then
n r(Eo)

t is (semi)stable <= a is injective and V = cokera is (semi)stable

PRoOOF. The implication
t is semistable == a is injective

is proved in the work [Ka] for the case S = P! x PL. For a Del Pezzo surface S
the proof is similar, and it is omitted. Now the Proposition follows from 3.3.1 and
3.3.2.
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3.5. Proof of main results is by standard reasoning.
Without loss of generality we can assume that the ezt - pair is (Ey, E,) provided
{E:}is (=). If {E;} is (+), we give the proof only for the case

fhoo < p(v)

X(Es,v) < T§E1)
X(EQaU) T‘(ED)

the other case is dual.

Let X be an algebraic variety, and let &{ be a coherent sheaf on X x S such
that I 1s flat over X and i, is a semistable sheaf on $ with Mukai vector v for
any closed point z € X.

Let px and ps denote the projections of X x § onto X and S, respectively;
then the sheaves

Hy = ROp,\-.‘(ngg @U) and H, = Rpx.(psE; QU)
are locally free, and there exists a canonical morpfism
6 - Hy ® HOITI"(EI, Ez) — H,

such that 8, = ¢, for any closed point z € X.

We consider a sufficiently small neighbourhood X, of the point z and trivial-
izations Ay = Oy, @QC™ and H, = Ox, @ C*. Proposition 3.4.1 gives a morphism
Az 0 Xy — W, By gluing together the morphisms A; composed with the projec-
tion w: W* — N(h,m,n), we obtain a morphism ¢ : X — N(h,m,n), which
depends functorially on the classes i.

Next suppose that M is an algebraic variety such that, for any family ¢ of
sheaves on § that is parametrized by the algebraic variety X, there exists a mor-
phism ty: X — A which depends functorially on the classes &4. We consider
the universal Kronecker module over W/?**:

T: Owe ®C” @ Hom'(Ey, Ey) — Owes @ C* .

According to 3.4.1, it gives a family V of semistable sheaves on S. The induced
morphism ¢y : W** — M is Gfg-invariant because of the functorial dependence 1y,
on . Hence, ¥y induces a morphism n: N(h,m,n) — M. We show that nogy, =
. Because of functoriality of ¢ and 4y, it is sufficient to show the following:
if a sheaf V on S is a cokernel of a sheaf embedding a: F, @ CT" — E, @ C*,
then the Kronecker module ¢ which canonically corresponds to a is isomorphic to
tv. But it follows from [Ka,4.4.2]. This completes the proof.
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